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Cohomology and Extensions of
von Neumann Algebras. II

By

Colin. E. SUTHERLAND*?V

Abstract

We develop a theory of extensions of von Neumann algebras by locally compact
groups of automorphisms. The emphasis is on the description (from an algebraic
point of view) of those extensions of a given von Neumann algebra by a given group
which determine a fixed homomorphism from the group into the outer automorphism
classes of the given algebra. Thus the study of such homomorphisms occupies a
substantial part of the paper; for a large class of examples we are able to determine
when such a homomorphism is split, and give a simple algebraic description of the
extensions. We then give necessary and sufficient conditions (of an analytic nature)
for an extension to be equivalent to a twisted crossed product extension, and give some
applications to the study of representations of certain topological groups, and to
approximately finite dimensional von Neumann algebras.

Introduction

This paper continues a study, begun in [27], of extensions of a von Neu-
mann algebra by a locally compact group (of automorphisms). While [27] con-
sidered a rather special kind of extension, namely the crossed product of a
von Neumann algebra by a group of automorphisms and a centre-valued,
unitary, 2 cocycle on the group (a topic also considered in [32]), this paper is
concerned with a much more general kind of extension. At the same time,
our extensions are intimately connected with properties which a homomorphism
from a given group into the outer automorphism classes of a given von Neumann
algebra might have; in particular, it is invaluable to know when such a homo-
morphism is split. This same problem arises from consideration of Connes
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invariant x for II-factors [8]; for these reasons, the study of such homomor-
phisms occupies a large portion of the paper.

Briefly, an extension {Jl, I, 7} of a von Neumann algebra .9 by a lo-
cally compact group G consists of a von Neumann algebra J! which is generated
by an isomorphic copy I(H) of <M, and a Borel family {z(g), g G} of unitaries
normalizing I(.%4) and forming a representation of G modulo I(.9%). This
represents one way in which the terms M, N in an exact sequence 1 =M —>N—
G—>1 of locally compact groups may be replaced by von Neumann algebras
M, Tl respectively. Our work is thus closely related to that of [28], [231; another
(different) generalization of the exact sequence above is given in [13]. It should
be noted that the analogy with group extensions is more than schematic; if o
is any (continuous unitary) representation of N above, the von Neumann
algebra po(N)” is indeed an extension of o(M)” by G.

One of the main aims of this paper is to generalize the extension theory of
(topological) groups as found for example in [22] and [21] to the von Neumann
algebra situation. This is for the most part routine (albeit sometimes tech-
nical) and accomplished in Section 3 and Section 4; there is however one notable
lack, in that we have been unable to find an intrinsic construction of the ‘“Baer
product” of two extensions of 5% by G. It should also be noted that due to
the abundance of unitaries in a von Neumann algebra (the unitary group is in
particular divisible), the relevant (second) cohomology groups frequently
vanish, so that in many cases a given extension {Jl, I, z} is “strongly equi-
valent” to another {Jl, I, =;} where =, is a representation of G (or, at worst, a
representation modulo the centre of I(.54)).

Throughout the paper, all von Neumann algebras are to have separable pre-
duals, and all groups G to be locally compact and separable. The organization
is as follows; in Section 2, we give two (unrelated) technical results vial for later
investigation. If @: G—Aut(¥) is a Borel map (not necessarily a homomor-
phism) and w: GXG— I} a unitary a-2-cocycle, then w®1 cobounds in HR

@
B(LXG)) with respect to a@®c¢. If G is countable and JH=S M(r)du(r) is
r

the central decomposition of ¥, we give a description of the automorphisms
a,: g&G in terms of “fields of fibre isomorphisms™ between the components
algebras { (), rI'}; this description reduces to the “‘point realization
of [19] when % is abelian, and to the direct integral decomposition when each
e, fixes the centre of J} pointwise.

In Section 3 we associate to each extension {JI,1,z} of ¥ by G a G-kernel
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i.e. a pair {9, 6} where 0 is a homomorphism of G into Out(.H)=Aut(.H)/
Int(%H). Necessary and sufficient conditions are derived, in terms of a centre-
valued unitary 3-cocycle on G, (the ‘““obstruction”), for a given G-kernel to
arise {rom an extension, and an intrinsic description of the group operations
among 3-cocycles is given in terms of the corresponding kernels. In Section 4,
split kernels, i.e. kernels {.%, 6} for which there is a Borel homomorphism
a: G—Aut(H) lifting 6, are studied.

Criteria are developed for a kernel to be split in terms of the corresponding
obstruction. In particular, when 9 is properly infinite, or of pure type II;
and G is finite, a kernel is split if and only if its obstruction is trivial. In case
M is type I, it is automatic that all kernels are split and hence all obstructions
are trivial. Each extension {71, I, z} of a split kernel is shown to be “strong-
ly equivalent” to a ‘“normalized” extension {71, 1, =} where =, is a re-
presentation of G modulo the centre of I(.%), or, in case . is properly infinite,
or M of pure type II; and G finite, where =, is a representation of G. The alge-
braic structure of an extension of a split kernel is thus seen to be identical with
that of a twisted crossed product. In Section 5 we give conditions on a (regula-
rized) extension {JL,I,z} of M by G which ensure that it is a crossed product;
these are in terms of the existence of a single pair of Plancherel (or dual) weights,
one on 9 and one on J1. In case G is countable and acts freely on %/ these are
effectively the more familiar criteria (see e.g. [3],[12]) in terms of the existence of
an expectation from JI to I(.¥). If the group G is abelian we give an alternate
characterization, in the spirit of [18], in terms of the existence of an appropriate
“dual action” of the dual group of G on Jl.

The final section presents applications; in particular we see that if a group
N is an extension of a connected group by an amenable group, then any re-
presentation of N generates an approximately finite dimensional von Neumann
algebra (see [7]). Also, in the case of properly infinite algebras %, any twisted
crossed product J7 of 5 by G is in fact already an ordinary crossed product
(perhaps with respect to a different action of G); this result applies also to cer-
tain finite groups and II;-algebras. Interest in twisted crossed products as
a means of producing new von Neumann algebras is thus essentially reduced to
the case of abelian algebras (see also [15] for a different approach to this pro-
blem); cohomological techniques seem insufficient to give any conclusive re-
sults in this case so that we do not attempt any classification of the von Neumann
algebras arising in this way.

The author would like to express his debt to 4. Connes, without whom
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this work would never have been begun.

§1. Notations and Conventions

Throughout, all von Neumann algebras 9 will be assumed to have se-
parable preduals 4, and all Hilbert spaces are separable; when necessary,
will be considered as a Borel space with Borel structure generated by the strong
x-topology. Aut(%) will denote the group of *-automorphisms of 54 with
the topology of pointwise norm convergence against Hy; this topology is
Polish, so that the associated Borel structure is standard ([4], [14]). Int(H)
denotes the normal subgroup of inner automorphisms, i.e. automorphisms
of the form Ad u, u unitary in ¥, where Ad u(x) =uxu*. ¢ denotes the
quotient map e: Aut(H)—Aut(H)/Int(H)=0ut(H). By U(M), we mean
the unitary group of ¥, and Z(.%) denotes the centre of ¥ ; thus U(Z(H))
is the unitary group of the centre of .94. Whenever we consider the central

®
decomposition ng Fﬂ(r)d,u(r) we shall assume (as we may) that I" is a stand-

ard Borel space and # a Borel measure on I' with L>(I", #) isomorphic with
Z(M).

We will use G to denote a locally compact, separable, toplogical group;
we use (almost) invariably a left invariant Haar measure dg on G. If 4 is a
Hilbert space and G is as above, L¥G; ) denotes the Hilbert space of (equiva-

lence classes of) measurable maps £: G—4 with g [|€(2)|[?dg < oo, with inner
JG
product <&, 77>=S <&(g), 7(g)>dg. When appropriate we identify L% G; )
G

with LA(G)QH. Similarly if % is a von Neumann algebra, L=(G; H) is the
von Neumann algebra of (equivalence classes of) norm bounded measurable
maps from G to ¥; it is canonically isomorphic with L~(G)® M.

We refer to [22] (see also [21]) for the cohomology of locally compact
groups. Briefly, if 4 is a Polish abelian group and g€ G—a,EAut(4) a re-
presentation of G with (g, a)—a,(a) continuous on G x4, we may consider
the group (with pointwise operations) of all Borel maps @: GX -+ XG (n
copies) = A4 with w(g;,:-,g,)=0 if any of gy,-+,g, is the identity e of G. Such
a map o is termed a Borel n-cochain, and we write o € C*(G; 4).

Define maps 9: C*(G; A)—C**(G; A) by

(0w) (g1, ***,8utr) = agl(a’(gz’ -",gn+1))+12=3{ (—1Yo(gy, ", 885415 "> 8as1)
+(_1)n+1w(gb "':gn)
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(we write G multiplicatively and A additively). If dw=0 we say » is an a-
n-cocycle and write @ €Z%(G; 4); if @ is of the form dv for v&C*™}(G; 4) we
say @ is an a-n-coboundary and write w €B%(G; 4). Since 806=0 we have
B(G; A)S Z%(G; A); the n™ cohomology group H (G; A) of G with coeffi-
cients in A is the quotient Z(G; A)/BXG; A). By convention, HYG; A)=
{ac4: a(a)=a for all g&G}. Invariably, for us, 4 will be of the form
U(Z(M)) for some von Neumann algebra H; if M is a factor, we will thus
be considering the groups H3(G; T) where T denotes the circle group.

§2. Technical Preliminaries
2.1. Non-abelian Cohomology

We adopt the following convention; if J={ji, --*,j,} is a finite set of
integers with j,<j,<---<j,, and if a;, jE€J are elements of a (possibly non-
abelian) group, then [I a; denotes the element a; a;, -*a;,.

€T

Definition 2.1.1. Let a:gEG—a,&Aut(JH) be an arbitrary Borel map.
A (unitary) a-n-cocycle is then a Borel map w: GXGX -+ XG (n copies) —
U(M) satisfying

@) w(g,,g) =1 if g;=e forsome j, 1<j<n,
(b) j;gi W(gla"'7gjgj+ls o, 1) W(EL “',gn)(_l)"
1<ign
= ag (W(g> "',gn+1))j_ };Ienw(gl» L % SYCRLLLIS ey I
1s.j<n

for every n-+1 elements gy, «*+,g,+; of G.

Definition 2.1.2. An a-n-cocycle w is an a-coboundary if there is a Borel
map v: GXG X+ XG—=>U(HM) (n—1 copies of G) with w=0v where

(av) (gl: '"7gn) = ae'l(v(gZ’ "'7gn)) . ]._.[ v(gb 88+ "°7gn)

J,even

1<j<n -1
(j };!:i V(gl, 88 j+15 ”'3gn)v(g1, oo, n_l)(_l)n—l)_l
1,stn—1

Remark. The order of the terms in definitions 2.1.1 and 2.1.2 are of
course adapted to each other; the results we prove remain true with other
reasonable and mutually adapted definitions of cocycle and coboundary. Also,
in general, @ as defined in 2.1.2 does not satisfy 6°=1. However if g—a, is
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a homomorphism and w, v of 2.1.1 and 2.1.2 take values in an abelian subalgebra
of M invariant under the ,, our definitions are the usual ones for (normalized)
cocycles and coboundaries.

We begin with a result which seems special, in full generality, to the two-
dimensional situation.

Proposition 2.1.3. Let g€ G—>a,EAut(M) be an arbitrary Borel map, and
w: G X G—U(M) an a-2-cocycle. Consider f,=a,Q¢ on HNQB(LXG)). Then
(g, EGXG—=w(g,h)Q1 is a [f-coboundary.

Proof. We first note that u(g,h)=w(g,h)®1 is clearly a §-2-cocycle; by
assumption w satisfies a,(w(h, k))w(g,hk)=w(g, h)w(gh,k) for all g,h,kEG. We
must produce a Borel map g€ G—1(g)€E U(HMRI3B(LAG))) with w(g,hHQ1
=8, (W(h)v(g)v(gh)*.

We may suppose that 5% acts on the Hilbert space ¥, and that HQ
B(LXG)) is realized on IXAG; H). For ELAG; H) set (W(h)E) (k)=w(h,k)
E(hk). Trivially hA—>v(h) is Borel. Also

(B, (v(W)(2)v(gh)*¢) (k) = a g(w(h, k) (W(g)v(gh)*€) (hk)
= a (w(h, k))w(g, hk)w(gh, k)*&(k)
= w(g, h)§(k)
= (Mg, HRNE(K) .

Thus (0v) (g.h)=w(g,h)R1 as required. Q.E.D.

Proposition 2.1.3 has the disadvantage that it may well happen that H®
B(LXG)) is properly infinite while 9 is finite; this situation may be remedied in
one of two ways (neither of which is entirely satisfactory).

Proposition 2.1.4. Let G be a discrete group with order #2,gEG—a,E
Aut(H) an arbitrary map ond @: GXG—U(L(M)) an a-2-cocycle. Then
there is

) a full II, factor P, and a map B: gEG—>L,SAut(HRQP) with

B,(x®@1)=a,(x)®1, gEG, xE M,
ii) wunitaries u(g), gEG, generating P, such that w(g,h)@1=p,(1Qu(h))
(1 u(g)u(gh)®).
Further, if @ is a homomorphism, we may also choose £ to be a homomor-
phism.

Proof. We recall the following result from [25]; if Fis the free non-abelian
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group on generators X, X, -+, X,, n=2,3,-+c0, and {2;,j=1,:-,n} a given
set of complex numbers with |2;|=1 j=1,2,+:-,n, then there is an automor-
phism & of the algebra generated by the left regular representation A* of F
determined by 0(27(x;))=2,25(x;), j=1,2, -, n.

Let @ denote the free non-abelian group on the symbols x,, g&G— {e}.
We shall take & to be the algebra generated by the left regular representation
2 of @, and u(g)=42(x,).

First, consider the endomorphisms 6,, gEG, of @ determined by & (1)
=xXgxz". We easily see that 6,6,(x,)=0,(XuXi)=xX Xz X, Xgh =XgXzh =
5 #1(X3), so that each &, is in fact an automorphism, and g—&, a representa-
tion of G as automorphisms of @.

®
Let j/lzgrﬁﬂ(r)du(r) be the central decomposition of M, and 7 —

wy(g, h) a fixed representation of (g, k) € U(Z(.M)) as a Borel function on I" with
values in the circle. In view of the fact that each automorphism of @ lifts
to an automorphism of &, and by virtue of the result of [25] quoted above,
we may, for each r&I' construct automorphisms 6} of & characterized by

@

O (u(h))=wy(g, Hu(gh)u(g)*. If we identify MR P with Srﬂ'l(r)®9°du(r) we
@

may thus define automorphisms d,, g€G of HRQQP by ¢ g=SPe®6}d/x(r) —it
is clear that for each g, the field of automorphisms r—:®d}<Aut(H(r)RQP)
is measurable (see [26]).

By construction 0, (x®1)=x®1, x€IH, and 0,(1Quh)=w(g,HR
u(gh)u(g)*. Set B,=0,0(a,®¢), so that #, and a, agree on JH®1; evidently

we still have B,(1Qu(h)=w(g,h)Qu(gh)u(g)*, ie. (g h)Q1l=4,(1Qu(h))
(1Qu(g)u(gh)*).

Finally, if g—a, is a homomorphism, then so is g—the restriction of 2,
to SM®1. On the other hand, we always have

By Bi(1@u(k)) = B (w(h, k)@u(hk)u(h)*)
= a (o(h,k))o(g, hk)o(g, h)* Qu(ghk)u(g)*u(g)u(gh)*
= o(gh, k)@u(ghk)u(gh)*
= Ba(1Qu(k))

so that f,°8,=8,, on 1Q%P. Q.E.D.

Remarks. 1) In 2.1.4, if g—eoa,&0ut(H) is a homomorphism, so is
g—>eo B, EOut(HMQRQP).
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2) In the proof of 2.1.4, we may replace @; by A, the free abelian group
on the generators x,, g&G—{e}. The construction may be repeated ver-
batim, with & being replaced by the (abelian) algebra generated by the left
regular representation of 4.

Our final result seems to be valid only when we are dealing with represen-
tations of groups as automorphisms.

Proposition 2.1.5. Let g&G—>a,EAut(H) be a Borel homomorphism
and 2 the left regular representation of G on ILXG). Set f,—a,QAd A(g), on
MQL™(G). Then if wis any a-n-cocycle n>1, (gy,*+,g,) —>w(gy, -+, 2)R1E
MRL=(G) is a f-coboundary.

Proof. We may suppose 9 acts on 4, and that HQL>(G) (which we
may identify with L=(G; H)) is realized on L*G; A).
For gy, ++*,8,.1€G, and £ LA(G; ), set

((g1s +++,84-1)ENK) = (WK™, 81, >, 8u-D)E(K) -

Clearly (g, **,8,-1) € U(L™(G; H)) and (g, ***,&4-1)—>¥(81, ***,84-1) is a Borel
map; also v(gy,*:*,g,-1)=1 if any of gy, :--,g,_; is the identity. For each g&G,

we let W(g) be a unitary on 4 with AdW/(g)=e,; (such unitaries exist by virtue
of [14]). We now compute

(B, (0(82 +++,8n)8) (k) = W(gy) (g2, *+>84) (W(8)* ®(8)*)E)gT k)
= W(g)a, 7wk ™81, 82+, 8)) W (g)*E (k)
= (k™81 &2+, 8)EK) -

Using the cocycle equation 2.1.1. (b) with the n-+1 variables k7,g, -+, g, it
is now trivial to verify (9v)(gy, «**,g,)=w(gy, ***,£,) Q1 as required. Q.E.D.

It should be noted that in the situation of 2.1.5, (g1, ***,g)—=w(gy, **, 8, R1
cobounds in HQ B(LXG)) with respect to f,=a,QAd A(g); of course even if
w takes values in Z(.H), the cochain v constructed above need not take values
in the centre of MK B(LHG)). The result of 2.1.5 has been used implicity
in the literature; we note in particular [3; 1.2.4]; the last result plays a role in
[9] (in the one dimensional context).

2.2. Automorphisms of Non-factors

Let M be a von Neumann algebra with central decomposition M=
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®
Spﬂ(r)dﬂ(r), and let a= Aut(H), we are interested in ways of describing «

in terms of the component algebras { H(r), rI'}. Unless « fixes the centre
of M pointwise, & does not admit a direct integral decomposition; neverthe-
less, if M is abelian it is well known (see [19]) that a admits a “point realiza-
tion” on I' (in this case H=L"(I", 1)) i.e. there is an invertible transformation
T on I' with Tu~p and (ef)()=fT"'r) a.e. for feL>I",x). We shall
establish here a simultaneous generalization of the point realization in the
abelian case, and of the direct integral decomposition in the case a(z)=z, z&

Z(H).
®
We fix a central decomposition ¢ =Srﬂfl(r)dﬂ(r), and a= Aut( ). We
let T be a point realization of the restriction of & to () on I'. When x& M

®
has decomposition x=SFX(r)dﬂ(r), we write x~x(y).

Proposition 2.2.1. With the above notations there is a T-invariant u-null set
set NCTI', and normal isomorphisms ry: M) — M(T7), r €I —N, with

@) r—=x(r)=M(r) is Borel if and only if r—ry(x(r))E M(Tr) is Borel,

1) if x~(x(7)) then a(x)~(y(r)) where y(r)=rr-1(x(T"'7)) n—a.e.

Proof. Let AS .M be a o-weak*-dense, norm separable C*-subalgebra;
we may suppose A=A N Z(H) is o-weak*-dense in F(H), and that A (and
A) are a-invariant. We may further suppose that I' is the spectrum of 2.

Let = denote the identity representation of 1 in the decomposable von

®
Neumann algebra 9. From [10], = admits a decomposition == Spﬂ'y du(r);

we may assume, after deletion of a null set that the =, are representations
and that {zy(A)}'=M(r). Note also that the following diagram commutes

[0)]
e — fel@)
Lo,
(@) EN —— foT ()

where O is the Gelfand representation of 2 on its spectrum. In view of the
fact that we may assume the automorphism e« is implemented by some unitary
on the Hilbert space of %, it follows from the proofs of existence and uniqueness
of decompositions of representations of C*-algebras (see [10], especially 8.2.4)
that for almost all y &I'" the representations w, and =yoa are unitarily equi-
valent. So for y&I'—N, where N is p-null and T-invariant, there are unique
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isomorphisms &y: H(7)—>HM(T7) with £y(zy(x))=7y(e(x)), xEA. The claims
of the Proposition now follow, as {ry(A)}"'=M(r), rTI, and for xE,
x~(7y(X)). Q.E.D.

The following generalization is immediate.

Proposition 2.2.2. Let G be a countable group, and {a,,g=G} a set of
automorphisms of M such that g & G—>0 ;=restriction of e, to Z(M) is a homo-

®
morphism. Let ﬂd=$rﬁl’l(r)d,u(r) be the central decomposition, and (g, 7)E

GXI'—gr T a point realization of 0. Then, for r &I'—N, where N is p-null
ond G-invariant, there are normal isomorphisms £z v: M(r)—>M(gr) with
() 7—x(r)EM(r) Borel if and only if r—>K g3 (x(r))E M(gr) is Borel
for each g=G,
) if x~(xr)), then @ (x)~((r)) where Y(r)=r(g,o-n(x(g™'7)) a—a.e.
If, in addition, g—a, is a homomorphism, we havc
(i) #p, ok N=Fugmns & hEG, rEI—N.

We omit the obvious proof.

Remarks. (i) Proposition 2.2.2. probably remains valid if g—a, is a
continuous representation of G in Aut(9). However, the author has not
been able to find a systematic method of deleting null sets to effect the proof.

(i) Incase Giscountable, and g—>a, is a representation, 2.2.2 (iii) is saying
that (g, 7)EGXI'—>£(, y is a representation of the groupoid G xI (see [15])
as “fibre isomorphisms™.

In some cases, 2.2.2. allows a description of Aut( %) by means of a (split)
®
exact sequence. If | =§rﬂ’l(r)du(r) is the central decomposition, define

an equivalence relation R ¢ on I' by (r, r' )€ R g if and only if H(r) and
M(r’) are algebraically isomorphic. By [11], equivalence classes under R g
are Borel. Recall that .9 is said to be centrally smooth ([11], [24]) if there is
a p-null Borel set NCI' such that the quotient (I"—N)|R. g is countably
separated.

Definition 2.2.3. (i) Autg(H) is the (normal) subgroup of Aut(H)
consisting of those automorphisms a with a(z)=z, z& Z(H).

(i) Autg(I") is the group of equivalence classes of measurable automor-
phisms ¢ of I' with pu~y and (r, 9 X(r))=R o for u-almost all 7, where
we identify ¢, and ¢, if @,(r)=@,(r) #-a.e. (The product is composition.)
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Proposition 2.2.4. Let M be centrally smooth. Then there is a split exact
sequence 1—>Aut g(H)—Aut(H)—Aut g(I")—1.

Proof. We construct a multiplicative lifting of Aut g(I") into Aut(.H).
We may assume (I, ) is a probability space, and that (after deletion of
a null set) I'| R =49 is analytic; we let =: I'—=2 be the natural surjection

®
and Z be the image of # under =. Thus, in the decomposition u=§guwdﬁ(w)

of # with respect to = (see [11]) we may assume the x, are probability measures,
and #,(I"—z Y (w))=0 for all . By the “partial integration” technique of
[24], we have J'Z=S:jfl(a>)du(co) where ﬂ!{(w)=gfﬂfl(r)dum(r).

By standard section theorems (see e.g. [2]), we may choose a universally
measurable map s: o € 2—s(w)Ex"(w)CI'; thus for (almost all) o € 2, H(w)
is isomorphic with H(s(@))QL=(T", x.,).

Let now ¢ be an invertible measurable transformation on I" with pu~ u
and (7, e(r)ER 9 for all r (we have deleted a null set from I' to effect
this): Each such ¢ gives rise to an automorphism af of H(s(w))QL>(I", x,,)
via af(x® f)=xQ Bi(f), xE M(s(w)), f € L*(I', 1), where (85 ) (r)=fle7 (7))
Since ¢ is measurable, the field of automorphisms o — afeAut(HM(w)) is
measurable as a field of automorphisms over » — H(w) (see [26]). We set
a“’:S:aﬁdﬁ(w) on M. Clearly, a® depends only on the equivalence class of
¢ in Aut ("), and a®oa¥=a*¥.

It remains to show that any automorphism a&Aut(.%¥) is of the form
Boa? for some & Autg( M), o= Aut (") (since clearly a’cAutg(H) im-
plies p=identity a.e.). But from the proof of 2.2.1, given e < Aut(.H) there
is a measurable map ¢ on I' (written 77! in 2.2.1) and normal isomorphisms

£y HM)— Mo~ (r)) with (a(x))(r)=rem(x(e(r)), #-a.e. for x&.H. Thus
o Aut (") and for x& M,

(@oa?(X) (1) = £@r((@®(X)) (2(r)))  z-ae.

= Kpm oty P(x(r)) s-a.e.
where ¢$0: H(r)—>M(e(r)) is the identification of FH(r) with H(e(r)) used
above (in e.g. the isomorphism H(@)= H(s(@))RQL>(T", #,)). But xympocy™
is an automorphism of H(r); thus aoa?® is expressed as a direct integral of
automorphisms of H(r), so that aca® <= Autg(.H). Q.E.D.

Remark. In an obvious (but undefined) sense Autz(ﬂ{)=SfAut(ﬂ{(r))
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du(r) and the above exact sequence then reads

1 - SG:Aut(JM(r))du(r) - Aut(SfJn(r)du(r)) — AutgI) — 1.

§ 3. Kernels
3.1. Kernels and Extensions

We begin with definitions; as usual, von Neumann algebras and groups
are supposed to be separable.

Definition 3.1.1. A G-kernel { %, 6} consists of

(i) a von Neumann algebra ¥,

(i) a homomorphism 0: g&G—0ut(H) which admits a Borel lifting
to Aut(<H) i.e. for which there is a Borel map a: G—Aut(¥) with coa=0.

We do not assume here the map « of 3.1.1 (ii) is a homomorphism; this sit-
uation is discussed in Section 4. The assumption that ¢ admits a Borel lifting
seems necessary in view of the fact that Int(.%) may fail to be closed in
Aut(.H); however, when Int(_H) is closed (i.e. M is full, [4]) (ii) above is easily
seen to be equivalent to requiring 6 to be continuous (cf. [22]).

Definition 3.1.2. An extension {JI,I,z} of a von Neumann algebra
by a group G consists of
(i) a von Neumann algebra JI, and an isomorphism I of ¥ into JI;
(ii) a Borel map =: geG—n(g)=U(T]) satisfying
(@) (I H)=(g)* =I(HM)
(b) #(g)x(h) = I(H)=(gh)
() T={(M)U {=(g): g€ G}}”

Here, we are concerned with the relationships between G-kernels and
extensions of ¥ by G, paralleling a similar relationship in the theory of group
extensions. There are two prime sources of examples of extensions.

Example 3.1.3. Let {H,G,a,o} be a projective covariant system so
that « is a representation of G in Aut(H) and 0w €Z2%(G; U(Z(H))). If M
acts on the Hilbert space ., we may define operators on L¥G; H) by

(I*(x)€) (g) = a7 (x)é(g), xEM,,
(2*(WE) (g) = w(g7, WE(hT'g), hEG

where E€LXG; H). We set T=R(H,G,a,0)={I"(x), x& M, 2°(g), gEG}".



EXTENSIONS OF VON NEUMANN ALGEBRAS. II 147

In this case

2@I(x)2"(g)* = I(e,(x)), xEM, gEG ,
2°(@)A%(h) = I"((g, )A"(gh), g.heG,

so that {J1,1%,2°} is indeed an extension of ¥ by G. This of course is the
twisted crossed product studied in [27] and [32].

Example 3.1.4. Let 1-M—-N—>G—1 be any exact sequence of locally
compact separable topological groups (see [22]), and let o by any continuous
unitary representation (or even projective representation) of N on a separable
Hilbert space; let H=po(M)", Jl=p(N)" and I: H—>Jl the inclusion map.
If g& G—=n,EN is any Borel right inverse to the surjection N—G, and =(g)
=p(n,), then {JI,I,z} is an extension of by G.

There is one obvious relationship between extensions and kernels; if
{91,1,z} is an extension of H by G, and a,=I"'oAdn(g)ol =Aut(H), then,
from 3.1.2 (b), g—0,=¢(a,)=O0ut(H) is a homomorphism. Clearly {5, 6}
is then a G-kernel. In this situation, we say that the extension {Jl,I,z} realizes
or extends the kernel {.,6}, and that {#,6} is associated to the extension.
An extendable kernel is one which is realized by some extension.

As we shall see, not all kernels are extendable; our immediate goal is to
determine those which are.

Let {H,60} be a given G-kernel, and g—a,EAut(H) a Borel map with
coa=0. Since 0,00,=0,,, g,hEG we may choose for each g,hEG, v(g,h)E
U(M) with e oa,=Adw(g,h)oa,, Since Int(IH) is isomorphic with U(H)/
U(Z(M)), and U(Z(HM)) is closed in V(M) (with respect to the strong-*
topology), we may by standard section theorems assume (g,h) EG X G—v(g,h) &
U(M) is Borel. Comparing @, o(a,0a,) with (e 0a,)ea, we see Ada,(v(h,k))
X (g, hk)=Adv(g,h)v(gh,k) for g,h,keG. There is thus a Borel function f:
GXGXG—>U(Z(M)) determined by a,(v(h,k))(g, hk)=f(g,h, k)v(g, B)v(gh, k)
for all g,h,k=G. Since we may choose the maps «, v so that a,=identity and
(g, h)=1 if g or h is the identity, we see f(g,h,k)=1 if any of g,k or k is the
identity. We note also that the restriction of the automorphisms @, to Z(JH)
defines a representation of G in Aut(%(.H)) which depends only on 6; we
denote this action by @ also.

Lemma 3.1.5. Let {M,6} and f: GXGXG—>U(Z(M)) be as above.
Then
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() fEZIG; U(Z(M))

(i) the cohomology class of [ in HYG; U(Z(M))) is independent of
the choices @, v made above, and depends only on {9, 6}.

(iii) any 3-cocycle cohomologous to | may be constructed by changing
the choices of a, v within the obvious limits.

Proof. This is identical with the proof given in [21, Chapter 4] for the
purely algebraic case, and we do not repeat it here. Q.E.D.

The unique element of HY(G; U(ZE(M)) determined by {H, 6} via
Lemma 3.1.5 will be denoted f{.#,63, In the notations of 2.1.1 and the discus-
sion preceding 3.1.5, the 3-cocycle f satisfies f=0v.

Theorem 3.1.6. Let { %, 6} be a G-kernel. Then { M, 6} is extendable if
and only if f{.u,6y=identity in H3(G; U(Z(H))).

Proof. (i) Let {M, I, =} be an extension of M by G realizing 0. We
identify <M with its image I(.) in Jl. By definition g—a,=Adz(g)E Aut(H)
is a Borel lifting of 6 into Aut(.¥). Since Ad #(g)oAd =(h) =Ad(z(g)=(h)=(gh)*)o
Adn(gh), and (g,h)—n(g)z(h)=(gh)* € U(M) is Borel, we may choose v(g, k)
=n(g)x(h)=(gh)*. But then

a (v(h, k))v(g, hk)
= n(g)n(h)r(k)m(hk)*=(g)*n(g)x(hk)=(ghk)*
= n(g)n(h)=(k)=(ghk)*
= n(g)n(h)r(gh)*n(gh)=(k)=(ghk)*
= w(g, )v(gh, k) for g, hkea.

Thus for this choice of «, v, f(g,h k)=1, and f{. 5,6} is trivial.
(ii) Suppose f{.,6r=identity. By 3.1.5 (iii) we may choose Borel maps

a: geG—a,Aut(HM), v: (g,hH)EGXG>Wg heU(M) satisfying eoa=0,
agoa,=Ad v(g,h)oa,, and (g, h)(gh,k)=a,(v(h k))v(g, hk) for all g,h,kEG.
Let 9 act on the Hilbert space 4, and define operators I(x), x < M, and =(g),
g€G on LAG; ) by

(I(x)€) (h) = a,~1(x)¢(h), EeLXG; A),

(=(@)E)(h) = w(h™,8)é(g™*h), EELXG; ).
We let JI be the von Neumann algebra on LG ;%) generated by the operators

I(x), x& M, and =(g), g€G. Clearly I is an isomorphism of .5 into a sub-
algebra of Jl, and we may compute
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((@I(x)n(g)*&) (h) = v(h™", g)ery-1,(x)v(h ™, g)*E(h)
= ah—mag(x)f(h)
= (@, (x))6) (), for g€G, xEM .

Thus #(g)I(x)=(g)* =I(e,(x)) and #(g)[(H)=(g)* =I(H). Also

(w(@n(W)n(gh)*€) (k) = v(k™, g)v(k~'g, W)v(k ™, gh)*&(k)
= a,-1(1(g, h))é(k)
= (IW(g, h)Ek)  for g, heG.

So #(g)x(h)=I(V(g, h))=(gh) € I(M)=(gh). {Tl,I,=} is thus an extension of
by G, which, by the first computation above, realizes the kernel {.%,6}. Q.E.D.

The extension constructed above constitutes a generalization of the twisted
crossed product studied in [27], [32]. As in [30], it is readily verified that the
von Neumann algebra J] does not depend on realization of .9 on the Hilbert
space H. Although there are many extensions realizing a given kernel (in
general), we refer to any extension of ¥ by G constructed as in 3.1.6 (ii) above
as a regular extension of 5 by G.

In case the automorphisms @, of 3.1.6 (ii) are implemented by a Borel
family g—u, of unitaries on the Hilbert space J{ of .M, the generators I(x),
z(g) of the regular extension may be represented as follows on LA(G; H)=HAR
LX@));

I'(x)é = (xQ1)é, xE M, E€IXG; H),
(=" (h)€) (g) = uk-v(g ™", hyu,-4,E(h™'g), heG .

Indeed, these are the transforms of the generators I(x), z(g) by the unitary
operator U on LXG;H) defined by (Ué)(g)=u*-1£(g). For the purposes
of the next result, it is more convenient to use these alternate generators.

Proposition 3.1.7. Let 1-M—->N—->G—1 be any exact sequence of locally
compact separble groups, and let M, Tl be the von Neumann algebras generated
by the left regular representations 2™, 2N of M, N respectively. Then Il is a reg-
ular extension of M by G.

Proof. Let geG—n,EN be a Borel right inverse to the surjection N—G;
we regard M as being a normal subgroup of G. As is well known (see e.g.
[20]), N may be identified (as a standard Borel group) with M XG endowed
with the multiplication (m,g)(m’,g")=(mp,(m"m(g,g’),gg’) where g, (m)=
ngmngz* and m(g,h)=n,n,ng €M; a right Haar measure on N is given by
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the product of right Haar measures on M and G.

Let e,€Aut(M) be defined by a,(m)=ng-imn,-1, and set v(gh)
=ngtnyn,-1,-1€M; we also denote by w(g,h) the unitary AM(v(g,h))< M.
Each automorphism «, defines an automorphism, also denoted «,, of M,
which is implemented by the unitary u,, (u,£)(m)=0(g)"*¢(a;'(m)), gEG, mE
M, € LX (M), where (g) is the module of a,. Under the canonical identifica-
tions of LA(G; LY M)), LM x G) and L*N), it is a routine matter to verify that
the generators I'(A¥(m)), z'(g) for m& M, g=G, of the regular extension of
M by G determined by the choice of a, v above, correspond to A¥(m), meG
and 2¥(nzl1), g=G, respectively. We leave the details to the reader. Q.E.D.

Much of the value of crossed products stems from the Duality Theorem
of [30], in case the group G is abelian. While it seems to be very difficult, and
perhaps impossible, to phrase a duality theory for twisted crossed products or
regular extensions by abelian groups, some aspects of the theory persistV.
For the balance of this section, the group G will be supposed to be abelian, with
dual group G.

Following [30], define for p&G a unitary #(p) on LXG; %) by («(p)é)(g)
={g,p>&(g). Let {J1,1,z} be aregular extension of . by G, where .9 acts on
A. Evidently we have

w(pIx)u(p)* = I(x), x€ M ,
#(p)=(g)u(p)* = <g.p>=(g), §EG .

Thus p—>d,=Ad #(p) defines a continuous representation of G in Aut(92),
called the dual action.

Proposition 3.1.8. The fixed point algebra of a regular extension {JI,
Iz} of M by an abeliang roap G under the dual action is precisely I(.M).

Proof. We may suppose that ¥ is in standard form on 4, and that I(x),
xEM, n(g), g=G are given on LAG; H) by
IX)E)(8) = a-1(x)E(g), (=(h)E)(g) = v(g™, Mé(hT"g) .

From [14], we may choose unitaries W4,g€G on 4 such that AdW¢=a,-1
on M. Thus

AdWeEW*: = @, -10Q;,-1

1) An adequate duality theory, submitted to the Pacific Journal, has been developed by
Y. Nakagami and the author.
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= Ad v(g™, i)W, as G is abelian.

Thus WeW=c(g, h)v(g™, i)W ", where (g, h)—c(g, k)= U(M’) is Borel.
Define, for A=G, a unitary p(h) on L¥G; 9) by

(0()€) () = 8g(h) ™2 W &(We¥)*c(h, g)*E(gh)

where d; is the modular function of G. We claim that {o(g),g&=G} commutes
with JI. First, compute

(o(MI(x)o(h)*€)(2)
= WE(W)*c(h, g)*eugny-1(x)c(h, g) (W) (W E)*E(g)
= @ -1005H-100 (g -1(X)E(g)
= a,-1(x)¢(2)
= (I(x)¢)(g), for x=M, t€LXG;H).
Secondly, we have for h,kEG, §=LHG; H)

(o)) (g) = 3,(h) ™2 S #h)*ch,g)* vl ' ) gh)
and
@)0(R)E) (8) = Wg ™ k) ((E) (ke g)
= W™ RO AT (W e, gy gh)

On the other hand, using the relationship between W&, c(g,h), v(g,h) given
above, and the fact that dv=1, we see

Wg™L, kYW s(W* shyke(h, k- g)*
= v(g L k) (W™ *c(h k™ 'g)v(h™, g7 k)c(h, k™~ g)*
= (W"*a,-1(v(g ™ K)v(h ™, g7'k)
= (W"*(h g W g N k).
Furthermore
W E(W Ebykc(h, g)*
= (W"*c(h, g)v(h™", g )c(h, g)*
= (W"*v(h™,g7).
Thus p(h)z(k)==(k)e(h) for all h,k&G as required, and {o(h); hEG} =T1".
It is clear that for y& . %’, the operator y=y®1 on L¥G;H) is also in J1';
thus JICS(H' Q1) = HMRB(LYG)). On the other hand, as {u(p), peé}
generates the von Neumann algebra 1QL"(G) on LXG;.9), any fixed point in
BK)QBUIAG)) of {a,: p=G} lies in B(H)QL=(G). Thus, the fixed points
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in J7 lie in (HQ BLAG)) N (B(HA)QRL(G)) = HQQL=(G).

It is thus sufficient to show JIN(HKQL"(G))=I(SM). Let x lie in the
indicated intersection, so that the action of x on £ L*¥G;9) may be repre-
sented by (x£)(g)=x(g)¢(g) for some bounded Borel map x: G—H. On
the other hand, x commutes with o(%), A& G, and

(0(h)x€) (8) = 3(h) ™2 W &(W 5*y*c(h, g)* x(gh)&(gh)
while
(xo()€)(8) = 06(h)™*x(Q) W «(W<*)c(h, g)*E(gh) .

Thus we require that for each h& G, WE(W £¥)*x(gh) =x(g) W (W £*)*, or a,-10
ait1-1(x(gh)) =x(g), for almost all g&G. Thus a;?y(x(g)) is almost every-
where independent of g; we write x, for this fixed value. It is clear that x and
I(x,) represent the same element of HQL(G), so that xI(.5). The con-
verse inclusion, I(H)C JI N (HQ L=(G)) is automatic. Q.E.D.

Remark. 1t is virtually certain that the operators o(h), h&G, and y=
y®1, yE M, defined in the proof of 3.1.8, generate the commutant of JI. The
author however has not checked this in full detail. In Section 5, we shall esta-
blish a kind of converse to 3.1.8.

3.2. Operations on Kernels

In 3.1.5 we have associated to each G-kernel {9, 6} an element f{.u,6}
EHYG; U(Z(M))). Here we seek to answer two natural questions which
arise; which 3-cocycles arise in this manner; and what are the operations on
kernels corresponding to the natural group structure in Hj?

Finding the “inverse” of a kernel is the simplest of these questions and
we adress this first.

Let 5% be a von Neumann algebra, and .9’ the opposite algebra i.e. .’
has the same ring and involutive structure as 5, but the product is i(x)i(y)
=i(yx) (where, for x& M, i(x) denotes the corresponding element of .°). For
acs Aut(H), set a’(i(x))=i(a(x)); it is readily checked that a—¢’ is an isomor-
phism (and homeomorphism) of Aut(.9%) with Aut(.%H°), and that (Adw)’
=Ad i(w)* for ue U(M). Thusif {H,06} is a G-kernel, and a: G—>Aut(H) a
Borel map with eoa=0, then we may define a new G-kernel {.9’°,0°} by 63=
e(ag); trivially, 6° depends only on 6. Note also that if a,ca,=Adv(g,h)oa,,,
then ajoaj=Adv’(g,h)oay, where v'(g,h)=i(v(g,n)*)&U(M°). Finally, if
a (W(h,k))v(g, hk)=f(g. h,k)v(g. h)v(gh,k), then ag(v'(g,K))v’(g, hk)=i(f(g,h,k)*)
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X v'(g, W)v°(gh, k). However, the map i: Z(M)—>Z(H’) is an isomorphism
which intertwines the natural actions 6, 6° of G on Z(H), Z(H’) respectively.
Thus we have shown

Proposition 3.2.1. Let {H, 6} be a G-kernel, and {H’, 6°} the opposite
kernel as above. Then f{ow,0y=f{m,6} in HYG; U(Z(H))).

The product structure among kernels is somewhat more complex, and
seems to depend on the following idea. Essentially, we need to be able to
form the “tensor product of von Neumann algebras over their common centre”.
Specifically, let ., H be von Neumann algebras with centres %, % and let

0 :Z—>Z be a fixed isomorphism. Let ﬂ/l=gfﬁ!4(r)du(r) and = Siﬁ(r)du(r)

be the central decompositions of 5 and .5, where the index spaces for the
decompositions are identified by means of the isomorphism @.

Definition 3.2.2. HQ®o M is the von Neumann algebra whose central
® —
decomposition is Spﬂ{(r)®ﬂ¢(r)du(r).

The dependence of H® s H on @ is strong; if Z is two-dimensional and
M= D My, =My DM, then MR . H can be either of H, R H, DM,
®Hy or TR My D M@ M, and these may well be non-isomorphic.

Let {H, 6}, {H, 8} be G-kernels, and choose Borel maps @ (resp. @):
G—>Aut(H) (resp. Aut(H)), v (resp. 9): G X G—>U(H) (resp. U(H)) with

a o, = Ad v(g, h)oa,, agoa, = Ad (g, h)oa,,

a (v(h, k))v(g, hk) = f(g, h, k)v(g, h)v(gh, k)

a,(%(h,k))¥(g, hk) = flg,h.k)¥(g, b)¥(gh,k), g hkEG.
In order to consider the product /' f we must assume there is an isomorphism
0: Z(HM)—>Z(M) with G,00=000,, g=G; we shall consider Z(H) and
Z(H) to be identified by means of @. We choose once and for all point

realization (g,7)—>gr for the action of G on L=(I", ©)=Z(M)=Z(H) cor-
responding to 6 and 8. If G is discrete, we may, by 2.2.2, assume that there

are fields of isomorphisms x(, ) (resp. & n): JH()—>H(gr) (resp. ()~
FM(gr)) with £ F)=(a,(x))(gr) (resp. &y &(r))=(2,()(gr)), where
Jfl=gfﬂﬂ(r)dﬂ(r) (resp.ﬂ=5fﬂ(r)du(r)) is the central decomposition and
x~x(r) (resp. X~X(r)).

Proposition 3.2.3. With notation as above, let T= MR H, and define
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automorphisms B,, gEG on Jl by

(ﬂg(y)) (gr) = (Ic(g,'Y) ®’c(g,‘7')) (J’(T)), pAS 329 J’~J’(T) .
Then (i) B,8,Pa <Int(T0)
() if p,=e(B,), then f{T,0}=f{.M,0} [{.H5}

Proof. The fact that the 8, are indeed automorphisms of follows trivially
from the properties of the isomorphisms «, v), £ v. For (i), we compute, for

y~y(r)
(BeBiBa @) () = WigsmB¥ig 1) (7)) »

where
Vig,1) = Flg 511 O (s 1= 15~ 1)K igh 1 1)

and similarly for 7. Since a,oe,oaz =Adv(g,h) we see v, »=Ad (g, h)
~ a.e., where (g, h)=va-,(g, h)du(r) is the central decomposition. A similar
statement holds for ¥, v, so that 5,8,8z =Ad u(g, k), where u(g,h)< Il has
central decomposition u(g,h)=$fv-,(g,h)®f’.,(g, Rde(r).

Finally, since both f(g,h,k) and f(g,h k) become diagonal operators in
the central decompositions of 94 and ¥, we see

B(u(h, K))u(g, hk) = f(g, h,k)f(g, h, k)u(g, hyu(gh, k)

for g,h,kEG, and (ii) is established. Q.E.D.

In order to see that all 3-cocycles arise as obstructions it seems to be nec-

essary to restrict attention to countable groups G. The construction below
is somewhat related to that of 2.1.4.

Proposition 3.2.4. Let G be a countable group with order +2, 6 a homo-
morphism of G into Aut(A), where A is an abelian von Neumann algebra, and
FEHYG; U(A)). Then there is a G-kernel {H, 0} with fiue=Ff.

Proof. Let f<f be a normalized 3-cocycle, so that

0,(f(h, ke, D)f(g, ke, Df (g, b, k) = f(gh, k,Df(g, h, kI)

We shall construct a full II,-factor &, automorphisms e,, gEG of H=AQP
with @,=0,Q¢ on A®]I, and unitaries v(g,h)E M with a,oa,=Adw(g,h)°a,,
and a,(v(h,k))v(g, hk)=f(g, h, k)W (g, )W (gh, k) for g,h,kEG.

Choose once and for all a point realization (g,7)EGxI'—grerI’ of
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the given action 6 of G on 4. Let @, denote the free group on the generators
{lg,h], g#e+h in G} (each [g,h] is a single symbol, not a commutator), and let
P denote the von Neumann algebra generated by the left regular representa-
tion 2 of @;. Since each of central unitaries f{g,/,k) may be represented by

a Borel function y €I'— f,(g, h, k) with | fy(g,h. k)| =1, we may for each y I’
define automorphisms g} of & by

2A(h, kD) = fig, b, K)A(h. k], g.hkEG

(see [23]).

We view AQP as the direct integral of the constant field r—P(r)=2,

®

r&€I', of von Neumann algebras; with ﬁgzgpﬂ’éd,u (r), B,EAut(ARQDP)
and we have f,(a®1)=a®1, and B, (1QA[h k])=f(g,h,k)Qhk]. From
the arguments of [21; page 130] the maps [4, k]—[g,k][gh, k][g,hk]™* from the
generators of @ into @, extend to automorphisms of @;. By familiar ar-
guments, there are thus automorphisms J,, g€G of P with 0,(A([h,k])=

Mg, hllgh. kllg, hk]™).
We may now define the desired automorphisms of AR P by

a, = (:®3,)08,5(8,®1). Clearly a,(a®1) = 0,()Q1
for a & A, while, writing v(h, k) =1Q ([, k]), we have
a,(v(h, k) = (f(g, h, k)@ )v(g, )v(gh, k)v(g, hk)* .

Also a,0a,(aQ®1)=a,,(a®1) for acA; on the other hand an easy computa-
tion using the cocycle identity for f (c.f. [21]) shows that for g,k,k,IEG,
aoa,(v(k,D)=v(g, ha,((k,D)v(g, h)* so that a,0a,=Adw(g, h)oa,, as required.
Q.E.D.
Remorks. (i) In case G=4Z,, the p-element cyclic group, and A=C,
Connes [5] has constructed automorphisms of the hyper-finite II,-factor with
specified arbitrary obstruction. It is not clear to what extent this construction
may be generalized?.
(ii) The above proposition remains true in the exceptional case G=2Z,.
However it has somewhat limited interest as if Z, acts freely on the abelian
von Neumann algebra A, H¥G; U(A)={0}.

1) V. Jones, in a preprint entitled “Actions of finite abelian groups on the hyperfinite II,
factor” has realized an arbitrary obstruction for a finite abelian group in the hyper-
finite II; factor.
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§4. Split Kernels and Their Extensions
4.1. Splitting Criteria

Definition 4.1.1. A G-kernel {.%, 6} is said to be split in case there is a
Borel homomorphism @: G— Aut(H) with eéoca=6. Such a map a will be
termed a splitting map for 6 or {H, 6}.

Tt is clear that the 3-cocycle associated to a split G-kernel is trivial; we
shall establish a partial converse to this.
The type I case is easily disposed of by

Remark 4.12. If 9 is of type I itis of the form PP A,QF, where A,
is abelian, and &, is the type I,-factor; thus it suffices to consider the case
M=A,QF,. Butthenif ac=Aut(H) and £ is the restriction of @ to A,R1,
then Aduca=4g for some usU(H). Thusif g—a,Aut(H) is a Borel map
with g— £, a homomorphism (4, is the restriction of «, to #,®1), then Adu,°a,
=4, for some map g—>u, & U(IH) which we easily see may be chosen to be
Borel. Thus coa=0 is split.

Theorem 4.1.3. Let {M, 6} be a G-kernel with trivial obstruction.
Then if either M is properly infinite, or Y is a finite 1l,-algebra and G is
finite, { M, 6} is split.

Proof. Let {H, 6} have trivial obstruction. By virtue of 3.1.5 (iii) we
may choose Borel maps a: G—=Aut(H), u: GXG U(M) satisfying

a) ecoa =20,
b) agoa, = Adu(g,h)ca,,; ghEq,
c) a (u(h,k)u(g,hk) = u(g,Wu(gh,k); g hkeG.

These maps will be fixed throughout the remainder of the proof. We consider
each case separately.

Cose 1: M properly infinite.

Let M.(C) denote the /.. factor. From the proof of Lemma 4.7 of [30],
we see we may choose an isomorphism o: H—> HQM.(C), and unitaries w,,
gEG in HQM.(C) with Adw,co0a,0c0 '=a, Q¢ (The only point in the proof
of Takesaki’s Lemma 4.7 where it is necessary to assume g—a, is a represen-
tation is in proving w,r,(w,)=w,, where r,=ocoa,o0”') By construction,
g—>w, is Borel.
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By 2.1.3, there is a Borel map g€ G—v(g) € U(H R M..(C)) with u(g,H)®1
=(a, Q) (vV(M)(g)v(gh)*; g.h€G. Now

Adv(g)*o(a, Q)0 Adv(h)*o(a, 1)
= Adv(g)*(e, Q) (v()*)o(a, o, Q¢)
= Adw(g)*(a,Q¢) (v(h)*) (u(g, H)®1)o(a,;,&Q¢)
= Adv(gh)*o(a,, Q1) .

Thus g—>Adv(g)*o(e,R®¢) is a (Borel) representation of G in Aut(HQ M .(C)).
However

AdV(g)*o(ag®t) = Adv(g)*wgoaoagoa“l
= go(Ado "1 (¥(g)*w,)oa,)oo™!

so that g—>Ado ' (W(g)*w,)oa,=p, is a representation of G in Aut(¥). Since
eof=coa=0, B is a splitting map for 0.

Case 2: M a 1l;-algebra, and G finite of order n.

Let {e;;;i,j=1,---,n} be a system of nxn matrix units in ¥, and JI
=MNA{e;; i,j=1,2,---,n}’. Thus M is isomorphic with JIQM,(C), and
{e;;} correspond to the canonical matrix units {f};;i,j=1,---,n} in the full
nxXn matrix algebra M,(C). We regard «@,, gEG as automorphisms on
JIQM,(C). Note that for each i, the projections f;; and ,(f;;) have the

same centre-valued trace i, and hence are equivalent. We may thus find
n

unitaries w,, gEG in JIQM,(C) with Ad w,oa,(f;;)=f;; for all g, and i,j=
1,2,+-+,n. Thus we may write Ad wyoa,=p,Q¢ for some automorphisms S,
of J1.

Note that (8,Q¢)o(8,Q0)=Ad wa,(w)u(g, Hw§io(8,,Q¢); thus wa,(w,)
X u(g, ywk=u,(g,h)®1 for some unitaries u(g,h)EJT]. A direct computation
shows that g, (u(h, k))u(g, hk)=u,(g, Mu,(gh, k) for all g,h,kEG.

Using 2.1.3 again, we find a (Borel) family g—v(g) of unitaries in JIQ M,(C)
with (g, H®1=(8,R) (v(W)v(g)v(gh)* for g, heG. Thus w,a (w,)u(g, Hwh
=wa (V(W)wiv(g)W(gh)* and so u(g, h)=a(d(h))d(g)d(gh)* where d(g)=wi¥(g).
Now

Ad d(g)*oa 0Ad d(h)*oa,,
= Ad d(g)*a (d(h)*)oe oa,
— Ad d(g)*a (d(h)* u(g. h)oa,
— Ad d(ghy*oa, ,
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so that g—Ad d(g)*oa, is a splitting map for 6. Q.E.D.

Remark: The situation with 5 a II;-algebra (even the hyperfinite factor)
and G infinite seems to be unknown, except in trivial cases (e.g. G=Z). Of
particular interest is the case G=Z? where the question becomes: if @ and g
commute modulo Int(.%), are there unitaries u,vE . % with Aduca and Advep
commuting?

4.2. Comparison of Splitting Maps

Let {H,6} be a split G-kernel, and «, 3: G—Aut(H) be two splitting
homomorphisms. Since eoa@=¢o =0, there is a Borel map g€ G—u, & U(H)
with a@,=Adu,0f,. Since both @ and 4 are homomorphisms, we see, com-
paring @ oa, with a,,, that Adu,f8,(u,)=Adu,, for all g,h&G. We set (g, h)
=u, B (u,)uf; evidently (g,h)—w(g,h) is Borel, and o(g,h)=U(Z(H)). (In
fact @=0,u in the notations of 2.1.2, 9, signifying the boundary with respect
to @.)

Proposition 4.2.1. Let {H, 6}, e, f and @ be as above. Then

) 0e€Z¥G; U(ZE(M))), and the class of » in H(G; U(Z(M))) depends
only on @, 3. (We denote this class by w p),)

i) If r: G=>Aul(H) is a third splitting map for {H, 6}, @@ m@sy

=D(a,)-
ili) @ap is trivial if and only if a and B are exteriorly equivalent (see
[3; §2.2].

Proof. (i) Let w(g,h)=u,p(u,)uf as above. Then

B(@(h, k))ew(g, hk)
= ﬂg(uhﬁh(uk)u;‘k)ugﬁg(uhk)u;khk
= ugﬂg(uh)ﬂgh(uk)uzkhk
= Uy B (U gt g1 B o) Ui
= w(g, hHw(gh,k), forall g,hkEG.

Thus @ € Z3(G; U(Z(H))).
If g—>uy is another Borel map with a,=Aduzof,, then, with b,=(u;)*u,

=u, (us)* € U(Z(HM)), we see

ugB ()i = b (byui)bi(usn)*
= (9b) (8, h)ug 3 (ui) (ugn)*
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so that the 2-cocycles derived from g—u, and g—u; are cohomologous as
required.

@) If a,=Adu,of, and p,=Ad v,or, then a¢,=Ad u,v,or,, and

UgV g7 (UnV3)Viithgy
= gﬂg(uh)ﬂg(vh)vgvfhu;kh
= gﬂg(uh)Vng(Vh)thuﬁ
= (g, h)v(g,h)

where w(g,h)=u, B (u)ufi, v(g.nN=vr ()v; g.hEG.
(iii) is trivial and left to the reader. Q.E.D.

It follows from 4.2.1 (iii) that if 9 is a factor and H*G; T)=(0) (e.g.
G=R-see [16]), then representations «, # of G in Aut(H) are exteriorly equi-
valent if and only if eoa@=¢eof (c.f. [3]). We now investigate which elements
of H? are of the form w(, g).

Theorem 4.2.2. Let { M, 0} be a G-kernel, with splitting map . Then
if either M is properly infinite, or M is a II,-algebra and G is finite, every ele-
ment of Hi(G; U(Z(M))) is of the form w g for some splitting map B.

Proof. Let 0 €ZHG; U(Z(M))) be arbitrary. In either case, it is suf-
ficient to show there is a Borel map g—u, & U(H) with w(g, h)=a,(u,)uuf,
for then, with #,=Ad ufoa, we see

ﬂg°/9h = Ad uf“g(”}’f)”‘gh
= Ad ufo(g,h)*oa,,
= ﬂgh J

Thus g is a splitting map for 6, and by construction @ =w . As in the
proof of 4.1.3, we argue the two situations separately.

Case 1: M properly infinite.

Let M.(C) denote the I.-factor. From the proof of Lemma 4.7 of [31]
(see also proof of 4.1.3) we may choose an isomorphism o: H—> MR M..(C)
and a Borel map g—w,EU(HROM.(C)) with a,Q¢=Ad w,oo0a,007! and
Wer f(Wy) =W, Where r,=coa,00”l. By construction, d(a)=a®1 for ac
Z(M).

From 2.1.3, there is a Borel map g—w(g) € U(MQQ M..(C)) with

(g @1 = (a,Q) ((M)n(g)v(gh)*; g, hEG .
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Thus
o(g, h* @1 = v(g)*(a, Q) (v(h)*)v(gh)
= W(g)*w,r (v(h)*)wkv(gh)
= v(g)*wr (V(h)*w,)Whiv(gh)
= c(@)r (c(W)c(gh)*  where c(g) = v(g)*w, .
Now

o(g,h)* = o™ Hw(g, h)*Q¢)
= o7} (e(g)ooa o0 (c(h))c(gh)*)
= d(g)a (d(m)d(gh)*  where d(g)=07"(c(2)).

So with u,=d(g)* we obtain
w(g,h) = a,(u)uuf; as required.

Case 2: M a Il;-algebra, G has order n.

We adopt the notation of the proof of 4.2.3, Case 2. Thus there are
unitaries w,€ JIQ M,(C) and automorphisms S,,gEG of Jl with Adw,oe,
=p,&¢, where H is identified with JIQ M ,(C). There seems to be no easy
guarantee that g—/f, is a representation; however, as computed in 4.1.3, the
obstruction associated to g—>e(8,) is trivial. Thus, from the conclusion of
4.1.3, we may choose unitaries w;& . with g—>Ad w;o8, a representation
of G. By changing w, above to (w;@1)w,, we may assume that g—4, is a
representation of G in Aut(-).

Since (g, h) € Z(M), we may write w(g, h)=v(g,h)@1, with v(g,h) € Z(T]);
clearly (g,h)—v(g,h) is a B-2-cocycle. Since both g—ea, and g—f, are repre-
sentations, we see that w,a,(w,)wj is central; we write w,a,(w,)wh=x(g, ))®1
with #(g,A))eU(Z(T). 1t is readily checked that (g,h)—u(g,h) is also a
B-2-cocycle. Thus from 2.1.3, there are unitaries b(g) JIQ M, (C) with

ug, g, N1 = (8,4 (b(h)b(g)b(gh)*
= wga (b(h)wFb(g)b(gh)* -
Thus
(g, B)w e (w)wh = we (b(R)wb(g)(gh)*
and
(g, h) = a (uh)u(@ugh*, h.g€G ,
where u(g)=wi¥b(g). Thus @ has the required form. Q.E.D.
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4.3. Regularization of Extensions

Let {%,6} be a split G-kernel, and « a fixed splitting map; let {J1,1,z}
be an extension of ¥ by G realizing 6. Define automorphisms g,,g€G
of M, and unitaries v(g,h) M, g,h=G by

1(8,(x)) = n()I(x)n(g)*; xEM, gEG;
n(g)x(h) = I(v(g, )= (gh); g.hEG .

Clearly g—p8, and (g,h)—v(g,h) are Borel maps. Since coa=eof =0, there
is a Borel map g&G—u, € U(M) with Ad u,0B,=a,. Thus

g

Lu (@I (up)z(h) = I(u, B (u,)v(g, )= (gh)
= I(u, f (w)V(g, i) (uy)=(gh) .

Also, with z,(g)=1I(u,)=(g) we see

m(@)I(x)my(g)* = I(u, B (x)uf)
= I(a(x)), xEM .

Since a 0a,=a,,, we see w(g,h)=u,pB,(u,)v(g, Wu¥, is central in M. Also, we
may compute

I(a(o(h, k))o(g, hk))
= my(g)m(h)m (k) (hk)*m,(g)* 7\ (g)m (hk)m (ghk)*
= my(g)m(h)m,(k)m,(ghk)*
= m\(g)m(h)m\(gh)*m\(gh)z,(k)m\(ghk)*
= I(o(g, h)w(gh, k)) for g,hkeG.

Thus 0 €Z3(G; U(Z(M))). If we consider @ and {J1, I, z} as given data,
the only indeterminacy in constructing  is in the choice of unitaries u, with
Ad u,oB,=a,. However if g—u; is another Borel map with Ad uzof,=a,,
the 2-cocycle w'(g,h)=uyp (us)v(g, h)uy, is cohomologous to w; clearly also
any 2-cocycle cohomologous to w arises in this way. Finally, it is trivial to
check that we may choose =, to have the properties =,(g)=I(HM)x(g), =(2)I(x)
X m(g)* =I(a,(x)) and =,(g)z,(h)==\(gh) for g, hE G, xE M, if and only if the
2-cocycle w associated to {JI, I, z} and a is (cohomologically) trivial. We
record this as

Proposition 4.3.1. Let {H, 6} be a split G-kernel and a a fixed splitting
map. Let {J1,I,z} be an extension of M be G realizing 6. Then there is a
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2-cocycle w € Z5(G; U(ZE(M))) and an extension {Il, I, =} of M by G realiz-
ing 6 with
() Adm(g)U(x) = l(a,(x)); gEG, xEM,
(i) m(@mh) = I(w(g, h)=(gh); g, hEG,
(i) =(g)el(M)n(g) .
The cohomology class of o is uniquely determined by a and {Jl, I, z}, and
is trivial if and only if =, may be chosen to be a representation.

An extension {Jl, I, z} satisfying (i), (ii) and (iii) of 4.3.1 will be said to
have been regularized, or normalized. Although 4.3.1 is to be expected, it is
unsatisfactory in many respects. First, trivial examples show that the class
of @ does not determine JI. If we denote the unique cohomology class in
HiG; U(Z(HM))) determined by 4.3.1 by w(Jl, I, z, @), it seems quite likely
that there are extensions {JI, I, =} and {JI, I, =,} of M by G realizing a
fixed homomorphism 6: G—Out(¥), but o(Jl, I, z,, @) #w(Il, I, z,, ¢). This
of course will not happen if I(H)' N TISI( M), for then =, (g)&l( M) (g),
g€ G. The above relative commutant condition is known to hold (e.g.) if ¥ is
abelian, G is countable and acts freely, and J] is the twisted crossed product.
(See [32], and [31] for an extensive discussion of this condition.) The problem
of whether or not w(Jl, I, n,, @)=w(Jl, I,, 7,, @) in case M is abelian, G is
countable and acts freely, and JI is a twisted crossed product is directly related
to the uniqueness or otherwise of regular maximal abelian subalgebras of Jl.

It is, however, easy to describe the dependence of w(Jl, I, =, @) on c.

Proposition 4.3.2. Let {H, 6} be a split G-kernel, let a, B be two splitting
maps, and let {J, I, =} be an extension of M by G realizing 6. Then o(Tl, I,
w, f)=w@ a@(Jl, I, 7, @), where o q is as in 4.2.1.

Proof. Choose Borel maps 7, mg: G—U(J]) satisfying the conclusions of
43.1 for @ and g respectively. Write #,(g)7y(h)=I(w.(g,h)),(gh) and
7g(g)ma(h)=I(wp(g, h))7s(gh) for g, AEG. Since both 7,(g) and zg(g) are in
I(HM)=(g), there is a Borel map g—u, & U(M) with z,(g)=I(u,)ms(g), g=G.
Thus ¢,=Ad u,0f,. Also

wa(g)mp(h) = I(u)ma(@) (i )ma(h)
= I(uf a,(uf )ou(g, h)uy,)ws(gh)
so that wp(g.h) = uFa,(uu,wa.g.h).

However the classes of wa, wg and (g, h)—ufa (uf)u,, in HYG; U(Z(H)))
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are, respectively, o(J1, 1,7, @), o(Jl,I,z, f) and @ 4, as required. Q.E.D.
We now obtain

Theorem 4.3.3. Let {M,0} be a G-kernel with trivial obstruction, {J1,I,z}
an extension of <M by G realizing 6. Suppose further M is either properly in-
finite, or M is a II,-algebra, and G is finite; then there is an extension {J1,1,m} of
M by G realizing 0 with

a) m(gmh) = n(gh); g, hEG,
b) =(g)EN(M)=(g), gEGC .

Proof. From 4.1.3, {H, 6} is split; we let @ be an arbitrary splitting
map, and o =w(Jl, I, z, @). From 4.2.2, ®=w(,p for some splitting map S
for {M,0}. From 432 (Il I =, fl=w@apw=0"". o is trivial. The
desired map =, may now be found by virtue of 4.3.1. Q.E.D.

The above result should be regarded as a complement of [27; Theorem 5.1].

The extension theory of properly infinite von Neumann algebras, or of
11;-algebras by finite groups, is thus particularly simple from an algebraic point
of view, even though one is obliged to deal with (possibly) of a multiplicity
of liftings for a given kernel. OQOur results also have significance for injective
von Neumann algebras ([7]) and for the representation theory of certain locally
compact groups, as will be seen in Section 6.

§5. Isomorphism Criteria for Extensions

Here, we seek criteria on an extension {Jl, I, z} of 9 by G in order
that it be equivalent (in a sense made precise below) to a twisted crossed pro-
duct extension.

5.1. Algebraic Criteria

There are several notions of equivalence for extensions of .9 by G which
are amenable to interpretation in our context.

Definition 5.1.1. Extensions {Jl, I, =} and {Jl, L, =} of M by G
are M —G equivalent if there is a normal isomorphism «: J,—Jl, with

a) &(L(M) = L(M)

b) w(m(g) EL(M)m(g), <G .
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If £ may be chosen so that x(l(x))=I(x), x&.H we say the extensions are
strongly H-G-equivalent; if, in addition #(m(g))=ng) we say {Tl, I}, =}
and {Jl,, L, =,} are isomorphic as extensions.

It should be noted that the modifications of extensions carried out in 4.3.1
and 4.3.3 have taken place within a single strong equivalence class.

Proposition 5.1.2. Let {J;,I;, =}, j=1,2 be extensions of M by G, and
write
Ad nj(g)(lj(x)) = I](aé(x)); ] = 1’27 gEGa xE‘-ﬂ{;
and
m(@)rh) = I,(vi(g. Mg h);j=12 ghEC.

Then, if {1, 1,,m} and {Tl,,I,,z,} are HM-G-equivalent (resp. strongly HM-G-
equivalent), there exists o & Aut(H) (resp. c=¢) and a Borel map gEG—u,E
U(M) with
vi(g, h) = ag(ui ufo(wi(g. h)ug; &.hEG;
and
ai = Ad ufogoazea™; geG.
The converse holds if the extensions {Jl;,1;,=;}, j=1,2 are regular in the

sense of 3.1.

Proof. Suppose the extensions are (strongly) equivalent, and choose an
isomorphism £: Jl,—J1, with £(I(HM)=I(H), £(m(g))E (- M)z(g). Define
o and g—u, by

w(1(x)) = L(o(x)), x€ M
and

x(”l(g)) = Iz(ug)n'z(g)s gE G .

Note that in the case of strong equivalence, we may choose o=:¢. The
indicated relations follow trivially by applying # to the equations

m(g)my(h) = I,(vi(g, h))m(gh); g, hEG;
and
m ()L (x)m(g)* = L(ey(x)); xEM, gEG;

and using the definitions of v,(g,4), ¢ and u,.
Conversely, suppose the extensions {Jl;, I;, z;}, j=1,2 are regular and
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aj, vi(g,h), o, u, satisfy the relations above. We may assume that % acts on
4, that Jl,, j=1,2 act on L¥G; H) and I;, =; are given by

T (06 (8) = ai-1(x)é(g), xEM;
(W) (8) = vi(g ", h)é(g), hEG;

for j=1,2 and é=L*G; 9). We may further assume that o is of the form
Ad U for some unitary U on 4.
Define a unitary ¥ on L¥G; H) by (V&)(g)=u*-1U&(g). We compute

(V GV *€)(8) = w-1U a-(x)U*u,1&(g)
= Ad u%-1000a}-1007Y(0(x))é(g)
= az-1(a(x))E(g)
= (L(e(x)¢)(8); xEM, EELAG; H) ,

and

(V m(h)V*€)(g) = - U (g™, U*u,-1E(h7'g)
= wh-10(n(g ™", )ug-1E(h7'g)
= ag-1(u,) vi(g ™, h)E(RT'E)
= ag-1(uy) (m()€) (8)
= (I(uy)m(h)€) (8) - Q.E.D.

In particular, H-G-equivalence of the extensions {Jl;, I, z;} j=1,2
implies conjugacy of the corresponding homomorphisms 67: G—>Out(H).
Also, if geG—a,EAut(HM) is a fixed representation of G as automorphisms,
weZi(G; U(Z(M)) and oc=Aut(H) commutes with {a,,geG}, then
R(M,G,a,0) and R(M,G, e, o) (twisted crossed products) are H-G-equi-
valent and so certainly isomorphic. So in general (if H¥G; T)+ {0}) we may
have R(M,G, a,®) isomorphic with R(M,G,a,v) but @ not cohomologous
with v.

5.2. Plancherel Pairs

Throughout, {#, 6} will denote a fixed split G-kernel, and a a fixed
splitting map; since « is Borel and G and Aut(.#) both Polish, « is in fact con-
tinuous (see [2]). According to 4.3.1, each extension of 9 by G realizing 0
has a normalized form {J1,1,=} i.e.

Ad 7(g)(I(x)) = I(a,(x)); xEM, gEG,
n(g)r(h) = I(w(g, h))=(gh); g.hEG,
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for some 0w €ZG; U(Z(M))). (For convenience we say {JI, I, z} induces
« and o). Thus {7, I, =} enjoys the same algebraic properties as the twisted
product extension {R(M,G,a,®),I% 2} (example 3.1.3 and [27]). We
shall develop necessary and sufficient conditions for a normalized extension
inducing ¢ and ® to be isomorphic with a twisted crossed product extension.

In the following discussion, when we refer to a weight on a von Neumann
algebra, we mean a faithful, normal, semifinite weight; we omit the qualifications.
We refer to [29] for the theory of weights and left Hilbert algebras.

Let {Jl,1,z} be an arbitrary extension of ¥ by G; for x& K(G; H),
the space of norm-bounded Borel maps x: g& G—x(g) € M with {g: x(g)#0}

precompact, define an operator X< Jl by JE:S 7(g)I(x(g))dg (this exists as a
G

weak integral).

Definition 5.2.1. In the above situation, a pair {p, &} of weights is a
Plancherel pair for {H, J1,1,z} if
(i) ¢ is a weight on ¥, @ a weight on Jl,
() B={yeM: y=% for some x& K(G; H) and

FOr*y+yy*)< oo}
is dense, with respect to the #-norm, in the full left Hilbert algebra U deter-

mined by @
(iti) for x&K(G; M) with =B

22 = | olx(e)"x(e)dg

Theorem 5.2.2. Let {M, 6}, e, be as above, and w € ZHG; U(Z(M))).

@ {9, L=z} is M-G-equivalent with {R(M,G, e, »), 1%, 2°} if and
only if {M, 1, I, =} admits a Plancherel pair of weights,

Gi) if {91, 1, =} is normalized, induces a and , and admits a Plancherel
pair of weights, the extensions {Jl,I,z} and {R(M, G, e, »), 1%, 2°} are iso-
morphic (as extensions).

Proof. (i) Let &: Jl—=R(M, G, ¢, ») be an isomorphism implementing
the H-G-equivalence of {JI, I,z} and {R(H, G, e, ®), I*,2°}. We may
thus suppose JI=R(H, G, a, ®), [(x)=I%(o(x)), x& M and =(g)=2"(g)I"(u,),
gEG, for some o= Aut(H) and Borel map g—u, & U(H).

Let ¢ be a weight on ¥, and @ the weight on Jl=R(M, G, e, ) dual
to ¥=goo~! (see [27]). Noting that for x& K(G; <H) we have



EXTENSIONS OF VON NEUMANN ALGEBRAS. I 167

% = | m@1etendg
G

— Scx“’(g)l‘”(uga(x(g))dg :

so that

P08 = | V(o (o@) u, 7 (e

— | et xtende,

so that {g, @} is a Plancherel pair for {#, 71, I, z}. (The other requirements
of the definition are easily verified using [27].)

Conversely, suppose that {<H, J1, I, #} admits a Plancherel pair of weights
{p, @}, and let {J1,1, =} be the normalized form of {Jl, I, =}, so that
{91, I, =} induces ¢ and w. We claim that {p, #} is a Plancherel pair for
{HM, N, Iz},

Note that if x& K(G; M), and we write z(g)=m,(g)I(1,), then

% = | (@) (x(e)dg

— | m@) I x(@)dg
Thus

253 = | p((e*x()dg

e

and {p, @} satisfies 5.2.1 (iii) for {H, T, I, =;}. Using this, 5.2.1. (ii) is
trivially verified. To complete the proof then it is sufficient to prove 5.2.2 (ii).

(i) Let {JI, I, =} be a normalized extension of .9 by G inducing a and
o, and let {p, #} be a Plancherel pair for {H, J1, I, =}. We suppose that
M (resp. J1) acts on the Hilbert space 4 (resp. Jl) derived from ¢ (resp. &),
and we let 4, (resp. 4) denote the canonical map from the full left Hilbert al-
gebra U(resp. ﬁ) derived from ¢ (resp. @) into K (resp. J{). By hypothesis,
A(B) is dense in .

Note that for x€K(G; M) with ¥=B, then ¥=0 implies 0=F(X*%)
=SG¢(x(g)*x(g))dg, so that x(g)=0 a.e. Thus there is a well defined linear
map U: A(B)—LXG; H) given by (U(A(R))(g)=A(e(g™,g)x(g)). Indeed, U
is an isometrey as
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1A = p(x*%)
- SGsO(x(g)*x(g))dg
— | Il 9x(e)Irdg
= [JUA@®)I?.

Clearly, U has dense range in L%(G;.9(), so that U extends to a unitary of ./ onto
LXG;9); we denote this extension by U also.
Now for &, 7€ 4 and %, 7B, we have

e, = | | I ICcme, ndndg

- SGS (@) (i (x(g)x()E, m>dhdg

Cmmy

GSG<ﬂ(gh)1 (o2 ((g, )i (x(g))x(h))E, n>dhdg

Uy

= { | torer @e.g a1 (x(@)re ), mddg
= | § <rtotari@ier, 1a ety natde
Thus ¥j=2, where z(g)'=gsag-l(w(gh,h-l))a,,(x(gh))y(h-l)dh. Hence we have
(UEIGN) @) = A

— 4(@(™,8) | a7 (@(eh i))a(x(gh)y(h)dh)

— | 4™, a7 (@(eh, e alem)y )i

= | At h ot gha(igh)y )
On the other hand, we may compute

(] FBrEmmUEE) @

A WI"(x(W)U(A()) (g)dh

=\ o(g7, h)a,-1,(x(h) A(w(g™*h,h~'g)y(h"g))dh

S
|

= S A(w(g™, (g™ h, h7g)a -1 (x(W)y(h~g))dh
|

A(w(g™, gh)o(h, h™)a,(x(gh))y(h™)dh .
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Thus U(S =(2)I(x(g))dg)U* =S 22(9)I%(x(g))dg; an easy and well-known approx-
G G

imation argument now ensures that U=z(g)U*=2%(g), g€G, and Ul(x)U*

=I1%(x), x& M, and that {71, I, =z} and {R(M,G,a,»), I, 2"} are isomorphic

as extensions. Q.E.D.

The strength of the concept of Plancherel pairs of weights lies in the re-
quirement 5.2.1 (iii). This should be interpreted as an orthogonality condition
(for the z(g)) over I(.})); it can also be interpreted as an analogue of a dimen-
sion condition frequently met with in the theory of (finite dimensional) central
simple algebras.

From 5.2.2 we obtain immediately the following

Corollary 5.2.3. Let {JI,I,z} be a normalized extension of {.HM, 6}
inducing o and ®, and M-G-equivalent with {R(M, G, a, ), I*, 2°}. Then
the extensions {71, I, z} and {R(M, G, a, ®), I®, 2"} are isomorphic.

We also obtain the following more familiar criterion for a normalized
extension to be a twisted crossed product (cf. [3],[12]).

Corollary 5.2.4. Let {71, I, z} be an extension of M by G, with G dis-
crete, and with {J1,1,z} inducing ¢,». Suppose further that each automonphism
a,, g+e is properly outer. Then if there is a normal, faithful, expectation E:
N—I(H), the extensions {Jl, I, z} and {R(H,G,a,®),I*,2°} are isomorphic.

Proof. We identify M with I(H)= J1. Since for g+e we have E(z(g))x
=E(n(g)x)=E(a,(x)7(g))=a,(x)E(zx(g)), and a, is properly outer, E(z(g))=0,
g#e.

Thus if ¢ is any faithful normal state on 9 and @=¢oE, we may compute
for xe K(G; M)

P(E*x) = 823 23 x(g)*(g)* =(h)x(h))
= 2123 p(x(g)*E(n(g)*=(m)x(h))
= 21 o(x(g)*x(g));
thus {p, 3} Plancherel pair for {J1, H, I, z}. QE.D.

The relevant feature of the above proof of course is that E(z(g))=0 for
g+e.
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5.3. Dual Actions

According to 3.1.8, if G is an abelian group and {71, I, z} any regular
extension of . by G, the dual group G acts as automorphisms on J7 in such a
way that &,(z(g))=<g,pyn(g) and I(H)={xcJl: d,(x)=x for all peGh.
The following converse is patterned after the results of [18].

Proposition 5.3.1. Let Jl be a von Neumann algebra, G an abelion group,
and n: g€G—>rn(g)€U(Il) a Borel map. Suppose there exists a continuous
homomorphism peé—»&pe Aut(T0) with ¢&,(n(g))=<g,pyr(g) for all peé,
gEG, and set H={x: &, (x)=x for all pEG}. Then {1, 1,7} is a regular
extension of M of G, where I is the inclusion map I: SH—Tl.

Proof. The fact that ¥ and {z(g), g&G} generate Jl follows exactly as
in [18]; we omit the details. Also, with (g, h)=x(g)z(h)=(gh)* we see &,(v(g,h))
={g,p><h,p><{gh,p>V(g,h)=w(g,h) so v(g,h)= . Further, with x& . H we
see &,(n(g)xn(2)*) =<g, por(g)xm(g)*<g, p)=n(g)xn(g)*; thus if a,(x) =m(g)xm(g)*
for x& |, then M is invariant under @, We shall show that {7, I, =}
is (isomorphic to) the regular extension constructed from « and v as in 3.1.6.

Define a map 6: JI—L=(G; JI) by (3(»)(p)=d,(y). Clearly & is an
isomorphism and d(y)=y®1 if and only if y& H; also d(z(g))==(g)Qx,
where x, denotes multiplication by the character p—<g,p> on LXG).

We let J1 be represented faithfully on the Hilbert space 4(; thus L=(G; %)
is realized on IA(G; 9l). Let &F be the unitary F: IAG; H)—L¥G; H) defined
by

@6)©) = [ <e.p>e()ps £€ 135 9D

(We have chosen Haar measures on G and G so that the Plancherel formula
holds; & is nothing but the Fourier transform.) Setting &(y)=%0o(y)F*
for ye J1 we obtain 6(x)=x®1 if and only if x& ¥ and 8(z(g))==(g)RQ(g),
where 2 is the regular representation of G on L*G).

Define a unitary U on L¥G; 9) by (U¢)(g)=n(g )é(g). Now (U(xR1)
X U*€) (g)=a,-(x)E(g), x€ M and

(U(=(9)@A(@)U*E) (h) = n(h™)=(g)(U*E)(g™*h)
= a(h™)=(g)n(h™'g)*é(g™'h)
= w7, 8)E(g7h) .
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Thus the isomorphism Ad U8 carries <M and =(g), gEG to the generators of
the regular extension of % by G determined by @ and v. The proof is com-

plete. Q.E.D.
We note that if G is discrete, 5.3.1 may be proven more easily using 5.2.4;

the map E: Jl—- M defined by E(y)=Séo“c1,(y)dp is a conditional expectation
with E(z(g))=0 for g#e. The proof of 5.2.4 now applies.

§ 6. Applications

These fall in three (related) classes; we begin with twisted crossed prod-
ucts. Twisted crossed products have been seen to be useful since Connes
[6] constructed examples of factors not anti-isomorphic with themselves (see
[27] also for details), although they have been discussed in the literature much
earlier ([32]); they have been advertized as a method of constructing von Neu-

mann algebras which are not constructible using ordinary crossed products.
However, we have

Theorem 6.1. Let | be properly infinite and G arbitrary, or a II,-algebra
and G o finite group. Then any regular extension, and hence any twisted crossed
product, of M by G, is already an ordinary crossed product.

Proof. Let {J1,I,7z} be a regular extension of .9 by G; by 4.3.3 {J1,I,=}
is strongly equivalent to an extension {J,1,7,} where =, is a representation of G
in U(T. If we write Ad #(g) (I(x))=I(a(x)), =(g)=(h)=I(v(g, h))=(gh), Ad =,(g)
X (I(x))=I(B,(x)) and =,(g)=1I(u,)=(g) for g,h&G and x& M, then u,a,(u,)
v(g, Wuf=1 and B,=Ad u,0a,, g,hEG.

We let M act on K and Jl on L¥G;H); define a unitary U on L*(G;H)
by (U¢)(g)=u,-1£(g). Then

(UIx)U*€)(g) = u,—ra,-(x)u-1£(g)
= ' (x)é(e)
= (IP(x)6) (), xEM

and

(Un(l)U*€)(g) = ug-v(g ™, -6 (h7'g)
= ug-a (s -E(h™'g)
= B WiNE(h™'g)
= (P *(We) (), hEH,
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where ¢ denotes the trivial 2-cocycle. Thus J is isomorphic with R(H, G, 5).
Q.E.D.
The interpretation of this in terms of non-anti-isomorphism is that there
are von Neumann algebras . anti-isomorphic with themselves, and repre-
sentations g€ G—a,Aut(H) such that for no anti-automorphism ¢ of M
is goa,007'=a, for all g&G. Interest in twisted crossed products is thus
reduced to abelian algebras and possibly II, (non-factor) von Neumann al-
gebras.
We now turn to extensions of injective von Neumann algebras.

Theorem 6.2. Let {Jl, I, =} be an extension of an injective von Neumann
algebra M by G. Then Tl is injective if either . is a II,-algebra and G is finite,
or if M is properly infinite, and G contains a dense, countable, amenable sub-
group.

Proof. Follows from 4.3.3 and [7]. Q.E.D.

In particular, any extension of the hyperfinite factor by a finite group is
injective.

If M is any locally compact group, and e a continuous unitary repre-
sentation of M on separable Hilbert space, we say o is A.F.D. (approximately
finite dimensional) if o(M)” is an injective von Neumann algebra. If all
representations of M are A.F.D, we say M itself is A.F.D.

Theorem 6.3. Let 1-M —>N—>G—1 be an exact sequence of locally
compact separable groups, where G contains a dense, countable, amenable
subgroup; let p be a representation of N. Then

(1) if o(M)" is properly infinite and injective, o is A.F.D.,
(i) if p(M)" is the hyperfinite factor and G finite, p is A.F.D.,
(iii) if M is connected, N is A.F.D.

Proof. i) and ii) are trivial. Since any representation of a connected
group generates a properly infinite ([17]), injective ([7]) von Neumann algebra,
(iii) follows.

We note it is not clear whether or not, if o is a representation of M which
is A.F.D, the induced representation Indjje of M is also injective.
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