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A Weak Equivalence and Topological Entropy

By

Taijiro OBNO

§1. Introduction

In this paper we will investigate the topological entropies of mutually
weakly equivalent topological flows. Roughly speaking, any two flows which
are weakly equivalent to each other have the same orbits. So the notion of
weak equivalence of flows is, in a sense, a generalization of time changes of
flows. In [5] Totoki investigated time changes of flows from a measure theo-
retical point of view. Especially he showed that for metrical (=measure theo-
retical) flows time changes preserve the properties that the metrical entropy is
zero, positive, finite or infinite respectively. Here we will be rather concerned
with topological flows and their topological entropies.

First we will consider flows without fixed point. In this case we obtain a
result analogous to Totoki’s one. Namely, the properties that the topological
entropy is zero, positive, finite or infinite respectively are invariant under weak
equivalence of flows without fixed point (Theorem 1 in §3). But this is not the
case if the flows have fixed points. Indeed, we will construct a pair of flows
with the same orbits and a fixed point one of which has a positive entropy and
the other has zero entropy (Theorem 2 in §4).

In the proof of these two theorems we will appeal to a measure theoretical
method. The point is that the topological entropy is the supremum of metrical
entopies with respect to all invariant Borel probability measures (Lemma 2 in
§3).

The idea of the construction of the example in Section 4 to prove Theorem
2 is as follows. Take a flow with a fixed point such that each orbit visits a neigh-
bourhood of the fixed point infinitely often and that the ratio of the sojourn
time in the neighbourhood is uniformly positive. One can construct such a
flow with a positive topological entropy. Then, lowering the speed of the flow
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near the fixed point so that the ratio of the sojourn time converges to 1, one can
obtain a flow which has no finite invariant measure except the point measure at
the fixed point. Thus this flow has zero entropy. We remark that in this ex-
ample the original flow has an invariant Borel probability measure with a posi-
tive metrical entropy and that the modified flow has only a trivial invariant Borel
probability measure.

In Section 2 we define the notion of weak equivalence of flows, explain the
relation of the weak equivalence to the time change and then establish a corre-
spondence between invariant ergodic probability measures of two flows with the
same orbits (Proposition 1) as a preparation for the proof of Theorem 1. Sec-
tions 3 and 4 are devoted to the proof of our main results mentioned above.

§2. Weak Equivalence and Time Change

Let X be a compact metric space. A (topological) flow @ = {p,; — co <t < oo}
on X is a one-parameter group of homeomorphisms of X which is continuous in
(¢,x). Given @ and ¥ flows on X and Y respectively, we say that @ and ¥ are
weakly equivalent if there is a homeomorphism = of X onto Y such that @ and
o= {¢y=n"toyr,om;— 00 <t < oo} have the same orbitsi.e. {p,(x);— oo <t < oo}
= {nloyron(x);— oo <t < oo} for all xEX.

For a while let us assume further that ® and & have the same orbits with
the same directions. Let X, denote the set of all @-fixed points. We can define
0(t,x), —oo0 <t < oo, x&X\X,, with the following properties (cf. [2]):

) ex) = ”_1°¢'o(t,x)°”(x) = ¢e(f,x)(x) ,
i) 0t +s,x) = 0(¢, 9,(x))+6(s, x)
iii) 6(0,x) = 0 and 6(¢, x) is strictly increasing in ¢,
iv) 0(t,x) is continuous in (z, x).
Thus we see that 8 is an additive functional of ® and that & is a time changed
flow of @ in the sense of [5]. Under the situation stated above, we will study

a relation of invariant measures. Let (@) denote the family of all @-invariant
ergodic Borel probability measures on X. Then we have

Proposition 1. Assume that the flows ® and ® have the same orbits with the
the same directions and they have no fixed point. Let 0 be the additive functional
of O obtained above. Then, for each me (D),
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1
E,(6(1, x))

defines an e e(®). Then map A : me e(®)—mee(d) is bijective and G(P,m)

A T
= G(D, ) where G(®,m)= {x eX ;Il'imLTS o x))dt=E,(f) for all continuous f } .
> 0

En(f) =

£ 10 »

In order to prove the proposition we prepare the following

Lemma 1. For any continuous function f, we have

0(1,¢,(x))

(1 tim L wnds = 1om LT 0,00, 0opsa

if one of the limits exists.

0(1,x)
Proof. Since S f(@(x))ds is continuous, for any >0 there is a §>0
0
such that the distance d(x,y) <& implies

0(1,%) (1, )
[ ro.onas— [ repu s | <e

The continuity of ¢,(x) and the compactness of X imply the existence of % such

that d(p,(x), x) <0 if |¢] <% for any x&X. We put

3|

k=0

I

I, _’11_5 Sa(l,v,( ))f(¢so¢‘(x))dsdt
_’11_ f(¢s°,0t(x))dsdt

S(k+1)/.b§9(1 »P4(%))
klp

which is approximated by

0L %p) (%))

3 I CREWE) 22

= 1"
np
as|I,—IT,| <e. Since
(Lo (2) or+la)
[ 9,00 ends = | g 0onds

we have

o, = %Se( F((x))ds+ ['}i‘lsa(k/ S (x))ds +

D En(f)=| Foxjdm(x)
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b= 150('“'(’3/#)

"fig s |

=0 Jo(n,x)

Now it is easy to see
1 9(n,x) |
L nds— 1,0 as o
0 i

Proof of Proposition 1. Take any x&G(®,m). The limit of the right hand
side of (1) exists and equals to

E,,,(S“l'”)f(c,ss(x))ds) for this x. Thus we have
. l a(n,x) a(1,x)
tim (" t9,0ops = Bl R,000ds)
and putting f =1
3@% 8(n, %) = E,(6(1,%)) -

Therefore we have

lim L S“”'”’f(ga ())ds = Ex(f)
10 (1, x)Jo ¢ me

For any T>0 define n; by

O(ny, x) =T <6(nr+1,x), then lim n,=oco. Hence
-y

tim 2§ 0.0 = tim 2o L[ 16, o

= E;(f).
Thus x& G(®,#) and so G(®, m)C G(D, ).

It is easy to see that 71 is a @-invariant probability measure. Since

M(G(D, ) = (G(®,m)) = M(ag’(xa)(lf(;ﬁ')(x» _1,

i is ergodic for @. By the symmetry, there is a P& e(®) such that G(®,m)C
G(®,P). But this implies P=m and so G(®,m)=G(D, 7).

Corollary 1. Under the same assumption as Proposition 1, let § be the addi-
tive functional of D such that &4(X) =04t (x). Then
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1

8(L%)
i, S = )

Jor any me (D) where i is defined in Proposition 1.

Corollary 2. Any time changed flow of a strictly ergodic (i.e. minimal and
uniquely ergodic) flow is also strictly ergodic.

§3. Weakly Equivalent Flows without Fixed Points

We will prove the following

Theorem 1. Let ®={p,} and ¥ ={y,} be topological flows on compact
metric spaces X and Y respectively. If ©® and ¥ are weakly equivalent and they
have no fixed point then we have

h(®) = Corh(v)

where W(D) and h(¥') are topological entropy of ® and ¥ respectively, and Coy is
a finite positive number.

Remark. The topological entropy A(g;) of a single map ¢, was introduced
in [1], and the following equality for a flow @ = {¢,} was proved by Sh. Ito [3];

= L
h(p,) = 1] h(p,) .

We define naturally the topological entropy of a flow @ = {¢,} by (®)=h(p,).
In order to prove the theorem we will apply a measure theoretical method.

For a single map ¢, we also define «(¢,) as the set of all ¢;-invariant ergodic
Borel probability measures on X.

Lemma 2. We have
(2) h(g) = sup hu(p)) = sup h,(¢)
vE@) mee(o)
where hy(@,) denotes the metrical entropy of @, with respect to the measure p.

Proof. The first equality is well known (cf.[6]). We will prove the second
one. The ergodic decomposition theorem for entropy ([4]) implies &, (¢)<

slelcp hu(p,) for any meEe(®P). To prove the converse inequality, for each
HEE(PD

pEe(p) and tER, we define u(d)=u(g,(4)) and m(A)=Sl,u,(A)dt. Then
0

#:€¢e(py) and mee(®). Since (X, #,¢,) and (X, #,,¢,) are isomorphic we have
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hu (@)= hu(e;). The concavity of the function —x log x implies

h@)Z | helo)dt = hul)

Proof of Theorem 1. Denoting o= {¢,=n"toyrom;— co <t <o} we have
hD)=hT). Let X*={x&X; 0 and & have the same direction at x} and X~ =
{xEeX; ® and & have the oposite direction at x}. Then under the assumption
of the theorem, X+ and X~ are both closed invariant sets, and so we have

h(®) = max {h(®|X*), (@] X7}

where @ | X* are the restrictions of @ to X=* respectively (cf.[1]). On the other
hand we have A(p,)=h(¢_,). Therefore we may and do assume that ® and )
have the same orbits with the same directions. Then we obtain an additive
functional 6(z,x) of @ such that @,(x)= @y »(x) as stated in Section 2. Itis
proved in [5] that for any me& e(D)

hi($) = h(91)

1
E,(6(1,x))
where & e(®) is defined in Proposition 1. We have

h(®) = sup h,(¢,) = sup E,(6(1,x)hu(?) ,
mee(d) mee(d)
and so putting ¢;=min 6(1,x) and c,=max 6(1, x)
reXx reXx

(D) = ¢, sup hu(¢y) = ¢, sup ha($)<h(®)
”'\'EE(é) mee(d)
< ¢, sup hp(@y) = ci(D) .
meE(P)

So, we have the conclusion of Theorem 1.

§4. Weakly Equivalent Flows with Fixed Points
We will construct an example of a pair of flows which proves the following

Theorem 2. There exists a pair of weakly equivalent flows one of which has
a positive topological entropy and the other has zero entropy.

Construction. We will construct an example as a pair of flows under func-
tions.

Step 1. We will define a sequence x*& {0,1}Z such that (i) for all k€Z
and n=1 we have x*(k)x*(k +1)---x*(k+4-3")>I,=11---1 i.e. there are 2n—1
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consecutive 1’s in x*(k)x*(k+1)---x*(k +4-3"), and (ii) for all n=1 there exist
2#x different words (sequences) of length 237! in x* where p,=(3*"1+1)/2.
First we define x* < {1,a}?" as follows, where « is a symbol which will be
replaced by 0 or 1 later. We define x, inductively. Put x;=1a and then x,=
x%x; where ¥, =11. We define X, by changing one « in x, to 1 so that %,>1,,
and x,,,=x,%,x,. Let x"=lim x,. Then there are infinitely many x, in x* for

#oyos
alln=1. The number of « in x, is p,=3*"1+1)/2.

Changing a’s in x, to 0 or 1 we can obtain 2?» different words of length
2-3%"1 We replace 2x,’s to those words in turn from the top of x*,n=1,2,---,
and put 0 or 1 arbitrarily into the remaining @’s. Thus we obtain x* in {0,1}7.
We put x*(k)=x*(k) for k=1, x*(0)=1 and x*(k)=x*(—k) for k< —1. Then
it is easy to see that x* satisfies (i) and (ii).

Step 2. Let T be the shift transformation of {0,1}# and X = the closure
of {T"x*;n=2Z} in {0,1}# which is endowed with the product of the discrete
topology. Then (X, T) is a subshift of ({0,1}%,7). For any use(X, T) there
exists x& X such that

() = lim 35315 (%)
myoo M =0 "

for all n=1, where },,= {xeX; x(k)=1, —n+1=k=<n—1} and 13, is the in-
dicator function of f,, Since x is an accumulating point of {7T"x*;neZ}, it

satisfies (i) in Step 1 and so we have

1
4.3"

(3) ﬂ(},,)g , foralln=1.

On the other hand we have an estimation of the topological entropy of T’

1 1
log 2?» = —log2>0,
311-1 g 4 g

KT) = lim - log N, = lim
nyoo J1 7300
where N, denotes the number of different cylinder sets on [0,z—1].

Step 3. Let 1= X denote the fixed point of T such that 1(k)=1 for all
keZ. Put X4=X\{1}, which is a locally compact space. Let 7 be a positive
continuous function on X. We define the quotient space X} of {(x,u);0=u<
7(x), x€X,} by the equivalent relation (x,7(x))~(Tx,0). We also define a
flow {¢?} by

olx,u) = (x,u+1), for —uZt<yr(x)—u.
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Then X} is a locally compact metric space and ¢Y is a topological flow on X}%.

Let X=X} U {4} be a one point compactification of X}%. Then X"isa
compact metric space. Notice that (x,,u,)—4 in X" if and only if x,—1 in X.
Extending {¢?} as ¢}(4)=4 for all — oo <t< oo, we obtain a topological flow
9"={p}} on X". Then we have the following

Lemma 3. For all positive continuous r, ®¥ are weakly equivalent to each
other.

x)) , 0=u<r(x), gives a weak equivalence between

’
Indeed z(x,u)= (x, ul
7(x)

" and O,
Lemma 4. Assume r,=inf y(x)>0. For any non-trivial n<Ee(D") there
TEX,

exists a (unique, non-trivial) nEe(T) such that

Eu(f) = 2B fos, i)

Eu(r)
for all continuous function f on X,

Proof. Although this lemma seems to be well known, we give here a proof
of it for the completeness. The proof is analogous to the one of Proposition 1
in Section 2. Let z=(a,0) be a generic point of % i.e.

lim
n,mo>eo 1 11

[" Rotzpar = Bur)

for all continuous f. Especially we have

(4) Ea(f) = lim — 1 f@¥a,0)dt

fpoo Z r(Tka)S_z Y(T%g)

= lm——L S( e Tha,tyd
T Z r(Tra)*™ "

k=—~n

Let # be an accumulating point of probability measures {-2~1— En Opkg; n> 1} on
nE=-n

X where 0, denotes the point measure at x. Take an increasing sequence of
continuous functions g; on X} with compact supports such that lim g;=1,y:
i»oo

Put
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V(%)
(x, 1)dt xEXy,
G(x) = SO gi(x,1) *

0 x=1.

Since G; is continuous, we have

"/

¥(T*a)
1 S ¢ (T*a, t)dt

7’/ 300 2n/k=—"’ 0

31 G(T'a) = EuG) = Eu(|] “ginra)

" wow 2n k=
for some sub-sequence {n’}, which implies together with (4) that

1

Eq(g) = hfi 1 2 EuG)).
o, 2, 7(THa)
We put
€= 2n §= D,
then

. 1
1= %{E} Ep(g,) = 'C—EM(T'IX*) .

297

On the other hand, for a closed set I}, = {(x,1); xEIA,,, NXy 0=t=7(x)} U {4}

we have
— 1 o/ (V(T*a)
E(lpzTm— 1 — 3 S 1(Ta, t)dt
T ()T
>To hm7 2 1,(Ta) = T w() .
Cc "o
Hence we have
#({1}) = lim () g;—lim ) =< u({A}) =0
m.yo00 0 ">

and so Eu(r)=Eu(r-1yx,)=c. Therefore

1
> Eu(7)

f(x,t)de) .

Ex(f) = lim Ex(f ) = lim L~ E(["“r - 05, )a0)

- 5o,
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The ergodicity of « is easily proved.

Corollary 3. If Eu(y)=oc for all non-trivial n=e(T), then 0, is the only
@-invariant Borel probability measure.

Step 4. Now we will choose 7 and 7’ so that they prove the theorem.
Take 7(x)=1 on X and

ne4.3",  for x€I\l,, n=1,

X) = A
) {1 . for xeX\l .

Then using Lemma 2 we have /(®")=h(T)>0. On the other hand (3) implies
Eu(r)=rn for all n and so Eu(r)=cc for all u€e(T), u#0,. Therefore by
Corollary 3 we see that the only @ -invariant probability measure is §, and so
by Lemma 2 in Section 3 A(®")=0.

Remark. Similarly we can construct a pair of weakly equivalent flows one
of which has finite entropy and the other has infinite entropy. However it is
still unknown whether there exist such examples in the differentiable case.

Acknowledgement. I would like to thank professor H. Totoki for helpful
suggestions, especially he gave me the short proof of Lemma 1.
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