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A Difference Scheme for Solving Two Phase
Stefan Problem of Heat Equation

By

Tatsuo Nocr*

§1. Introduction

We consider a one-dimensional two phase Stefan problem of heat equation
with some specified temperature on the boundary. It is to seak a pair of
unknown functions (u(x, t), y(t)) satisfying the following equations:

cl%:% (0<x<y(1), 0<1<T),
02%11;—=% () <x<1,0<t<T),

u(0, )=y () >0 (0<t<T),

u(l, 1)=y,(1)<0 (0<z<T),

@D w0, =0 0<t<T),
_ >0 (0<x<D),

u(x, O)_¢(x){g0 vt

bIO=2L (O +0,0-FL(r()—0,)  (0<t<T),

y(0)=I.

This is, for example, a mathematical model of a water-ice system being homo-

geneous on each cross section perpendicular to the x-axis. Here u is temperature
and y is width of the water region which, we assume, is left to the ice region.
We call the last two relations of (1.1) Stefan’s condition as usual.

We assume, by the physical reason, that the boundary and initial data in
the water region are positive and those in the ice region are negative, and that
€1, €2, b and I are positive constants, / being in the interval (0, 1).
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The same and similar problems were considered by several authors ([1]-
[6]) and others ([7]-[11]). In the former references cited solutions of problems
were constructed classically by using Green’s functions of heat equations or by
the method of retarding the argument (see [4] and [5]) only for fairly smooth
data or small data. In the latter references weak solutions were constructed by
some ways for more general cases including several dimensional case, and it was
turned out that only for one dimensional cases weak solutions were classical
ones even for bounded and pieceweise continuous data. (See especially [11].)

We also consider the one dimensional problem (1.1) with bounded and
pieceweise data, and construct its solution directly by a finite difference method
which we can call a ‘semi implicit method’. The method is simple and useful
for numerical computation.

One phase problem also can be solved by the method proposed in this paper
more easily than the ‘fully implicit method’ of [12]. (See [13].) Boundary
conditions of other types may be treated by the same way.

Acknowledgement. The author thanks sincerely Professor M. Yamaguti
for his constant encouragement, and also Professor S. Yotsutani for his point-
ing out some mistakes in his manuscript.

§2. Difference Scheme

We use a net of rectangular meshes with a uniform space width h and vari-
able time steps {k,} (n=1, 2, 3,...). The time steps {k,} are assumed to be
unknown a priori and to be determined in the process of computation by the
rule that h/k, might give gradient of a free boundary at each time ¢t=t,, so that
the free boundary might cross each line of ordinate x=x; just at each
corresponding mesh point.

Let us introduce discrete coordinates

x;=jh (j=0, 1, 2,..., M; Mh=1),
=3k, (=1,23,..)
p=1

and net functions y, and u% which correspond to y(t,) and u(x;, t,) respectively.
By the rule mentioned above we can put

Yu=J,h (J,: integers, n=0, 1, 2,...; Joh=I).

Then we introduce usual divided differences:
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1 n n
(u_'})x=%(u;!+1'u;!)a (u_'})x=7l—(uj“uj—1),
n 1._ n n-
W) z= hlz Wy —2ut+utyy), @)= k, (wj—uy™1), ete.

In our scheme heat equations are replaced by the pure implicit difference

equations
(2.1 ci(u?+1)i=(u;!+1)x2 (i=1,2)
and Stefan’s condition is once replaced by an explicit formula

22 #b7—=@),~@3);  (=the heat flow to the interface),
n+1

where sign + or — corresponds to the case of positive heat flow to the interface
or negative one at t=t, respectively. This equation is used for determining
k,+1- In the case of positive heat flow we admit for the interface to move to
the right by one space mesh a time interval, while in the case of negative heat
flow to the left. That is

Jn+1=Jn+1 (yn+l=yn+h) lf (u.';,,)x—(u.';n)i>07

(2.3) .
‘]‘n+1=‘]n—'1 (yn+1=yn_'h) if (u.'},.)x'_(u.’}n)f<0'

The boundary and initial conditions are put in the followings obviously;

(2.4) uftl=yY it =y, (t,1), ulf'=y3t=y,(t1), uiil,=0,
(2.5) u?=¢j=¢(xj)’ yo=lI.

In computation we start from the initial condition (2.5) and ask the first
time step k; from (2.2), and J, from (2.3). Then we find {u}} from the differ-
ence equations (2.1) with the time step k; and the boundary conditions (2.4).
Again from (2.2) and (2.3) we get k, and J,, and further {u?}, and so on.

Since this scheme is very simple, it has been used by many people. But,
as far as we know, there were no proof of its convergence. In the followings we
will give a revised scheme and prove its convergence.

The scheme mentioned above has a defect, which can be easily seen from
(2.2) or the formula

, _ bh
2.2) st =Ty — @5 )4l -

In fact, if, for a fixed h, the denominator of the right hand side tend to zero,
the time step k,.; might increase infinitely. This feature might take place at
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some turning points of the free boundary. It is disadvantageous for numerical
computation and also for the convergence of the scheme. Therefore we need
a device of ‘regularization’ (or a ‘zero decision’) in order to avoid the ‘singularity’
of the algorithm. The device is the followings; if the heat flow to the interface
at t=t, is less than a prescribed small quantity, which we take f,/ h (B is a posi-
tive constant),

(3, — (3 )el <BJ 1,
then (2.2) is not used but, instead of it, the formula
(2.6) kn+1=b\/7/ﬂ
is employed and the position of the free boundary is retained for the interval

(tns tas 1)t
Jov1=Jy Vn+1=Yn)-

By this rule we have, in general
@7) knr 1 <by B
Hence {k,} are uniformly bounded and tend uniformly to zero as h—0. This
means avoidance of singularity.

We need one more device of prohibiting a sudden change of direction of the
free boundary in order to simplify proof of convergence. That is the followings;

if, by the algorithm mentioned above, J,.;<J, (J,+1>J,) in addition to
J>J,-1 (J,<J,-1) hold, then k,, and J,,, are revised so that

(2'8) kn+1=b\/7/ﬁ’ Jn+1=‘]n (yn+1=yn)

and the main routine of the algorithm is again repeated.
The complete description of the scheme and algorithm is the following:

1° u=¢; (1<j<M-1), yo=Joh=I.
For n=0, 1, 2,..., successively

2.1° if (u3),—@3)s>BJ h, then J,, =J,+1 and k,,, is determined
from (2.2,

2.2° if (u3),—(u3)s<—pB I, then J,, =J,—1 and k,,, is determined
from (2.2)",

2.3° if [(ul)e—(u3)sl <B b, then J, . =J, and k,,,=b\/h /B,
3°  wu"*! are found from (2.1) and (2.4), and
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4 if J, <, >dq Jpr1>J,<J,_4), then J, ., and k,, are revised
like J,.,=J, and k,.,;=b\/h/B, and return again to the step 3°. (When
n=0, J_1=J0.)

§3. Some Properties of the Solution of the Difference Scheme

We will show some a priori properties of the solution of our scheme under
some stringent conditions of data, that are the followings: assume that y;(¢) (i
=1, 2) and ¢(x) are bounded pieceweise continuous and

3.1 Ui(®>0, ¢¥,(<0 (0<:<T),
(3.2) #(x)>0 (0<x<D), ¢(x)<0 (I<x<L1),

and that there is a positive constant K such that

(3.3) Y1(0)<¢(0), ¥,(00=¢(1), Y<K, ¥Y()>—-K
and
(3.4) ¢(x)>—-K, ¢()=0.

First of all, it is easily shown that a maximum principle follows from
boundedness of data:

Lemma 3.1.

0<u?<max { max ¢;, max y}} o<gj<d,, t,<T),
(3 5) 1<j<Jo 1<p<n
’ O0>u%>min{ min ¢;, min Y5} (J,<j<M,t,<T).
Jo<j<M-1 1<p<n

Next we have
Lemma 3.2.
(3.6) d<y,<l—d 0<t,<T)

where d=min {I/2,(1—1)/2,¢/2K}, e= min {¥,(t), —¥,(¢)} and K, is a positive
0<t<T
constant such that

2 2
K, >max { =7 max ¢(x), 7o7 max y,(9),

527 max (—y,(0), 7 max (—o(} -

Proof. First of all it is clear from the assumption (3.1) that such a positive
constant ¢ exists.
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Assume that y, (0<n<ny+1) becomes most close to the boundary x=1
firstly at n=ny,+1. If y,,<(1+1)/2, y,<1—d (0<n<ny+1) follows directly.
Consider the case of y,,>(1410)/2. Introduce the function

Wio(Xjs 1n) =K (Vg —X;) 0<x;<y,, 0<1,<1,,) -
It satisfies the difference equation (w,,),z=(W,): and the conditions
Wao(Vus 1) = K1( o= y2) 20 (0<n<ny),
Waol0 1) =Ky 2 K T 5y )  @<nsing)

and

Waa(i )= KiOag= ) 2 K(FEE-1)>0(x) (070,
Hence we get w,(x;, t,)=u" (0<x;<y,) by the maximum principle, or
especially for j=J,,—1

0_wno(xJn°'-1’ tno) 0 uJ" -1
h - h ’

that is
(3.7) ~K <@p)s  (<0).

Next we introduce the function

xX;—
z,,o(xj,t,,)=—s~—ii$'°— (yu<x;<1, 0<2,<1,,).
no

It satisfies the same difference equation (z,,)xz=(2,,); and the conditions

Zno(ym tn)=_8‘yi”—_y£20 (OSnSno),
~Vno
zno(la t,)=—e=y,(¢,) (0<n<ny)
and
z,,o(xJ,O)—--s+ (I—xJ) (Jo<j<M).
Now if 1— < Yo Were to hold, we should have from the last-equation

Zy(X5, 0) = —8+K1(1—xj)2¢(xj).

Then by the maximum principle, z,(x;, t,0)=u%° (y,,<x;<1) and especially
for j=J,,+1,

h
—& =y Zu¥o 415 and hence
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(3.8) Wi e < —1=

Since (uygo)x—(uygo)f>0 by the assumption of n,, we should have from (3.7)
and (3.8)

&

W<K1.

This would be a contradiction to the hypothesis of 1——1—%< Vno- Therefore the
inequality

&
Yno<1—-

and also

y,,sy,,,,+1s1—7§1—+h<1—d (0<n<nyg+1)

must hold for sufficiently small h. Since n, is arbitrary among ones compatible
with the above definition, we have in conclusion
Ya<l—d forall n.

We can prove the other inequality y,>d by an analogous way. We assume
that {y,} (0<n<n,+1) becomes most close to the boundary x=0 firstly at
n=n,+1. In the case of y,,>1/2, we have no problems. In the opposite case,
we introduce the auxiliary functions

Wnl(xji tn)=K1(ynx_xj) (ynsxjsl’ Ostnstm)

and

Zp (X}, t,,)=e(1— ;f ) 0<x;<y,. 0<2,<¢8,),

m
and then we get by using these function for comparison similarly
yw>d forall n.
Lemma 3.3.
(3.9) ). and (Ui)z=—-L  (0<t,<T),
where L is a positive constant such that
L>max {cK, max 2y,(#)/d, max (~2¥,(5))/(1-d)}

(c=max {23 C1s Cz})-
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Proof. Taking a number n, (t,, < T) arbitrarily, we consider the functions

0 =

Lo (X7 1) =W1(tn) = K(tyy —1,) = Lx; + 5 K}
0<j<J,,0<t,<t,,)
and
Lno(ts ) =Yatng) + K(tng—t2) + L(1 = x;) = 2 K(1=x,)?
(J,<j<M,0<1,<t,,).
The function {, satisfies the difference equation (,,).z=c¢;({,,); and the con-

ditions

Cng(yn s tn)=l//1(tno)_K(tno_tn)_Lyn_i'%Ky%

<)=Ly 1=Ky, )<t 52 d<o,
$no(0, 2,) =1 (2,) — K(t,o—12,) <Y4(2,)
and
Cuo(Xj > 0) =Wy (t,) — Kty — Lx; +-S1 Kx3

2
<¢(0)—Lx,<1— Czlf x,.)<¢(0)—1<x,.g¢(x,.).

Hence by the maximum principle we have
Cno(xj ’ tno) S u(xj ’ tno) (0 s jSJno)
and especially for j=1

Cno(xh tno)_lpl(tno) < u'lm_lp'lu_)_
h = h ’

that is
(u80) > —-L+—02Lkh> —L.
By using the function {,, we can get the inequality about (u"p), similarly.
Since n, is arbitrary, we get (3.9) in conclusion.
We go to the next lemma being essential to our discussion.
Lemma 3.4.
(3.10) whs=>—L (1<j<M,0<t,<T),
(3.11) 0>}, )s=—L, 0=}, ),=—L (0<t,<T).
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where L is the constant appeared in Lemma 3.3.

Proof. i) Assume first that the sequence {y,} is strictly monotone in-
creasing for some interval 0<¢t,<t, :

Vn < Y for tn < tn’ < tno .
Then by the same way used for (3.7) we get
OS_(u.';n)st (0<tn£tno)'
Hence we have from the assumption of monotonicity of {y,} and the algorithm
(see the step 4° in §2)
(312) OS—(u.';,,)x<—(u.';")iSL (Ostngtno)-

The function (u?),=n% satisfies the same difference equations (1})z=
cl(r’_’})i (0< j<Jn - 1’ 0< tn S tno) and (’73')x:=02(’7§')i (Jn< J <M - 1! 0< tu S tng)
and the conditions

-n8, —Mh-1> —M, —fi-y and —ni<L
(0<tnstno’ OSJSM_l)
(see (3.9), (3.12) and (3.4)). Hence by the maximum principle we have
(3.13) -, <L (0<j<M-1,0<t,<t,).
ii) Assume next that {y,} is strictly monotone decreasing for some interval
0<t, <t,,:
VY>>V for t,<t,<t,.

Then we get as above

0< —(uh)s<—(u )<L (0<t,<t,)
and

—@h,<L (0<j<M—-1,0<1,<t,).
iii) If, in addition to the assumption of i) or ii), J,, . ;=J,, hold, we should

have, by applying the same discussion as that for (3.7) in the both right and left
regions for the interval (t,, t,,+1),
0< —(ujetl)s<L and O0<—(ujo’}).<L,
and hence again by the maximum principle
—(unott), <L (0<j<M-1).

iv) It is not expected in general that {y,} is monotone. For the general cases,
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however, we can repeat the above discussion for each time interval of monoto-
nicity. Thus we get (3.10) and (3.11) in conclusion.

Directly from the last lemma we can obtain the following lemma;

Lemma 3.5.
(3.14) |@)s— @ )5 <L (0<4,<T),
(3.15) L (0<t,<T),
(3.16) @) and @)<E- (0<t,<T)
and

2
(@l < Emcr i Ty o Tua<d,,

2
(3.17) el STmca i Ty<duy or <,
0<t,<T).

Proof. The inequality (3.14) is obvious from (3.11). IfJ,, #J,, by (3.14)
and (2.2)" we get h/k,,. <L/b. If J,,,=J,, by (2.6) and (2.8) we have h/k,
< /h/bB<L/b for small h. Thus we obtain (3.15) for all n.

By using the relations uj =0 (for all n), we find that

(u.';:-lx)t= _—];fhn—(u.';n)i ’ (u-';n)f= —_klz;,_(u";:}x)x if J">J”"1 ?

@)=t )es (7L) =3, if J,<Jos

and
(u.';")i=0 if Jy=Jpy.

Hence, by (3.11) and (3.15) we get (3.16). By applying (3.16) to the difference
equations (U}, +1)z=ci(u}, 1) (i=1, 2) we obtain (3.17), too.

Remark. (3.15) produces the Lipshitz type inequality

(3'18) Iym—ynzls—%—ltm_tnzl (OStnl’ tn;ST’)°

§4. Convergence of the Difference Scheme

Here we will show convergence of our scheme under the conditions of data

given in Section 3.
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We take a sequence {h,} (x—o00) tending to zero. Then the corresponding
sequences {k,,} (n=1, 2, 3,...) also tend to zero uniformly (see (2.7)). We
define a pieceweise linear function y,(f) as follows:

Yl =[E = 1)Vt 1+ s 1 = DYuldlkns1 for 1,<t<tyyy
(n=0,1,2,.).
Then we have from (3.6)
d<y/f(t)<l—d 0Lt<T)
and from (3.18)

P =S FlE—0]  (0<P,P<T).

They mean that the functions {y,(t)} are uniformly bounded and equicontinuous
in 0<t<T. Therefore there is a subsequence (which we denote again by
{y{}) which converges to a continuous function y(tf) uniformly in 0<t<T.
Clearly the limit function y(¢) itself satisfies

4.1 d<y®)<l—-d 0<t<T),
“4.2) @)=y <FIr=8]  (0<£,A<T).

Let u, be the solution of the difference scheme corresponding to A,, and u
be the solution of the auxiliarly problems

(cl%—zglz‘— (O<x<y(@®), 0<t<T),
u(0, ) =y,(2) (0<t<T),
u(y(2), 1)=0 0<t<T),
u(x, 0) = (x) (0<x<))

and

cz%‘-= g;” (y(O)<x<1,0<t<T),
u(y(2), =0 (0<t<T),
u(l, )=y, (0<t<T),
u(x, 0) =¢(x) (I<xgD)

with the prescribed boundary x=y(t), y(¢) being specified above.
We mention the following lemma;

Lemma 4.1. Uniform boundedness of the family {u,} in Q{0<x<l,
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0<t< T} implies uniform boundedness of each family of any divided differ-
ence of the first or higher order constructed from {u,} in every region Q*
whose closure is contained in the boundary of Q and the moving boundary
x=y(t) (0<t<T).

From Lemmas 3.1, 4.1 and uniqueness of the solution (see [7] for example),
it is seen that the sequence {u,(x;, t,)}, a—co (or strictly speaking, {u,(x, )}
defined by extending each net function for all (x, f) in Q conveniently) converges
to u(x, t) in Q and uniformly except some neighbourhoods of discontinuous
points of the boundary data. For the details and the proof of the last lemma
see the textbook [14] by I. G. Petrowsky.

What remains is to show that y(t) and u(x, ) satisfies Stefan’s condition.
Combining Petrowsky’s technique and Lemmas 3.4 and 3.5 we also get

Lemma 4.2. In every region Q¥ whose closure is contained in only the
boundary of Q, the families
{uai}’ {uai} and {uaxi} ’
only {us(Vns 1)}, n=1, 2,..., being excluded from the families, are uniformly

bounded.

Now we get from uniform boundedness of {u,.;} mentioned above
[(u(x, )= (u(x', D). <C(S, 0)lx—x|

for any (x, t) and (x', t) in any region {0<d<x, x' <y, (1), 0<a<t<T} or {y, (1)
<x, x¥’<1-d8<1, 0<o<t<T}, where § and ¢ are arbitrary small constants
and C(6, o) is some constant depending on é and o, but not on «. Hence we
also have

Ou ou ,_, o
W(X,t)_ﬁ(x,t) <C(, 0)|x—x'|

for {d<x, x'<y(t), o<t<T} or {y(t)<x,x'<1—90, o<t<T}. It follows
from these inequalities that there exist limits

4.3) lim  w.(x,t)=0v,4+(2)
X y.(t)+0
and
. ou _
4.4) x_)lyl(]i!)lio -g;(x, t)=v4(2)

and convergence is uniform in any 6 <t< T (6>0). Clearly the limit functions
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are continuous in 0<t< T, and also bounded by Lemma 4.2. From conver-
gence of {y ()} and {u,.(x, 1)}, (4.3) and (4.4) we find that

limv,.(#)=v.(2)

uniformly in any 6 <t< T (¢>0).
Taking arbitrary 7 and ¢ (¢, <1<t,,,<t,<t<t,.), we have

ya®)=yu(0)+ | 5.(0)0

=@+ T sign (a0

1
p=m+1 tp<0<tp+

7 a0+ su)a0.
T th
This can be put in the form

Y=+ 5 ki [00(tp+0) = 0, (1, +0)]
4.5) et
7 @0+ 50040,

where >’ means summation except for the number p’s such that y,(t,4-0)=0,
which occur at those times when [v,(t,+0)—v,_(t,+0)| <,/ h hold or
Vet (tp1 +0) =0, (1, +0)= £ /B and v, (1,+0)—v_(t,4+0)s FB/h

hold successively. By taking account of uniform convergence of v,.(f) and
uniform continuity of v.(¢) in 1<t< T, we find that (4.5) can be written in the
form

46 2=y D+ 5 kpalvalty+0) =0ty +0)] +o(D)

where the term o(1) tends to zero as a—oo (h—0). Taking a—oco in the last
formula, we obtain

t
YO =y@+4 { [0.0)~v-(0)1d8
for any 7 and t (0<t<t<T). This means further that y(¢) is differentiable and
YO =5 0001 (0<e<T)

which is not but Stefan’s condition. Thus we have found that the pair of func-
tions {y(?), u(x, t)} is a solution of the problem (1.1), that is, the selected sub-
sequence {y,(f), u,(x, t)} converges to the desired solution. However, since it
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is unique as well known, the full sequence itself converges. Thus we have
proved

Theorem 4.1. For bounded pieceweise continuous data Y(t) (i=1, 2) and
¢(x) satisfying (3.1)~(3.4), the solution of the difference scheme mentioned in
Section 2 converges to the solution of (1.1).

Remark. The convergence order all over the scheme might be subject to
the slowest term o(1) in (4.6). However, from the well known fact that y(¢) is
infinitely times differentiable in 0<t< T ([3]), we find that v, (¥)—v_(¢) also is
infinitely times differentiable and hence o(1) can be replaced by O(max k,,)
=0(,/ h) at least.

§5. Ecxistence Theorem

In the previous section we also proved the existence of the solution under
the slightly stringent conditions (3.1)~(3.4) on the way proving Theorem 4.1.
In this section we will show that the part of the conditions (3.3), (3.4) could be
dropped for the unique existence, that is,

Theorem 5.1. Suppose that Y(t) (i=1, 2) and ¢(x) are bounded, piece-
weise continuous and
(.1 Yi()>0, Y()<0 (0<t<T),
(5.2 o(x)=0 (0<x<D, ¢d(x)<0 (I<x<1).

Then there is one and only one solution of (1.1).

Since the uniqueness is well known, we consider only the existence.
Before the proof, we will prepare some more facts under the stringent
conditions.

Lemma 5.1. Assume, in addition to (3.1)~(3.4), that ¢(x) is continuously
differentiable in some small intervals [l—e, I] and [I, I+¢&]. Then v.(t)

= tm %
x->y(t)+0 0OX

(5.3 ve(O)=¢'(I£0)+0(L*/T) as 0.
Proof. Introduce the following Green’s functions:
g1(x, 156, )=U (x=¢, t—1)—-Uy(x+¢, t—1),
Gi(x, t; &, D)=U,(x—& t—1)+ Uy(x+¢&, t—1),

(x, t) are continuous also at t=0, and
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92%, ;& D=U(x—&, t—1)—Uy(x+¢—2,1—7)
and

Gy(x, t; &, D)=U,(x—& t—1)+ U,(x+&-2, t—1),
where

cix?

Uy(x, t)=-:,12~\/—7c;;—e“ 4t (i=1,2)

o .0
ox? ‘ot
(i=1,2). g, and G, are Green’s [unctions of the first and second kind of

are the fundamental solutions of the differential operators L, =

boundary value problems of L, in the half plane x>0 respectively. g, and G,
are those of L, in the half plane x<1. By using Green’s functions we can
represent the solution u of the problem (1.1) as follows;

utx, D=1 9.(x, 15 £, 0O+ 91405, 130, W1 (0)do
+{ 0,05 157(0), Do ()ds (0<x<y (@), 1>0),
u(e, = 9205, 13, 08O~ 92403, 15 1, W)
[ g1z 0@, Yo(@de  (G@<x<1,1>0)

in the respective regions. (Here (), means differential in £.) Hence, by dif-
ferentiating both equations in x and taking limits x— y(#) + 0, we obtain the well
known formula

0-0=—2{ G, 1 £, 0@ &+2( 6,60, 150, W ()0
(5.4) :
—2{. 61402, £ 5(0), OYo_(0)do

and

00 ==2{ Goey®, 1: ¢, 08 =2 G2y (1), 13 1, o)
(5.5) t
+2{. Gy, 15 7(0), o1(0)do

(for derivation, see [2]).

We consider first v_(f). Denote the three terms appearing in the right
hand side of (5.4) by I; (i=1, 2, 3) respectively. Since v_(f) is bounded and
continuous in 0<t< T (Jv_(f)] < L; see the previous section), I5 is estimated as
follows:
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ILl<| —zg' Gy @), 13 7(0), O)v_(0)do

c1(¥(2)=Y(a))?
t ly@—y(o)| _eCB@:

< 2\/ m LBO (t—0)32 =

N+y(o c1(¥(1)+¥(a))?
AL

3/2 — c1d?
< SHilZ o] gt e ]
(by (4.1) and (4.2)).

The last integral is

c1d

=) do

t 1 c1d? 2 © (
e () do=—— S -\t
go (t—o)37 & O ET=TT0d ) ¢

2 c1d? \/ T c1d?
<2 (T margy e
Jeid ¢ So Jeid '
which decreases exponentially as t—0. Hence we find |I;| <O(L2,/ t) (t—0).
Next, denoting a bound of ,(f) by K,, we have

t
1= 2{ 6.0, 150, a)z/u(a)da!
c c1y(2)?
SKO«/ 1 !' y(t)ﬂg )3/2 e 4(--0) do,

which also decreases exponentially as above.
Consider ;.

==2{ Gi(r(@, 1:¢, 09

c3/2 c1(y(1)—§)?

=~ ), 0= 0 M (9

c1((1)+£)?
&t

[ 0o+oe Grd

Clearly the last integral decreases exponentially as t—0. Consider the former
integral. Taking a number oc<0<a<—é—), we assume t so small that *<e.
Then we devide the interval of the integral into two parts: (0, I —¢*) and (I—1t*,
). By the mean value theorem, we have

1(y(t) )2

[ oo-oe B(&)de

c1(1-¢)2 c1(y(®)=D(y(2)+1-28)
4t e 4t

= o0-0e P&z
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()= E)e T g ac

1 (y(O=D(y()+1-28) Sl—t"
4t
0
for a £ (0<&<I—1%). By using I—&>1%, y(£)+1—2&>0 (for sufficiently small
t) and |y()—|] g—é‘—t, we find that the last integral decreases as O(e” sz—lw) as
t—0. On the other hand,

cily(r)—¢)2

[ o@-9e " g0

1 c1(y(8)=¢)?
e - S TG

<1
c1(y(t)—l+t=)? 1 ay®=-92 |
=_za¢(,_,a)e-—4-,—__2t-g e g (e de
¢1 Cr Ji-t=
2 ci(y(t)—l+t*)2
=—;—’1¢(1—t“)e- 4
@)= @)+1-28) > (! c1(l1-¢)?
__2_26—-—4?*—*(;5'(5)S e~ ar de
Cq 1—-t=
(—-r<E&<l).

The first term on the right hand side decreases as fast as O(t- e~ ﬁ) (t—0).
Consider the second term. We find that

(v@&) =D (y@®)+1-2%) 1= @& —-D2+2ly(—11(1-2)
4t 4t

S(é—)zt+%t“—>0
and
e
S' G d:=2x/7’1—-52t1'“ =070,

1—t® 0

and the last integral converges to —Zi as t—0. Thus we get

L=¢'(I-0)+0(t 3 e~ an-7=").

Hence, from the estimates of I, and I; mentioned above, we obtain in
conclusion

b-(1)=¢'(1-0)+O(L2/7),
lir% v_(t)=¢'(I-0).

By the similar way, we get also
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0.0 =¢'(1+0)+0(L?/7),
lim v,(8) =¢'(1+0).
Thus we have proved Lemma 5.1.
Directly from Lemma 5.1, we find
Lemma 5.2. Under the same assumption as in Lemma 5.1, if
$'(+0)=¢'(-0),
then
v:()2v-() and y()20
for sufficiently small t>0.

The next lemma is a so-called principle of monotonicity which holds even
for the general data as stated in Theorem 5.1.

Lemma 5.3. Denote the solutions of (1.1) corresponding to the two sets of
data (I, Yy Vap ) (i=1,2) by (3, u) (i=1,2) respectively. If 1,<lI,,
Y11<V12, Y21 <Y, and ¢, < ¢,, then
(5.6) 1)<y  (¢20)
holds.

Proof. We will prove it by showing a contradiction derived from the
opposite case. Suppose that there were a time =1 where

Y1) =y2(d)
hold firstly. Then, since y,(£f) <y,(f) for 0<t<A4,
(5.7 ¥1(A) = 72(3)

should hold. However, from the assumption of data, we get by the well known
strong maximum principle (see, for example, [2])

u,(x, )—u,y(x, )<0

in 0<x<y,(f), 0<t<iand y,(f)<x<1,0<t<A. Hence and from u,(y,(1), 4)
—u,(y,(4), 4)=0, we obtain by Friedman’s lemma ([2])

%1 (320 =0, )= T2 (5,2) -0, )>0,

5u1
ox

2@ +0, =92 (3,3 +0, 1) <0.
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This means y,(4) < y,(4), which contradicts to (5.7). Thus we get (5.6).

In order to construct a desired solution for general data mentioned in
Theorem 5.1, we use a sequence of solutions (y7, u*) (t—0) of the following
auxiliary problem depending on the approximating parameter 7:

c,fgt'—=%;L; (0<x<y¥(2), 0<t<T),
CZ%L;=__%;“; (y(t)<x<1, 0<t<T),
u(0, ) =y,(2) (0<2<T),
(5.8) (w1, )=y (0<z<T),
u(y*(2), )=0 (0<t<T),
u*(x, 0)=¢*(x) (0<x<1),
y(t)=1 0<t<1),
by =35 (FO+0, )= FE (-0, (t<t<T),

where
o(x) O0<x<l—1%1+71*<x<L1),
(5.9) $*(x) = %(l—x) (I—12<xL]).
\ %’ (x—1) (<x<l+79),
O<a<_%_’ 651: l—tiéf;Sl ¢(x)’ ?t= lelsllr-’i-t’ ¢(x)

(f ¢U+0)+¢p(I—0)#0),
¢r=inf G(x)+hiv*? ¢t= sup ¢(x)—pyr*?

l-t2<x< I<x<l+t=*

(f ¢(+0)+¢(/—-0)=0),

and B,, B, are arbitrarily fixed constants (8, >f,>0). Here we notice that, in
general,

(5.10)  (@)(I+0)#0, (@)Y(—-0)#0 and (¢°)(I+0)#(¢)'(1-0).

The problem (5.6) differs from the original problem (1.1) only in the small
time interval [0, 7], in which two ordinary initial and boundary value problems
with the initial data ¢*(x) are assigned for both regions (0, 1) and (I, 1).

Lemma 5.4. Under the same conditions stated in Theorem 5.1, there is
one and only one solution (y*, u®) of the problem (5.8).

We will mention only an outline of its proof briefly. For construction of



332 TATsuo NoGt

a solution we use again the difference scheme in Section 2, but we have to
change it slightly in (0, 7). In fact we take the time steps {k,} appearing in (0, 7)
arbitrarily but, at most, as much as O(\/7{) and so as for both 7 and /2 to be
equal to some discrete times respectively: 7=t,, 1/2=t, . Using the given time
steps we solve the difference scheme (2.1), (2.4) and (2.5) (¢ being replaced by ¢%)
in two fixed region (0, [) and (I, 1) up to the time t=t (n<n,). After that, for
t>1 (n>ngy) we use the same algorithm mentioned in Section2. We denote the
solution obtained in such away by {(y°)", (u")}}. It is clear that Lemmas 3.1,
3.2 and 4.1 hold also in this case. Hence it follows that {(x%)?} and their
divided differences of any high order converge uniformly in any fixed closed
region strictly away from the fixed boundaries and the moving boundary and
hence the limit function u*(x, f)=Ilim (u*)7 is infinitely times differentiable in
such interior region and satisfies thg—ﬁ)eat equations.

From the fact stated above, we have especially for j=j, and j, such as
jih=dJ2 and j,h=1-—d[2 (if necessary, by adjusting d so that both equalities
may hold)

(5.11) @Yl 1@<ty (5<6<T)

where Lj is a positive constant depending on 7 and d, but not on h.
Next we will show that

(5.12) 0< — ()3, and —(u’)yoxglgl <% St,,<‘r>

where K, and t are positive numbers such that

K,>max {c,IM,, c,(1-1)M,}, My=sup|¢(x)],

K, K,(1-1) }
2supyy 7 2sup(—y,) )

For the purpose we first introduce the function

‘CS]II&X{

1y 1) = M0 (e—t) + K2 -3 ) - MoC1 15 2
(ngjgl,OSt,,gr).

It satisfies the difference equation (%), =c;(%#%); and the conditions

w0 1) =20t + KL (120 )> Bl s y) a2,

r’r(l’ tn)=%(’c_tn)20 (t”ST)
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and

j=

w5y 0)=My+K2 (1-x){1 - MO"’I (-xpfzo(x)  (O<x;<D.

Hence by the maximum principle we get
rf(xjs tn)z(uf)g (Oﬁtng’f),

and especially for n=n,, j=J,—1

(0<) — ()53

KZ(_MOC1> &_
Ie=—1=3g, )<

as far as h<K,/M,c, holds. By repeating above discussion for each interval
[0, o] ( <o< 1:> instead of the interval [0, 7] considered above, we obtain

X

0< —(u)},2< for any ¢,, <<t

lu]

By making the similar argument for (u")},, we get (5.12) in conclusion.
From (5.12) and the uniform boundedness of {(u®)7}, we can derive

(5.13) erygel < Ko (‘2"’ <x, <1—%)
with another constant K; not depending on 4 and 7, by the modified method
from Petrowsky’s one for deriving uniform boundedness of the high order
difference quotients.

If the solution of the difference scheme is considered only in a restricted
region

-4 _4d }
Qd,f—{ZSx,-sl 5. T<t,<Ty,

then the function {(u%)7} are subject to the conditions (5.11) and (5.13) on the
boundaries x=d/2, 1—d/2 and the initial line t=1, and (u%)}9=0 as we have
shown above. Therefore the conditions corresponding to (3.2)-(3.4) are
satisfied by (u®)? in Q,,. We remember that strict positiveness or negativeness
contained in (3.1) was used for making the free boundary strictly away from the
fixed boundary. In €, the corresponding condition is not necessary because
¥, is always contained in (d, 1—d) and it is clearly away from the boundary of
Q,.. Then we find that {yz} converges to a Lipshitz continuous function y*(z)
and {y*(r), u*(x, t)} satisfies Stefan’s condition for ¢t>t (by the same way as in
Section 4). Thus the proof of Lemma 5.4 is completed.
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Remark. Directly from (5.11) and (5.13), the inequalities

(5.14) ,(u(él— ))il Ku'(l—g,t))il<Ld (t<t<T),

K

d d
p 5 <x<l1 7)

(5.15) [ (x, 1))zl <

and u*(l, 7)=0 hold. In reality, the corresponding inequalities hold for differen-
tiation instead of differenciation. Such facts admit us to apply Lemma 5.2 to
the problem (5.8) in the restricted region ©,,. In fact we shall use it for proving

the next lemma.

Lemma 5.5. For an arbitrarily fixed and sufficiently small A, the
Sfunction y*(¥) is strictly monotone increasing or decreasing in [z, ].

Proof. Applying (5.4) and (5.5) to the present problem, we have
v(m)==2{ 610, 7 &, O# O &
+2 So G, 73 0, o)W, (0)do —2 So Grel, 73 1, 0)v(0)do,
030 ==2{ Gl 7 &, O Q) &
—252 G, 75 1, o-)l,bz(a)d0'+2S; Gae(l, 73 1, 0)v3(0)do.

Just as in the proof of Lemma 5.1, we get the following asymptotical expression

Jer
2 . 2¢ 12—« _e2
w()=-—2F So e%dh+R_,
Jez
. 2 . 2t 112~ _g2
U+(’C) =7?T-“9 So e d9+R+,

where R tend to zero exponentially and

e —
SMM e=2dg » VT
0 2
as t—0. Thus we find that, for sufficiently small A, the sign of v%(r)—v:(7)
(t<2) is the same as that of ¢*+¢* or ¢(I+0)+¢(I—0) (or, if it is zero, the
sign of f§; — B, which is positive as we defined).
Now, as we mentioned in the above remark, we can apply Lemma 5.2 in the
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restricted region ©,.. Then we find that for the small interval [z, A] p*(¥) is
positive or negative according to that ¢(I+0)+¢@(I—0)>0 or <0. Thus we
have proved Lemma 5.5.

Proof of Theorem 5.1. Suppose that 7 tends to zero through a sequence
{z:} (i=1,2,3,..).
We find from Lemma 5.5 that

l-_—yfi(-;i)<yfi+l(1:i) (l=13 29 33"')
or
I=ys(r)>ytit()  (i=1,2,3,..)

according to ¢(I+0)+¢(I—0)>0 or <0. We consider only the former case,
for the latter case can be treated similarly. From the assumption of data, we
have

us(x, ) <ut+i(x, ;) 0<x<1).

Then, by applying Lemma 5.3 to the solutions (y*i, u®?) and (y*i+!, uti+t) for
t=>1;, we get

yuy<yu+(t)  for t>v,
and hence .
yr() < yr+(t) for all >0.

Therefore the sequence of the functions yi(t) is monotone increasing and
bounded above:

yu)<y2() <Ly () <---<1—d forall t>0,
hence we find existence of the limit
lim y*(£) =y (9).
i—o0
It can be easily seen from (5.14) and (5.15) that

P =y <FLlt—|  forany #, e[z, T],

that is, y(t) is Lipshitz continuous in any interval [z, T] away from the origin
t=0.

Next we will show the continuity of y(f) at t=0. For comparison we
consider the following one-phase problem:
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'/cl—%i—=g—;§ (0<x<({(®), t>0),

2(0, 1) =M, (z>0),

O 0
b=~ 52 (L) =0, 1) (t>0),

z(x, £)=0 (x>((@), t>0),

where M, is an upper bound of ¥,(f) (0<t<T) and ¢(x) (0<x<I). The
problem (5.16), as well known, has one and only one solution ({(?), z(x, t)) and

{(=I+A/t  (Aisa constant).

(See, for example, [2].) Clearly we get

<y (0<i  0<t<T)
and hence

yH)<y()<{(1) (0<1<T).
Since y*i(t) and {(t) are continuous at t=0, we find that y(¢) is also continuous
there.

Thus we have shown that {y*i(f)} converges monotoneously to the con-

tinuous function y(f) on the closed interval [0, T]. Therefore, by Dini’s
theorem, we find also that {y*:(¢)} converges uniformly to y(t) on [0, T7].

Now, by using y(t) defined above, we define u(x, t) as the solution of the
following problems with the prescribed boundaries:

( Ou. _ 0%u

u(0, 1)=1,(2) (0<:<T),
u(y@®, =0 . - (0<2<T),
u(x, 0)=¢(x) ' 0<x<),
cz%=%§— (y(t)<x<1,0<tsT), .
u(y@®), H=0 (CG<t<T),
u(l, £)=y,(t) (0<z<T),
u(x, 0)=¢(x) (I<x<1).

Then we can see that {u*i(x, f)} converges uniformly to u(x, f) in any time
interval [4, T] (A>0). In fact, it is clear that u*i(x, 1) <wu®+i(x, A)(A>71;>
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7;+1) and hence by the Dini’s theorem {u*i(x, 1)} converges uniformly. Thus
we get

(5.17) lu(x, H—uti(x, Hl<e  (O<x<1)

for sufficiently small 7, And from uniform convergence of {y*i(t)} above
mentioned and (5.15) we have for sufficiently small 7;

(5.18) ——§—<u“(x, <0  (yu)<x<y(t), A<t<T)

and also from uniform continuity of u(x, t) in any vicinity of the curve x = y(¢)
for A<t<T,

(5.19) O<u(x,)<5  (yHO<x<y(), 2<t<T).

From (5.17) and (5.18), we have by the maximum principle

(5.20) lu(x, H)—u™(x, t)|<e

for y({)<x<1, A<t<T, and from (5.17) and (5.19) we get again (5.20) for
0<x<y*(t), A<t<T, and further from (5.18) and (5.19) also for y*(f)<x
<y(t), A<t<T. Thus we have proved that {u®(x, t)} converges to u(x, t)
uniformly in any time interval [A, T].

Up to now, we showed that the sequence of the solutions (y*:, u*:) converges
to (y, u) which satisfies all the conditions of (1.1) except Stefan's condition.
Finally we will show that (y, u) itself satisfies it. Here we mention that, since
y(t) is Lipshitz continuous for 0<t< T, —g%( (1) +0, t) exist and are continuous
in 0<t<T. We use the following lemma (which was used also in [11]):

Lemma 5.6. If y(t) is Lipshitz continuous and (y(t)-+ 0, 1) are continu-
ous in 0<t<T, then Stefan’s condition is equwalenr to that the followiny
relation holds for any A and t (0<A<t<T) and any positive number 6 (0<o
<d):

(5.21) y(t)= y(l)—»-—[gy() w(x, £)dx— Sy”u(x, z)dx]
B u(x, t)dx— S:u) u(x, i)dx}

S (65— x)[(x, 1) —u(x, A)]dx

Q-\n glm Q.[N

S (6+x— D)[u(x, 1) —u(x, A)]dx

1-9
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+ 550, 1 (@) (6, )1do+55 | [¥2(0) —u(1 =5, )]do.

Leaving its proof until later, we go to apply it for our last purpose. It
follows from Lemma 5.6 that the solutions of the problems (5.8) (y:, u¥) (z*
< /) satisfy the relations

pei(e) =yt (x)—_[ng‘“’ i (x, t)a’x—gz O, A)dx]
—%Ul wi(x, t)dx—gl wi(x, /I)dx:|
yTi(e) y®i(4)

+ %— SZ (0 —x)[uri(x, t)—ui(x, A)]dx

—bFSi @+ x=D[w(x, 1) —u(x, H)]dx
25 | (@ -6, 91do+45 * v2(0)-un(3, o)1do.

+

Here we take 7,—0, then we get the formula (5.21) directly by uniform con-
vergence of {y*i(f)} in 0<t< T and that of {u%(x, t)} in d<x<1-4, A<t<T.
Therefore we find again by Lemma 5.6 that (y, u) satisfies Stefan’s condition,
and hence that it is surely the solution of the original problem (1.1). Thus we
have proved Theorem 5.1.

Proof of Lemma 5.6. We devide the region {0<x<1, A<o<t} into four
regions

={0<x<d, A<o<t}, D,={0<x<y(t), A<o<t},
D;={y()<x<1-4, A<o<t} and D,={1-d<x<l1, i<o<t}.

In each region we consider Green’s formula

0, (2 e )l L) e

= S (v—au— —u———)a’t +cuvdx.
ox

We take the solution of (1.1) for y(¢) appearing in the above definition of D,,
D; and u(x, ?) in the formula, and take v and c; like as

v=x, ¢;=c¢; in Dy, v=1, ¢;=c, in D,,

U=1, Ci=C2 in D3 and U=1—x, Ci=C2 in D4.

Then we get the following formula:
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S:u,(a, a)da=—§—g u(s, o)da———g ¥ (c)do

L1 Sa xu(x, t)dx -—-—‘—S xu(x, t)dx,
5 0 6 0

[ 00001 -0, a)o = g u.(5, 0)do

i
u(x, )dx —c, S u(x, )dx,

t

S u,(y(a)+0, 0)do= S

u(1-96, 6)do— czgl(- u(x, )dx
A t)

1-s
+ec, S u(x, Mdx,
S:u,‘(l—-é, o)do = —--—S u(l—9, a)da+ S V,(0)do

_%Si_a (1—x)u(x, t)dx+%2~gi_a (1—x)u(x, Adx .

Ehmmatmgg u(d, o)de and S u(1-90, o)do from these formula, seaking an
expressions of Sa u(y(6)+0, 0)do and using the formula
t
Y-y W= { 1@ +0, )~ (y(@) -0, 0)1do

derived by integrating Stefan’s condition, we get (5.21) immediately.
Conversely we assume that (5.21) hold. Differentiating it by ¢ and using
u(y(t), )=0, we obtain

90 =-S5 ue pdx—2 (' u e nax
(1)
+ S (0 —x)u,(x, t)dx+ —-5— Sl (0+x—Du,(x, t)dx
,% [1() ~u (3, 9]+ 55 [¥:(0) —u(1-8, 1)].
Here we use the equations cu,=u,,, then we get
§(e)= =4 [y () =0, )~ (+0, )] =4 [4(1=0, )~ ,(p(®) +0, 1)]
b—la[(é—x)ux Z+S:ux(x, z)dx] —b%[(é+x-— Du, 1_6
=[G 0dx [+ 5 0O a6, 0]+ 55 [0 —u(1=3, 1]

=+ [y () +0, ) —u(y ()= 0, O].
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Thus we have obtained Stefan’s condition from the formula (5.21). Q.E.D.

§6. Numerical Examples

Here we show some numerical examples. The data are the followings:

=1, ¢,=1/2,

vi(=t, Y,(O=0-D2 (0<:L1),
(0 0<x<1/2),

"5(")‘{ 12—x  (1)2<x<1).

The values of the parameters h and § are taken like as
h=0.005, p=0.5, 0.1, 0.01, 0.001.

Figure 1 shows the result for the case of $=0.01; the change of the free
boundary and the profile of u at the time t=0.6. As expected from the given
data, the ice region first grew and then the water region recovered and grew.
Even for the case of $=0.001, the position of the free boundary was scarcely
exposed to change in the figure. When § was taken larger, it got slight change,

:
Uu
1.0f H0.4
O\
7o /$
06' '5'/
- —40.2
0
0.5
~-0.2
4—0.4
0 0.5 1.0 =¥

Figure 1. The change of the free boundary x=y(z) and the profile of
u(x, 0.6) at the time #=0.6
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the convexity of the curve to the left became smaller and the accuracy of the
solution did worse.

The computation time needed was 1/38 of that needed in the computation
using Kamenomostskaya’s explicit scheme [7].

References

[1] Rubinstein, L. I., Determining the position of the boundary separating phases in the
one-dimensional Stefan’s problem, Dokl. Akad. Nauk. SSSR, 17 (1947), 217-220.

[2) ————, The Stefan problem, Amer. Math. Soc., Trans. Math. Monographs, 27
1971).

[3] Chiang Li-shang, Existence and differentiability of the solution of a two phase Stefan
problem for qasilinear parabolic equations, Acta Math. Sinica, 15 (1965), 749-764.

[4] Cannon,J. R., Douglas Jr., J. and Hill, C. D., A multi-boundary Stefan problem and
the disappearance of phases, J. Math. Mech., 17 (1967), 21-34.

[5] Cannon,J. R. and Primicerio, M., A two phase Stefan problem with temperature
boundary conditions, Ann. Mat. Pura Appl., 88 (1971), 177-192.

[6] Cannon,J. R., Henry, D. B. and Kotlow, D. B., Classical solutions of the one-
dimensional, two-phase Stefan problem, Arnali di Mate., Serie 4°, 107 (1975),
311-341.

[7] Kamenomostskaya, S. L., On the Stefan’s problem, Mat. Sb., 53 (95), (1961), 489-
514.

[8] Friedman, A., The Stefan problem in several space variables, Trans. Amer. Math.
Soc., 133 (1968), 51-87.

[9] ———, One dimensional Stefan problems with non monotone free boundary,
ibid., 89-114.

[10] Cannon,J. R., Henry, D. B. and Kotlow, D. B.,, Continuous differentiability of the
free boundary for weak solutions of the Stefan problem, Bull. Amer. Math. Soc., 80
(1974), 45-48.

[11] Fasano, A. and Primicerio, M., Regularity of weak solution of one-dimensional two
phase Stefan problems, Seminari dell’ Instituto di Mat. Appl., Univ. Degli Studi di
Firenze (1976).

[12] Nogi, T., A difference scheme for solving the Stefan problem, Publ. RIMS, Kyoto
Univ., 9 (1974), 543-575.

[13] Nogi, T. and Yamaguti, M., The Stefan problem, Sangyo Tosho Co. 1977 (in Japa-
nese).

[14] Petrowsky, I. G., Partial Differential Equations, London Iliffe Books Ltd. 1967.
(Originally published in Moscow in 1961 by Fizmatgiz under the title Lektsii ob
uravneniyakh s chastnymi proizvodnymi).






