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Eigenfunction Expansions Associated with the
Schrodinger Operators with
Long-Range Potentials
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Masaharu ARAr*

§1. Intreduction

The present paper is devoted to constructing eigenfunction expansions
associated with the Schrodinger operator

(LD L= —A+V(x), x&R" (n=2),
where A denotes the Laplacian: A=ﬁ (6%/8x?%), and V(x) is a real valued con-
7=

tinuous function. We interpret for the time being, the eigenfunction expansion
associated with a selfadjoint realization H of L as follows: select suitable func-
tion ¢ =¢(x; 4, @), where @ runs over a set 2, of indeces, out of the solutions of
the equation

1.2) Lé = ¢

in the distribution sense and construct a measure do on 2= {(, @)} such that
the operator & defined by

(& 1) () = | A9 & adx

has the following properties:

(1) & is unitary from L,(R"; dx) onto L,(£2; dp).

@ EHD) Ra)=UL f) (4, 0).

General frameworks for formulating eigenfunction expansions have been
proposed by several authors, for example by Gel’fand et al. [2], [3], which can
be applied to the Schrédinger operator L with smooth potential ¥ in a certain
large class. They have not specified the eigenfunctions needed for expansions in
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terms of a conditions (depending on «) under which each of them is the unique
solution of (1.2). In addition, their measure dp is devided from the spectral
resolution associated with H so that it is less explicit.

Another approach is of a parturbation theoretic charactor, in which one
can adopt as the measure dp the same one as that of L with ¥'=0. Assume
that

(1.3) V(x) = 0(|x|™%) as |x|—>co .

The eigenfunction expansions in this sense are obtained by Ikebe [5] in the case
of 6>2 and n=3, by Thoe [17] and Kuroda [13] in the case of & >(n-+1)/2.
(Of cause, all of them allow local singularities in their respective sense. But we
will not enter this point into details.) Put ¢,(x,{)=(2x) "2%**, {R". Then
the limiting absorption principle, cf [9; Theorem 1.4], implies that the limits

R(|¢|?%£i0) = liiaon[H—(ICIZ:I:i.u)]‘1
I
exist in a certain sence and we can define
(1.4) ¢*(+5¢) = 6,(-; O—R(C|*Fi0) V(-5 )
if 6>®m-+1)/2. A somewhat long calculation shows that these two families
{8%(-; O)} give the eigenfunction expanisons with 2=R", 2= |{|? and do=d(
the ordinary Lebesque measure. Moreover the limiting absorption principle

cited above shows that these eigenfunctions are the unique solutions of (1.2)
under the condition

(A4 1x D)7 o5 (x;)—u(x: O} ELARY)
A+ 1xD)*{o/0] x| +(m—1)/2] x| £i|{]) (B=(x: O)—di(x30))
ELy(x; | x| =1)

(1.5) {

for sufficiently small ¢ >0.

In the case of 0¢>>1 in (1.3), Agmon [1] gives the eigenfunctions, which
seems to satisfy merely a weaker version of condition (1.5) (cf. (5.17) of [1]).
Recently, Pinchuk [14] have obtained the eigenfunctions satisfying a modified
virsion of the condition (1.5) under the assumptions that n=3 and V can be
decomposed as V' = V-V, such that

Vi) S CA+]1x])

|grad Vy(x)| <C(14|x])™*®
AV ()| <C(+|x])
V)| =cd+]x])

(1.6)
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for 6>1 and 6’>2, where A is the Laplace-Beltrami operator on the unit sphere
S*~!in R".

On the other hand, Kato and Kuroda [12] have pointed out the eigenfunc-
tion expansion theorem for 8§ >1 in (1.3), where eigenfunctions are given by (1.4)
with ¢,(x;{) replaced by the spherical waves, which will be defined by (3.3.1).

The aim of this paper is to obtain the eigenfunction expansion whose each
eigenfunction satisfies a modified virsion of (1.5), i.e. (4.1.3), with &,(x;{) re-
placed by the spherical waves under the condition that §>>1/2 and 6’>1 in (1.6)
without the condition on AV;. Our plan of this paper is as follows. In Section
2, we shall sketch an abstract method, most part of which we owe to Isozaki
[10]. He extended Ikebe’s work in [6] to a fashion to be applicable to the long-
range potentials and used it to construct the wave operators. In Section 3, we
shall check up that the abstract theory given in Section 2 is applicable to the
Schrédinger operators. In Section 4, we shall introduce a modified virsion of
condition (1.3) and show that the equation (1.2) has the unique solution satisfying
this condition and totality of such unique solutions gives eigenfunction expansion
theorem. In Section 5, we shall prove two lemmas which will be used in Secticn4.

As to the eigenfunction expansion associated with the Schrédinger operator
with long-range potentials we should mention to the work by Ikebe [7], [8] and
Saito [15], [16].

In conclusion, the writer wishes to express his sincere gratitude to Professor
T. Ikebe for his kind advice. He also thanks to Mr, H. Isozaki for his kind
advice.

§2. Abstract Theory

2.1. Let 4 be a separable Hilbert space. Let H;(j=1,2) be selfadjoint
operators in %, whose spectral resolutions are denoted by E;(2) and whose re-
solvent operators by R;(z)=(H;—z)".

Let 9. and .9(, be Hilbert spaces such that

. cH.cH

and all inclusions are dense and continuous. Their dual spaces are denoted by
Jl_ and H_, respectively. We identify 4 with its dual space so that we have

J,co.cIHcIH _ch._.

We use (, ) to denote not only the inner product of # but also the pairing of
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Sl and J[_, and of (. and J{_, which will not confuse our arguments. We
denote by B(4,,4,) the totality of bounded linear operators from a Hilbert
space 4, to a Hilbert space 4,.

2.2, We assume that the limiting absorption principle is guaranteed in the
following sense.

Assumption 2.2.1. R;(Axin)Ee B(H,, H_) for any 2>0 and ~>0, and
the strong limit

R,(A=£i0) = s—lim R,(A=ix)
pio

exists. Moreover, Rj(Axiu)f is an J{_-valued strongly continuous functions
of (2,4)€(0, 00) X [0, c0) for any fE I, (j=1,2).

With the aid of this assumption we define
@.2.1) E(}) = ?}E [R,(A-+i0)—R,(—i0)]  (j=1,2).

which belongs to B(H ., H_).
Let H be a selfadjoint operator in # and E(2) be its spectral resolution.
The set H,(H) defined by
H,(H) = {fE€94; (EQQ)Sf,f) is absolutely continuous function of 2 with
respect to the Lebesque measure},
which is a closed subspace of . (see e.g. [11; Chap. X]). H is called absolutely
continuous if and only if H,(H)= 4.

Lemma 2.2.2. Let Assumption 2.2.1 be satisfied. Then E (0, >))H; is ab-
solutely continuous.

Proof. LetfeH, and 4=(2,,2,), where 0< 2, < 2,< oo, Asis well known
it holds that

(E(@)f.f) = lim lim —_& ({RA+im)—R,A—im)} £,f)dA .

pio0 2ri

Since the integrand is continuous function of (2, ) €4 X [0, 1], we can use dom-
inated convergence theorem to obtain

E@fh) = | E@spa,

which shows that 4, C 9, (H). Since 4, is dense in 4 and Y, (H) is closed
in 4, we have the present lemma.
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Our next assumption is:

Assumption 2.2.3. There exist unitary operators U#;(2)(2>0) on # having
the following properties.

(1) UH@*=Us®.
Here and in the sequel j,k=1,2 and j==k.

(2) Ui(MDR(Axin)f € D(H,) for any f 9L and 4, 2>0.

(3) The operator G;(A=%ix) (2, #>>0) defined by

2.2.2) Gu(ietin) = [H—(Aim|ULRQ) R+ ix)
belongs to B(H., H.) and the strong limit
#40

exists in B(J,, H,). Moreover, G (2xi0)f is a strongly continuous function
of 2>0 for any f€4,.

Let e be a bounded Borel set contained in (0, o) and having a positive dis-
tance from 0. We define

2.2.3) Wie)f = SeEg(A)Gj,,(l:i:iO)f a,fed, .

By virtue of Assumptions 2.2.1 and 2.2.3, this integral is well defined and
Wie)e B( Y4, H_). Moreover, we have

Theorem 2.2.4. ([10]) Assume that Assumptions 2.2.1 and 2.2.3 are satisfied.
Then,

(1) The operator Wji(e) is uniquely extended to partial isometry on H
with initial set E(e) 9l and final set Ej(e)9l. (We use the same notation for its
extension.)

(2) Wile)*=Wii(e).

(3) Wii(e) intertwines H; and H,. That is,

2.2.4) E(H)Wii(e) = Wii(e)Ey(4)
for any Borel set 4Ce
For the proof of this theorem, see [10].

2.3. We assume that the eigenfunction expansion on e associated with H;
is guaranteed in the following sense.
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Assumption 2.3.1.

(1) There are a o-finite measure space (2, 2,dp), a partial isometry &F,
from H onto L,(2,dp) with initial set E\(e)., and a measurable function : 2
— e such that

23.1) EFEADS) Q) = 2£,oNE @) aele?

for each f €.9 and Borel set 4Ce, where x, is the characteristic function of set
4.
(2) There is a mapping ¢,: 2—>4_ such that

(2.3.2) ) ©) = (£, 4
for each fe 4.

Theorem 2.3.2. Assume that Assumptions 2.2.1,2.2.3 and 2.3.1 are satisfied.
We put

(2.3.3) $3(0) = Gla(@(£)%i0)¢,(C)
and
(2.3.9) @3N = (/e350Q) fedl.,

where Gl,: H_—>Jl_ is the adjoint operator to G,& B(H ., H.). Then we have
(2.3.5) G5 = F1Wike)

on H,. Since the right hand side of (2.3.5) are defined on i, we can uniquely
extend the operator F5 on Y by this equation. This extension will be denoted by
the same notation. Then we have

(2.3.6) (FFEDS) ©) = 24Q) (F3)€) aeEQ

that is, Assumption 2.3.1 holds true with &F,, ¢, E, and Y replaced by F¥, ¢,, E,
and 91 ., respectively, and with the same (2, 2,dp) and .

Proof. Since ¢, is H_-valued and G},& B(Il_, H_), 6+ defined by (2.3.3)
is f{_-valued so that (2.3.4) is well defined. Assume at first that the equation
(2.3.5) has been proven. Then, the assumptions (2.3.5), (2.3.1) and (2.2.4) imply
the assertion (2.3.6).

Let us prove (2.3.5) on %,. Let f(2) be

[, (AedcCe)

@ = {0, Q&d), fed,.
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Then we have

@2.3.7) SGE{(R)f(l)dR — | Ei@rar = E@y
and
%Se (DR = 7,00 (o] €) = (f@C), $:(C)) .

Next, let f(2) be an . -valued bounded continuous function defined on e, and
approximate it by step functions f,,(1) such that f,,(2)—f(%) in 4, for each 2.
Then, using (2.3.7) it is easy to see that

1] Bx@f.@dr—{ B
= | B G0, L D—1i D02,
which tends to zero as m,n—> co. Thus the sequence {S E{()f,,()d2} has a

strong limit in 4{ as m—>co. On the other hand it converges to S E{(A)f(DdA

in J_. Thus we have
| B | E@s@ar in s,
and so we have
EFlng{(/l)fm(A)d/l ~ EFISGE{(A)f(R)dX in g .
Therefore we have
.| B2 = (fe(©), 4.
Put /()= Gu(A10)f, f €4, into the above equation. Then we have
F W) = EFISeE{(l)GIZ(/I:i:iO)fdl
= (Gi(@(Q) £i0)f, $,(0)
= (f, 92(0)) = F#S,

which is what we want to prove. Q.E.D.

Lemma 2.3.3. Assume that the assumptions in Theorem 2.3.2 are satisfied.
Moreover, assume that there exists a set DC Y, N\ D(H,) such that H,DC 4L,.
Then we have

233 (Hyp, 67(€)) = @(©) (¢, 93(9))
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for any p= 9.
Proof. The identity
(Hyp, $1(0)) = (FTHyp) ) = () (F79) (©) = «(¢) (p, 63(C))
shows (2.3.8). Q.E.D.

This lemma shows that the functions ¢F obtained above can be regarded
as eigenfunctions in a certain sense.
Remark 2.3.4. Put e,=(n, n+1] for n=1,2,3,--- and e,,=(2—1—-, 1—1——]
—n l—n
for n=0,—1,—2,+--. Then,

239) WO, =) = s—lim 33 Wice,)

is well defined and Theorem 2.2.4 holds with e=(0,c0). Moreover, assume
that Assumption 2.3.1 holds with e=(0,c0). Then Theorem 2.3.2 also holds
with e=(0,c0). Indeed, put 2,=w(e,) and J, be the operator on L2, do)
such that

3($) ‘e,

I © = { o ceo

Then the above theorem shows that
(2.3.10) J I+ = J,F Wik, .

Noting (2.3.9) and J,F, Wyy(e,,) =0 (n#m), sum (2.3.10) from n=—oo to +oo.
Then we have (2.3.5) with e=(0, o).

§3. Schrodinger Operators
3.1. Let us consider the Schrodinger operator
3.1.1) L= —A+V(x), x€R" (n=2),

where V(x) is a real valued bounded function such that V(x)—0 as |x|—>oo.
As is well known the following holds (see e.g. [11;Chap. V§5]). The operators
—A and L restricted on Cg are essentially selfadjoint in = L,(R"). Their
unique selfadjoint extensions will be denoted by H; and H,, respectively. Here
Cy denotes the totality of infinitely continuously differentiable functions with
compact support. The essential spectra of H; and H, coincide with each other
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and are exactly the non negative real axis. Thus the spectrum of H, on the
negative real axis consists only of isolated eigenvalues with finite multiplicities,
having zero as its only possible limit point.

As to the nature of the positive spectrum of H,, we have Lemma 3.2.3 due

to Tkebe and Sait6 [9]. Before stating it, we shall introduce notations and as-
sumption.

3.2. Let B be a real number and G be a domain in R*. We denote by
L, s(G) the Hilbert space of all functions f on G such that (14 |x|)?f € L,(G).
The norm is denoted by || ||sc. We write L, g(R")=L, s and || |[g z»=]| [[g in
short.

Assumption 3.2.1. We assume that ¥(x) can be decomposed as the sum
Vi(x)+ Vy(x) such that

(i) V;is a real valued C* function satisfying

{lVl(x)léC’(l-I-IXI)‘5

(3.2.1) .
|grad Vi(x)| =C(1+|x)7*7°  (9>0)

and
(i) V,is a real valued continuous function satisfying
(3.2.2) [V S CU+x) (37>0).

Lemma 3.2.2. Let Assumption 3.2.1 be satisfied. Then Assumption 2.2.1 is

satisfied with H . = L, (10, for sufficiently small e >0. In particular E;((0, >))H;
is absolutely continuous (j=1,2).

This is due to Tkebe and Saitd [9; Theorems 1.4 and 1.5].

Let Assumption 3.2.1 be satisfied. We may assume without loss of gene-
rality that

(3.2.3) Vix) =0 in [x|Z1,
0<1 and

o 0 | —(+25)+¢
(3.2.4) — — W@ | <14 |x )¢

0x; 0x,

for any e >0. The last one follows from Lemma 3.3 of Hérmander [4].
We put

(3.2.5) X(k, x) = EII—CS;VI(si)ds.
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Here and in the sequel we use the notations that r=|x|, ¥=x/r and X; is the
J-th component of % It is easy to see that X(k, x) has the following properties:

(3.2.6) Xk,x) =0 in |x|=1
and
(3.2.7) { grad X(k,x) = O(r~?)

A X(k,x) = O(r-2+%)

as r—oo, Let U(k) be the operator of multiplication by exp[—iX(k, x)], which
is unitary in L, g for any real 3. We put

U#(D) = U(£+\/2) = exp[—iX(£/7%, X)]
and

Uis(2) = U(£V/2)* = exp[iX(£v/7, x)]
for 2>0.

We owe the following lemma to Pinchuk [14; Theorem 5.1].

Lemma 3.2.3. Let Assumption 3.2.1 be satisfied with 6,6'>1/2. Let Us5(2)
and Ui5(2) be as above. Then Assumption 2.2.3 holds with .= L, .ep and
,_4~l+=L2,1+E/2 Jor sufficiently small ¢ >0.

(We will use this lemma only the case that V,=0.)

3.3. At first let us consider the Fourier transformation (< f) (¢) = (2z) "2 x
5 f(x)e™i¢9dx, e R". Let 2=R", o({)=|{|?% dp the usual Lebesque measure
on R*, ¢,(¢, -)=(2r) """ and H,=—A. Then Assumption 2.3.1 is satisfied
with =L, q for #>n/2. On the other hand when we want to use Lemmas
2.3.1 and 2.3.2, we must take H., =L, q49p=RL,s (A>n/2, n=2). Therefore
we give up to construct the eigenfunction expansion in terms of plane waves and
will do it in terms of spherical waves.

Let {Y,,,(6)} be a system of (n—1)-dimensional spherical harmonics which
forms a complete orthonormal systems in L,(S*™). Here /=0,1,2,:-- and m
runs over a finite set which depends on 7 and /. The function Y,,(6) is an eigen-
function of the Laplace-Beltrami operator A on the unit sphere S"~! belonging
to the eigenvalue —I/(/+n—2).

We put

(3.3.1) $i(x;k,1,m) = r= @] (kr) Y ,(%) ,

where r= | x|, x=2Z%/r, k>0 and J,(z) is the Bessel function of order » given by



EIGENFUNCTION EXPANSION 45

(3.3.2) y = [l(l+n—2)+<n;2>2:\1/2.

Then it satisfies the equation

(3.3.3) —A ¢,(x;k, Lm) = k2 oy(x;k,1,m) .
Let 2 be the set
2 = {¢ = (k,I,m); k>0 and /,m are as above} ,

the measure dp on £ be the direct product of kdk on (0, ) and the point
measure on ([, m)-set, and o({)=k% The well known formula

3.34) J(r) NV%’ cos (r— QV_4-{:D”> as r—>oo
implies
(3.3.5) éi(x; k,I,m) = O(r~* V%) a5 r—>oc0

so that ¢, €L, _4¢. Thus as is well known it holds that

Lemma 3.3.1 The Assumption 2.3.1 is satisfied with ¢, defined as above,
e=(0, o) and 4. =L2,(1+s)/2-

§4. FEigenfunction Expansion Theorem

4.1. The aim of this section is to prove the following theorem. We note
that the condition (4.1.3) is a modified version of (1.5).

Theorem 4.1.1. Let Assumption 3.2.1 be satisfied for 6>1/2 and 8'>0.
Then the equation

4.1.1) (L—k»¢ =0
has the unique solution in the distribution sence such that
4.1.2) u=¢—U(xk)ds(+; k,L,m)
satisfies the condition

UE Ly (e

4.1.3) —1. .
(grad—l—nz—rlx:i: ikx)uELz'(_HB)/z

for each sign and each (k,I,m)e 2. We denote this unique solution by ¢5(x; k, 1, m).
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Let 2 and dp be the same as those in Section 3.3. Define

(4.1.4) (FEf) (k1 m) = ]kiﬂl.s FO9ECe: Ko L mydx

[zISR

for fELy(R"), where 1i.m. means the limit in L(2,dp). Then &5 is a unitary
operator from L(R") onto L(82,dp) and it holds that

4.1.5) (FEE(A)S) (k,L,m) = 2,63 (Fof) (k. m) dp-a.e.
for any f € L(R") and any Borel set 4C (0, ).

Proof. Let w be the difference of two solutions of the equation (4.1.1)
satisfying the condition (4.1.3). Then it is a solution of the same equation
satisfying the condition (4.1.3) with u replaced by w. Therefore w=0 by virtue
of Lemma 1.9 (ii) of Ikebe and Saitd [9], which proves the uniqueness.

Let H, be H, with V,=0. Then Lemmas 3.2.2, 3.2.3, 3.3.1 and Theorem
2.3.2 implies that

(4.1.6) sk, 1, m) = Gla(k2i0)y(- ; k.1, m)

gives the two systems of eigenfunctions in the sense stated in Section 2.3, where
Ufy=U%and Uf = U#. Let 9= C5. Then the assumptions of Lemma 2.3.3 are
satisfied so that the equation (2.3.8) holds, which implies that ¢7 satisfies (4.1.1)
with V,=0 in the distribution sense. Now let us assume that u defined by
(4.1.2) with ¢ =¢7 satisfies (4.1.3), in particular, ¢§(-; k,[,m)EL; (40 On
the other hand Lemma 3.2.2 and the assumption on ¥, implies that

Gyu(Atin) = [Hy—(A+in)|R(Akix)
= I+ V,R(Axin)
and
Gp(Atin) = [Hy—(Axin)|R(Atix)
= I—-V,R(A+in)

satisfy Assumption 2.2.3 with the suffix 1 replaced by 3, U, = U,,=identity and
J{+=¢§‘~{+=L2,(l+g) - Now we have

$5(- s k, I, m) = Gpp(k*£i0)'¢,(< 5 k,1,m)
= [Gi3(K* £ i0)Gap(K* £ 10)]'y (- ; K, I, m)
= Gk £i0)'¢§(-; k,1,m)
= ¢F(+; k, I, m)— Ry(K*Fi0O) V0% (- ; k, 1, m),
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which satisfies (4.1.1) in the distribution sense by virtue of the same argument

as that on ¢,. Now R,(kZFi0)V,¢, satisfies the radiation condition (4.1.3) by

virtue of Theorem 1.4 of [9]. Thus we know that ¢F— U, and ¢F—¢F satisfy

(4.1.3) so that their sum ¢3(-; k,[,m)— U(x£k)d,(-; k,I,m) also satisfies (4.1.3).
We define

(4.1.4") (FES) (k. Lm) = (f,67(<; k. Lm))

for fEL; q+e. Then Theorem 2.3.2 shows that this operator F# can be
uniquely extended to the unitary operator from L,(R") onto L,(2,dp) and this
extension satisfies (4.1.5). The operators defined by (4.1.4) and (4.1.4) are
coincide with each other for f' &L, with compact support so that the definition
(4.1.4) is well defined and this SFF has the properties stated in the present
theorem.

In conclusion, we will complete the proof of the present theorem if we
show the following lemma.

Lemma 4.1.2. Define ¢5(-; k,I,m) by (4.1.6) and u by (4.1.2) with ¢ =¢¥.
Then u satisfies (4.1.3).

This lemma will be proved at the end of Section 4.3.

4.2, Now we must show Lemma 4.1.2. We will show it only for ¢5. (The
proof for ¢3 is similar.) So we omit the sufficies and put

4.2.1) (1) = ¢(-3 k,I,m; n)

= GLi(K*+iw)p (- s k,Lm)  (#=0)
and
(4.2.2) u(e) = u(ss k,Lm; 1)

= ¢(=; k, I, m; ))—Uk)y(- ; k,1,m) (»x=0),
where U(k)=exp[—iX(k, -)] and X(k, x) is defined by (3.2.5). We put
(4.2.3) £ = \VIP—ip = —r+ir, (£,>0, £,=0)
and

Diu = DPu = (8/0x;4+(n—1)%;/(2r)—irX,)u
4.2.9) Du = (D, Dyu, -+, D,u)
Du = Z} X, Du = (8/or+(n—1)/Q2r)—ic)u ,

where r= | x|, X;=x;/r and X= (%, %,, -+, %,).
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In the sequel we fix (k,/,m)E 2 and assume that Assumption 3.2.1 is sa-
tisfied with 6>% and V,=0.

Lemma 4.2.1 (1) ¢(x)—¢(0) weakly in Ly _qiep as £ 0.
(2) é(w) = ¢(-; k,1,m; 1) (=0) satisfies the equation
(4.2.5) (L—£Hp(p) = inUk)py(x; k,1,m)

in the distrubution sense.
(3) u(e) =u(-; k,I,m; 8) EL, _q4ep» satisfies the equation

(4.2.6.) L—ru(w) = f = fit+fe

in the distrubution sense, where

427 fi = —2 U(k)——(k x)(a/a +”+ -zk)¢1(x,k Lm)

and

@428  f,= —2zU(k)z‘,_(k )(——-xa )¢1(x k,1,m)

n18X

—U(k){zAX 2L % | grad X|2}¢1(x k. 1,m).

Moreover, we have

{flELz,S—(Hz)/Z

4.2.9)
S2E L s-a+002C Ly,aree -

Proof. The assertion (1) follows immediately from (3) in Assumption 2.2.3
with H, =L, .. and .= L, ¢, which is guaranteed by Lemma 3.2.3.
Let ¢ be in [, = =Ly 14e and #>0. Then

(3(1), ¥) = (¢1, Ga(K*+in)yr)
= (¢, [Hi—(KP+in)]U*(k) [H;—(K*+-in)] ) .

Put v =[L—(k®+in)]p, p=Cy. Then we have
(#(w), [L—(K*+in)]p)
= (¢, [Hi—(K*+in)U*(k)p) = in(UK)dy, ¢)

for any ¢ = C¥, which implies (4.2.5) for #>0. Let 2 | 0 in the above equa-
tion to obtain (4.2.6) for £=0. Thus we have the assertion (2).
A direct computation shows that
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(4.2.10) (L—#%) (U(K)$y) = —f+inUk)$, ,
where
“4.2.11) = —U(k) [2i(grad X)-(grad ¢,)

+(AX+- | grad X |*+V)éi] .

Subtraction (4.2.10) from (4.2.9) yields (L—#*)u(#)=f. Noting the definition
(3.2.5), it is easy to see that f defined by (4.2.11) can be decomposed as the sum
of f; and £, defined by (4.2.7) and (4.2.8), respectively.

Now the estimates
(4.2.12) b1, 36_9:1 and 7 (Eax—,._x a#)qsl — o@-0-)
and (3.2.7) show (4.2.9). The first one in (4.2.12) is nothing but (3.3.5), the
second follows from (3.3.4) and the well known formula J{(r)=r"2J (r)—J, 1(r),

and the third follows from the facts that (%—f,g) bi(x; k, L m)=r-=D/2
x; r

J
J, (kr)( )Y,,,,(x) and that r<i—~x ﬁ) v is bounded in r=1 for
ox, ox; '
any smooth function ¢ depending only on X. Q.E.D.

If fis in Ly 4 then the limiting absorption principle (Theorem 1.4 of
[9]) shows that u(«) converges to some u in L, _(.¢) s, Which coincides with #(0)
by virtue of (1) of Lemma 4.2.1 and it satisfies (4.1.3) with upper sign. But in
our case f €L, 4 in general so that we must follow the calculations in [9]
step by step.

4.3. Weput E,={x;|x|=r}. The following two lemmas will be shown
in the next section.

Lemma 4.3.1 Let = —&,-+ix,, £,>0 and B be real. Let vE L, g satisfy the
equation

4.3.1) (L—s)y = f

in the distribution sense, where = fi--f, and f, and f, are defined by (4.2.7) and
(4.2.8), respectively. Then we have

4.3.2) VEL, _a+e/2 N Ha, 1o
and
(4.3.3) DYl -1+e172,5, = C{IVll-ason+1}

Jor sufficiently small e. Here and in the sequel C denotes several constants not
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depending on £,>>0.

Lemma 4.3.2. Let v be as in Lemma 4.3.1. Then there is a constant C not
depending on p, &, and v such that

(4.3.4) “V”—(1+e)/2,5p§ Co™||Dv| l(—1+z)/2,E1+ a(p) (0=1),

where a is a certain function not depending on v and x, and having the property
that a(p)—0 as p—>co,

The following lemma is essentially Lemma 1.11 of [9] so we omit the proof.
Lemma 4.3.3. Let {v,} be asequence in L, _( )5 and ., | 0. Assume that

{gm = (L_(kz_" i'um))vm ELZ,B

(4.3.5) _
gn—>g in Ly as m—>oco

with some real B, and there is a constant C not depending on m such that

Vull-r002=C
(4.3.6) 1 D™v,,||(-1+e172,8,=C

”Vm”—(l-l-a)/Z,Ep_) 0 as p—>co  uniformly in m,

where D™ is defined by (4.2.4) with £=/k*—ip,,
Then {v,.} has a strong limit v in L, _(.¢)s, Which satisfies

4.3.7) (L—Kk)y =g

(4.3.8) HQ(_k)v”(-1+a)/2,E1< + o0

and

4.3.9) DMy,— DRy in L(E,). a5 m—>co .

Lemma 4.3.4. Let u(r) (#>0) be as in Section 4.2. Then u(u) satisfies the
Jollowing:

D) Nul-q+or=C.

@ N DuWc110-=C (£=VK—in).

3)  Nu(ll-q+e2,2,—>0 as p—>co uniformly in .

Proof. Lemma 4.2.1 shows that u(ux) satisfies the assumption on v in
Lemma 4.3.1 with #=—(1+¢/2). Thus Lemmas 4.3.1 and 4.3.2 show that
u(#)E L, _11ep and that (1) implies (2) and (3). Therefore, it is sufficient to
show (1) alone. Let us assume that (1) is false. Then there is a sequence {x,,}
such that #,, | 0 as m—co and a;'=||lu(e)ll—qrep—>c°. Then v,=a,u(u,)
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satisfies (4.3.5) with g,,=«,,f and g=0 by virtue of (4.2.6) and (4.2.9). The
assertion (4.3.6) follows from ||v,|l_qi9,=1 and Lemmas 4.3.1 and 4.3.2.
Therefore, we can apply Lemma 4.3.3 to see that {v,} has a strong limit v in
L, _ i+ Which satisfies (4.3.7) with g=0 and (4.3.8). Therefore, we have v=0
by virtue of Lemma 1.9(ii) of [9]. But this is a contradiction because ||v]|_(1e)2
=1 by virtue of ||v,||_qre.=1. Q.E.D.

Proof of Lemma 4.1.2. Lemma 4.3.4 shows that we can apply Lemma
4.3.3 to obtain that u(x) has a strong limit  in L, _;1¢), as # | 0 which satisfies
(4.3.7) with g replaced by f and (4.3.8). On the other hand Lemma 4.2.1 (1)
shows that this u coincides with u(0) defined by (4.2.2) with £=0, that is, u de-
fined by (4.1.2). QED

§5. Proof of Lemmas 4.3.1 and 4.3.2

51. We put E,={x; |x|=r}, B,={x; |x|<r}, B,,={x;r<|x|<s}
and S,= {x; |x|=r}.

Lemma 5.1.1. Let veH, ;,(E))NL,. Then

(5.1.1) @S R|v|2dS =0
R>oJSp

and

(5.1.2) ﬁ_m_d_g |v|2dS=<0.
R>= R Jsp

Proof. The surface integrals have a meaning for R>1 since v& H, 4,(E)).

If (5.1.1) is not true, then there is a constant d >0 such that S |v|2dS=d/R

for large R, which contradicts the assumption ve L,. If (5.1.2) isszlzlot true, then

there is a constant d>0 such that i—ss |v|2dS=d so that SS |v|?dS=dR-+c
® R

dR
for large R, which contradicts the assumption v& L,. Q.E.D.

Lemma 5.1.2. (1) Let « be a complex number and S be real. Letve
Lz,ﬂ n HZ,Iac satisfy

(5.1.3) (L—r%)y = gE€Lyp.
Then we have grad vE L, p.

(2) Let 6=k ,+iK,, £,6,=0 and 8 be real. Let v& H, ,,, satisfy (L—«?)v=
g€ L,gand v, grad vE L, g,y Then vEL, g and
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(5.1.4) |22 | (V|6 = C {1 DVllp-1,5,+|IV]lp-1+18lIg} -

Proof. (1) Let ¢ be a real valued smooth function depending only on r=
|x]|. Multiply both sides of (5.1.3) by ¢, integrate (by parts) over B;. Then
we have

(5.1.5) S golgradvlzdx—l-s %a_vvdx—g V5 s
Bp 0 6

BrOT ar r
-{—S o(V—£d)|v|%dx = S pgvdx .
Br Br
Put o=(1+r)?. The second term of (5.1.5) is estimated by
280lIs{{ 1+ | grad v 2z}
Br

so that, taking the real part of (5.1.5), we have
[, plorad vitdr<CiRe[ o 2¥sdstIi+IlglE -
R
In order to prove the present lemma, it is sufficient to show that

(5.1.6) lim Rej 02345 <0.
sg Or

Bre
Now, the integration by parts yields
2ReS ¢@vdx = S (plvlzdS—S (son—_l—l—%)lvlzdx.
Br or Sr Bp r ar

Differentiate both sides of this equation with respect to R to obtain

1 d S 245 — R S 6v_dS S ( n—1 aga) 2
= =z = - +-= dsS .
2 dR SRgOIVI € ? 4 + Sp ¢ R or Iv,

Thus Lemma 5.1.1 shows (5.1.6), which proves (1).
(2) Taking the imaginary part of (5.1.5), we have

ImS quav_dx Ims ga—vdS—I—Z/cIIcZS o|v|%dx
BROF 0 Bg

(5.1.7)
=Im $ pgidx,
Br

and so we have
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1/2 2 1/2
+B golvlzdx] X[(S ¢—1(§<£ I.@?‘)vlzdx)
Bg Bp or
12 1/2
w1ml([ o2 Ivirax) "+ elglrana].
Bp ar' Bp

Let p=(1+r)*inr=3 and =1 in r=<2. Devide both sides of this inequality
by (S o|v]%dx)2 to obtain
Br

av

=
|15 | |[V]lg,5, = o

[v14S/1Vlls, 2,

Sp

D lo-r 5Dl sl -

Let R tend to co. Then the assumptions that v, grad v& L, g_,;, and Lemma
5.1.1 show that

|v|dS =0,

lim S @ 9y

Ry SR or

which yields the estimate (5.1.4). Q.E.D.
Now we can prove the first half of Lemma 4.3.1.

Corollary 5.1.3. Let v be as in Lemma 4.3.1 and ¢ be sufficiently small.
Then we have

ve Lz,s-(1+z)/2 n HZ,Ia:C Lz,:/z

(5.1.8) {Qv EL; el E1)

and

(5.1.9) 2ol Vlls-ar0= C{lDVllc1+e2, £, 1Vl 4022+ 1} -

Proof. Since vE L, satisfies (4.3.1) and v, AvEL,,, so that vEH, .
We can apply the above lemma, repeatedly, to obtain (5.1.8) and

"z“vlla—-(lﬂ)lzé C{“Q"Ils—(3+e)lz,52+”V|la—(3+e)/2+1}
since '€ Ly 5_(1+¢)/2» Which implies (5.1.9).

5.2.

Lemma 5.2.1. Let v be as in Lemma 4.3.1. Let ¢ be a real valued smooth
Sfunction depending only on r and vanishes in r<1. Then we have
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J, (o3 219024 ( £ 20) v | 9019 s
= |, 'g’”z"s“ig ?”'Qvlzds—gf oVl v%s
+

13- sonfo

—Reg @ w vQ,vdx

Bp 4r2

(5.2.1)

+Re§ @ ﬁmdx+keg of, Dyvdsx.
Bgr Bp
Sketch of the proof. Rewrite the equation (4.3.1) in the form

— 12‘1 —a——Q + —lg -+ (ke t-i5) D), v+(V -1-——————(” DI 3))v =7,

multiply both side of this equation by ¢.9),v, integrate by parts over B, and take
the real part. Then we have (5.2.1). For the details, see the proof of Lemma
2.2. of [9], only noting that the surface integrals appearing by integration by
parts do not vanish in our case. Q.E.D.

Let us calculate the last term of (5.2.1).

Lemma 5.2.2. Let v be as above. Then we have
(5.2.2) S of, Dyvdx = S ofi7dS
Br

+2iS {6¢U(k) (k, x)— 1¢U(k)(%(k,x)>2+¢U(k)%%}

Br

o  n—1
(a o zk) 61063k, 1, m) Vdx

+21[ U2 k0 {10+n—2+ =D =50
Bp or 4
+ertie—m)| pfivdx.
R
Proof. Recall the definition (4.2.7) of f;. The integration by parts yields
SB of, Dvdx = S of,7dS
R
(5.2.3) +2i$ {—a—(qDU ox )}( ol N >¢1vdx
Bp\Or or 2r
n

, 10.¢ n—1 ..\/@ -1 . -
25 U——(— )(- — k> dx.
T2 BR¢ or 6r+ 2r e 6r+ 2r th o1 vix
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Now, we have

0  n—1 )(6‘ —1 )
— — ———ik l
( + or Ty ik )oilesk Lm)

or

2 "Z_rl+ k><a+-—l—zk>¢1—z(/c—}—k)< +f——1—zk)qzs1
9

r r or

- ( or  2r 2r
= (o
-(

n—138 _ (=1 (n— 3)¢kz> z(lc—}—k)( +——zk)¢1

r 4r? 2r

+
2
7] ot

(n—1) (n—3) _
AkE— A+———~) z(lc—}—k)( +—2 zk>¢1
- %[l(l—,L 2)+(L’_1)M]¢ (rp ik — ml))( +7——zk)¢
Put this equation into the last term of (5.2.3) to obtain (5.2.2).

Proof of Lemma 4.3.1. The assertion (4.3.2) has been already proved in
Corollary 5.1.2.

Let us put o=a(|x|)(14+|x]|)?, where a(r) is a smooth function such that
0<ea<1, &/(r)=0 and

0 =D

or) = {1 r=2).

Then we have

2_@9 14r

ST A4 r) e —e(1 1)
r Oor
= (1——e)(1+r)‘1“>0 (r=2),

and

55‘3 = —a(r)(1 +r)'1+’+%a’(r)(1 +r)

109 _ e
2 2

> —;—a(r)(1+r)‘1+’_2_0 (r>0).

With the ¢ defined above we can apply Lemma 5.2.1. The left hand side of
(5.2.1) is estimated from below by

€

524 | a)a+n T Dr)an—2 sup 2 -0
2 JBg 1grzz|

or

S | Dv|%dx .
Biz

Let ¢ be sufficiently small. The sum of the volume integrals of the right hand
side of (5.2.1) is estimated by
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(5.2.5) C{SE (14 7)1+ |y |2
+EZ[SB (1+r)28_(1+E)IV|2dx]V2[SB (1+r)1—4a+3e|vlzdx]l/2
|, o)A+ | Dy
X ([SBE(I Fr) O | |2+ [SBR(I Frye flae) )

+1{ ohDyax
Br
< C{”V”E-(Hz)/z‘*' £l [Vlls-arerzel VI - o122

I e+ Dy A-aron 1)
R
+1{, eri@vax
Bp
7| _at)A+r) 1 Dylidn+ Co bl Easont 1}
+1{_ehDpax,
Br
for any #>0, where we used Corollory 5.1.3, the fact that f,E€ L, ¢1¢,, and
6>%. We can apply Lemma 5.2.2 to estimate the last term of (5.2.5) to obtain
(5.2.6) |j of, Dvdx|
Br
I gsvas|
Sg

o n—1 .
C (— —ik
+ {” 6r+ 2r ! )¢l

—a+o2(Wlc1-zs1s072F IVl a-sz4s0022)

+ ||¢1“—(1+z)/z||V||(-3—28+3s)/z

+allWls-cronllill-snnsses)

<{, ol Al 1v1ds+CIbll-aron
R
+ Clll DVl -rvere,z, + IVl -aver 2+ T fills- o2
<{_olfilvids+afera+n e Dy
B

+Co{lVl2 e +1}

for any >0, where we used again Corollary 5.1.3.
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Combining these three estimates, we have

€

627 ?SB a(r)(1+r)-1+ﬂ|.@v|2dx—2nsa(r)(1+r)-1+’-'|.q>v12dx

SC AR+, 1Dy ldx bl aron+1}
< IR+ MEason+1} .
where we put
B = | A+ {19v1+ | A1+ v17hds
and used the estimate
[, 19v1axs clIIB,+ 117115}
=C{IbZqror+1}

wich follows from Lemma 2.1 of [9].
Since Dy, f1, vE L, ¢(E;), Lemma 5.1.1 shows that

Lim I¢(R) = 0.
Ry

Take the inferior limit of the both sides of (5.2.7) and let # be sufficiently small.
Then we have (4.3.3). Q.E.D.

5.3. Proof of Lemma 4.3.2. The definition of 9, enables one to write

| D,v|% = ’av+———l+x2v

2+ kv 425, Im[g— v]
which, integrated over the sphere S gives
(5.3.1) ,c§$ |v|2dSSS | D, |%dS — 2%, Tm S@’vds
Sr
Employing the equation (5.1.7) with ¢ =1 in the last term of (5.3.1), we have
(5.3.2) /cfg Ivl"’dSéS |D,] st—4,cf,czg |v|2dx -+ 21, ImS fydx
Sgr Sr Bp Bp
= S | D,v|%dS + 2x, Img fydx .
Sr Br
Now remember the definition (4.2.10) of f to obtain

Sa frdx = SB —(L—K)(U(k)s,) ¥dx



58

MASAHARU ARAI

= S 2 (Uk)p)dS — S U¢1— as— 5 Us(L—FBvdx
Sga r
= the above two surface integrals —

—g U¢]fdx—2i/c1/c2j pidx ,
Bp Bp

where we used the relations (4.2.6) and #=2irx,. Now,

ImSB Ugy fdx = ImZiS —~¢1( A+ 1+ik>¢1dx
- ZLR%% (ar+7>¢‘dx
=2SSRZ)r( 2dS— 255:9 rX $2dS — 2SBR%“;'<%+”2'; 1)¢1°¢1dx
= SSR ar¢ 2dS — SSRZ—?fgé%dS.

Put these two equations into (5.3.2) to obtain

lc'i’S 1v|2dS§S | D, |2dS +
Sgr Sr

SR AR

Jas

T [gs

+ch [16,]-|v] +62dS,

which implies

S |v|2dsgcs |Q,v12ds+c§ ('1@
Sr Sr K

2 2)4s.
. {ar +l¢1|)

Multiply both sides of this equation by (1+R)™'"® and integrate from p to oo

with respect to R to obtain (4.3.4) with a(o)= C‘:

(11
(21
[31
141

it

—arerre,gp T 1l —aror Ep]'

Q.E.D.

>
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