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§1. Introduction

Let M be a simply connected complete Riemannian manifold with constant
sectional curvature, and consider a branching Brownian motion ¥=(y,, P))
having M as the underlying state space ([5]). In the case of M =S¢, the d-
dimensional sphere, one can apply the results of Watanabe [16], [17] and
Asmussen-Hering [1] to obtain a limit theorem on the number of particles in
a domain for the process Y. If M =R9, then, although M is not compact, the
process Y belongs to the class considered by Watanabe [17], and his argument
works well. But, if M has constant negative sectional curvature —k, then ¥
is not necessarily contained in the scheme of [17] and a new phenomenon appears.
In this case, the Laplace-Beltrami operator is given by

A4=0%|0r*+\[k (d—1) coth \/k ro/or+ 4’

in polar coordinates, where A4’ is the Laplace-Beltrami operator on the sphere
S,={y e M: distance (y, 0)=r} ([4] p. 445). Hence the radial part process X
of the branching Brownian motion ¥ on M is reduced to a branching diffusion
process on the underlying state space S=[0, o), whose nonbranching part
diffusion has the generator

(1.1) L=d?[2dr*+Jk (d—1)/2coth Jk rd|dr.

The spectrum of L is the interval (— oo, —k(d—1)?/8] and there exist many
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bounded nonnegative martingales for X (Section 5). This enables us to show
that bounded domains may come to contain no particle in some cases, even
when the total number of particles diverges to infinity as time elapses.

Having the above situation in the background, we shall study in this paper
the branching diffusion process on the underlying state space S=[0, o), whose
nonbranching part diffusion has the generator

(1.2) L=d2/2dx2+ b(x)d/dx.

Precise conditions on b(x) as well as boundary conditions will be given in Sec-
tion 2. The radial part process X mentioned above is contained in our class.
Our results are fully described in Section 2. We shall prepare some lemmas on
ordinary differential equations in Section 3 and some comparison theorems for
stochastic differential equations in Section 4. Sections 5 and 6 are devoted to
the proof of Theorems.

The authors would like to express their sincere gratitude to Professor N.
Ikeda, who drew their interest to this subject. They would also like to thank the
referee for correcting some errors and improving a lot of expressions.

§2. Notations and Results

Throughout this paper, we assume that b(x) is a function satisfying the
following conditions:

(2.1) b(x) is defined on S=[0, 0) and b(0)=0,
(2.2) b(x) is continuous and nonincreasing on (0, ),
(2.3) b(x)=by>0 on (0, o),
(k2.4)' S: x(b(x)—bg)dx < co for every R>0.
Let
s(x) = gj e By, xeS, m(E)=2 g}; eB¥dx, Ee#(S),
where B(x)=2g’1° b(y)dy and #&(S)is the topological Borel field of S. Then

there exists'a unique conservative diffusion process X =(x,, P,) on [0, o0) with
scale s(x) and speed measure m(dx) satisfying

(2.5) Py(0o4 =0)=1D

1) o is the first hitting time of x, for the point x, and oy, =lim; 0.
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([8]). The boundary co is natural in Feller’s sense (ibid. p. 108). Further,

since X is conservative and m({0})=0, (2.3) and (2.5) ensure that the boundary
0 is reflecting if

1
(R) e'B(")S 2eB0)dy e L1(0, 1).

x

The boundary 0 is entrance non-exit if
1
(E) B S 2eB0)dy ¢ L1(0, 1)

(ibid.). The generator of X coincides with L of (1.2) with the domain
(2.6) D(L)={ueC(S): LucC(S), 1i131 eB™y' (x) =0}
xi0

(ibid.). Note that the last relation in the braces of (2.6) is automatically satisfied
in the case of (E). We denote the transition density for the diffusion X with
respect to m(dx) by p(t, x, y), and the semigroup by T,.

Following [5], let S* be the n-fold symmetric product of S (S°=0, 0 is an
extra point), and set S=® S#. Thus an element x €S belongs to some S”,
and, if n=1, we have a”c_:gordinate expression x=[x!, x2,..., x"]. Define a
stochastic kernel n(x, E) (xe S, Ee€ %(S)) by n(x, E)=1 if [x, x]€E, and =0
otherwise. Then, for a positive constant c, there exists a unique branching dif-
fusion process (BDP) X=(x,, P,) (xeS) on S corresponding to the funda-
mental system (X, ¢, 7). X is called the nonbranching part, ¢ the branching
rate and = the branching law.

Let B be the set of all bounded Borel measurable functions on S. For
each g € B, set

A g(xl)g(xZ),__g(xn), x=[x1a x2,.._,x"]ES\{a},
g(x)=% 1 x=0
. g(x) +g(x?)+-+g(x"), x=[x', x%..., x"]1€8\ {0},
g(x)={ 0 x=0.

Then, for each continuous g e B with ||g||<1, the function u(t, x)=E [§(x,)]
satisfies the so-called S-equation

2.7 %— =Lu+cw?—u), u(0+, x)=g(x)?

(cf. [S]. Let, fora, leR,

2) More precisely, u(t, ) D(L) and (2.7) is satisfied. In writing similar equations, the
condition that « belongs to D(L) is meant implicitly.
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B,(x, ))={geB: lim,_, e**g(x)/x*=1},
B(w=\ By, i=0,1

Thus, each g € Bi(x) belongs to By(a, I) for some /e R, which we denote by

I(g).
Finally, set

}'0=b(2)/29 “),=bo—'\/b(2)—22,, “Ao=b0-
Now we are ready to state our results.

Theorem 1. 1) For each 0LA<A,, there is a nonnegative integrable
random variable W, such that for each g e By(o;, 1)

(2.8) lim eG-tg(x,)=IW,, a.s.

t—> 0

2) There is a nonnegative integrable random variable W= W, such that
for each geB,(0;,, )

2.9) tlirg eWo=Ng(x )=]W, in probability.
Theorem 2. If0<A<A, and a2=<2c, then
(2.10) PO<W,<w)=1, x>0.
Remark 1. Consider the case 0<c<Aiy [c=4¢]. Theorem 1 says that
igﬁ e**g(x)=1 [resp.}_i:g eboxg(x)/x=1]
implies
%11110 g(x,)=IW,, as. [=IW, in probability].
Further, Theorems 1 and 2 say that
iixg e**g(x)=o00 [resp. £i_133°eb°"g (x)/x=00]
implies
}Lrg g(x,) =00, a.s. [resp. in probability].
Indeed, for 0=A<iy [A=4¢], o, is the smaller [resp. unique] solution of
2.11) 12—2bot+24=0.
Hence a2 <24, and (2.10) holds for A=c.
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§3. Lemmas on Ordinary Differential Equations

Lemma 1. 1) For each A, there is a unique solution ¢,(x) of the equation

(3.1) Lo(x)=—4p)x),  ¢,0)=1.

2) If0<AZAy,then @,(x) is positive and decreasing. @o(x)=1. Further,
(3.2) 9,6 Bo(ay), 0=si<4y,
(3.3) ?1,€B1(bo)> A=2o

with positive I(@;).
3) If 1>, then ¢,(x)<O0 for some x € (0, o0).

Proof. 1) First we shall show the uniqueness. Let ¢,(x) be a solution
of (3.1), and put é(x)=¢,;(x) and n(x)=¢;(x)>. Then (3.1) is equivalent to

(.4 { 6: (x)=n(x),

n'(x)=—224(x) =2b(x)n(x),  &(0)=1,
and
(3.5) liff,l eB&p(x)=0.

Solving the second equation of (3.4), we have
1) = =24 E)e 2 pdy + sy (),

for x, x, €(0, o0). Hence, by letting x, | 0, we get

(3.6) n(x)= _zlgz é(y)e—ZI:b(z)dzdy.
This and (3.4) give
(3.7) E(x)=1 —ug’; SZ E(z)e-2lpwingz gy,

Hence the solution &(x) of (3.7) is unique. This means the uniqueness of the
solution ¢@,(x) of (3.1).

The existence of the solution ¢,(x) of (3.1) is obvious, because it is easy to
see that (3.7) has a solution &(x).

2) Clearly, po(x)=1. We divide the proof for the case 0 <1< 4, into two
steps.

3) pi(x)=dep, (x)/dx.
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Step 1. We shall show that ¢,(x) is positive and decreasing. It is enough
to see that &(x)=¢,(x)>0 and 5(x)=¢@;(x)<O0.
By (3.6) and (3.7),

(3.8) &x)>0, n(x)<0, 0<x<9d,

for some §>0. Set T=inf {x>0: é(x)=0}* and {(x)= —n(x)/&(x), x€ (0, T).
Then {(0+)=0 and {(x)>0 for 0<x<d. Further, by (3.4),

(3.9) U()=0(x)*-2b(x){(x)+24, xe(0,T).
This implies
(3.10) {(x)>0, xe0, 7).

Indeed, if otherwise, contradiction occurs at the first zero point x,€(0, T) of
{(x), because {'(xo) =0 whereas {'(xy)=24>0.
Now (3.9) and (3.10) yield

(3.11) F)SUxP?—2bel(x)+22,  xe(0, T).

Define o, and a_ by

ay=ay(A)=by/b3—24.
Note that «_ =0, and that (3.11) implies
(3.12) )=l -a)(lx)—a-), xe(,T).
If 0< i<, then this yields
(3.13) 0<lx)<a_, xe(0, T).

If A=1A¢, then (3.12) is written as {'(x) <({(x)—by)?. On the other hand, there
is a o€ (0, T) such that 0<{(x)<b, for x€(0, d,]. Take any x, €(dy, T) and
fix it. If {(x)<b, for 6, <x <X, then

§x—50+

. L
bo—{(x) by—{(0o) *

This excludes the possibility that {(x) 1 b as x T x,. Hence (3.13) holds in this
case also.

Now we shall show T=o00. Suppose T<oco. Then n(T)=0 by (3.13).
Since the solution of (3.4) for x = T with the initial condition &T)=#(T)=0 is
unique, we have &(x)=#(x)=0 for x=T. Then, by (3.7),

4) We always consider that the infimum of the empty set is oo.
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0=¢(x) =§(T)—2AS’°Y E(2)ebwaugzdy <0, x>T.
TJ0
This is a contradiction.
Step 2. We shall show the second assertion. By (3.4),

=)o, )

where A=(_07 P ) and B(x)=b(x)—b,. It follows that, for each x,>0,
“ 209

o9 | ig; J==fl e 25(.1»(;:1(_1}) Jay-+etmeoe iﬁﬁ;’; )

Now suppose that 0<d<A4,. Then

1 a+e—a_x__a_e—a+x e—a-x__e-a+x
(3.15) e A= ——
Op =0 \ 2A(e™%+F—e™% %) o e ¥ F—o_e ¥

Hence, noting £(0)=1 and #(0+)=0 (by (3.6)), we have

1

oy — 0l

(3.16) &(x)=

(oc+e'°’-"-—a_e‘“+x
—Sx(e‘“-"“”~e‘“*"“”)25(3’)n(y)dy ,
0 I

as well as convergence of the integral. On the other hand, (3.14) and (3.15)
imply

e IS K| B)ersln(y)ldy +K,
X0
for some K,, K,>0. Hence, by Gronwall’s inequality and (2.4), we have

e i) S Kz exp {K." B»)dy} Ky <o, w330,

X0

for some K;>0. Now, using this and (2.4) again, we obtain (3.2) with
I(p;)>0 from (3.16).
Turning to the case of A=4,, we have

a1 R

—4b3x 1—bgx
Hence (3.14) gives
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(3.18)  &(x)=xe-tox (bo— S e””( 1— %)25(y)n(y)dy) +e-box,
0

x bo

(3.19) erorin(o)l < Ks{ y(n) <M dy 4 k.
xo

By Gronwall’s inequality, it follows from (3.19) and (2.4) that

evoxln(x)l /xS Ksexp{Ks | yB(»)dy}<Ky<co.
X0

Hence we have (3.3) with I(¢,,)>0 from (3.18) and (2.4).

3) Let A>1,. Let T and {(x) be as in 2) Step 1. First we shall show
T<oo. Suppose T=o0, and choose an >0 such that 2A—(b,+¢)>=a? for
some a>0. Then there is an x,>0 satisfying

b(x)<by+e, X2=Xg-
We note that (3.9) and (3.10) are valid also in this case. Hence,
I®)zUx)—bo—8)*+a?,  x2Xo.
Solving this, we have
Tan™ [({(x) - bo—&)/a]—Tan™" [({(xo) —bo—&)/al2 a(x—Xo), XZ2Xo,

which is absurd. Hence T<oo. If #(T)=0, then &T)=#n(T)=0. This is
impossible by the last argument in 2) Step 1. Thus #(T)<0 since {(x)>0 on
(0, T). This implies ¢,(x)=¢(x)<0 for some x> T. g.e.d.

Remark 2. The spectrum of L on the space L*(m(dx)) is contained in
(=00, —Ag]. Further, — A, belongs to the spectrum of L.

Proof. Lemma 1 implies
Tg(x)=0(e"*?), t—->o0,

for each g € B with compact support. This assures the first assertion.

If —A, does not belong to the spectrum of L, then the spectrum is con-
tained in (— oo, —A,—0] for some 6 >0, because it is closed. Hence p(t, x, y)
= 0(e~(40+9)1) 35 t— 00, and the Green kernel

G,(x, y)= S: e*p(t, x, y)dt

is convergent for ly<A<Al,+6/2. This, combined with Dynkin’s formula,
yields E,, [e**=]<oo. Hence @ (x)=1/E,.[e**~] is positive. But @(x)
solves (3.1) (cf. [8] 4.6), which contradicts Lemma 1.
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Lemma 2. 1) Let 0<cZA,. Then, for each 0<vy=<1, there is a unique
solution of the equation

(3.20) { Lo+ c(v?—v)=0,

v(0)=v,, 0=v=1.

Further, if 0<vy<1,

(3.21) 1-v(x)eBy(x,), 0<c<iyg,

(3.22) 1-v(x)eBy(by), c=4o

with positive 1(1 —v).
2) Ifc>A and O<vy<1, then (3.20) admits no solution.
Proof. The outline of the proof is similar to that of Lemma 1.
1) Step 1 (Uniqueness). Set &(x)=1—v(x), n(x)=—2'(x), and

2(1-8), 0=E<],
0, otherwise.

f@={

Then (3.20) is rewritten as

(3.23) n'(x)= —f(ExN—2b(x)n(x),

{ gG)=n(x),
{0)=1-1, 0=¢(x)=1

with (3.5). Then, as in the proof of Lemma 1, we have

329 1) == [ ey,
(3.25) E(x)=1—pg— Sgy fE(z))e2Fipwang gy,
0Jo
Now the uniqueness follows, since f(&) is Lipschitz continuous.
Step 2 (Existence). Since there is a trivial solution v(x)=0 (resp. =1) in

the case of v,=0 (resp. =1), we assume 0<vy<1. Further, (3.25) has a unique
solution &(x). So it is enough to show

(3.26) 0<é(x)<1, x>0.
By (3.24) and (3.25), there exists a positive é such that
(3.27) 0<é(x)<1, n(x)<0, 0<x<é.

Set T=inf {x>0: &(x) (1 —¢&(x))=0} and {(x)= —n(x)/é(x) for x€(0, T). Then
(3.23) gives
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(3.28) ) ={0(x)* =2b(x){(x)+2c(1-¢(x)),  xe(0, T).
It follows from this and (3.27) that {(x)>0 for xe(0, T). Hence,
(3.29) (=@ —a)((x)—a), xe(0,T),
where

s =ay(c)=bot/bF—2c.
Now, as in the proof of Lemma 1, we have
(3.30) O0<l(x)<a_, xe(0, 7).

Suppose that T<oo. Then, since &'(x)=n(x)<0 for x €(0, T), it must hold that
&T)=n(T)=0. But this leads to contradiction by the same argument as in
the proof of Lemma 1. Hence T=co.

Step 3 (Proof of the second assertion). First we shall show

(3.31) lim é(x)=0.
Since &(x) is decreasing, it tends to a limit &,. If £,5£0, then, by (3.24),

lim (x) £ —e~2%0 lim Sx L) (E())e2i5@izgy = —se~23b0f(¢,) <0.

X—00

This contradicts the fact £(x)=0, x>0. Hence, &, =0.
Now, since 7(0+)=0, (3.23) is written as

(3.32) (;)=A(f,)+(g) (ﬁﬁﬁi§)=(l?°)
where A=<_gc —;b(,) and

(3.33) P =7(x) =2¢&(x)* — 2b(x)n(x) .
Let 0<c<Aly. Then as in the proof of Lemma 1, we have

1
O€+ — 0o

(3.4 $(x)= [ e —emeremmay

(e e ) (1 =vo)
and, for each x,>0,

e~ - my(y)n(y)ldy + Kre™*->.

o

(3.39) oA

x
X
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Let u(x)=&(x)+|n(x)]. Then (3.33)~(3.35) imply
e u(R)SK; | (E0)+BONeu()dy + K, xZx0.

Hence, by Gronwall’s inequality,

X

(3.36) eu(x) S Keexp (K| (B +E0)dy}.
By (3.31) and by lim,_, , b(x)=0, this gives
(3.37) u(x)=0(e~*-="9*) x> ©

for each §>0. Since &(x) < u(x), (3.36) combined with (3.37) and (2.4) assures
boundedness of e~%-* u(x). Hence (3.21) and the inequality /(1 —v)>0 follow
from (3.34), (3.33) and (2.4).

In case c=4,, we have

(3.38) &)= S: e PN (x —y)y(y) dy + (1 +box)e (1 —v),

e PN (x —y)y(y)dy + Kgxe Po*

[}

(3.39) ol Ks |

in place of (3.34) and (3.35). Hence, as above,

(340 <O <k, (" G2 +rB0Y) LY dy 4Ky, xzxo.
This implies (3.37) first, and then boundedness of ePo*u(x)/x. Now (3.22) and
the inequality /(1 —v)>0 follow from (3.38), (3.33) and (2.4).

2) Suppose that ¢>1y, 0<vy<1, and v(x) satisfies (3.20) except for 0=
v(x)<1. Notice that the argument in 1) Step 1 is valid also in this case. Thus
(3.27) holds. Use Tand {(x) in 1) Step 2. Then (3.28) follows. Now we shall
show T<oo. Suppose that T=00. Then we have (3.31) by the previous argu-
ment. Choose an ¢>0 satisfying 2¢(l —&)—(by+¢)>>0. We can find an x,
>0 such that é(x)<e and b(x)<by+¢ for x=x,. This and (3.28) lead to a
contradiction in the same way as in the proof of Lemma 1. Hence T<oo. Since
n(x)<0 on (0, T), &T) must be 0. Thus it is enough to. show n(T)<0. But
this is clear if we repeat the consideration in the proof of Lemma 1. g.e.d.

§4. Comparison Theorem for Stochastic Differential Equations

A comparison theorem for one-dimensional stochastic differential equations
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is found in [6] and [18]. Here we shall reformulate it in a form convenient for
our use.

Let (B(t), #,, P)> be a one-dimensional Brownian motion and consider
a stochastic integral equation

4.1) x(2)=x0+ B(E) + g;b(x(s))ds+t//(t), x>0,

We say that (x(¢), ¥(?)) is a solution of (4.1), if x(¢) and ¥(¢) are continuous and
F ~adapted, x(f) is nonnegative, () is nondecreasing, (4.1) holds and

(4.2) [ roenavs) =p@e.

Later we shall see that (E) implies y(t)=0. It is well known that if (4.1) has a
unique solution (x(f), Y(¢)), then (x(¢), P) is a diffusion process corresponding
to the generator L of (1.2) with the domain D(L) of (2.6).

The next lemma is a variation of [13] and [19].
Lemma 3. There is a solution (x(t), Y(¥)) of (4.1), which is pathwise unique.

Proof. Step 1 (Uniqueness). Suppose that (4.1) has two solutions (x()(¢),
Y1) and (x@(8), y@()). Choose a sequence {x,} decreasing to 0 and

continuous nonnegative functions g,(x), n=1, 2,..., such that support [g,(x)]
1]

=(x,, X,-1) and S: g (x)dx=1. Let f,,(x)=Sox SZ g.(2)dzdy. Then we have

ELfu(xD(@) —x®(2))]
= E[ || £1x2(5) = x@ () b3 (5)) ~b(xP(5))) ds |
+ B[ [} £ G00) = x@(5)dws) - y(s)) |
(e.g. [7]). Now since b(x) is nonincreasing and (4.2) holds, we see that
x(5)>x@)(s)=0
implies
Fa(xM(s)~x3X(s)) 20,

B(x(D(s) — Bx() <0,
WO =Y ) (s+8) = (YO =Y D) (5= = = (FO(s+8) P (s~ e) SO

5) We assume that &, contains all P-null sets, and the assertions in this section should be
read to hold almost surely (P).
6) I,(x) is the indicator function of a set A4.
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for some £>0. Similarly, 0<x™)(s)<x()(s) implies the opposite inequalities.
Hence E[f,(x()—x@())]1<0. In view of f,(x)1]|x] as n1 oo, we obtain
E[|xM(t) —x@(£)|]]=0. Noting that x(¢) is continuous, we have x1)(t)
=x2)(1) as well as YD) =y2(p).

Step 2 (Existence in the case of (E)). Let {x,} be a sequence decreasing to
0 and let b™(x)=b(x v x,)” for xe(—oo, ©). Since b™(x) is bounded and
continuous, the equation

xO(8) = x0+ B(E) + S; bW (M (s))ds

has a solution ([14] pp. 76-77). This is unique by the same reason as in Step 1.
Now let ¢{ =inf {t>0: x™()<x}. Then, by the uniqueness

xM()=x"(), tSe™, m=n.

Hence ¢{") =g{™ <ol™. Letting o=lim,, 0", we can define the inductive
limit {x(#): t<o} of the processes {x(™(): t<c}. But g=o0, since g(x,)
=E[e#°] (u>0) is a solution of

59" +b(Mg' (M) =pg(x),  0=g(M=1,

and such a solution identically vanishes by virtue of (E). The process x(t) is
a solution of (4.1) with y(£)=0.

Step 3 (Existence in the case of (R)). Let {x,} be a sequence decreasing to
0 and let y™)(x), n=1, 2,..., be nonnegative continuous functions such that
YPE)=1/x (0<x=x,41), S1/x (Xp41Sx=5x,), =0(x,=x) and b(x)+y™(x)
is nonincreasing. Then, since the function b(x)+y™)(x) satisfies (2.1)-(2.4) as
well as (E), the equation

(4.3) *0(8) = xo+ B(E) + S; B(x™(s))ds + S; M (x(s))ds

admits a unique solution x™)(¢f) by Step 2. Further, noting b(x)+7y™(x)=
b(x)+y+1)(x), we see that x(")(£)=x"*+1)(f), t=0, by the standard comparison
theorem ([6], [18]). Hence there exists a nonnegative limit x(f) =lim,_, ., x™(t).
Since b(x) is nonincreasing and g;b(x(")(s))dsé xM()—x,—p(t) by (4.3), it
follows that

(4.4) lim S; B(xM(5))ds = g; b(x(s))ds, 20,

7 avb=max {a, b} and aAb=min {a, b}.
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the both sides being finite. Now (4.3) and (4.4) imply existence of a finite limit
zﬁ(t)=1imyy(")(x(")(s))ds, £20.
n—o JO

Hence (x(t), Y(1)) satisfies (4.1).

It is clear that x(¢)=0, and x(t) and Y(¢) are & ,-adapted. We shall show
they are continuous. Since x(f) is nonnegative and upper semicontinuous, it
is continuous at the time ¢ for which x(¢)=0. Let x(t,)>0. Take an N>0
such that x(t,)=xy. We can find a >0 such that

(45) x(n)(t)g.xN+1: te(t0-57 t0+6)n[03 CX)), ngN'i_l

If otherwise, then, by the continuity of x(")(f), there is a sequence {r,} such that
ti—ty, 1,20, xM(t,)=xy,,; and xW()=xy,, for all te[tyAt,, 1ovE,]. But
(4.3) gives

O0<xy—Xy41 SxM(to)—xM(t,)
S1B(to) — Bt + by 4 1) [t — 1l nzN+1,

which is impossible. Hence, there exists a é satisfying (4.5). Also, equicon-
tinuity of {x™(f): n=N+1} on (t,—9, to+0) N[0, o) follows from (4.3) and
(4.5). Hence x(t) is continuous at ¢t,. Therefore, x(¢) is continuous on [0, o).
By (4.1), this assures the continuity of y(¥).

Finally we shall show (4.2). By (4.5) it follows that

o+d

St * y™(x™(s))ds =0, n=N+1.

(10=8)V0

Hence Y(ty+0)—yY((t;,—95) v 0)=0. Therefore, for each N, Sr Iisr,0)(X(5))di(s)
0

=0. Letting N—o0, we have (4.2). q.e.d.

Lemma 4. 1) Suppose that, for i=1, 2, b(x) satisfies (2.1)-(2.4), and
(x(®), Y(1)) is the solution of (4.1) with b(x) and x, replaced by b{(x) and x.
If x§P <x§ and by(x) < b,y(x), then x,(H) < x,(1), t20.

2) Let (x(2), Y(t)) be the solution of (4.1) and (x(0), J(t)) be that of .1
with b(x)=b(x)—h and X, in place of b(x) and x,. If 0Sh<b, and %o < x,,
then ’

(4.6) X(f)— ht—xo <) —Fo,  t20.

Proof. 1) Case 1. When both b,(x) and b,(x) satisfy (E), the assertion is
none other than the standard comparison theorem ([6], [18]).
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Case 2. Suppose that b,(x) satisfies (R) and b,(x) satisfies (E). Let {x,}
be a sequence decreasing to 0 and let 7((x), n=1, 2,..., be nonnegative
continuous functions on (0, c0) such that F(x)=b,(x)—b,;(x) (O<x=x,. ).
by(x)=by(x) (%, <x<X,), =0(x,<x) and b,(x)+7™(x) is nonincreasing.
Then the function b,(x)+7™(x) can play the role of b(x)+y")(x) in Step 3 of
the proof of Lemma 3. The corresponding solution x{"(f) satisfies x{"(f)
<x,(f), t=0, by the result of Case 1. Since x{®(¢) tends to x,(f), this gives
x1(H) Sx,(1), 20.

Case 3. When both b;(x) and b,(x) satisfy (R), we use the y"(x) in the
proof of Lemma 3. By the result of Case 1, the corresponding solutions satisfy
XM < xPU(1), t=0. This gives x, () < x,(1).

2) Suppose that b(x) satisfies (E). Then y(1)=0. Since X(f)<x(t). t=0,
and b(x) is nonincreasing,

() — it — x0= B(£) + S; (b(x(s)) —h)ds
=)+, (0(3() =R ds =30 -

In the case that b(x) satisfies (R), let x(™)(f) be the solution of (4.3) and
X((f) be that of (4.3) corresponding to b(x) and X,. Then X™(f)<xU(7),
and

xM(t)—ht— x,

=B+ |, GG E)=nds+ |y (s)ds
B+ || (BEN()+yOE($)ds =500~ 5.

We get the conclusion by letting n—oo.

§5. Proof of Theorem 1

Using the ¢,(x) given in Lemma 1, we define
W)= =g, (5) .
Then this is a martingale ([17]). Further, if 04 <A, then thisis a nonn'égative

martingale, so that there is a nonnegative integrable limit

$.n WA =lim WAX(Y), a.s.

t—>w

Lemma 5. Let geB have a compact support. Then,
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(5.2 lim,, e% 9 G(x)=0, as. for A<lg,
(5.3) lim, , , e(o=0) §(x,)=0, in  LYQ).

Proof. Suppose A<l,. Using Lemma 1, we can easily show that there is
a positive constant K; such that [g(x)| <K, ¢,,(x). Hence,

ITm et (x,)| S K, lim eh-0)teGo=916,,(2) =0, a.s.

which completes the proof of (5.2).
We shall show (5.3). Without loss of generality, we may assume that g(x)

is nonnegative and nonincreasing. By [17],
E,[e®om) g(x,)]=e** E [g(x,)].

Let X*=(x}, P¥) be a diffusion process given in Section 2 with b(x)=b,, and
denote the corresponding objects by p*(t, x, y), TF etc. Then we have
E,[g(x)]1 < E*[g(x})] by Lemma 4. Hence, it is enough to show that

5.4) lim,, , e*o* T#¥g(x)=0.
It is easily seen that the transition density p*(t, x, y) of X* is represented as
[o0]
p*@, x, y)= S; e Moi(x)pi(y)a*(dl),  x,yeS, >0,
1]

where

Q¥(x)=e box {cos J2A-b% x+ W{’O—b? sin \/2A—b3 x },
—Uo

o*(d2) =l/\7%% di.

Hence, using Fubini’s theorem, we obtain
o THg(x)= | etonig1() Fg(R)a*(dh),
where
Z90={" sx)ptm* @) .
Now for t=2t,>0 and A=/,

|eo-Dig(x) F g(x)| Se= Gt F g (1),

and

S“’ =40 g*(d1) =p*(to, 0, 0) < oo.

Ao
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Therefore, using Lebesgue’s dominated convergence theorem, we have (5.4).
Proof of Theorem 1. 1) Take a g € By(a;, ), and let
g1(x: R)=(g(x) — @)1/ U@ Npo,r)(*) »
ga(x: B)=(g(x) = 02 (@) -, /(%)
for each R>0. Then we have
(5.5) 9=, Up;)+g1(x: R)+g,(x: R).

Using (3.2), we can easily show that for each ¢,>0 there exists a positive R,
such that |g,(x: R,)|<¢,p(x). Hence,

e g (x,: R,)| S, WP(2).
Further, since g,(x: R,) has a compact support,

lim e®*~9¢g (x,: R,)=0, a.s.,

t—00

by Lemma 5. Hence (5.5) implies

lim |e*= g (x,) — WDI[I (g )| < Tim (WD) = WD) 1(9,)]
t— t—0

+e,lim W ()=, WP, n=1,2,..., as.
| fmd

Now let &, | 0 and set W,=W®/l(p;). Then (2.8) follows.
2) (2.9) will be proved by a similar way. But the conclusion holds in
probability since the assertion in (5.3) holds only in L1(Q). g.e.d.

§6. Proof of Theorem 2
For the W(*)(f) and W in the previous section, we define
¥i(x, a)=E.[exp {—aWH(n)}],
Y(x, a)=E.[exp {—aW®}], az0.
Denote T9=e"¢*T,.

Lemma 6. Let 0<A=<A,. Then
6D Ul =T, Q@+ | T, act-o92 (ds,

where f(x, a)=exp {—ae*tp,(x)}. Further, the function v(x)=P(W®
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=0) satisfies (3.20) with some v,.

Proof. For a fixed 1,20, Y (x, a: to)=E,[ f,o(x,, a)] satisfies the S-equa-

tion (2.7) with g(x)=f;,(x, a). Hence

Vi a: 1) =T, @)x) ¢ || THE.Lf 5100 @))%} (0)ds.

Since Y (x, a)=vy(x, a:t) and E.[f(x,_,, a)]=V,_(x, ae*"<)), we obtain

(6.1).

To prove the second assertion, note that lim,_, , ¥(x, a)=y¥(x, a) and

(6.2) 1T =e™er,  fi( Il =1, Y-, @)l £1,

where || f(-)|=sup |f(x)| and ||T| = sup |If|. Then by letting t— o0 in (6.1),
xeS ILri=1

we have
W(x y=c |7 T2, aet-m) (x)ds.

Let a—oo. It follows that v(x)=lim,_, , ¥(x, a) satisfies

o(x) = TO{o(Hx)ds.
0

This completes the proof.

Lemma 7. If0<c=A,, then
(6.3) P(W,=0)=0, xeSs.

Proof. Fix O<vy<1, and let v(x) be the solution of (3.20).
=u(x) satisfies
(6.4) u(t, x)=T9u(x)+cS’ TO{u(t—s, -)?} (x)ds.

0

On the other hand, setting A=c in (6.1), we have

65 W @=TYC AW+ | T @ s,

Then u(t, x)

where f(x, a)=exp {—ap (x)}. But Lemmas 1 and 2 ensure that, for any suf-

ficiently large a,
v(x)=f(x, a), xeSs.
Hence, it follows from (6.4) and (6.5) that

Y, a)Su(t, x)=v(x), xeS, t=0.
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Now let t—oc0 and then a—oo0. We obtain y(x)=lim,_ , ¥(x, a)<v(x), xe S.
Hence, using Lemmas 2 and 6, we complete the proof, because 0<v,<1 is
arbitrary.

Now let us make a convenient realization of the BDP X. Let B(1), i=1,
2,..., be one-dimensional Brownian motions, and t;, i=1, 2,..., be random
variables with the exponential distribution of mean 1/¢ on a common probability
space (2, &, P). Further suppose that {(), 7;:i,j=1, 2,...} are mutually in-
dependent. Let also x,(¢: x,) be the solution of (4.1) with f,(f) in place of B().
We shall define x¢(f) =(x1(t), x2(1),..., x5«(t)) inductively. First, define

(6.6) E=1, xI()=x1:x), 0Zi<T,,
where T; =7,. Then define

ét=2 3
XM =x(t—=Ty: x}(T; =), x2(O)=x3(1—Ty: x4(Ty —)), T =t<T5,%,

where T, =min {r,+ T;, 13+ T;}. Suppose that we have obtained

¢=n,
X =x,(t—T,,: x(T,,—)), 1fisn, T,_=t<T,,

where k;, n;, and [; are some integers satisfying 1=<n;<n—1, 1=;<n;, T,=
min {1, +T,,: 1<i<n}, and k;#k; for i#j. If T,,=rkio+Tmo9’, then we de-
fine, as the next step,

&=n+l,
6.7) xi(t)=x,(t—T,,: x'(T,,—)), i#i,, lZiZn,
xto(t) =Xt = T,: x'o(T,—)),
X" U)=Xp,41(t=T,: x*o(T,—)), T,=t<T,y,

where T,,,=min {1, + T, : i#ip, 1SiSn} ATy, +T)A (12541 +T,). Since T,
is increasing in n and P(T,<t)=(1—e"¢")", lim,_, T,=0c0 a.s. Thus we can
define x°(¢) for all t=0. Finally denote by x, the equivalent class containing
x¢(f) in the n-fold (n=¢,) symmetric product space S* of S. Then the process
(x,, P) is a realization of the BDP X ([5], [12]). {T,} is the sequence of
splitting times and &, is the number of particles at time ¢.

Let b(x)=b(x)—h (0£h<b,), and X(t: x,) be the solution of (4.1) with

8) The probability that x*(T;—)=0 is equal to zero. So we can exclude such a case.
9) The probability that more than two z,,+T,; attain the minimum simultaneously is
equal to zero. Hence i, is well-defined.
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Bi(t) and b(x) in place of B(¢) and b(x), respectively. Then, repeating the above
procedure, we can construct on the same probability space a process (x;, P),
a realization of the BDP X corresponding to the fundamental system (X, c, =),
where X is a diffusion process with the generator L=d?/2dx2+ b(x)d/dx.
Note that the splitting times 7, are common to (x,, P) and (&, P), since the
common {t;} is used.

Lemma 8. For each 0<h<b,,
(6.8) xi()—-hm<3@Sx(@), =20, i=1,2,...,&, as.
Proof. If 0Lt<T;, then the assertion is clear from (6.6) and Lemma 4.
Suppose that the assertion is valid for all t<7T,. Then
(6.9) xM(T, =) —hT, < 3T, —) = x'(T,,—)
for all /; and n; in (6.7). Lette[T,, T,,,]- By Lemma 4, it follows that
x-ki(t_ T;l(: f“(T;li_)).éxki(t_' T;l;‘: x“(T;li_)) ]
X (t = T x'(T,, =) — h(t — T,,) — x'(T,,,—)
éfk;("‘ﬁu:xl'(Tn,-_))_f“(Tm—), i'-'éi09 léién-

Hence (6.7) and (6.9) give
X(O—-ht=X(OSxH(),  i#i, 1Zisn.
Similar observation applies to i=i, and n+1. The proof is complete by
induction.
Now we are ready to prove Theorem 2.

Proof of Theorem 2. Casel. 0<a?/2ZcZLi<l,. We may choose
g,(x)=exp{—o;x} as g in Theorem 1. Let h=(A—c)/x;=0. Then by—h
=w,/24c/a,; >0, since «;, solves (2.11). Now let X be the BDP for this h and
use the realizations (x,, P) and (£, P) of X and X, respectively. Then, by
Lemma 8,

6.10)  erge)=F euco 2@, 120, as.

Denote the quantities for X by putting a bar such as Z,, by, &;, and W,. Then,
using (2.11) and the inequality aZ <2¢, we have

4 _S_ Zo 3 o 1= &c .
Lemma 7 applied to the BDP X says that P(W,=0)=0. Hence, noting (6.10),
we get (2.10).
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Case?2. 0<A<lyAc. Since 1>0a2/2 by Remark 1, \/2co;—a3/2> a3/2.
Hence we can choose a pu satisfying
(6.11) a22<p<(\2caz—o}2) A L.
For this g, set h=(A—p)/a;>0 and let X be the corresponding BDP. Then
(6.12) bo=by—h>0, pu<iy, o;=a,.

Now take the above realizations (x,, P) and (&, P) of X and X, respectively.
Then, by Lemma 8§,

emNg,(x)2e®™Ig,(R),  as.

Hence it is enough to see i(x)=P(W® =0)=0.
First note that, in the present case,

(6.13) c>1,.

By Lemma 6 applied to the BDP X, the function #(x) solves (3.20) with L re-
placed by L. It follows from Lemma 2 and (6.13) that #(x)=0 or =1. So we
have only to show

By [17],
E [W®(£)?] = ez(u—c)tE'x[gﬁu(it)z:l
= 0N FY(x) + 2¢ | 20 M) ds,
0

where M,=e*T,. By Lemma 1 applied to L, we have $,(x)><K@,(x) for
some K>0. Hence, noting M,$,(x)=e(¢"»*@ (x), we have

E[Ww(y] sk {evor +2cg' 00" ds) ().
V]

But u<c by (6.12) and (6.13). Thus W®)(¢) is an L2-bounded martingale. So
E[W®W]=1lim E,[W®()] =5 ,(x)>0.
t—

This assures (6.14).

Case 3. A=4,. Since o} /2=21,, it holds that c=1, by the assumption.
If c=4,, then (2.10) is proved by Lemma 7. If ¢>A,, then the above argument
ensures that W) (f) is an I?-bounded martingale and the function v(x)
=P (W@ =0) must be =0 or =1. Hence, (2.10) follows as above.

Case 4. A=0. In this case, we may take the constant function 1 as g in
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Theorem 1. Then e’ I(x,)=e‘” ¢, is a martingale for the simple branching

process. Hence the assertion is obvious ([3] pp. 109-110).
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