Publ. RIMS, Kyoto Univ.
16 (1980), 531-584

Holonomic Quantum Fields. V

By

Mikio SATo*, Tetsuji Miwa*' and Michio JiMBO*

Introduction

The present chapter V of our series is an application of the theory of ro-
tation ([1]) to the lattice models. Included here are the two-dimensional Ising
model ([5], [6]), a bosonic counterpart of it, the one-dimensional XY model
([12]) and the free fermion model ([14] [15] [16]). In each case we shall
compute exactly the norm representation of spin operators, and hence their
n-point correlation functions. The materials in this article are ‘‘time-ordered”
according to the development, but we could have unified the treatment by using
the path integral formalism exposed in Section 5.4 (symplectic case) -and in
Section 5.7 (orthogonal case). Since the first announcement of our result on
the Ising model ([2] [4]), there have appeared several independent papers [9]
[10] [11] that deal with the exact computation of n-point functions. We
emphasize that these results are made most transparent by considering directly
the explicit form of spin operators. (For instance the arbitrariness in the in-
finite series expression of n-point functions for T'> T, is neatly described in this
way. See p. 548.)

The plan of this paper is as follows. The first three sections 5.1-5.3 are
devoted to the Ising model. We shall see that a systematic application of the
original method of Onsager ([5]) enables one to express explicitly not only the
free energy but also the spin operator itself. We first review the diagonalization
procedure of the Hamiltonian (see [5] [7]) in Section 5.1, and compute the
norm representation of spin operators in Section 5.2. Using these results we
derive in Section 5.3 infinite series expressions for n-point correlation functions
(an application of the product formula in [1]). We also verify their con-
vergence and several symmetry properties. In Section 5.4 we present a two-
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dimensional lattice model which constitutes the symplectic version of the
Ising model. The reader will easily see that the path integral formulation
utilized here admits of an immediate extension to give higher dimensional
similar models. In the next Section 5.5 we take the scaling limit, and show
that the spin operators in Sections 5.2 and 5.4 are scaled to give @g(x), @F(x)
and ¢p(x) introduced in [2] [3]. In Section 5.6 we treat the 1-dimensional
XY model (cf. [13]). This time the spin operators give in the various scaling
regions @g(x), ¢F(x), their time-derivatives, and also the tensor products of their
copies. Lastly in Section 5.7 we consider the free fermion model, to which
we refer as the orthogonal model in contrast with the one in Section 5.4.
Our path integral treatment differs from the methods in the literature [14] [15]
[16] and seems to be a simpler one. This model includes as a special case
various Ising-like models, such as those for the triangular (cf. [18]) or the
generalized square lattice, so that the n-point functions for these models are
obtained exactly. (For the latter we may deal with only the vertices of the
same type.)

The authors would like to thank Professor M. Suzuki for informing them

of related literatures.

Chapter V. Spin Operators in Various Lattice Models

§5.1. Diagonalization of the Hamiltonian

We shall review here the diagonalization procedure of the Hamiltonian of
the 2-dimensional rectangular Ising lattice. The content of this section is well
known (see [5], [7]), but we have included it here so as to make this paper
accessible to non-specialists, and also to fix the notations.

We consider a rectangular lattice of size M x N, where a spin. variable

Oun = +1 is attached to each site (m, n) (O<m=M—1, 0<n<N—1) The
total energy of this system is given by Lo

-1 N—-1
(S-T-l)‘ E(O’)-_— —El z z OmunOm+1n— E2 z Z O mn O mn+1
m=0 n= m=0 n=0

where E,, E,>0 are interaction strengths. We have.chosen the cyclic conven-
tion G4 Mun+ N1 =0mm Kk, 1 €Z (i.e. the lattice is wrapped on a torus). Our main

objectives are the grand partition function
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(5.1.2) ZMN= 2 e—ﬂE(”)

()
and the correlation functions for arbitrary lattice points (m;, n;) (j=1,..., k):
(513) pk((mls nl);- oy (”lk’ nk)) = ZXIIN (Z) Omyny’ "Gmknke_ﬂE(d) .

In (5.1.2) and (5.1.3) the sum is taken over 2M¥ possible spin configurations
ooo==*1,..., 0y ny-1==*1, and B=1/kT>0 (k: the Boltzmann constant,
T: temperature).

We shall follow the method of transfer matrix. For an M-vector =

(09, O15--., O 1) With entries o;= 11, we set

(5.1.4) ey=e,,®®e,,_., e+1=<(1)>, e_1=<(1)>.

These 2M vectors {e,} constitute a basis of (C2)®M, We introduce matrices V,
V, whose (e,, ¢, )-elements are given by

M-1
(5'1'5) (Vl)aa" =5¢a” exp (Kl 20 o-mo.m+1)
M-1 ,
(VZ)ﬂr’ =exXp (KZ m§0 amam)
0
(5.1.6) K,=BE,, K,=BE,.

where 6,, =90 and

g0y " "Conr 1051

The definition (5.1.2) then reads

Zyy= %"'GNZ“ (Vl)aoao(Vz)aoul'"(Vl)aN-wN-l(VZ)czv—wo
-1
=trace (V, V)N
where a,=(0¢,,--+, Opr—10) (1=0, 1,..., N—1). If we set
(5.1.7) sm=12®...®<1 —1>®...®[2
(m=0, 1,..., M—1)

Cm=12®"'®<1 1>®‘®IZ
Vi, V, are written as

(5.1.8) V,=exp (K(s051+ 518+ " +Spr—150)
V2=(2 Sinh 2K2)M/2 eXp (K;(Co + C1 + b + CM— 1)) .

Here for K>0, K¥=K*(K)>0 is determined by the formula
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ek K
(5.1.9) (

)=(2 sinh 2K)1/2 k(1 %)
e K K

tanh K* =e2K,
The operators {s,,, C,,} satisfy the following relations.

(5.1.10) SmSm' =SS »  S2=1
c.Cn=C,C,, Ci=1
SmCm’ = Cm’sm (m # m’) > smcm= - Cmsm
(m, m'=0, 1,..., M—1).
Making use of the symmetrized transfer matrix
(5.1.11) V=Vi2y,Vi2=V{12(V V) V1>
the partition function is given by

(5.1.12) ZMN=trace VN.

Similar reasoning yields the following expression for correlation functions.
Taking into account the symmetry of p, in its arguments we may assume n,
<.ee é nk‘

(5.1.13) pi((my, my),..., (mys my))
e LAY (RN
where
(5.1.14) S =V 112V V)t s(V Vo) " V12
=Vrs, V"

0=m=M-1,0=n=N-1).

The key point of Onsager’s ingenius method is his observation that the
transfer matrix ¥ and the spin operator s, both belong to the Clifford group
G(W) over an orthogonal vector space W, which we shall now describe. We
introduce operators p,,, 4,, as follows.

(5.1.15) Pm=CoC1---Cp—18m> Po=5o
4m=C0C1"'CmSm=Cmpm
(m=0, 1,..., M—1).
By virtue of (5.1.10) we have, for m, m'=0, 1,..., M—1,

(5.1.16) PmPm+ PuPon=20mm
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Pnlm + 9m'Pm= 0
Dnm + A Im = — 26mm’ .

In terms of p,, 4, S, and C,, are given by

(5.1.17) Sn=Pmtm> tm=qdm-1Pm-1"""9oPo
Cn=0qmPm -

Now (5.1.16) shows that W=M@“1 (Cp,,®Cq,,) is equipped with an orthogonal
structure, with respect to whic"I'l—(')the basis {Pn» iqm}m=0,1,..m~1 i orthonormal.
Since nr (p,,), nr (q,,) #0, (5.1.17) implies that s, t,, € G(W). Moreover we have
from (5.1.8) and (5.1.17)

(5.1.18)  Vy=exp(Ky(P190+P2q1+ "+ Pr—19m -2+ Poluldm—1))
V,=(2sinh 2K,)/2 exp (K3(qoPo+41P1+*** +dp—-1Pm-1))

where €,=¢qu—1Pas-1'""qoPo denotes an orientation of W (Chapter I, p. 242).
In the sequel we shall modify the definition of V; as

(5.1.18)"  Vy=exp(K(P190+ D291+ "+ Pu-19m -2+ Podrm-1))

to avoid complexity, without altering the essence of calculation. This makes
the transfer matrix invariant under the horizontal translation p, P+ 1> Gm—
Gm+1- From (5.1.18) and (5.1.18)’ it is clear that Ve G(W).

We fix an expectation value on A(W) given by {(a)=2Zj/ytrace (aV")=
trace (ag,) (a € A(W)), where g,=V¥/trace VN e G(W) (Chapter I, pp. 261~
262).

In order to obtain the norms of s, t, and V, let us compute their induced
rotations (cf. [8]). We have

— D 0s=msm-1
(5.1.19) T:mpm'={ Pm O0s=m'=m-1)
P (m=m'<M-1)
“—dm’ (Oém’-f—_m—l)
Ttmqm’ ={ 4 ,
I’ (ms<m' <M-1)
(5.1.20) T,,:/sz_—_pm-COSh Kl_qm—-l'sinh Kl

TyY2qp= —Ppsy-sinh K, +g,,-cosh K
(5.1.21) Ty, Pm=Pmc0sh 2K% +g,,-sinh 2K}
Ty,qm=DPmsinh 2K% +g,,-cosh 2K}

where g_;=qy;-; and py=p, in (5.1.20).
If we introduce the Fourier-transformed basis
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M-1
(5.1.22) $6,)= mgo e imbup

. MzLo
20,)= 3 emng,
(0,=2nu/M, p=0, 1,..., M—1 mod M)
the table of inner product becomes

(5.1.23) <p6y), p(6,)>=2M¢,,_,

<B(6,), 4(6,)> =0

<4(8,), 4(6,)>=—-2Ms,,_,
with 6, _,=0 (u# —vmod M), =1 (u= —vmod M), and we have from (5.1.20)
and (5.1.21)

(5.1.24) Tyi2p(8,)=p(0,)-cosh K, —§(0,)-e"*®=sinh K,
Ty24(6,)= —p(6,)-e*®sinh K, + §(0,)-cosh K,

(5.1.25) Ty,p(0,)=p(0,)-cosh 2K3 + 4(0,)-sinh 2K%
Ty,4(0,)=p(8,)-sinh 2K% +4(0,)-cosh 2K%

(5.1.26) T, p(6,) = p(0,) - cosh y(8,) +4(0,) - a(,)~* sinh y(6,)
T,4(6,)= p(6,) - a(8,) sinh y(6,) +4(8,) - cosh y(6,) .
Here y(6)=y(—6)=0 and a(6) are defined by

(5.1.27)  coshy(6)=cosh 2K cosh 2K3 —sinh 2K sinh 2K% cos 0
=cosh 2(K; — K%)+2 sinh 2K, sinh 2K% sin? (6/2)

(5.1.28)  a(6)*1sinh y(0) =2(cosh K, cosh K% —e**%sinh K, sinh K¥)
x (cosh K, sinh K3 —e**%sinh K, cosh K%)
=cosh? K sinh 2K%(1 —o;et%)(1 —azleti?)

_ (1= e)(1—o5'ei?)

a(0)*= (I=a, e ) (1—oz1e %)

with

(5.1.29) oy =tanh K, -tanh K} <1
o, =(tanh K,)"! tanh K}.

The critical temperature T=T, is defined by the condition

(5.1.30) wElSTET,.

Notice that for =0, y(0)=2|K, —K%| and a(0)=+1(T2T,). For T>T,,
(5.1.3Dr> 1, ar>r,(0)=a(0) =brs 1 (60)/br>1.(—0)
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brs1,(0) =/ (1=, ) (1 —uz'e™)
is a single-valued function of z=e!® on the unit circle S!={|z]=1}, while for
T<T,,
(5. 1 '31)T<7 e aT<Tc(6) = — e"“’a(@) = bT<Tc(9)/bT<T¢( - 0)

br<r (6) =\/(1 —a, e0)[(1—a, ')
enjoys the above property. Here the branch of square root is so chosen that
brzr (0)>0.

The rotation T, in (5.1.26) is diagonalized in the following basis for T2 T,

respectively.

2 tsr (=00 =p0,)arsr (0,0 = 4(0,)Jar> 7 (0,)"
Vr>r.(0,)=P0,) ars1 (0,)+4(0,)-ar>r.(6,)""
{ b0 =075 r.(=0,) Nars7(0)7" +¥rs1.0,)Varsr,(0,)7

Q(G,‘)= —l/;;>rc(_0u)'\/m+ 'pT>Tc(9g)'\/a—T>m
2Wi<r (—0,)=e"p8,)-\Jar<r (0,)+ 4(0,)\ar<r (0,)7
Wr<r (0,)=€"p(0,)Var<r (0,) — 4(0,)/ar<r (0,)7!
e'%p(0,)=V}<r (=0 ar<r (07 +¥rer (0,) Var<r.(0,)!

l 40, =Vh<r (=0,)Var<r.(0) —¥r<r(0)ar<r(,).

In either case Y'(8,)=y}=r.(0,), ¥(0,)=V¥r=r(0,) satisfy the canonical anti-
commutation relations

(5' 1 -33) [l/;T(ou)? lpT(ev)] += 0 ’ ['];(0[.4)’ l];(ev)] += 0

X A M (u=v mod M)
00 9O =Mo={ ©

(5.1.32) 757, {

o

(5.1.32) 7 <1, {

and we have, using y(8)=7(—6),

(5.1.34) Ty (0,)=e 70" (6,)
T (6,) =e"®(0,)
(x=0, 1,..., M—1 mod M).
The table K of the expectation value in this basis is computed by applying the
formula (1.5.13), i.e. K=(J+H)/2, H=J(1—-Ty~»)(1+Ty~x)"*. We find

SN S 1
( Y OYT(0,)> <Y1 (0,)¥(8,)> > 0 IEVLE)
6135 [ o = Ms,, .
<Y(0,)91(0,)> <y(6,)v(0,)> 1 0

1 + e“N)’(eu)
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Proposition 5.1.1. We have
(5.1.36) (2sinh 2K,) " M/2V=exp (— 5#)
a1 & 10)(91006)-Y).
M =0 AU 2 I 2
If we set V'=exp (— ), its norm is given by
(5.1.37) Nr(V')=(V')er'i?
V)2 = H cosh ((N+1)y(6,))-(cosh Ny(g,)~*

1 (]— y(0u) 1-'- =Ny(0u) -
pla= - "5 Lot e ) 510,006,

u=0

Proof. By virtue of the anti-commutation relations (5.1.33), V' induces
the same rotation as in (5.1.34). It is also clear that nr (VV')=V'V'*=1. On
the other hand, by (5.1.18) and (5.1.18), the spinorial norms of V1?2 and
of (2sinh2K,)™M/2V, are easily computed to be 1. Therefore we have
(2sinh 2K,)™M/2YV =4 V', In order to determine the sign consider the extreme
case K, =0. In this case V;=1, a(f)=1, and it is easy to see that the correct
choice is the plus sign. This shows (5.1.36). The norm of V' is computed
directly from the formula (1.5.7), (1.5.8).

Corollary 5.1.2.
(5.1.38) Z3%x=(2sinh 2K,)MN. H 2(14cosh Ny(6,)).

Proof. Straightforward from the formula (1.5.18).

In the limit M, N— oo (5.1.38) reproduces the celebrated Onsager’s formula
for the free energy per unit site

1 1 . 1 (2= do
(5.1.39) MUN log ZMN~—2—log (2sinh 2K,) + . -273)(9).

As has been noted by Onsager, it is rewritten into the symmetrical form

(5.1.39) W log Zyy—log 2~75S gg g?r log (C,C,— S;cos§—S,cos0’)

by using the identity
2z
Y =S 49 log (2(cosh y — cos 6)) .
0 2n

Here we set

(5.1.40) C;=cosh 2K;, S;=sinh 2K;
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C¥=cosh2K*=S71C;, S*=sinh2K¥=S7! (i=1,2).

The calculation of Nr (¢,), Nr (s,,) will be carried out in the next section.

§5.2. Spin Operators

Actually the explicit computation of Nr(s,,) is performed only in the
infinite lattice limit M, N—oo. For convenience we replace the lattice size
M, N by 2M +1, 2N +1 respectively. A lattice site will now be represented
as (m, n) with —M<m<M, —N<n=N. The spin operators are defined to
be ty=qm—1Pm—1"""q—mP-M> Sm=DPmtm a0d tp, =V, V", s,,=V"s, V"

In the limit M, N—oo the finite lattice and its Fourier image Z/2M +1)Z
x Z|(2N +1)Z become Z? and the torus (R/2nZ)?, respectively. First we fix
M, T(#T,) and let N tend co. The table of expectation values (5.1.35) be-
comes*)

(<l/7*(9,4)&17*(9v)><!V(0u)¢(0v)>) ( 0 )
(5.2.1) -, QM+1)5,, .

<P0)U1(8,)> <F(0,)¥(6,)>
In other words the expectation value ¢ > is now the one 1nduced by the holo-
nomic decomposition W=V1@V, V= G-) Cy'6,), V= (—B Cy(0,).

In view of the simplicity of the rotatlon T;, in (5.1. 19), a convenient basis

for the calculation of Nr (¢,,) is {pm, gm} or its Fourier transform {p(6,), 4(6,)}.
From (5.2.1) and (5.1.32)727_, we have

<p0)5(0,)><P(0,)4(6,)> ‘)

5.2.2) 75
(52277 (<q<9,,)ﬁ(ev>><:2(e,,)q<ev)>

R 6,
=( ar>7(6,) )(2M+ 18,
ars Tc(eﬂ) -1
( <Pum'> <pmqm’> )=( 5mm’ '—ag'ﬂi)Tc,—m+m’ )
<qum' > <qmqm’ > a(TAg)T._. m—m’ - 5mm’

0500 e h i6,
(5.2.2)r<r. (<e B(0,)e™*5(0,)) <e p(eu)qu»)

<4(0,)e~p(6,)>  <4(6,)3(6,)>

1 6,1
=( ar<r.(,) )(2M+ 1), ,
—ar<r,(0,) -1
( <pmpm'> (qum'> )=( 5mm' agl‘bi)T., —m+m’'—1 )
<qmpm’> <qum'> -aé‘l\z)Tc m—m’'—1 - 5mm’

(») In what follows we often drop the subscript 7'2 T, in case there is no fear of confusion.
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Mo
where we have set a4y =(Q2M+1)"' Y e"™%uar=y (0,).
n=-M
Now we go to the limit M—o0. If we set

(5.2.3) Po={" 250 ©) )
P =" Lopr0)0(60)

the auxiliary operators p,,, = e "P°~imPip  enPO+imP! 4 = g=nPO=imPlg
x enP?+imP! are expressed as

28rr. pun=| Lo (e Oim far T B30 r,(0)
R N () PR )

+env(@*imb jq,. Tc(e)‘pb r.(0))
(5-24)r<r, Pmn= S:; gg—(e_"y(o)_i("'_lw\/ ar<r.0)¥t<r,(6)

71:
+eny(o)+i(m-1)o\/a'T<"Tc(g)‘—1lpT<Tc(g))

qmn = S—n ‘éiz— (e_nY(O)_imo\/aT<Tc(0)_1 lp;< TE(G)

- e”(a)+i'"9\/ar<Tc(9)$r<rc(9)) .
In this limit (5.2.1) and (5.2.2)rzy, become respectively

(5.2.5) ( <'?T(0).'pf(0’)> <l/2*(9)il7(9’)>
YOYTO)> <Y©OW(©O)>
( <PO)H(O')><p(0)4(6') > )
<4(0)p(6')><4(6)4(6")>
=( 1 —ars T,_.(e)_1
ars T.,(e) -1
( PP ) Pl ) =( Omm'  —@T>To,—mtm’ )
GmPm D {qnlm’ D
e p(0)e™® p(6")><e*p(0)4(0')> )
<q(0)e®’p(0)>  <4(0)a(0)>
( 1 ar<r(0)7!
_aT<T¢(e) -1
( {PwPm  {Pmm ) _ ( O’ a1 <Te,-mim'=1 )
{gmPm D GG D

)=( 1 0 )27:5(0—0')
(5.2.6)r>1,

)2n5(0+ 0)

AT>Tcom—m'’ —5mm’
(5.2.6)r<r, (

)2n6(0+ 0)

—ar<Tom—m'—1 _5mm’
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+o00
where ar=r ()= ¥ e ™ aray, u.

We distinguish the two cases T>T,and T<T,.
(i) The case T>T,.

We shall first consider the even element t,,=1t4’ on the lattice of size
(2M+1)x 0. From the formula (1.5.7) (or directly from (A.26)" of [3]) we
have

(M)
0

a ai’t’nll
(5.2.7) (tMIM)S — det( ot )

a0 - af

where afM’=a;_,. Now we let M—oco (m fixed) and obtain in the infinite

lattice

Ao 'G-mt1
(5-2.8) <t00tm0> =det< E iR : > .

am_ 1 oe -ao
Finally we take the limit m—oo. The right hand side of (5.2.8) in this limit is
evaluated by appealing to Szego's theorem ([17]). Using the fact that {tyot,u0>
—{tgo>? as m— o0 we obtain

(5.2.9) {tgo> =(1—S252)/8(cosh K)™!

in the infinite lattice, where S,, S, are given in (5.1.40).
In particular t$4)#0 for sufficiently large M. This implies that the norm
of t¥) has the form

(5.2.10) Nr (£840) = (£ epSr12

~ p(6
280 =(ziirr) | £, BO2a60R™ 6,00 P |

4(6,)

where R‘™) e Endg (W) corresponding to (R0, 6,)), = y...u is related to
P EM) through (cf. (1.5.8))

(5.2.11) RGO JOD = (T — [)(KM) 4t K GO TW0)=1 ] ()
‘ = —2P((1 — PM) 4 M) POD)=1,

In the limit M — oo the operators P, EM) become
(5.2.12) (Pp(8"), 1’(2(¢9’))=S’r d—e(ﬁ(e), 4(0))P(0, 0")

—1(9 ar)
PO,0) =1y 3 em0-00 =i

_——'.——'1_—'
o i(6—07=10)
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(5.2.13) (Ep(6), Eq(0))=(p(6), 4(6))E(6)
_ arsr,(0)
E0)= ( arst.(—0) ) )
Consider the factorization of E() given by
(5.2.14) X_(0)=X.(6)EH)
[ brsr ()7
50| brors))
_ brsr (=01
x®==(, o |

Clearly X . (6) is holomorphic and invertible on |z]¥1 <1 (z=¢%). This implies
that
(5.2.15) PX'{(1—-P)=0, (1-P)XZ1P=0.

Therefore by applying (A.18);—(A.19); in Chapter IV we obtain R=
—2X-1.PX . J7!; namely the corresponding kernel R’(9, §") in the basis
{6(6), 4(8)} is given by

_brar (=0)
_i ’ b _9
(5.2.16) R0, 0)=——) r>1.(=0)
1—e-i(6+ i0) bT>Tc(—9)
bT>Tc("'0')

Remark. 1t is easy to verify that P, E and X . are bounded linear operators
on (L*(SY))%. Hence K+*KT=J(1—P+EP) has a unique inverse (X7'(1—P)
+XZ1P)X ,J~! in L? according to the Remark below Proposition A.2, Chapter
Iv.

For general (m, n), the rotation T, =1-2P,, induced by t,, is obtained
by the replacement P(6, 6)—P,,(0, 8)=U,(0)P(6, 6)U,(6')! with U, (0)=
&' (cosh ny(6) — E() sinh ny(f)). Since U,, commutes with E, (5.2.14) and
(5.2.15) are valid if we replace X, by U,,,X .+ U,l. It is easy to see that the
expectation value {t,,> is not changed. Returning to the basis /'(6), Y/(6) we
have thus the following result. .

(5.2.17)  Nr (tun) = tpnyermn/?

pur= [ 2 L raripion| g 0 R D)8

R:7(6,6) Rix(8,6") ]\ §(8)
where {t,,> =<too) is given by (5.2.9), and
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oo’ (- 16 _ . 16(68)]
(5.2.18) Rm,,(e,e)_(alb(g,)I o ’b(9)|>

ei(m—=1)(c6+c"0")+n(ay(8)+n’ y(6"))
1— e—i(a‘0+a"6'—i0)

bO)=brs7 (0);0,0'=%).

Computation of Nr (s,,,) is now a relatively easy task. Since S$,.,= Pmn " tmn
we have from (5.2.17) and (1.4.1)
(5'2'19) Nr (Smn) = <tmn> ‘/70 lﬂnepmnlz

‘po,mn Su 5170[ ]b(le)l (e—tmﬂ HY(B)wT(6)+e1m9+n7(9) l//(e))

Here we have used

S" 49 Rz (0, 0)/a(@) - eimo +nr(en
. - 1
— p T (im0+ny(0)) *1_ 1
=e v (\/a(G) 12C |>.

(ii) The case T<T,

In this case we shall deal with the operator §,,=V"5,V™" 5p=5S"kSn=
Pm9m—1Pm—19m—2"""P—m+19—mu> instead of s,, itself. This amounts to setting
the boundary condition §_,,=1 before taking the limit M —co.

More precisely we start with the following:

(5.1.2) Zyn= E' ~BE(0)
(5°1'3), p;c((mly nl),---s (mks nk))=Zl’\an1 (Z)' amlm'“ammke_ﬁE(d)
where ' stands for the sum with the restriction oo,=1 (0=<n<N-1). Fol-
(a)
lowing the procedure of Section 5.1 we find
(5.1.12)  Zyny=2"'trace (V'N)
(51'13)’ p;c((mls nl)s'--a (mka nk))=(2Z;WN)_1 trace (§mm1 : mknle )
where
1 1
(5.1.11)  V'=Vi2V,Vi?
Vi=exp(K(p19o +£z‘11 + -+ Potwdm-1))
. M-1

=eX2(2sinh 2K,) 2 exp (K5(q P+ +dpm—1Py-1)

(5'1'14), Spn= V/nng/—n, Sm=DPmm-1"""P140

and p,, q, satisfy (5.1.16). If we replace Vi, V3, by those given in (5.1.18)
and (5.1.18)’ respectively, we return to the situation described above. It is not
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difficult to verify that this replacement does not affect the result in the limit
M, N->oo.

Calculation of Nr (§,,,) is quite parallel to the case of 1, by using the basis
{e'°p(6), 4(0)}. Explicitly the rotation Ty ,=1—2P reads

_ , e—i(6=0")
(5.2.20) P(e, 0 )=Izﬁve:m)‘.
Accordingly (5.2.13), (5.2.14) and (5.2.16) are replaced by
= ar<r,(0)
5.2.21 E@, ¢ =( T<Te )
( ) (0,09 arer(—0)
- bror ()71
5.2.22 X 0)=( T<Te )
( ) +( brer.(0)
— brer (—0)71
.0 =( T<Te )
( ) bT<T.:('_0)
_ bT<Tc(_9’)
_ ~i(0+6° brer (—0
(5.223) R(0,8)= —— ) rerd =0
1= 00N by (- 0)

brer (=0

respectively.
As a result we have
(5.2.24) NIG ) = {5y > €72

pun= ({7 2040 1010 o))
(s Ea)
where §7(0) =7 <r,(0), ¥(0) =17 (0) and
(5.2.25) Gy = (1 =8572852)1/8

Baa’ (- 160)] _ ., 16(6')
(5.2.26) Rmn(e,e)_<a|b(e,)| - |b(0)l)

ei(m—1)(69+o"0')+n(a’y(0)+o" ¥(8°))
1 — e—i(a'0+¢7'0’-ﬁlO)

(b(0)=br<r (0);0,0'=1%).

In Chapter 4 we constructed the operator @g(a) starting from the 2-dimen-
sional Dirac equation. Likewise we can begin with the following difference
equation for v=Upmmncz> Umn="(05 ;) € C2,
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(5227) mn+1 =C CZUr(ntx) SIS* U"'_l—,ljun’+1”
e +1 . C, —1
Si‘ :(mx) S CZLm 1n +- 177’ S3 U,("—)7n
- C, +1 ; C,—
Vi1 = 15T S$0i) — S, CH o, + Fi Lsgptn,

(=)
+ Clcfv'(,;l) —_— S1S;‘ Um=1n ;'_ Um+1n .

&

We denote by W' the set of solutions of (5.2.27) satisfying

2 |on |2+ P opn 17 < 00

meZ

for a fixed n. The inner product in W' is defined by
(5.2.28) (o, 'Y =23 (b)) — pl=)p oy

m n mn "1 n
meZ

A little computation shows that the right hand side is independent of n.

From (5.1.16) and (5.2.28) we know that if we identify p,,, (resp. q,,) € W
with the solution v of (5.2.27) satisfying v,,0="(d,m 0) (r€sp. ,,0="(0, —Jpm,));
Wand W' are isomorphic as orthogonal vector spaces. Moreover, from (5.1.24)
and (5.1.25) pron, (X€SP. Gpen,) Tepresents the solution v such that v, =*(0 0)
(resp. Uy, ="(0, — Jppmy))-

Let us introduce ‘‘the mass shell” for the difference equation (5.2.27).

mmg?

Denoting by z and w the translations

(20D, =0y, (wo®D)=v{E),,
respectively, we can rewrite (5.2.27) in the form
(5.2.27) T'v=0

where

C,c1-5,582 5 Citler—sicp+ G-l
r= 2 2

1
Citlss 5,052 c, —1gx,2 C,C¥ SlS*Z+iA—-w

Noting that C3S,=C, and S%S,=1, we have detl"=wl—2<C1C§‘-

S,S5%. z+z >w+1——2S wA(z, w) where

- =1 —1
(5.2.29) A(z,w)=c1c2_sl.~2« _Sz_w+2w .

We denote by M€ the complex mass shell
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(5230)  Me={(lo, L1y £)€ PXC))
C1C2C0C1C2—S1‘:2'%_ 8284 C%-zl_cg =0}. )

ME€ is a non-singular elliptic curve. The projection n,: M¢—P!(C), (o, {1,
{3)=(lo, {y) is a two-sheeted covering with branch points af!, af! (see (5.1.25)
and (5.1.26)). We set
(5.2.31) M={(z, w)e M| |z|=1},
(5.2.32) Mi={(z, weM||w21}.

An Abelian differential of the first kind on M€ is given by

dz _ dz
mizw—w ) 78,83y G-z -0 —0)(z -5

(5.2.33)

We choose a uniformizing parameter U on M€ so that dU=dz/niz(w—w™1).
We identify M, with R/2nZ by

z=e, w=e¥® if (z,weM,,
z=e 0, w=e 7O if (z, weM_,

respectively. Then on the real mass shell M the 1-form dU is expressed as

_ o
(5.2.34) W=dl = sinh 0) °

For a function f(U) defined on M we have the following identities.
[ auran={" aarw.on+(" avrw-o,
where U, ()= (e, ex7®) for 6 € R[2nZ.
Set for T>T,
(5.2.35) Y1(0)=./sinh y(0)¢¥ . 1.(0) UeM_,
¥(6) =/sinhy(6)Yr>7,(0) UeM,,
and set for T<T,

(5.2.36) Y1(0)=i/sinh y(@O)} <1 (0) UeM._,
¥(0) =—iJ/sinhy(@O¥rer (6) UeM,.

We have then

(¥) We use z={4/{, and w={,/¢, as the inhomogeneous coordinates.
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Gaamy [SHOR@) GWOVON) (0l g

YOOy  <YOW(©)>
where 6(0, 0")=sinh y(0)-276(0—6"). We also set

Yi(6) UeM_,
WO  UeM,.

From (5.1.28) and (5.1.31) we have the following identities.

(5.2.38) lﬁ(U)={

(5.2.39) |brs7(0)[2=sinh y(6) sinh 2K ,/cosh? K, ,
|br <1 (0)]>=tanh K, /tanh (y(0)/2) .

Making use of (5.2.39) we obtain the final form of the spin operators.
Theorem 5.2.1. For T>T,,
(5.2.40)  Nr(s,,)=(1—-5%53)18, ,, €Pmn/2.

R, (6,0) RL:(0, 9')) (l//*(e'))
Ryx(0,07)  R;z(0,0) ) \y(0)

=SSMX dUdU' R, (U, UW(UY(U),
R23(6, 0")= sinh Uv(9)—s1nh o'y(0")

— —1(09+o' 6’—i0)

5240 pun=(" a0 W1 @w )|

X ei(m—l)(o'0+u 0')+n(ay(8)+a’y(8")) (6,0'=+),

Rm"(U, UI) —_ W_W, 1+"V-1w’—1

[t (e i w')

(5.2'42) lpO,mn =_}S‘—2 S:{ d_@(e—ima—nvw) lﬁT(g) + gimb+ny(0) lp(g))
. maon
—\/ESMdUz Wi (U) .

Theorem 5.2.2. For T<T,,
(5.2.43) NI (Snn) = Sy €Pmn/2,
GG =(1=S72552)15
> (" s Rz (0,0) Ryi(6,0))[¥'(©)
249 =" avar wrowo o) e (e

=SSMXM dU4U'R,,.(U, U W(U)W(U"),
2sinh M

1 — e—i(a'9+a'0'—i0)

Ry (6, 0') =

X gHm=D(e+e"0704n(ey(0)1+a’y(0) (g, 0'= 1),
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R0, U) =—_—t‘x‘i‘7—1(z’ YL (ww' ) .

FOI' T> T(. we may change pmn by pmu"'"/’l,mn'/jo,nm fOI‘ any lpl,mnE VV (SCC
Theorem 1.2.8). The particular choice

lpl,mn g dU( 1z'"’lxv"+z"'w"+1>¢(U)

2

leads to the following.
Theorem 5.2.3. For T>T,,
(5.245)  Nr(8,,)=00—53SHY8, nePmn'?.

(o R (0.0 Rt (6,0 (')
5240 pun={[ a0 @0z o) e o) (o |

=SSMXM dUdU'R., (U, UWWUW(U'),
2 sinh 2Y(@) —a"y(0")
Ry5e'(6, 0) = 2

1— e—i(09+u"0’—i0)

x eim(o-6+a-'0’)+(n+'%)(dy(9)+a'v(ﬁ')) (6,0 =+),
R,.(U, U") ='ﬁ’_1—r:j'(zz )y (ww' ).
Proof. We note that for (z, w), (z’, w') e M€ we have

w—w'
(5.2.47) S, = =1, +S; 7=

Without loss of generality we may assume that m=1 and n=0. Using (5.2.47)
we have

P10+¢1,10‘ﬁ0,10

_ dow—w 14wyl
- gSMxM dudu { 1—z7171" 2

2‘?;} (z'=z)+zz'(w -—w’)}lﬁ(U)lﬁ(U')

_ ) 1+w‘1w’ 1
—SSMdeUdU{_ZSL [—w =1(z—2"

W)

SSMXM dUdU,{T—%T +z2z'(w —W’)}‘P(U)l//(U')

Sg dUdU’
MxM

—-——_T—,—lzz Y(OWY(U).

It
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Remark. By different choices of i, ,, the following kernels are also
admissible as R;,,(U, U’).

(5.2.46), T e
(5.2.46), 1lew,Tl—(zz ym(ww' )L,
(5.2.46), 11"2_1 = (z2")m 1 (ww')1,

Finally we express the auxiliary operators p,,, and g,,, in terms of Y(U).
For T>T,

(5.2.48) ppn=1/(C;¥1)53 2S AU J(T— a7 0T =5 2=y (U)

Gon=+/(C;+ 1) 5] zg AU T =a,2) (1= a5 ) z"we (U)W (U) ,

where g(U)=+1for Ue M ..
For T<T,

(5.2.49) pon=i/(C;+1)S¥/(2ay) SMdU\/(I o (I =ay2) 2 wre(U)Y (U)

Gon= —ix/(Cr +1)5F /(7a2)g AU (T=a z) (I a5z ) 2o (U) .

§5.3. Correlation Functions

In this section, applying the product formulas (Theorems 1.4.3 and 1.4.4)
we derive infinite series expressions (cf. [9], [10], [11]) for k-point correlation
functions directly from the norm representations of spin operators.

Let C4, C} denote the i-cycles on M€ defined by

(5.3.1) Ci={(z, weM€|z=¢", |w|Z1, 0eR[2rZ},
(5.3.2) L={(z, weMC|w=e', |z|2 1, 0eR/2nZ}.

In Figures 5.3.1 and 5.3.2, we show their locations.
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Figure 5.3.1 z-plane

lz]=1

w=] w=~—1
-
aF! ot
o, (IT<T,),
of =
! (T>T,).
Figure 5.3.2 Mc
|z]<1 |z]=1 |z] >1
lwl>1
X C, X
(z, w)=(0, ) (z, w)=(00, o)
wl=1
lwl<1.
We define the I-form Q, on (M€)! by
L —w;+wj!
(5.3.3) Q,=(H —J:J—“)dU, A AdU,,
Jj=1 1 _'Zj Zj+1

where we set z,,,=z, and w;,=w,. If we introduce another uniformizing

parameter U on M€ through

~ dw __ S
U= niw(z—zY) S, au.
Q, is rewritten as
1 —_ - ~ ~
(5.3.3)" 9,=(1‘[ _iﬁiyum A dl,.
Jj=1 I_WJ Wj+1

Here we have used (5.2.47) and the following.
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dz dw

(5.3.4) Sy Zor—wT) +S55 W=z =0.
Q, is holomorphic except for simple poles at
(5.3.5) AP ={(U,-.., U)e(MO)NU;=U;+4},

(j=1,..., 1) where U,, ,=U,. The residue at 4\ is given by
(5.3.6) res,nQ,=(=)Q,_,/ni,
where we identify 4{/) with (M€)}~1.(%)
Let (my, ny),..., (M, n,) be k distinct lattice points. We choose permu-

tations o and 7 so that m, )< --- M,y and ny < -~ S, respectively. We
denote by < the ordering by o, namely for 1<v, v'<k

vs Ve o i(v)<oi(v).
Likewise < is defined. We set
My =My—My, Hyy=Hy—Hhy,
and denote by C,,. the 1-cycle defined by

C, if v>v,
(5.3.7 C,,,=(0 if v=v',
C_ if v<v',
We also set
C’ if v > v,
(5.3.8) Ciy=¢0 if v=v',
CL if v < v,
First we assume that T<7,. From (1.4.12), (5.2.43) and (5.2.44) we have
the following ([9]).

Theorem 5.3.1. For T<T,,

(539 pul(m m)seey Oy m)) = (1=ST2S7)%exp (- 5 Fﬂ")

2]
0 : )
Where Fk = Z Fkvx,...,vn
Viserry V1=1
(5.3.10) F;cl‘,)“m,vl=g ZYM v awviva e 2 MW T 2
Crvyvp X XCoypvy

() For a closed form o with a simple pole at 4= {f=0}, the residue res,w is defined to be
w/d log f|,=0|, where w=d log f 5 6 +¢ (0, ¢: holomorphic).
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In(53.10)if C,,_,,,=C for some j, we deform these cyvcles so that

ViV

(5.3.11) lz;_1l> 1z,

Let D, denote the dihedral group of order 8, i.e. D, has two generators 4,
and A, satisfying A2=43=(4,4,)*=1.

By the definition the correlation function satisfies the following invariance
with respect to D,.

(5312)A1 pk((mla nl)s---9 (mk, nk); Kla KZ)
=p(my, —ny),..., (M, —ny); Ky, Kj),
(5.3.12) 4, p((my, ny),..e, (i, my); Ky, K3)

=pk(("1, ’nl)"--, (nk! ’nk); KZ, Kl)-

For the infinite series (5.3.9), (5.3.12) 4, is easily checked using the invariance
of @, under the automorphism (z, w)~(z, w™!) of M¢. To check (5.3.12),,
is equivalent to show that

k ) F’(l)
(5.3.9) pi((my, ny),..., (my, n))=(1—-S7253%)°® CXP<_I§2 51 )7

k
where F; W= > FY

.....
Viseens vi=1

(5.3.10 FP =

.....

ZTM™aWT Ve ez T
(A

Here we used (5.3.4). In (5.3.10) if C

Vi-1V,

Sc’vlvzx"-xc;
=C'

Yivy+1

for some j, we deform
these cycles so that

(5.3.12) [w;—1|>w;l.

As mentioned in [9] F{ is not equal to Fi{!) in general. When we deform
the cycles from C into Cy in order to obtain Fi{¥) | from F{), ., residual

k,vl,...,

terms arise from (5.3.6). We shall give a sketch of the direct proof of the
cancellation in the whole sum i F 2],
1=2

A residual term in F ﬁ’v’h,_qw—appears from 4% in the following six cases.
Case 1. Vi<Vit1<Vj+2 and v;, Vit2 Vit -
Case 2. Vi> Vi1 >V and v;, Vie2<Vjss -
Case 3. Vi<Vir1<Vjs2 and ViSVierSVisz
Cased. v;>Vv;11>Vj and  v;>V;>v54,.

Case 5. Vis Vie2 <Vt and Vi<Vir1SVisz
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Case 6. Vi, Vj+2fvl'+1 and Vjiv'i.,.liv]‘.fz.

In Case 1, at first C, , ., is located to the right (in Figure 5.3.2) of C, ., .,
because of the condition (5.3.12). Since C,, ,, (resp. C, ,, ,,) is deformed
into C_ (resp. C}) in this case, we must reverse their positions. Thus we get
—2F{ L, ., as the residue. Likewise we need to reverse the order of
cycles in the above six cases.

After the reversing corresponding to Cases 1 and 2, the sum §2F§(‘)/2I

changes to i 1FD 2] where
1=2

1R — i P (v v )1F(n
k 1Weees Vg

v V= Vigeres VI I
l";l(vls---s Vl)=(—)§l(“l""’v”:
#,(vy,..., v;) =the cardinal number of the set

P <v<vinn, v v <y for some j}

Uvi>v>ving, vy v S for some j} .

Here 'F{), ., is given by (5.3.10) with the following prescription for a pair
satisfying C, _,,,=C

Vivi+1®

(5.3.11); lz;.i<lzl  if C,,_,, =C. and C,

Vivi+1 = fi- ’
[zj11>1z; otherwise.
Next we perform the reversing for the Cases 3 and 4. The result is
o0
> 2F{[2] where
i=2

k
2F£l)= Z sl(vl""’ Vz)sz(vn---a VI)ZF;cIv)l,...,vx,

Vigeery V=1
E2(Viseees 12)) =(—)F20n.v),

$,(vy,..., v,) =the cardinal number of the set

{vlvjfv'<lvj+1, ViSV<Vjg for some j}
U{v[vj?vajﬂ, ViZ V>V for some j} .

Here 2F{}) . is given by (5.3.10) with the following prescription for a pair

satisfying C,,_,,,=C, , ..
(5.3.11)2 |zj—1!<lzjl if C’vj_”,j-:C_,
lzj—1|>lzj| if CIVJ'._1VJ'=C+'

Now we deform C. into C’y and obtain f‘, 3FN/21 where
=2
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3FIN = . fl:‘,vﬂ e1(Vieees V1)EL(Viseres V)E3(Visenny V))
o X 3Fllc(vll),....v1 H

&3(Vyyeey V) =(—)F2 01w

#3(vy.-., v;) =the cardinal number of the set

{jlvjfvj+1, ijvjﬂ} u {]'|ijvj+1s Vjﬁvjﬂ} .

Here 3F;%) . is given by (5.3.10)" with the following prescription for a pair
satisfying C,,_,,, =C;, , -
(5.3.11)3 wi—il<lw;| if C,_,,=C_. and C

[wj—1|>|w;| otherwise.

C+’

Vivi+1

We can show that

e1(V1sees V)B2(V1seees VDEZ(V1senny V) =(=)¥1(VEsm )
#1(vys..., v)=the cardinal number of the set

{v[v,-ﬁvﬁvjﬂ, Vis Vi<V for some j}

U{vlvjﬁvivjﬂ,vj,vjﬂfv for some j} .

Hence after reversing cycles for the Cases 5 and 6, we obtain the desired sum
3 F0,
i=2

If |n,—n,|>1 for any pair (v, v'), the convergence of the sum f Fh[2] is
obvious by the same argument as in Proposition 4.5. Indeed |w;|_‘2”vjvj+1 is

much smaller than 1 on C and serves as a damping factor. Now we shall

Vivi+1
show that (5.3.9) is convergent if for any pair (v, v') either |n,—n,|>1 or
|m,—m,|>1. In fact, if |m,—m,|>1, we deform C,, into C,,. Then
|z|7™vv* is much smaller than 1 on C,,.. Of course we should estimate the

residual terms. Let

1 k l k

’ (s) (s)
2 z s e ¥ 2 2 Cuyu PRt
5=0 p1,...,05=1 5=0 p1,.0,5=1

be the terms obtained from F{), . Then it is easy to see the following
conditions, which are sufficient for the convergence proof.

Ic‘,‘""""’l < 21_3’ lcm....,u.l <2i=s,

The cardinal numbers of the sets

{(eseees B L Cpyy s 03y {(Rgseees 1) [ €y, s 0}

are less than 2! for a sufficiently large I. Hence
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: /
“1,_._,“s=0 lf S<{:—7c—]
for a sufficiently large I.
Now we consider the case T>T,. We set I-form Q, on (M€)'.

’ —
Cutyeurts— €

= "‘W1+WJ+1
=1 1=z7lz

_ 1 = zj+zi+1) T A AT
-4 (}1 e dO, A A dU,.

(5.3.13) 0,= _1( )dUlA A dU,

@, is holomorphic except for simple poles at 4 (j=1,...,I—1) and (z,, w)=
(o0, 00) and (z;, w;)=(0, 0). The residues are as follows.

(5.3.14) res 0 Q=(—=)Q,_y/mi.

(5.3.15) 168 5 mc0 2y =0y /i

(5.3.16) Tes ;=g Q,=(=)Q,_,/ni.
wi=

From (1.4.12) and Theorem 5.2.3, we have the following ([9]).
Theorem 5.3.2. For T>T,

(5.3.17) pi((my, ny),..., (Mg, i)
© F(l))

k
=(1-S2S5%)8-Pfaffian Gk-exp( Z

where F{ is the same as in Theorem 5.2.1, and G,= 2 GP is a skew-sym-
=1
metric k x k matrix given by
) & )
(5'3'18) Gkvv' = " %_Fl Gka’"(v)vl...vx-xcr"(v')

where

(5.3.19)  G&yviii

S ZLM VWY VZy e W Ve e 2T W - )
vaGCvlvzx"'va‘_lv

The expression (5.3.19) is derived from (5.2.46). We may adopt any one
of (5.2.46); ~(5.2.46);. Then the following are substituted for G{), ., ...

(5.3.19)1 lGl(clv)vx,..vx-lv’

_ _ - - (N A
ZYMVvaw VY e 2T Y W Y gy <—L—)Ql .

Sc,v‘x---xcvl_lv. Zy

This is the choice of [9].
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(5.3.19),  2GH, .,y

=S ZYMYVaW TV e 2T W Y Y _(_w, )Q, .
valx"'xcvl_lv’ wy

3(D
(5.3.19), Giyivity

=S ZIm""IWI"V"l‘"Zl_m"l—lv'wl_""l—l"' .(zl“}l>.gl .
valx"‘xcv,_‘v' zlwl
Gid),,.v,_ v is transformed into —2G{), , . under the action of A,.

(5'320) chlv)vl"-v,_lv’((mly _nl)a---a (nlky _nk), K1, Kz)

= —ZGl(clv)vl"-vl_lv’((mla nl):---a (mks nk); Kl’ KZ) .

Since the n-ordering is entirely reversed by A4,, (5.3.20) implies the invariance
of py.

In order to show the invariance of p, under the action of 4,, we must prove
by deforming cycles from C. into C’; that

(5.3.21) Pfaffian G, =Pfaffian G},

where G, = i GV is given by
=1

k
(5.3.18)’ G = z G-t vsmios=10v) 5
v;,...,vl_1=1
(5.3.19)' G;c(vlv)l'"vl_lv'
= __S zIMvvthnvvl.-.z'l_mV]_l"'wl_nvl—lv,Q'-
C,’ule...xc’v'_lvl

By the same argument as for F{ we can show that G,,, is equal to
—&(v, v')-Gy,, where

G(V, V’) = ( ___)#;(v,v’)+#2(v,v’)+#3(v,v’)+#§(v,v') .
It is also easy to see that for any partition

{vkls vZ} U {v39 V4} U--u {vk—D vk} of {1,..., k}
(—)2e(vy, v2)---8(Vy—y, V) =sgno-sgnt.

Hence (5.3.21) is valid.
The convergence of G, is similarly shown as for (5.3.9) .

§5.4. The Symplectic Model

Let us now proceed to the construction of a lattice model which constitutes
the symplectic counterpart of the Ising model.
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This time we start with a rectangular lattice L of size M x N with cyclic
boundary, on which a continuous variable x,,, € R is attached to each site (m, n)
0=smEM—1,0=n<N-1). The total energy is given by

M—-1N-1
(54 1) E(X) = ZO ZO (CICZerrm _Sl'xmnxm+1 n Szxmnxm n+ 1) ’

where C;, S; denote those in (5.1.40). The grand partition function is defined
by the integral

2 — —-E(x)
(5.4.2) Zun SRMN dx e
M—-1 N-—-1
dx= dxmn
m=0 n=0

Let I' be a finite union of open polygons on the dual lattice L*, and regard
it as a simplicial 1-chain with coefficients in £, (Fig. 5.4.1). Given a T, the
signature of a bond b on L is defined to be — 1 if I crosses b, and to be 1 other-
wise. We denote by (') (resp. 2)(I")) the signature of the horizontal (resp.
vertical) bond joining (m, n) and (m+ 1, n) (resp. (m, n) and (m, n+1)).

Figure 5.4.1

In the sequel we shall deal with only those I'’s which lie entirely in the interior
of L. In this case the homology class of I depends only on the boundary oI'
(=the set of endpoints of I'). Now set

M-1 N—-1
(543) El'(x) = Z Z (Clczxﬁm _Slst(nln)(r)xmnanl n
m=0 n=0

- SZESnZn)(F)xmnxm n+1)

and define an analogue of the correlation function (5.1.3) by
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(5.4.4) p@r) = Z;{INS dx e Er
RMN

The notation p(0r) is justified by the following:
Proposition 5.4.1 The definition (5.4.4) depends only on oI .

Proof. Denote by p, the right member of (5.4.4). We are to prove that,
if two chains I', I'" are homologous, then p,=p,. It suffices to consider the
case I''=I+0[1, where [] denotes a minimal square on the dual lattice L*
centered at some point (mg, ny)€ L. Set

Xmn ((ma Il) # (mO: nO))

(5.4.5) x;,,,.={ —Xmono  ((m, m)=(mo, np)) .

Then it is easy to verify that Ep(x)=E{x'). Therefore the change of in-
tegration variable (5.4.5) proves our assertion.

Calculation of the partition function (5.4.2) is straightforward. More
generally we consider the generating function

—_ Jex ,—E(x)
(5.4.6)  Zild] SRMNdxe eED

M-1 N—-1
J= (Jmn)ogmgM-l , Jox= Z Z JonXmn «
0SnsN-—-1 m=0 n=0
In terms of the Fourier transformation

M—-1 N—

(5.4.7) 2= 2 E e imbu=ingy, x
m=0 n=0

j MZI Nz e~ im0,—ind}, Joun
m=0 n=0

<0 =2 g, =20 =0, 1,..., M—1 mod M

v=0, 1,..., N—1 mod N>

we have

1 M-1N-1 ,
(5-4-8) E(X)=W Z Z A(gua 6‘,)2”‘,2_”’_‘,

1M1N1

J.x:ZMN ugo vz (juvf_u v+j—y -v uv)

with 4(6,, 0,)=C,C,—8; cos0,—S, cos §,>0. Since (x,,)—~>/MN1(%,,) isa
unitary transformation, (5.4.8) shows that the eigenvalues of the quadratic form
E(x) are 4(0,, 0,) O=u=<M—1,0=<v=<N-1). Making use of the formula
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(5.4.9) SS e dg e [T (dot A) 2

R

(tx=(xy, ..., xy), A=*A4, ReA. is positive definite)
we obtain the following.

M—-1 N—-1
(5.4.10) Zyn=nMN2( T] H 4(0,, 0,))71/2
u=0 v=0

(54'11) ZMN[J]=ZMN exp( Z 2 —am -m’, n—n’ Janm n>

mn m’n’
1 M-1 N-1

=N Z, 570, 0)
Here we have used A4(0, 0")=4(—0, 0")=4(0, —0’). In particular (5.4.6) and
(5.4.11) imply

e —im0,—-in@;, .

- - 1
(5.4.12) ZMINSRMN AX Xy Xy e € E) = G, n=n’

In order to obtain the ‘‘correlation functions” p(0I'), we use the transfer
matrix formalism. In the sequel we identify an integral operator on RM F:
f(x)n—»SRde’F(x, x)f(x") (x=(xg, X1,..., Xp—1) ERM, dx =dxgdx{---dxp 1)
with the kernel function F(x, x"). Let V;, V, be given by

(5413) Vi ¥)=exp (= %, (CLC¥a—Sikutins 0¥ (5= %)
M-1
Va(x, x)=exp ( Zo S2XmXm)

(OM(x —x") =6(x0 — x0)6(xy — x1)*+-6(Xpr—1 — *¥-1)) »
and let V=V,V,. We have then

M-1
(5.4.14) V(x, x')=exp (= mgo (C1Cox2 — S1 XX i1 — S2XmX0))
(5.4.15)  Zyy= de(o)---gdx(N“l)V(xw), DY P(xD), x@)... P(x V-1, x(0)
=trace V'V

where we have set trace F= S de F(x, x). We introduce also ‘‘free bose
R
fields” ¢,,, 7, (0=<m <M —1) through

(5.4.16) Pm(x, X)) =1/S3 X, 5M(x—x’)
e, ¥) = = 5004 (5 =) .

The canonical commutation relations
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(5417) [¢m, (I)m’] [¢ms Tle] )=( 0 -1 )5
[nms ¢m’] [nm9 7Tm’] 1 0 e
(m, m'=0,1,..., M—1)

are easily verified. Hence WB— (Cq&me-)Cn ) is equipped with a symplectic

structure. In terms of these free ﬁelds Vi, V, are expressed as
M-1
(5.4.18) Vi=exp (= X (CiC36n =515 0nPmr1))
Vi=y2m5E exp(1 % (@3 +12)).

To see the second equality we note the following lemma.

Lemma. Put

ey _C _c2cost a2 12 clxx’>
(5.4.19) ut(xaxﬂc)—\/znsint exp( Zsint(x +x%)+ sin?

for ¢>0. We have then

d 2.2, 1 & '
T u,(x, x';c)==(c*x +c—2-5}-§)u,(x,x) (O<t<m),

(5.4.20) l

Uo(x, x )—-5(x—-x ).

We omit the proof.
Setting t=mr/2 in (5.4.19) we obtain the kernel for the operator exp (%(czxz

2
+212_ 56; ), and (5.4.18) follows. We set also ¢,,=V"¢,,V™", Tp=V"n,V "
and
. M=1 . M-l
(5.4.21) $0,)= mz=:0 e~imtugp, . #(0,)= mg’o emimduy

As in Section 5.1, we fix an expectation value { > given by

(5.4.22) (a)>=Zitrace (aVN), acA(Wy).

Proposition 5.4.2. The table of expectation values for (5.4.21) reads as
follows:

(5.4.23)

l\)lv-—

($6,)9(8,)><P(8,)#(6,)> )=

( a, —-2-b
(#(0,)0(0,)>< £(8,)7(6,)>

—b g )'Méu,—u‘

u a,
where

ST
(5.4.24) =—]1V ; 4(9,"29@):‘1"‘
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=
Il

LA
N |

Proof. As an example we evaluate {#(6,)%2(6,)>. The rest are calculated
similarly. By the definition we have

Sol T > =Z oy _6 -V( , XY P (x(D,) xD)...
2 y

0y m0y

RMN

V(N1 x<°))>

y=x(0)
=Z;11NS
+(=2C1CoXpmo+ S1(Xm-1,0F X+ 1,0) + S2Xm1)
X (=2CCoXpr o+ S1(Xm—1.0F Xmr41,0) + S2Xm )}

dx e Ex) { - 2'C'vlcllémm' + Sl((sm,'"'_l + 6""""+1)

RMN

Substitution of (5.4.12) shows that the right hand side is equal to

_zclczém m’ +S1(5m m'—1 +ém,m'+ 1)
M=1 N=1 gi(m—m")f,

N S
+p P T (A(eu, 0,)+55; e OVXA(B,,, 0,)+1S;¢ e)
S% 1 M=1 N—- lel(m m’)é,

T2 MN S5 5046, 67)
Taking the Fourier transformation we obtain {#(0,)%(6,,)).

Remark. In the limit N—co, (5.4.24) tends respectively to a,—1/sinh y(6,)
and b,—e”7)/sinh y(6,), so that (5.4.23) simplifies into

CICALICM PR CICALIC)
5.4.23) A
( ) (R(0,)000,)> <ROIRO,)> )
1 1 _ev(ﬂu)) M3,
—?T( — e 7 (0) 1 _sxnh ')’(9“)

The rotations induced by V,, V, are immediately obtained from (5.4.18).

(5.4.25) Ty, ow=0m: Ty 1u=1,+2C;C5,— S1S3 (P 1+ Pms1)
Ty, 0m=Tm> Ty, tm=—bp
Ty¢n=2C1C5¢p—S1S5(Dm—1+ Pps 1)+
Tym,= — ¢, -

(5.4.26) T, 00)=0(0,), Ty, #(0,)=¢(0,)-2cosh y(8,)+#(8,)
Ty,0(0)=%2(0,), Ty,#(0,)=—¢(@,)
Ty $(0,)=h(8,)- 2 cosh y(0,) +#(0,), Ty#(0,)=—§(6,).

The rotation Ty, is diagonalized in the following basis:
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oz VI~ G0 o)
V29(0)=—¢(0,) —e 0. £(0,)
{ V2 sinh (0,0 $(6,) = —e T (~0,) €7 $(0,)
\/2—sinh y(0,)-2(0,)=0"(—0,)+¢(0,) .
We have
(5.4.28) Ty¢1(0,)=e7¢7(0,), Ty$(0,)=e"(0,).

Moreover from (5.4.23)' and (5.4.27) we have, for N— oo,
o'(0,)970,)> <'(0,)6(0,)> ) ( 0) .
= sinh y(6,)- M4, -
$OI6T 00> <OI$B)> |\ 1 Y00 M-
[¢T(0u)’ ¢T(0u’)] [¢T(0u)s ¢(9u’)] ) ( —1) .
= sinh y(0,)-MS, _,-.
(tho oo toam a0 )\ YO Mo
Hence the expectation value { ) in this limit 001n01des with the one induced by
the holonomic decomposition Wy=VT@®V, V'f— (—B Co'(0,), V— @ Co(6,).
Now we return to the correlation functlon p(al“) and deﬁne the “‘spin

(5.4.29) (

operator” sg ,, by
(5.4.31)  spm(x, x)=0(x0+x0)+*6(Xp—1 + Xp=1)0 (X — X70) -+
+0(Xpr-1— Xig-1)
SBmn=V"SgmV "
Then sp,, satisfies the following characteristic commutation relation with the
free fields:

~OwSpm  (0Sm Sm—1)
5.4.32 '={ ’
( ) SB,m¢m O S5.m (m=m'sM-1)
R
SB mnm, = ’
, Tt Spm (msm'=M-1).

Assuming n; <---<n,, we have
{8B,muny S B,meny ) = Z aiv trace (VMisg , Vr2~Msy o o5p , V1)
=Z;{1NSRMN dx V(x©®, x()... V(xm=1) x@#50)p(F(rsm) | x(nt1))
eV (x2mD)) x(2)) P(R(25m2) | B+ D). P (x(N-1), x(0))
=p(ol),
where Fmm=(—x{M,. .., —x®  x®  x{ ), and I denotes the polygon

shown in Figure 5.4.2:
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.. (my, my)

| PN
l Ev

(my, ny)

Figure 5.4.2.

Let us compute the norm of sp,,, in the infinite lattice. The free fields are
expressed in terms of creation-annihilation operators ¢'(6), ¢(6) as

(5.4.33) %F% Sc_z_e(e—imo—(nﬂ)y(o) $1(6)
+eimor D10 6(0)),
Tn = T3 - (do(emma-mro 1(0)
+eimotm®) §(9)),
where df =d0/2n sinh y(6). They satisfy the difference equations
(5.4.34) O+ 1=2C1CEPpn— S155(Dm— 1,1+ Pt 1,0) + Tun

77:m,n+ 1= ¢mn

and in particular

(5-4-35) C1C2¢mn S1(¢m+1 n + ¢m-—l n) S2(¢m nt+1 + ¢m n—l) 0.
Clearly =,,, also satisfies (5.4.35).
In the basis @(0)= Z e"imb g #(0)= Z e"im® g the rotation T, =

1—2P and the operator E‘1 —H ~1J (in the notatxon of (A.17), Chapter IV) read

(5436 (Pd@), PaON=" 2230, 2(0) P, 0)
P(6, 0) = 1——rgy

(5.4.37) (E~1$(6), E~1#(0)) =($(6), £(6))E~*(6)
e L e
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. cosh y(6)+1 1
=-¢ 1( cosh y(6) —1 sinh y(6) Q

where Q=\—/L2——< % _ i >=Q‘1. In view of the formula

cosh y(6)+1 _ sinhy(0) _ 1 _
(5.4.38) Sinh 7(0)  ~ cosh 7(0) =1 ~ e, S (=9

1—o,e’®
0(0) /\/ —1810
the factorization (A.18) is achieved by choosing

c(0)
(5.4.39) ox:ig-1= | Vi

\/“1“2

c(0)

c(—0)
QX_Q‘1=< 1 >
c(—0)

Here we have assumed T >T, for definiteness, but in the case T<T, all the
formulas are valid by the replacement a,—az!. The kernel R(6, 0") is obtained

by applying (A.19):

c(=0)e(—0")

&q0,

(5.4.40) OQR(, )0 1=2 PO, —0).

_ \/ %1%

c(—0)e(—0)
The vacuum expectation value {sg,,> is evaluated by the same method as in
Section 5.2, p. 541. Making use of the formula (A.31) and noting s% ,,=1,
{Smny >0 in the finite lattice, we obtain

(5.4.41) {Sg,mny=(1—525%)"/8 if T>T,,

=(1-8728H)18  if T<T,.
Finally we rewrite the result using the creation-annihilation operators, and obtain
the following.

Theorem 5.4.3. The norm of sg,,, has the form

(54-42) Nr (SB,mn)= <SB,mn>e‘om"/2
(¢ wap R5:(0,0) Rz3(6,0)) (40
(L B @EO IOy 0 w0 00 gy |
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where the kernels R2% (0, 0') are given by

(5.4.43)

1 1
2 \/(1 —o e—idﬂ)(l _‘“51 e—iaa)(l —o, e~ia"6’)(1 —951 e—ia'o')

R0, 0) =

_ 1 — —ich — pay(0) —_ —a’8’ — et 7(0")
x{m (I—oye7??)(1—e l—aye N1—e )

— i (1=t e io0)(L+esr®)(1—az! e7iv'%") (1+¢7707)}

X = e—i(a}1+a’9‘-i0) ei(m—1)(06+o"6’)+n(a’y(6)+a”y(ﬂ’))

(o,0'=1%)

for T>T,. If T<T,wereplacea, by az?.

§5.5. The Scaling Limit

In this section we compute the scaling limit of spin operators of the Ising
model as well as of its bosonic counterpart. We shall see that there result the
fields @F, @f and @y constructed in the previous chapter [3].

Let us consider a square lattice of unit length &. By scaling limit we mean
the simultaneous limit

(5.5.1) T->T, &€—-0; mun—-o

where me and ne being fixed and finite.
First consider the Ising model above the critical temperature T>T7,. We
set

(5.5.2) xl=me, x°=./—T1kne.

Here the factor \/?1 is inserted so that in the limit ¢—0 (x°, x!)e R? con-
stitutes a coordinate of 2-dimensional Minkowski space-time. The positive
constant k will be fixed later. Choose constants o, y, ' so that O<a<1, u>0.
Let the interaction strengths be given through

(5.5.3) oy =o+eu, a,=14¢eu
where o, o, are defined in (5.1.29)—(5.1.30). We also set
(5.5.4) pt=0le.

In the limit ¢—»0 we have then the following.
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(5.5.5)

(5.5.6)

Cy=

St=

Ci=
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2 o 14+a ,

‘/ \/—(1 (u —ap)+0(e?),
14+a

1= +8(1_2 )2 (W' —ap)+0(e?),

2/ a 14+a ,

S o )+ 0,
1+« 2

(u’ 2
1 +8(1 )2\“ +d‘u)+0(8).

a(0)** sinh 7(6) =e L (T ip) +0(),

We set

(5.5.7)

sinh y(8) =a%—‘_/_‘g——\/u2 +(p)%+0(e?).

k=22
1—a

We introduce a parameter u and an operator Y(u) by

(5.5.8)

u‘—“1=\/#2+(51)2ip19 Y(u)= lf/(—) for
utl= _\/,ﬂ +15p1)zi-p19 Y(u )_!ﬁ:(/_B) for

Then we have in the limit ¢—0

(5.5.9)
(5.5.10)

(5.5.11)

where du

=du/2x|u|

W), Y(w)> =2nlulé(u+u),
ere =exp (1x°] dupy (—up @),

eimr—exp(—ix'|"dup Y (—upy @),

and pO=+/p*+(p')* if u20

From Theorem 5.2.3 we have the following.

Theorem 5.5.1. In the limit e—0, we have

(5.5.12)

Nt (spa)=(22e) " Nt (7 (x) + O(9),

where @F(x) is given in (4.6.2) of [3]. Namely

(5.5.13)

Nr (¢F(x)) =¥o(x)err2,
Yo(x)= S:o du e=inGmwEEtuT Y ()

u>0,

u<0.
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—- ® y—i(u—u") -, (x~(utu’)txt (u=1+u 1)) ’
pr(0) =" auaw ZHE4) e-in V().

Corollary 5.5.2. In the limit e—0, we have

(5-5014)T>T¢ pk((mla nl)r"a (mk’ nk))

k/8 )
=(21E2 1) " C@F(x ) @F (x0) > + O3+,

where xU) =(mge, \/ —1kn;e) (j=1,..., k) and {@F(xD)---pF(x¥)} is given by
(4.6.57), (4.6.59), (4.6.70) and (4.6.71).

Not only the spin operator but also the auxiliary operators p,, and q,,,
have the scaling limits.

Theorem 5.5.3. In the limit e—0, we have

(5.5.15) 751, Prn =/ HE[2 (Y + () + ¥ (%)),
9Qmn=— i\/ #8/2 (¢+(x)_¢—(x))’

where

(5.5.16) Vi(x)= S:@\/Oﬂu 1 iuxutxtu) Y(u).

Remark. The difference equation (5.2.27) goes to the 2-dimensional
Dirac equation in the limit. In fact setting

(5.5.17) v =pE)(x),
v)(ni')' _U(i) ‘av(i)
’ +;K =t 0x° ).
() () pp(E)
v v v
m+1,n£ mn’_ o ()C),
we have
.0 gp) -
(5'5'18)T>Tc IW—-: D%l +[MJ( ),
) (+)

Taking (5.5.15) into account we set
(5'5‘19)T>T¢ Wi =U(+)iiv(_).

(5.5.18)r5 1, is transformed into (4.2.42) for w.

The case T < T, is similarly treated. We set
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(5.5.3) oy =o+ey, o,=1-—¢u.
In (5.5.5) and (5.5.6) p should be replaced by — p, but (5.5.8) is unchanged.

Theorem 5.54. In the limit e—0, we have

(5.5.20) Nr (3,,) = ( 1+aus> NI (0p(x)) + 0(78)

where @g(x) is given in (4.2.45). Namely

(5.5.21) Nr ((pF(_x)) —-epr(x)/z
pF(x)=gg°_° dudy _l+(z_:l§_0) —inGE T et @ D) g (g (') .

Corollary 5.5.5. In the limit e—0, we have

(5.5.14)r<r, pi((my, ny),..., (my, ny))
/8
(2 [+o uu) CPp(xM)-@p(x®)) + O(eF/8+1)

where xV=(mje, \/ —1xkne) (j=1,..., k) and {@p(xV)---@p(x®)> is given by
(4.6.70).

Theorem 5.5.6. In the limit e—0, we have

(5'5'15)T<Tc pmn=\/ﬁs/—2(¢+(x)—w—(x))’
mn= — l\/m (ll/+(X)+l//_(X)) .

Remark. The limit of the difference equation reads

. o) op™) _
(5‘5'18)T<T,,- l-auT =7%—#v( ),

. v ov™)

T o M
If we set
(5'5'19)T<Tc Wy = iv('*') + iu(—)’

(5.5.18)p <7, is transformed into (4.2.42).

Now we turn to the bosonic model. Using the parametrization (5.5.3)
for T>T, or (5.5.3) for T<T,, we see from (5.4.43) that in this case
Ras’ (0 0/)_ 2\/_ —i
R —a op'+a’p!'—i0
x {Ju—iop'\Ju—ic'pt —Ju+iop'\/u+ia'p''} + O(e) .
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Rewriting this in terms of the parameter u in (5.5.8) and

—‘L:/(%) (u>0)
(5.5.22) d(u)=
_(PT_(/;B_) (u<0) ,

we thus obtain

Theorem 5.5.7. In the limit ¢—0,

(5.5.23)  Nr (sB,m")=<21+°‘ys>/ Nr (¢5(x)) + O(e2/%)

where @g(x) is given by ((4.1.66) in IV [3])
(5.5.24) Nr (@g(x))=ers)/2

O N e N
PB(x)=SS+ e di 2/u—i0/u"—i0

u+u' —i0
% e—iu(x'(u+u')+x"(u'1+u"1)) ¢(u)¢(u') .
Hence the k-point functions of sg ,,, are scaled to give those of @y(x).

Theorem 5.5.8. We have

1
(5.5.25) Smn= =" T35 $(x) + O(2)
Tonn+ Pun= ,\\//}; eiag j(bo (x)+0(e?)
where
(5.5.26) ¢(x)=giw@ e_iu(X'u+x+u‘l)¢(u) .

The proof is straightforward from (5.4.33).

§5.6. The One-Dimensional XY Model

The one-dimensional XY model is described by the Hamiltonian
(5.6.1) Hy=——4 4 Z {(1+y)orosi +(1—y)otols, +2haz}

where a,",‘,=12®---®5*®---®12 (*=x, y, z). Here o*, 6, 6% are the Pauli

R P N |
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respectively. We set

(5.6.2) Pn=08"07 10y,

dm=10§07-10
and define p(6,) and 4(0,) by (5.1.22). We adopt the modified Hamiltonian.

M-1
(5.6.3) %M=-}r 2 A+ 1)mPmir = (1= V)P 1 = 2hGmP}

=ZIHM2 {(1+7)4(0,)5(—06,) e~ —(1-7)p(6,)4(—0,) e~
—2h4(8,)6(—0,)} .

M-1
oy induces an infinitesimal orthogonal transformation on Wy = 3 Cp(0,)+
=0

M=1
Ea Cq(6,).
(56'4) ([‘#M’ ﬁ(eu)]s [”M: 4(9,;)])
=(5(6,), 4(6,)) 4.(6,)
A4-(0,)

A (0)=cos 0—h+tiysin 0.
We set
(5.6.5) E(0)=./A4,(0)4_(0)=./(cos 0 —h)>+y*sin? 0,
(5.6.6) o4 =h—i\/—h;—_+—;2_—1 .
Then we have
(5.6.7) A, (0) =1—;lei“’ (e¥10 —g,)(eFi0—a).

We distinguish the following three phases. (Figure 5.6.1.)
(5.6.8) Ry: 9>0, h>1 where |a7!], l@_|<]1,
R, >0, —1<h<1 where |[a7!], |acl]<]1,
Ry y>0,h<—1 where |a,], |at]<]1.
(1ii) - |« (iii)- (1)-=|(i)s

l (ili) ?>0

Figure 5.6.1.
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We shall diagonalize 5#,, in each phase. The results are as follows.

(5690, Frve=gy 2, EOIFI0I:0,),
201(=0,) =/a@)p(0,) ~ a8, 20,
240, =050, + &G40,

O =5:O)b(~0), b O=V 1=
— 42(0)=E©)ay(0)*".

(5690, Hrr=py 2, EQIILO0:0,),

2'/75( - gu) =\/a2(9u) eiou p(eu) + \/az(eu)_l 4(011) s
2&2(011) =4/ aZ(Bu eifu ﬁ(ou) W ‘12(014).—1 Q(en) s

1
ay(0)=b,(0)[b2(—0), by(0)= JA—azle®)(1—ale?)
A1 (0)=E(0)(ax(0)e*®)*1.

(56902, Hurn=gg 2 EOIF0IP:0,),
201(—0,) =+/a3(8,)5(8,) +/a5(8,)74(6,),
203(0,) =/ax0,5(0,) — /a0, 4(6,),
a5(0) = by(O)b5(— ), by(0) =V 1=,
4,(0)=E(®)ay(0)*L,

Here, 5#y,,., means the renormalized Hamiltonian obtained by subtracting the

zero point energy from 52 ,,.

Now we go to the limit M— oo, and compute the ground state averages for
products of spin operators. In other words we compute correlation functions
for %, a2, and oZ with respect to the vacuum expectation given by (5.2.5) with
P1O)=y1(0), ¥(0)=y(6) (j=1, 2, 3) in each phase #,~%;. Since we have
product formulas (§ 1.4 [1]), it is sufficient to compute the norms of ¢% and o},

(0% is trivial, since 0% =gq,,p,,.) In general we shall compute
(5.6.10) G% = ginPO=imP! g% o—inPO+imP!
for meZ and ne R. Here we have set

(5.6.11) r={" L r0)§t ),
p1={" Lo ).
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The results are as follows.

(5-6'12).9P1 Nr (G' n) Nr (pmn mn) 1#1 mn Nr (tmn)

x — T de 1 —im0+inE(8) im@—inE(9)
1,mn— S n 27.[ Ibl(e)l (e W (0)+e ‘/’ (0))

Nr (iamn) Nr (an mn) lpl mn Nr (tmn) ’
Vimn={" 22 15,(0)](— e o=@ (0) + etmo-nE @, (0))

Nr (tmn) = <tmn>epl’m"/23
_ hz —1 1/8
> =(377)

Pjmn (j=1, 2, 3) is given by (5.2.17) and (5.2.18) with §/'(6), §(6), b(6) and
1(0) replaced by &}(0), ¥ i(0), bj(0) and —iE(0), respectively. Y% ,, and Y7,
are similarly defined as Y% ,,, and ¥}, with b,(0), ¥}(6) and ,(0) replaced by
b;(0), |/7}(9) and i(0), respectively. We note that t,, induces the rotation

, ' >
(5.6.13) T, Dw ={ P " em
—Pm m ém— 13
qm' m’zm
T ,,,,={
1moq _qm' mr ém—l,

a‘nd SatiSﬁes tmlotmzo = qmlpml ot 'qmz— lpmz— 1 (ml < mz)'
As in the case T < T, of the Ising lattice, in the phase %, we consider %=
ooy, and 75, =ojo), for the finite lattice, and then take the limit.

(5.6.12)g2 Nr (6;"): <6x er2, mn/z
2(1 _hZ) )1/8
mn> \/2( (1 +_y)4 ’
Nr (i65,) =NI (GmnPrmnOin) =V3 mn¥3,m—1,0 NI (Gri) -
(5.6.13) 4, Nr (07,,) =Nr (pm,.tinn)=¢’3‘,mn Nr (¢3m) 5

Nr (io-%n) = Nr (qmnt;nn) 3 mn Nr (tmn) b
NI (t,) = L D €731mm12,

by = (1 ()

The factor (—)™ comes from the fact that not the limit lim {g¢py---
m=>©
1

2_ T .
dm—1DPm- 1> but the limit lim <q0p0" ‘m—1Pm- 1> (_)m = (hT}_l_’__yTl_T>4 eXIsts.
We note that 1,,, induces the same rotation as (5.6.13) and satisfies t,,otp,0=

qmlpml"'qmz—lpmz—l (ml <m2)'
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Infinite series expressions for correlation functions are obtained by direct
application of the product formula (§1.4 [1] and Appendix of IV [3]). For
our purpose it suffices to consider operators of the following form:

(5'6'14) Nr (gmn) = <gmn> eﬂm"/Z,
= _dg_ ﬁ a,6’ " eim(a0+a’0’)—in(cE(0)+a’E(87)),, ’
pm"—c,crz’=i SS 2n 2w R (0’ 6 )e ua(e)wa'(e )a
(5.6.15) Nr (gg{}?’): <gm">w'("l") eﬂmn/z,
NI (Gn) = {Gomn ) Wi Wi €mn/2,
do

wid= 5 [0 cuno) emeo-tmor @y () (j=1,2
o=1% 2n

where ¥/ _(8) =y1(0), Y . (0) =y(0) satisfy [y(0), ¥1(6")], =2n6(6—06"). We have
then

(5-6'16) <gm1n1"'gmkm¢> = <gm;nx>"' <gmknk> exP(— lngl((l)/'?'l) s
FO= 3 F®

kv
vl,,.‘,v1=1 vimve
’ L {df; i —(ny — ;
Fi'lv)l""’l=3.ngj]:__-[l {27; _8‘.1v1+1) e_lavjvj+1((mvj va+1)91 ("vJ '1vj+1)EJ)

X Revi-1vp 7o ,e1(02y, 91-)} ,
where E;=E(0;) and g,,=1 (u>v), =0 (u=v), =—1 (u<v),

o
(5617) <gm1n1"'gr(nlk)11;kl'"gfnzk)z;xkz'"gmknk>/<gm;n1'”gmknk> = ’;0 Ci:lg)kz,

k

) — (€))

Chik, = h Chikavivys
Vi V=1

1
cl(cll)kzvl“-w = SS HO (d_gj e_w"/"i*’1(('""1_""’1H)G"—(""J—nvf*‘)EJ))
j=
X CIB“VI(QO)(_Euvl)RS“V"—sv‘vz(HOs 81)(_£v1vz)
X Reviva—8vav3(0q, 0;) X -+ % (—8‘,l_lvl)Re"x—1"1._5"1’62(91_1, 0)

X(‘“Sv,kz)cf""‘Z(al) (vo=ky, vir1=ky)

where k, <k,, and if k,; =k, the left hand side means Cmins™ G i, ™" I -
In general an arbitrary k-point function involving g,.,, )" and g7, is expressed
by using a Pfaffian with entries (5.6.17). See formula (1.4.10) in [1]. For
instance we have

"
<gm1n1"'gmk1nkl'"gmkznkz"'gmknk> : <gtn1111“'gmknk>
- RS ” e . e ” s
- <gm1nl gmklnk1 gmknk> <gm1n1 gmkznkz gmknk>

2 2
- <gm1n1’"gfnlk)l;lkl'"gsnk)z;lkz"'gmknk> * <gm1n1“'gfnk)lrllkl"'ggnlk)z;n‘z”'gmknk>
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+ < Gmny Gy Doy, s> * Gy Do, o™ Imiemse?

and so forth.
Let us now compute the scaling limit of spin operators near the critical
points, i.e. the singularities of the energy E(f). There are three possibilities:
(i): 6-0, h—>1+0, y>0 fixed.
(ii)) -0, - +6, with h=cos 0,, |h|<1.
(ii)y 60-mn, h—»>—1F0, y>0 fixed.

Case (1),. We set
(5.6.18) h=1+puye, O=¢gp', x°=nye, x'=me

and take the limit §—0, m, n—oco under fixed y, p!, x° and x!. Here u>0 is
an arbitrarily chosen constant. We have then

(5.6.19), E(@)=eyw(pl)+ -, o(p)=/u?+p?
AOENGVETN
o, 1+y

=1_v(1+ua+---), o_=1—pe+---.

As in (5.5.8) we introduce Y(u)=+/e0(p)W(6) (u>0), =/e(pHYI(—0)
(u<0) where u*! =(e(u)w(p')+ p')/u. The result reads as follows:

(5620)  Nr(og) =V 20)" Nr (o7 () +o(e®)

Nr (io},) = «/1 + 7’( 2u ) £9/8] iﬁpg (x)ePr®/2 4 o(e9/8)
VY e
= Nr
Here yo(x), pp(x) and ¢f(x) are given in (5.5.13).
The third equality of (5.6.20) follows from the fact that lpo(x)—g%(x) =0
(see (4.3.79), (4.3.80)).

Case (). Set h=1—pye and define p!, x°, x' asin (5.6.18). The leading
behavior of E(f) and «. are given by (5.6.19),, while a-!=1—pug+--- and b,(6)
is replaced by

o).

(5.6.19). A e s

In this case we modify the definition of Y(u) as Y(u)= —i/e(p)¥,(0) (u>0),
=l\/8w(p1)‘p2(_0) (u<0)' NOting the fact that ¢§,lﬂn¢§,nl-l,n= _lpi,,mn(w%,mn
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~Vhm- 1) =L 00 GE2(0+ -, we obtain

(5621)  Ne (@) = 7(2——) Nt (95(x)) + 0(e!)

) 515 o(x) GL () ePr 2+ 0(e21%)

where @g(x) is given in (5.5.21).

Case (ii). Here we set
(5.6.22) y=pe, x°=ne|sinfy|, x'=me
and 0= 16, +¢p! in the region 6~ +0,. We have

(5.6.23) E@0)=¢| sin 6p|w(p?) +---

oy =e*0(1 +pg)+ -

b,(6)=e(1 —e*21) (u—ip")
according as §—» +6,. Consider first p, ,,, appearing in (5.6.12) 5,. In the limit
m, n—o0, €—0, the only contributions come from the regions ¢6+¢'6’=0
(0,0'=12),0,0 =0, or —8, due to the rapid oscillation of the exponential
factors in (5.2.18) (where b(f) and y(6) are replaced by b,(6) and — iE(6), respec-
tively). Writing

BB )= B (206 +5p), D)= oY) P(£ 00 +201),

we get

—_ +° dpt { Wt I\ 2T 1’ i(w— a)) ix9(w+w’)—ixl(pl+p!’)
p2.mn“'2SS oo2TL'(D 27“0 '/; (P )‘Il (p )p +]7 +lOe

FPO (V)Y (pt )__%(?ﬁ“’_"'%) =izt (@+a" ) +ixi (PPt L (D (pl) FDT(p1")

HPOFO(p ) SHEE D emixtemeriniop) 4o

with o=w(p!), o' =w(p'’). Making use of the canonical transformation
(5.6.24) \/2‘,/7<1>r(p1) =iyt (pl) + Y@t (p)

VZID(p) =i D (1) YD1 (p")

VEIO() = =D () + YD (")

JEPD (Y = =iy (@) — YD)
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and setting YWD (u) =y (p!) (u>0), =y (—p') (u<0) we have

(5'6-25) p2 mn_pg“l)(x)'{_pu)(x)—i_o(l)'

Here p¥)(x) is obtained from (5.5.21) by replacing ¥(u) by mutually independent
free fermion operators Yy¥(u) (j=1,2). The scaled form for ¥} Y3 ., is
calculated similarly. Thus we find

(5.6.26)  Nr (6%,) =(4y/1—h? pe)/* Nr (0 (x) ® 0’ (x)) +o(e!/4)
N1 (iG},) = — (41— 2 pe) ' N1 (9" D (x) @ 9" P (x)) +0(e'/*) .

Since the scaled spin operators are the tensor product ¢)(x)® ¢ (x) or oF (x)
® @F ¥ (x) of copies of identical ones, their n-point functions coincide with the
squares of those for the Ising model. (For the 2-point function this result was
obtained in [13].)

Case (iii),. Setting h= —1—yuye, 0=n+ep' we see that (5.6.19), holds,
where o, should be replaced by —az. Therefore (5.6.13),, implies

(5627 Nr((=)mop) =V (28 N (07 () +o(e119)
N ((—ymrtiag,) =8 (22 o i (158 ) ) +ole®).

Case (iii)_. In this case h=—1+4uye, 0=n+¢p!, —a,=1—pue+-+ and
—a_={14+y)/(1—y). (5.6.19)_ holds without any change. Hence we have

(5628) Nr (-5 =V 2 24" Nr (pr () +o(e1)

Ne ((—)iog) =~V E (2 e (1528 () ) +oe®) .

§5.7. The Orthogonal Model

In this section we formulate a general orthogonal version of lattice models
([13], [14], [15]) using the Grassmann integral and solve it analogously as in
Section 5.4.

First we prepare some generalities on the Grassmann integral. Let W be
an N-dimensional vector space, and let w be a non-zero element of AN(W).
The Grassmann integral with respect to w is a linear form on A(W),
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(5.7.1) Sw-l; AQw) —> C
w w

ar— Sw‘la

such that the map aww(Sw“a) coincides with the projection onto AN(W).

If o=cw’ for some ¢ eC, we have
(5.7.2) Sw‘1a=c“13a)’“‘a (c=0).

Let W’ be another vector space of dimensions N’. For d e A(IW@W') we also
define Sw‘ld e A(W') so that d—ow A(Sw“d) coincides with the projection
AWDAW ) ANWIAAW'). If o e AN'(W'), we have

(5.7.3) Sw"lgw‘1d=g(wa)’)‘ld.

Let v,,..., vy be a basis of W, and set w=v,---vy. For an anti-symmetric matrix
. 1 X
F=(fi)jx=1,..n We set S=— % Sixvjvx€ A2(W). Then we have

Jak=1

(5.7.4) Sw‘l ¢S =Pfaffian F,

1,5 . -1 ,5 = —F-1
(5.7.5) (Sa’ e”J”"/Sw e)j,k=1,...,N -

In general, for wy,..., w,e W we have

(5.7.6) Sw‘l eSw, - ws/gw" eS=Pfaffian (%;)); x=1,...s

where hjk=gw"1 esijk/gco‘1 es.
Consider a rectangular lattice L of size M x N with cyclic boundary and with
even M and N. To each site (m, n) we altach d 4 dimensional vector space
Y n=Cthyy ®Cv,,,,®Cul,, ®CV],, and set # = Z Z W rune
We set in A(#") e e
51D @y =11 T1 thaUmmithnttn:

m=0 n=0

(578) 5;7(0) Z Z (flzumu mn +f13umnumn +f14umn mn +f23vmnumn

m=0 n=0

+f24vmnvmn +f34umuvmn) ’

M- -1
y(l)— 2 2 umnum+1 no

m=0 n=0
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2 M—-1 N—-1 t
,Sﬂ( )= ZO Z vmnvm n+1l-
m=0 n=0

The grand partition function is defined by the integral (see (5.4.2))
(5.7.9) ZMN=gw-1ey(0)+y(1)+ym_

In order to compute Z,,y we define the Fourier transformation by

ﬁ(e‘” 0"') ) ML NS —im@ m6v( Umn )
(5.7.10) ( 8(0,, 0,) P .,Zo ¢ o |
ﬁT(g/" 0;’) ) Mo A im6,+in6y ( u'T"" )
( 810, 0,) |~ 2o nzo ¢ ok, )’
(9 _2nu 9, = 2ny . _—M+1 M-1
M’ N’ 2 T2
V=

—N+1 N—l)
55 )

Then we have

(G.7.11) PO+ P0 4P
1 i i ! )
TMN oSz v- (—%-f-l) 2(f12u(0"’ 6)9(=6, —0,)
+(f13+e )i (0, 0))d(6,, 0)) +1144(0,, 6,)0"(8,, 6,)
+£230(0,, 0)2"(0,, 03) +(f24 +e70*)0(0,, 0,)07(0,, 65)
+f 340, 0,)07(—0,, —6,)).

From (5.7.2) and (5.7.4) we have ([14], [15])

(M=-1)/2 (N=1)/2
(5.7.12) ZMN=
p=(=M+1)/2 v=(—=N+1)/2

0 Sz Sizte i fi,

—f12 0 S23 Saatemitv
det i0

—f13—e'%  —fi 0 Sfaa

—f1a ~faa—e  —f3, 0

(M=1)/2 (N=1)/2

= 11 I1 ~ 4(0, 6)

p=(~M+1)/2 v=(=N+1)/2

where A(6, 0)=1+f1234+f13+f34—2c08 O(f1234f24—f13) —2c0s 0'(f1234f13
—f24)—2c0s (0—0)(f12f3a—f13f24)—2 08 (0+0") (f14f23—f13f24) With

Sr23a=f12f3a=f13f2a+f14f23-
For a 1-chain I" we set (cf. p. 557)
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M—-1 N—1
(5.7.13) FOI)= 3 X e (D) thmnths1,n»
m=0 n=0
M—-1 N—-1
'Sp(Z)([‘)= Z z gl(nzll)(r) Umn U;l,ll+1 .
m=0 n=0

The correlation function for dI' is defined by
(5.7.14) p(@D) = Zih|wzter @rr DB,

p(0I') depends only on orI" (see Proposition 5.4.1). In order to compute p(dI)
we use the transfer matrix formalism. " "
g § -1
We consider 2M-dimensional vector spaces W= Y. Cvl® Y Cv, and
m=0 m=0

M-1 M=1 .
W' =Y Cul+ Y Cu,. Wesetin A(WDW’)
m=0 m=0

M-1 M-1
(5.7.15) og= [1viv,, ow =11 ulu,,
m=0 m=0

M=1
(5.7.16) So= mz;.o (fr2UmVm+ f13Umtth + [1aUmVh + [230mU + F240m0),
+f34u11;zvr1;l) s

M-1 '
Sy = Zo UnUmt1-

m=

We equip W with an orthogonal structure by the inner product { , ) such that
vh, 01> =0, (U, V> =0 and (v}, v,y> =0, We denote by (vac| and
[vac) the vacuums with respect to the holonomic decomposition W= W, @
W, Where Wc,e=1§‘,:C vl and W,,,,,,=Mmg: Cv,. We also denote by {(my---my]
(resp. |my---my ) the state vector {vac| v,,---v,, (resp. v} ---vf, [vac)).

We define an element V of A(W) by specifying its matrix elements as follows.

(5.7.17) {my-my|Vimg-my)

— =1 =1 ,S0t+S
_Sww Smw,e o lULl...v;rnjvmi‘...umi.

Then we have
(5.7.18) Zyy=trace V'™,
Thus Vis the transfer matrix of our system.
Proposition 5.7.1. V belongs to the Clifford group G(W).

Proof. By Theorem 1.4.4 an element g € A(W) such that {g) =1 belongs
to G(W) if and only if the matrix elements {m---m;|g|my---m}) satisfy the
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condition
{my---m;lg|my---m;) =Pfaffian
0 - {mymylglvacy  Smylglmiy - Kimylglmy)
—{mymjlglvacy-- 0 (mylglmyy - Cmylglm’ )
—Smilglmiy = (mylglmi) 0 -+ Cvaclglmim; )
—(mylglmiy = Cmylglmiy — Cvaciglmimiy - 0

Hence the proposition follows from (5.7.6).

Now we define the spin operator s,, by

m—1
(5.7.19) Sp=11 (1-20}v,,) .
j=0
If we set
(5.7.20) Pm=UhtVm> Gu=—0h+Vp,
we have
(5.7.21) Sm'__qm—lpm—l.“qopo .

s, belongs to G(W) and the induced rotation is given by

+

v; jzm
5.7.22 T, ut={ J
( ) ml—ol jSm—1,
. P>
TvaJ‘={ vl J.-—m
—v; j=m—1.

Proposition 5.7.2.
(5.7.23) p((my, ny),..., (Mg, 1))
=Z 3y trace Vs, Vi o PhieThe-ag, PN
Proof. Note that

{my-mjls,Vimp---my)
={mymjlsplmj---my ) {my---my|Vimg---mi
= (=) 3= oo Vi

Taking I as the polygon in Figure 5.7.1 we can show the proposition.
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0, n,) (my, me)

©, ny) (my, ny)

<

X

Figure 5.7.1.

Now we shall diagonalize V. We define the Fourier transformation by

@@\ Mzt o fu )
5.7.24 = X emimul M,
( ) ( ﬁ(gu) ) "';0 ¢ ( Um
(ﬁT(gu) )=Mz—:1 pimd ( ul, )
ﬁf(gu) m=0 U;r,, / )
Then we have
(M=1)/2
(5.7.25) eseudffgw;yk esorsi= UTT0(0,),
n=(=M+1)/2

0(0) =~ 13— €7+ 3(f250(0) 548" (= ) (f120(~0)
1148 (0) )1+ 31/240(0)80)).

For simplicity sake we assume that f,, =f5, and f;,=f,5. Since p(éI') depends

on f;, and f;, (resp. f, and f,3) through the product f,, f3, (resp. f14f,3), this
is not a restriction. We set

(5.7.26) Jfr2=fza=c,
Sra=fr3=d,
fis=by, fr=b_,
Pfaffian F=c?+d?—b,b_=a, .

Proposition 5.7.3. The induced rotation T, is given by

(5.7.27) (TVﬁT(—Gu), Tyﬁ(gu))=(ﬁT(—9”), ﬁ(gﬂ))T(B“)
_(r®) 0)Y[1 s(8)
where T(e)‘(s«» 1) (o r(—e))’
r(0) = a

bote® Th 1ot

1
s(9) =Cd<b++e‘“’ - b+-}-e“’)'
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Proof. From (5.7.25) and Proposition 5.7.1 we know that V$'(—6,) and
Vo(—0,) are linear combinations of 9#'(—6,)V, 8(6,)V, 81(6,)V and #(—6,)V.
The coefficients are determined by computing the matrix elements of the forms

EI%
N
<9(—M+ 1)/2°0 6(M—- 1)/2I*|9(M— 1)/2"'9(-M+ 1)/z> and

O+p
~

<0(—M+ 1)/2"'9(M— 1)/2]*]0(M— 1)/27°°" 9(—M+ 1)/2> .
Using (5.7.20) we can rewrite (5.7.27) as

(5.7.28) (Tvp(0,), T4(0,))=(5(6,), 2(6,)T"(6,)
' 1 A0)  ed.(0)
where "0 = By +ic@) (eA_(O) A(6)
Here A.(0) (resp. E(0) below) is given by (5.6.4) (resp. (5.6.5)) with
(5.7.29) h=(a%+b2—-b2—1)/e,
y=2cd|e,
e=a,b_+b,.

We have set also
(5.7.30) A@)=(a2+b2+b%2+1)/2—(arb_—b,)cos,
=,/B(0)*>+ C(6)>+€2E(0)? ,

B@)=a,b,—b_+(a,—b.b_)cosh,

C(O)=(c2—d*)sin@.
(5.7.28) shows that the diagonalization of ¥ reduces to that of the XY model in
Section 5.6. The renormalized transfer matrix V., =exp (—5# 1 ,.,) is given by
(5.6.9) with E(0,) in &y ., replaced by
A(0)+eE(0)
B(0)+iC(0) °

Let us consider the expectation value {a)=Zjlytrace(aV¥). In the

limit M, N—oo, /'(8) (resp. ¥/(8)) becomes the creation (resp. annihilation)
operator. Let us compute the norm of s, in this limit. From (5.7.21) and
(5.7.28), this computation also reduces to that of the XY model. Namely in
2, (resp. #5) Nr (s,,,) of the orthogonal model is given by Nr (%,,) (resp. Nr (¢,,,))
with E(0) replaced by E(). In £, we must consider §,, ¢ SmPo for the finite
lattice and then take the limit. Then we have

(5-7-32) NI' (Smn) = ln[’g,m— i,n NI' (&ﬁm)
with E(6) replaced by E(6) in (5.6.12) 4,.

(5.7.31) E(9,)=1log
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Remark. The correlation function (5.7.14)(® coincides with that of Ising
spins on the dual lattice. See [14] for the detailed discussions on this point.
We only note the values of parameters (5.7.26) for i) the triangular and ii) the
generalized square lattices.

i) The triangular lattice.

@
K,
On = == == i ——
: P ,ﬁ b+=eZ(K2-K5)
1 L i
: e A
' 7 K, ' c—eK1+K;-2K,
: < ! K +K
@ L G + ® d=eX1tK:

1 /, :
[ ]
' :
[ -SRI I - Fe)

(-]

ii) The generalized square lattice.

®
IA\
/' \\ +=cosh (K;—K;—Ky—K,)/
,/ . cosh (K;—Ky+K;—K))
K| Ky N b_=cosh (K1+K;~Ks—Ky)/
1’ ‘\ 4 \\ COSh (KI_K2+K8_K4)
o L A & ,’ ‘\ '
7 A ,/ \\ c=
A’ NAY N\,
. Ky Y\ K, ,/ Jcosh (K, 4K, — K3+ K,) cosh (— K, + K3+ K3 +Ky)
‘\\ /,’ \\ // cosh (K;— K, +K;—Ky)
\‘\ ,/ AN ’/ d=
0,
"\ /9 Jeosh (K;—K,+K;+K,;) cosh (K;+K;+K;—K,)
) S cosh (K;—K,;+K;—K,)
\\\ I’,
N
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