Publ. RIMS, Kyoto Univ.
16 (1980), 739-766

Some Calculations in the Unstable Adams-Novikov
Spectral Sequence”

By

Martin BENDERSKY*

§1. Introduction

The unstable Adams-Novikov spectral sequence for a space X is a sequence
of groups {E(X)}, r=2, 3,..., which converge to the homotopy groups of X,
and whose E,-term depends on the complex cobordism groups of X. We
investigate this spectral sequence when X is the infinite special unitary group
SU, or one of the finite groups SU(n), or when X is an odd sphere §27+1,

The reader is referred to [2] for the construction and properties of the un-
stable Adams-Novikov spectral sequence. For some purposes, it is convenient
to localize at a prime p, in which case the complex cobordism homology theory,
based on the spectrum MU, is replaced by Brown-Peterson homology, based on
the spectrum BP. We then have a useful spectral sequence with many of the
properties of the stable Adams-Novikov spectral sequence. Namely, the
filtrations are less than or equal to the filtrations in the unstable Adams spectral
sequence based on mod-p homology. When X is a space for which H.(X; BP)
is free over the coefficient ring n,(BP) and cofree as a coalgebra, then the
E,-term is isomorphic to an Ext group in an abelian category (see §2; also
[2, §7]). Furthermore, this Ext group may be computed as the homology of
an unstable cobar complex which we describe explicitly in Section 2. In par-
ticular, these considerations apply to the cases X =SU, X =SU(n), or X =8§2"*1,

We first consider the situation where X is a p-local H-space with torsion-free
homotopy and torsion-free homology. The results of Wilson [10] and the
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general properties of the spectral sequence imply that the spectral sequence
collapses, with E3:* (X)~7.(X). In this case, the homotopy groups of X
(and even the homotopy type of X) are determined by the module of primitives
PH,(X; BP) as an unstable I'-comodule (see §3). In particular, this is true
for X=SU. We also give an explicit description of the generators of E:*(SU).

In Section 4, we consider the case X=SU(n). We compute Ei-*(SU(n)),
which gives information about the pullback of the groups m,, (SU(k)) to
7,,(SU(n)) for n<k. We also compute the kernel of the map E2-*(SU(n))—
E2* SU(n+1)). In the case of an odd prime p, the non-zero elements in
this kernel survive to E%*(SU(n)) to give elements in homotopy related to
the unstable image of the J-homomorphism. There is a similar but more com-
plicated result for p=2.

In Section 5, we give a vanishing line for E5?*(S?**1), and also for
E$'(SU(n)). We then show that in a range of dimensions, 7(S?"*!) and
we(SU(n)) may be computed as Ext groups in the category of unstable
I'-comodules. These calculations agree with, and extend those of Zabrodsky
[11], and Mimura, Nishida and Toda [7].

Throughout the paper, space means simply connected Hausdorff topological
space with basepoint, and map means continuous function preserving basepoint.
The homotopy relation for spaces and maps is ~. The smash product is
denoted by A. In an algebraic situation, homomorphism means that the alge-
braic structure is preserved, and ~ means a homomorphism which is an iso-
morphism onto. The ring of integers is denoted by Z, and the rational numbers
by Q. For a prime number p, the ring of integers localized at p is Z,.
Except for 4.10 (3) all spaces are assumed to be p-localized. For an integer n,
the ring of integers modulo n is Z,.
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§2. The Unstable Adams-Novikov Spectral Sequence

In this section, we summarize the main results of [2], which gives the
construction and main properties of the unstable Adams-Novikov spectral
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sequence. When a prime p is fixed, BP refers to the Brown-Peterson spectrum
associated with p. For a space X, the (reduced) homology groups of X with
coefficients in BP are denoted by H.(X; BP). The coefficient ring n,(BP) is
called A, and the ring of co-operations n.(BP A BP) is called I' (I' is the BP-
analogue of the dual of the Steenrod algebra).

The spectrum BP defines a functor BP(-) from spaces to spaces by

BP(X)=lim Q"(BP, A X).

The unit in BP is a map i: S—BP of the sphere spectrum S to BP, which gives
a map
n=n(X): X»>BP(X).
This gives rise to functors Ds(-) and a tower of fibrations
2.1 o= DH(X) 25 DsTH(X) -+ DY(X) -2 DO(X)=X
as follows. Inductively on s,
6% DS(X)—-Ds"1(X)

is the fibration over Ds"}(X) induced from the path-space fibration over
Ds~1(BP(X)) by the map D !(). The homotopy exact couple of this tower
is called the unstable Adams spectral sequence for X with respect to BP and its
terms are denoted {E$*(X; BP)}. When the ring spectrum BP is assumed, we
call this the spectral sequence for X, and write {E$* (X)}. From [2, §7], we
have the following.

Theorem 2.2. For each simply-connected CW-space X, the spectral
sequence {E$*(X; BP)} converges to the homotopy groups of X localized at p.
If Hi(X; BP) is free as an A-module, and cofree as a coalgebra, then

E$'(X; BP)~Ext§, (A[t], PH.(X; BP)).
Here % is the category of unstable I'-comodules (which will be described
below). A[t] stands for the free A-module on one generator of degree t;
PH. (X ; BP) stands for the submodule of primitives in Ho(X; BP). Further-

more, these Ext groups may be calculated as the homology of an unstable
cobar complex C**(PH (X ; BP)), which will be described explicitly below.

We next recall some facts about BP from [1] and [6]. First

Hy(BP; Z )2 Z)[m,, m,,...]
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H,(BP A BP; Z,))~ Hy(BP) [ty t5,...]

where degree (m;)=2(p' —1)=degree (t;). The elements t; are chosen so that
k i
(2.3) nr(m)= EO miti—;

where 75 is the right unit map. The elements m, and ¢, are to be interpreted
as 1. Then the Hazewinkel elements v; are defined recursively by the formula:

i-1 ;
2.4 v;=pm;— ng mvtl;.

It is shown in [S5] that the v; are in the image of the Hurewicz homomorphism
ny (BP)—>H(BP; Z,), which is a monomorphism, so the v; may be considered
to be in 7, (BP) also. Then

A=mn, (BP)=Z,)[v,, v,,...]
I'=n, (BPABP)~ A[ty, t,,...].

The structure maps for (4, I') consists of a product ¢: I'® ,I'—TI, left and
right unit maps 7., ng: A—I, a counit map ¢: ' >4, and a diagonal map y:
I'-I'®, I'. The product ¢ and the left unit map #, are built into the descrip-
tion of I as a polynomial algebra over A. The right unit map 7y is given above
(2.3) for the m,, and thereby, using (2.4), for the v; also. The diagonal map ¥
satisfies the formula
(2.5) o mir= % mt? @'
The notation M® 4 N requires that M be a right A-module, and that N be a
left A-module. I is a right A-module by 7, and a left A-module by 5,. The
notation #;, is usually suppressed, and 7y is sometimes called 7.

There is a formal group law associated with BP as follows. Let CP®
stand for infinite dimensional complex projective space, and let

(2.6) u: CP® x CP*—-CP*

be the map which classifies the tensor product of the canonical line bundles.
Then (in unreduced homology),

H*(CP~; BP)~ A[X]
H*(CP® x CP; BP)~A[Xy, X,],

which are respectively the formal power series rings in one and two variables
over A. The formal group law F is defined by the formal power series:
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F(X, Xp)=p*(X)=3 a;j XiXé
where the coefficients a; ; belong to 4,;,,;_,. Asin [1], let log be the formal
power series (over AQQ):

log(X)=3 mX?".
i=0

Let exp be the formal power series inverse to log, which satisfies log (exp X)
=X. Then

F(X,, X,)=exp (log X, +log X,).

The formal group law F is associative and commutative. Elements z; from I
may be substituted for the undeterminates, and we write >.F z; for F(z,, F(z,,
...)). Then formula (2.5) becomes

2.7 TEY)=2F ;@1 .
J J.k

There is a canonical anti-automorphism c: I'—I", which satisfies ¢y, =nz
and cng=n.. This gives a formal group law F* conjugate to F, defined by the
formula:

(2.8) YFzi=c(XF o(z).

Notation 2.9. Let c¢(t,)=h,;.
The elements h; satisfy the following formulas, which are obtained by ap-
plying ¢ to (2.3), (2.5), and (2.12):

(2.10) my= 3 (hy-?'n(m)
@11) B pgrtnm)= 3 k@R (m)
(2.12) SEW(h)=SF B Qh;.

We also have '~ A[hy, h,,...].
For each finite sequence of non-negative integers, I =(iy, i,,..., i,), let
BT =hit bz hin
The length of I is the integer I(I)=i;+ - +1i,.

Definition 2.13. For each non-negatively graded, free left A-module M,
let U(M) be the sub-4-module of I'® 4 M spanned by all elements of the form
A ® , m where 2I(I) < degree (m).

For an arbitrary non-negatively graded left A-module let
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F, L5 F,->M-0
be exact with Fy and F, free. Then define
U(M)=coker (U(f): U(F)-»U(Fy)).
It is easily verified that U(M) is independent of F,, F, and f.

Remark 2.14. 1In [2, (7.4)], the functor U(-) is defined in terms of another
functor G(-) (specifically, U(M) is the submodule of primitives in G(M)). The
discussion of [2, (8.7)] shows that the two definitions of U(M) agree.

There is a I'-comodule structure on I'® , M by the map
YR TR M-T®,I®,M.
An easy induction using (2.12) shows that y®1 takes U(M) to U?(M), and
hence induces a map
v UM)—-U*(M).

There is also a counit map &V: U(M)—M induced by the counit map in I. In
the notation of [2, §5], (U, dY, &V) is a cotriple on the category . of non-
negatively graded left A-modules.

A module M in o7 with a U-structure will be called an unstable I'-comodule
(see [2, (7.4)]). This means that there is a map ¥: M—U(M) such that the
following diagrams commute:

MY s UM) M—Y 5 UM)
(2.15) l laU . lau
UM) gy UX(M) \M .

The category of unstable I'-comodules will be called # (# is called «/(U) in
[2]). By construction # is an abelian category. To simplify notation, we shall

write
Exty' (M) for Exts, (A[f], M)
for M in %. These Ext groups may be calculated as the homology groups of

an unstable cobar complex C*-*(M). Specifically, for each pair (s, f) of non-
negative integers,

Cs: (M) =Us(M), .

As is customary, we write [y, | --- | 7,]Jm for the element 7, ®@---®@y,Qm in Us(M).
The complementary degree ¢ of such an element is the integer
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t=deg (y,)+ - +deg (yy)+deg(m).
The differential
ds: Cs*(M)—-Cst1-1(M)
is given by

ds[‘},l [ ter I’))s]’n=[1 |Y1 l A lys]m
+ X (=D 15 1 Ly m
+ 2 (=1 Ly | Ly |y Im”

where Y(y;)= 2 7;®77 and Yy(m)=3 y'®@m". Then, from [2, (9.3)], we have
Exty’ (M)~ H>{(C**(M)).
Remark 2.16. As in the stable case, there is a smaller ‘‘normalized” cobar
complex C*-*(M). This is obtained from the functor
U(M)=ker {eV: UM)—M}
by
Co-*(M)=Us(M).

The inclusion C(M)—C(M) is a chain equivalence. This gives the following
‘‘easy’” vanishing line.

Proposition 2.17. If M is a k-connected unstable I'-comodule, then
Extyf (M)=0, for t<2(p—1)s+k.

The proof is immediate because Cs*(M)=0 for t<2(p—1)s+k.
This vanishing line will be improved in Section 5.

§3. The Spectral Sequence for SU

When the space X is SU (=the infinite special unitary group), the unstable
Adams-Novikov spectral sequence simplifies considerably, as shown below;
compare with the unstable spectral sequence for SU based on mod p homology
in [4, p. 191]. In fact, we have the following general result.

Theorem 3.1. Let X be an H-space with torsion-free homology and
torsion-free homotopy. Then the unstable Adams-Novikov spectral sequence
for X collapses. That is,
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m.(X), for s=0,

Est(X z{
(%) 0, for s>0.

Before giving the proof of Theorem 3.1, we recall the results of Wilson [10]
which are the main ingredients of the proof.

Wilson’s Spaces Y, (3.2). There are indecomposable H-spaces Y, (k=1, 2,
...), which have the following properties.

(i) Yis (k—1)-connected, and 7, (Y,)=Z .

(ii) For k#2(p"+p*1+---+1), QY ;=Y. For k=2(p"+p1+--
+1), QY1 x2Y, x Yy,

@) If f: Y,—Y, is a continuous map which induces an isomorphism f:
i () ~ 7, (Y3), then f is a homotopy equivalence.

(iv) If X is a H-space with torsion-free homology and torsion-free
homotopy, then X is a product of the Y;’s:

X =~ ].—Iac Yka,
(but not necessarily as H-spaces).

(v) Let BP, be the k-th space in the Q-spectrum for BP. Then there are
maps i and j

Y, —is BP, -1, Y,

where jeoi is a homotopy equivalence. Moreover we may consider BP,=Y, xZ
where Z is a space at least k-connected.

Proof of Theorem 3.1. For each of the spaces Y;, consider the following
homotopy-commutative diagram:

Y, -1 BP(Y,) -5 Y,

[ e T

BP, ', BP(BP,) —“, BP,

where n'=n(Y,), n=n(BP,); the map p is induced by the product in BP, and
1 =jouoBP(i). The properties of BP as a ring spectrum imply that pon is a
homotopy equivalence. Hence p'o’ induces = (Y,)~n,(Y;), and so by (3.2,
(iii)) must be a homotopy equivalence. By the construction (2.1) or [2, (2.4)]
this implies that the spectral sequence for Y, collapses. It follows that for any
product of the Y,’s, the spectral sequence collapses. By (3.2, (iv)), X is such a
space, so the spectral sequence collapses for X. Q.E.D.
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Remark 3.3. Using the facts that SU is an H-space with torsion-free
homology and torsion-free homotopy, we see that the spectral sequence collapses
for SU. For an alternative approach, see Remark 3.8.

We proceed to analyze the image of the BP,-Hurewicz homomorphism
im {n, (SU)—>H,(SU; BP)} ~E$-*(SU)
~Exty*(PH.(SU; BP)).
Here PH,(SU; BP) stands for the submodule of primitives in H,(SU; BP)
considered as an unstable I'-comodule. For later use, we give a description of
PH,(SU; BP). Recall from [8] that there is a map
fi S'ACP®-SU.

Asin [1], let B, for k=1, 2,... be the natural generator of H,(CP*; BP). Let
faleg A B)=X314, Which is a primitive element in H,;,,(SU; BP). H,(SU;
BP) is cofree as a coalgebra, and PH,(SU; BP) is the free A-module generated
by {x,1+1}> k=1, 2,....

To describe the unstable I'-coaction on PH,(SU; BP) we proceed as follows.
As in [1], by abuse of notation, let §, also stand for the generator of H, (CP*;
MU), and let bMU be the generator of H,(MU; MU). Then from [1, (11.4)]
the formula for the coaction in H (CP*; MU) is

V(B)=3 (X bY@

where (3, bMY)j _; stands for the terms of degree 2k—2j in (L,bMV)). The
Quillen idempotent induces a map from H,.(MU; MU) to H,(BP; BP) which
sends > bMU to X F* h,, as shown in [2, (8.3)]. Thus the formula for the
coaction in H,(CP*®; BP) is

VBO=3 (T h)-,@F;.
Then by naturality of f,, the formula for the coaction in H,(SU; BP) is
(3.4 Y(Xak41)= ; (Z;.F* h)l—;®%5j41 -

It would be awkward to calculate the groups Exty*(PH,(SU; BP))
directly. Instead, we do the following. Define an A-linear map

¢: PH,(SU; BP)>PH, ,,(SU; BP)
by
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it+1
O(Xi 4 1)=I§1 ka; x+1%2541

where a;=a;, (the a;; are the BP-formal group law coefficients). The a, may
be computed recursively by a,=1, and the formula (see [1, (10.1)]):

z pim,=(X a)™".
s20

nz0

Let ¢* stand for the k-th iterate of the map ¢. The following is motivated by
Toda’s proof of the Bott Periodicity Theorem [8].

Proposition 3.5. For each non-negative integer k, ¢*(x3) generates
E$:2k+3(SU).
Proof. The Hopf construction applied to the map u: CP® x CP* gives a
map:
H(p): SIACP®*ACP® —» SIACP™.
The restriction of H(u) to S' A S2ACP® will be called {. { induces a map in
homology:
s Hy(CP®; BP)>Hy . 5(CP®; BP).

By dualizing the formal group law for BP, we see that

Ca(B)= %, Kay-ie 1B
Consider the composite map (which will be called ;. ,):
§2kt3 _lncl. , g2kt1 o G SZTG g2kt p O P S,
w820, §IACP? L, SIACP® L, SU.
The map (., induces a map of the unstable Adams-Novikov spectral sequences
(Cus)at B4 (S2679) E§24 (SU)

with ({4 Ds(e2k+3) =@%(x3). This shows that ¢*(x;) is a cycle. By examining
the coefficient of x,,, 4, Where m is the integer k— 1 reduced modulo p—1, we
see that ¢*(x;) is not divisible by p. Therefore, ¢*(x;) is a generator of
E$:2k+3(SU). Q.E.D.

Remarks 3.6. (i) The above proof also shows that the composite map
{r+1 18 a generator of my,.( (SU). This reproves a theorem of Toda [8].

(ii) Some examples of the generators of E%:* (SU) for the prime p=2 are
the following :
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P(x3)=2x5—0;X3
¢2(x3)=6x,—6v,x5+3v%x5
P3(x3)=24xy—36v,x,+300%x5 — (120, + 9v?)x5 .

Theorem 3.7. Let Y be an H-space with torsion-free homology and
torsion-free homotopy. Suppose that X is a space such that H.(X; BP) is
cofree as a coalgebra over A, and that

PH.(X; BP)~PH,(Y; BP)
as unstable I'-comodules. Then X ~Y.

Proof. By (3.1), the unstable Adams-Novikov spectral sequence for Y col-
lapses. Both X and Y satisfy the assumptions of (2.2), so E¥* (X))~ E%*(Y).
Thus the spectral sequence collapses for X too, and m.(X) is free over Z,.
Also, H(X; Z,)) is free over Z,, because of the isomorphisms:

Hy(BP; Z,)®z,,, H(X: Z ) ¥ 1(BP A K(Z ) A X)
~H,(BP; Z,))® 4Hy(X; BP).

Therefore, by [1, (5.23)], X is an H-space with torsion-free homotopy and
torsion-free homology. By (3.2, (iv)), X and Y are each a product of the Y,’s.
As m, (X)= 7, (Y), the factors which occur for X are the same as those which
occur for Y. : Q.E.D.

Remark 3.8. It is possible by a lengthy calculation to determine the co-
action in the space Y=Y; x Y5 x ---x ¥,,_;, and then to show that

PH.(SU; BP)~ PH.(Y; BP)
as unstable I'-comodules. Thus (3.7) implies that
SU=Y;X Ysx-xYy,_y.

Making use of (3.2, (iv)), we have that Q?Y,~S!'xY,,_,, and that for 2<j
<p—1,Q22Y,;,,~Y,;_,. Thus

QASU)= S x Yy, X Y3x XYy, 3
~S1x SU

which is the (complex) Bott periodicity theorem.

§4. Calculations of E-*(SU(n))

Let SU(n) be the spectral unitary group in » variables. H,(SU(n); BP) is
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free as an A-module, and cofree as a coalgebra. The submodule of primitives
PH,(SU(n); BP) will be called M(n). By (2.2), we have
E5* (SU(n)) ~Ext5! (M(n)).

As an A-module, M(n) is freely generated by the elements X3, Xs,..., Xg,—
defined in Section 3. The unstable I'-comodule structure ¥ : M(n)—UM(n)
is given by formula (3.4). The groups Ext$’ (M(n)) are the homology of the

unstable cobar complex. By sparseness, we have
Es*(SU(n))=0, for t even.
Consider the fibration
SUm)-SU(n+1) —» S2n+1,

Passing to BP,-homology, and then taking primitives, we obtain a short exact
sequence of unstable I'-comodules:

0->M(n)»M(n+1)—A[2n+1]-0.

This induces a long exact sequence of Ext groups, which, after identifying them
as E,-terms, becomes

@.1) - B3t (SU(n) - Eg* (SU(n+1)) - Ei(52r+1) 2 ..

where 6 has bidegree (1, 0). The indexing (s, ) is such that ¢—s is the homotopy
dimension, whereas in [2], as in the stable case (e.g. [6]), —s is stem dimension.

Proposition 4.2.

(i) E$*(SU(n)=E%*(SU(n+1)), for t<2n+2s.
(ii) E$*SU(n)=~0, for t=2n,
ES2HY(SUMm)~Z ), for 1=i<n.
(iii) E}2"+*Y(SUMM))=Z,)/(n)Z .
(iv) For n<k, the inclusion SU(n)—SU(k) induces a monomorphism

E}26+1(SU(n))— ES 24+ 1(SU(K)).

Proof. Statements (i) and (ii) follow immediately from the long exact
sequences (4.1), the easy vanishing line (2.17) for E$*(S?"*1), and the calcula-
tion of E9*(SU). Part (iii) follows from (3.5) and (4.1). Part (iv) follows
from (4.1) and the fact that E$-*(S2"+1)=0, for 1 #2n+ 1. Q.E.D.

The calculation of the rest of the 1-line for SU(n) is the calculation of
which elements of E3-2¥+1(SU(k)) pull back to E}-2+1(SU(n)), for n<k. The
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difficulty in working directly with the cobar complex C*:* (M(n)) is the formal
sum which occurs in the expression for the differential. That is,

A(x204+1)=1@®X 2541 —Y(X2141)
k=1 )
= _,;1 (;F* hs)ljc-—j®x2j+1 .

To overcome this difficulty, we introduce a map é: I'-() as follows. From
Section 2, we see that I'® 4@ is a polynomial algebra over  generated by
the m, and the ng(my), k=1, 2,....

Definition 4.3. Let ¢: I'®,Q0—~ be the homomorphism defined on the
generators by
e(my)=1/p*
eé(ng(m;))=0
for k=1, 2,.... Also, let e: I' > denote the restriction of this map to I'.
Lemma 4.4. For the Hazewinkel elements v; in I', we have &(v,)=1,
e(v)=0 for i>1.
Proof. v,=pmy, so &u,)=1. For i>1, the v; are defined by formula

(2.4), and it follows by induction on i that é(v;)=0 for i>1. Q.E.D.

In the unstable cobar complex C**(S§27*+1), we have CO*(S27+1)x A.
For a in A, d(a)=ng(a)—a, so
e(d(a))=—e(a).
Therefore, e(d(A))=Z,. Passing to the homology of the unstable cobar
complex, we obtain a well-defined map
e: EY*(S™) Q12

which is (up to sign) an unstable analogue of the complex Adams e-invariant
localized at p. The description of EL*(S§27+1) in [2, §9] shows that e is a
monomorphism. Thus the order of any element « in E3-* (S§2#*1) is the same
as the order of e(®) in Q/Z ).

Definition 4.5. For each pair (k,j) of positive integers, we define a
rational number b, ; as follows. For each j=1, let

<Y+ Yp +- ) = % by, Y*
EN)

in the formal power series ring @ [Y].
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The properties of € which will be used in the proof of (4.7) are the following.
Recall from (2.9) that h,=c(t,), where ¢ is the canonical anti-automorphism.
Lemma 4.6. (i) é(h)=1/p*,
(ii) é(ZF* hs)i—j=bk,j'
Proof. Apply the canonical anti-automorphism ¢ to (2.3) to obtain
my=ng(m)+h " np(my_ 1)+ -+ hy.
As e is 0 on the image of g, part (i) follows. For part (ii), we have
B . . B . p—1 p2-1 Jj
e(F hy=e(Tholy=(1+ L+ L)
2 Jj
=<Y+—I:"—+-——Y'; +>
p P k

=bk,j‘ Q.E.D.

k=j

The matrix B=[b, ;] is lower triangular, with diagonal entries b, ,=1.
Hence there is a well-defined inverse matrix C=[c, ;] which is also lower tri-
angular. For each 2<n=<k, let wy(n) be the integer defined by

wy(n) =maximum {order ¢, ; in Q/Z,)} .
n<jsk

Theorem 4.7. For each 2<nZ<k,

E32% 1 (SUm) = o (n)Z k! Z .

Proof. From Section 2 (see also [2]), we know that E%:*(SU(n)) may
be calculated as the homology of the unstable cobar complex C* *(M(n)).
Let g, be the element —d(x,;. ) in CL2**1(M(k+1)); that is

=Y (X21+1) — 1®X2p+1
k—1 .
= '21 = hs)fc—j®x2j+1
=

k-1
= Z Vi ®X2j+1
Jj=1

where y, ;=X hyi_;. Thelongexact sequence (4.1) shows that the homology
class of g, generates E}-2¥*1 (SU(k)).

Next, let integers t,(n) for 1=<n<k and rational numbers a, (n) for 1=n
<k, all 1< j, be defined as follows. First, let a, j(k)=&(y,,;). Then recursively
for 1<n<k, let

t(n)=order of a,,(n+1) in Q/Z,
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ak,j(n) =1,(n) (ak.j(n +1)— ag (n+ l)an,j(n)) .

We shall show by downward induction on » that for 1=n =<k, there are elements
gi(n) in UM(n) of the form

n—1
gdn)= 21 Yk,j(")®x21+ 1
=

where the y, ;(n) are in I with &(y, (n))=a, ;(n), and such that the homology
class of g,(n) in E4-2¥*1(SU(n)) represents the generator. This is true for n=k,
because g,(k)=g,. Then assume inductively for n<k that there is an element
gi(n+1) as asserted. Consider the map

E},2k+1(SU(n +1)) 2=, E£,2k+1(sln+1) )

Then pu(g(n+1))=y®x3,.,, where y is in I', with é(y)=a, ,(n+1). Then
1 (n)=order of y®x,,,, in E3}-2kT1(§27+1) 5o there is an element ay(n+1) in
A, with

dlan+1))=1(n)-y®X3,+ -
Then the element
gy =n(mg(n+1)—d(a(n+1)x2,.,)
= :Z: Ve, (M ®X354 1
generates E3-2¥t1(SU(n)), and satisfies
é(ys, j(n))=ak, j(") .

Next we define rational numbers b, ;(n) for all pairs of integers (k, j) with
k=n as follows. First, b (k)=b,; as defined in (4.5). Then recursively for
n<k, let

bk’j(n) = bk,j(n + 1) - bk’n(n + I)bn,j .

Observe that the result of row-reducing the k-th row of the matrix B=[b, ;] by
using rows k—1, k—2,..., n+1 takes the k-th row

<bk,13 bk,25'-'5 bk,k—l’ 1, 0,...>
to the row
(b (m+1),..0, by (n+1),0,...,0, 1, 0,...5 .

Hence, in the matrix C (=the inverse of B), we have ¢, ,= —b,,(n+1). In
particular, these two rational numbers have the same order in @/Z,,. We
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assert that
ag, (n)=wi(n) - by (n)
which we shall show by downward induction on n. The statement is true for
n=k, as ay j(k)=by j(k), and wi(k)=1. Assume inductively that
ak’j(n + 1) =Cl)k(n + 1)bk,](n + 1) .
Then
ar () =1(n)(a; (n+1)—a,(n+1)a,;)

=1(mwn+1) (b (n+1)—b, (n+1)b, ;)

=tdmwn+1)b (n)

=order (a;,(n+1)) - w(n+1) - by ;(n)

=order (wy(n+ by ,(n+1)) - o (n+1) - by (n)

=max {w,(n+1), order (b, (n+1)}b, ;(n)

=w(n)by, j(n) .

Finally, we consider the map

(ing)s s ES2¥(SU(n))— ER2**1(SU(K))
induced by the inclusion i,,: SU(n)—SU(k). By (4.2, (iv)), (i,4)« is a mono-
morphism, and by the above,

(in,k)*gk(n) =wy(n)- gy
Thus E}-2**1(SU(n)) = w(n)Z ,/k! Z,, as asserted. Q.E.D.
From these calculations, we can determine the kernel of the homomorphism
E%*(SU(n))—E3*(SU(n+1)).

Recall from [2], that E1-2k*1(S2#+1) is shown to be a cyclic group of order
a(n) where g(n) is as follows. If k—n#0 mod 2p—2, o,(n)=1. Otherwise,
write k—n=(2p—2)-p™-q, where ¢ is prime to p. Then for an odd prime p,

ol(n)=min {p", p ™"}
and for p=2,
2, if k—n is odd,
2, if k=3, n=1,
4, if k—n=2, n=2,
min {27, 2m+2} | otherwise .

o(n)=



UNSTABLE ADAMS-NOVIKOV SPECTRAL SEQUENCE 755

Corollary 4.8. For k<n, the kernel of
E%-2+1(SU(n))— E3-2*+*1(SU(n+1))

is a cyclic group of order g, (n)/t(n), where a,(n) is as above, and t(n) is the
integer defined in the course of the proof of Theorem 4.7.

Proof. From the long exact sequence (4.1), we must determine the co-
kernel of

E§'2"+1(SU(11+1))—> E%,Zk-‘-l(shﬁ-l).

We have calculated that for k<n, the order of the image is 1,(n). Therefore
the cokernel has order o,(n)/7,(n) as asserted. Q.E.D.

Remark 4.9. The results of Bousfield [3] concerning products in the un-
stable homotopy spectral sequence with coefficients in a ring may be generalized
to a ring spectrum (in place of the ring). The statements of [3, (8.2)] apply to
our situation. In particular, the differentials are seen to act as derivations with
respect to the action of E¥*(S?#*1) on E**(SU(n)). The coboundary map

§: Eyi(S2m+1)» Eg*14(SU(n)

has the form d(a)=+a®d'(x,+1), for o in E$*(S?"*1). Thus § is map
of spectral sequences. For an odd prime p, the elements of E}.2k+1(S2n+1)
are all permanent cycles [2], and their coboundaries are permanent cycles
in E%2k*1(SU(n)). When non-zero, these represent non-zero elements of
nx(SU(n)). A similar but more complicated statement holds for p=2, taking
into account the differential d® on E}-* (§2#+1),

Examples 4.10. Some examples (of the upper left-hand corners) of the
matrices of (4.5) are the following:

(1) For p=2,

1 0O 0 0O 0 o

1

5 1 0O 0 0 O

0 1 1 0O 0 O

B=|1 1 3

£ 4 2 L 0o
1 3

0 5 4 2 1 0
1 7 5

0 4 38 3 5 1
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1 0 0 0 0 0
1
-5 1 0 0 0 0
1 _
-1 1 0 0 o0
C=l 7 5 3
g 472 b 00
13 _9 _9 _
8 "4 4 -2 10
s 05 15 5
6 2 4 2 72
(2) For p=3,
1 0 0 0 0 0
0O 1 0 0 0 0
1
T 01 0 00
B= )
0 5 0 1 0 0
00 1 0 1 0
1 4
0 5 0 F 0 1
I 0 0 0 0 0)
0o 1 0 0 0 o
1
-3 0 1 0 0 0
c=l 0o-% 0o 1 0o o0
L o-1 0o 1 o
3
7 _4
0 5 0 -3 0 1

(3) The methods of this section also apply to the unstable Adams-Novikov
spectral sequence based on MU (instead of BP). In this case, the definition of
€ becomes

e(m)=1/k+1
e(n(my))=0
where the m,=[CP*]/k+1 in n,(MU). The matrix B of (4.5) is defined by
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2 3 j
<Y+—Y + X +> = 3 b, Y
2 3 Ksi

The matrix C is the inverse of B, and then w,(k) is the least common multiple
of the orders of ¢, ; in /Z as n<j<k. The analogue to Theorem 4.7
becomes:

EL21 (SU(n) ~ w(n)Z/k! Z

For this, the integral case,

1 0 0 0 0 0
1
> 1 0 0 0 0
Loy 1 0 0 o
3
B=| { 11 3
—4‘ﬁ7100
1 5 1
5 ¢ 4 2 L0
1013 15 17 5,
6 180 8 6 2
1 0 0 0 0 0
1
> 1L 0 0 0 0
L 7y 1 0o o o
6
C= 1 7 3
"4 127y 00
1 15
™ "4 ¢ -2 10
_1 o33 13_5
720 360 4 6 2

§5. Some Calculations in E%-%*(S2"*1)

In this section, we describe a method of making resolutions of unstable
I'-comodules which are convenient for calculations. We use these resolutions
to establish vanishing lines for unstable Ext groups. In particular, we give a
vanishing line for E$-*(S?"*1). We also make some calculations of E3-*(S2+1)
in low stems, which together with the calculations of E3}-*(S27+1) of [2], give
some of the unstable groups m,(S2*+1).
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Throughout this section, a prime p is fixed, BP is the Brown-Peterson
spectrum associated with p, n.(BP)=A, and n.(BP ABP)=I. The category
of connected A-modules is called .o#. The category % of unstable I'-comodules
is defined in Section 2 by the cotriple (U, &Y, 6V) on . Let J: #— be the
forgetful functor. Then for M in 7 and N in %, there are natural isomorphisms
o and f:

(5.1) Homy,, (N, U(M)) :7}—; Hom,, (J(N), M).

If f: N>U(M) is a map in %, then a(f)=¢&Vof: J(N)>M is a map in &. If
g: J(N)»M is a map in «, then B(g)=U(g)oy: N>U(M) is a map in %.
Specifically, if x is in N, with Y(x)=73"; 7;®x;, then

5.2) B@) ()= % 7®g(x).
In particular, a map f: No>U(M) in # is determined by the map g=¢Vf by
formula (5.2).

Recall that A[¢] is the free A-module on one generator ¢, of degree ¢, with
trivial I'-coaction. Then for any A-module M,

Hom,, (A[t])~Hom,, (J(A[f]), M)~ M,.

Acyclic Resolutions (5.3). Supposethat M isin . Then an acyclic reso-
lution of M by models is a sequence

0—-M -2=5 UMP®) 22, UMY 24, UM?) > ..
which is acyclic, and the maps 0_4, 0y, 04,... are in %. From this, we obtain
a complex
MO 4%, M4, M2,
where, for each i =0, d is the map
di(x)=g0,(1®x).
Then, by standard homological algebra in the abelian category #, we have:
(5.4) Ext$t (M)~ (ker ds/im ds~1),.
Our next step is to find convenient resolutions for certain kinds of modules.

Definition 5.5. An A-module M is called quasi-free if M~F/R where F
is a free 4-module with homogeneous basis {x,}, and R is a sub-4-module of F
which is generated by homogeneous elements {r}, each of which is of the form
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T=2 CuX,
-4
where the ¢, are in Z,,.
The usefulness of quasi-free modules is the following.

Proposition 5.6. Let M be a quasi-free A-module. Let n be a fixed
positive integer, and let N be the sub-A-module of M spanned by the elements
of M,, for m<n. Then

M~N@®M/N
as A-modules.
Proof. Write M~ F/R as given in the definition (5.5). Then let

F,=span {x, | degree (x,)<n}
F,=span {x,|degree (x,) =n}
R, =span {r|degree (r)<n}
R, =span {r|degree (r)=n}.

Then it is immediate that F=F,@®F,, R=R,®R,;, and N=xFy/Ry, M/N
~F{/R,. Thus

M=~F,/Ro®F,/R,
~N®M|N. Q.E.D.

Proposition 5.7. Let M be an unstable I'-comodule, which is quasi-free
as an A-module, and suppose that connectivity (M)=k—1, with k=2p—1.
Then

ExtZ5{(M)=0, for t<2(p—Dps+k,
ExtZtL¥(M)=0, for t<2(p—1)(ps+1)+k.

Proof. By downward induction on the connectivity of M. If M is highly
connected, (5.7) holds by the Miller-Zahler vanishing line for stable I'-comodules
([6], [12]). Assume inductively that (5.7) holds for connectivity =k and let M
be an unstable I'-comodule, quasi-free as an A-module, with connectivity (M)
=k—1,and k=2p—1. We construct an acyclic resolution of M by models as
follows.

Let §27=2M be the (§??72M),,_,+,=M,. For x in M, let S?*»~2x denote
the corresponding element in S?2#72M. The unstable I'-comodule structure on
M is a map ¢: M—->U(M). Recall from (2.13) that U(M) is spanned by
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the elements h®x where x is in M, and 2l(I)<degree(x). Thus coker ¢ is
spanned by the same h!®x but excluding the 1®x. We define an A-linear
map

f: coker y—S?—2M
by
f(h,®x)=S8?%""2x
f(h'®x)=0, for hl#h,.

It is easy to see that fis well defined.
Let N be the sub-A-module of coker ¥ spanned by the elements of degree
strictly less than 2(p—1)p+k. Then by (5.6),

coker y ~ N@(coker y//N).
Let M'=S8?"2M @(coker ¥/N), and let
(f®A): coker y—»>M!
be the map where f is as above and A is the natural projection. Then g=
B(f®4) is a map
g: coker y—U(M1).

We claim that (i): g is one-one; and (ii): g is subjective in degrees<2(p—1)p
+k. Note that M quasi-free (as an A-module) implies that U(M) and coker yr
are quasi-free also. Consider

coker Yy -2, U(M') -2 M!

N@(coker Y/ N) S2r~2 M@ (coker ¥/ N) .

Suppose that x, is in N and x, is in (coker ¥/N) and that g(x;®x,)=0. Then
the projection of eg(x,;@x,) on coker /N is x,, so x,=0. N is spanned by
elements of the form h!®x which have degree<2(p—1)p+k. Thus N is
spanned by elements hf®x, where 0<n<p. Then

g(ht®x)=(nhi ' ®S?7~2x) + h} ®@eg(1®x) .

Statements (i) and (ii) now follow readily by induction on n.
We next construct an acyclic resolution of M by models

0->M 21, U(M) 22, U(M?Y) 2215 UM?) —s ---
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as follows. The map d_, =y, the coaction map for M. The map 0J, is the
composite

U(M) — coker y -2, U(M?Y)

where A is the natural quotient map and g is defined above. Let M?=coker d,,
and for i>2, let Mi=U""2(M?). For i=1, the ; are the maps in the cobar
resolution for M2, Then by (5.4),

Ext3 (M)~ (ker d%/im d5~1),
of the sequence
M 45, M4 M2 42,

By construction, M!=0, for t<2(p—1)+k and M2?=0, for t<2(p—1)+k.
Therefore

Exty'(M)=0, for t<2(p—-1-+k,
Ext2(M)=0, for t<2(p—1)p+k.
For s=3, we have isomorphisms
Exty (M)~ Exty 2t(M?).
The statement of (5.7) follows by induction. Q.E.D.
Corollary 5.8. Forn=p—1,
E3s1(S?"+1)=0, for t<2(p—1)ps+2n+1,
E%3st1L,y(S§2nt1) =0, for t<2(p—1)(ps+1)+2n+1.

Definition 5.9. For each pair of positive integers (m, k) with m<p, let
M, (k) be the free A-module with generators

{x2m+1+2(p—1)i}’ O=si<k.
The I'-coaction on M,(k) is given by formula (3.4). (The coaction is defined
because I is sparse, i.e. [,=0if t#0 mod (2p—2).)

Corollary 5.10.
ExtZ+Li(M,(k))=0, for t<Q2p-2(ps+k)+2m+1,
ExtZ+t2:t(M,(k)=0, for t<2(p—1(ps+k+1)+2m+1.
Proof. The short exact sequence of unstable I'-comodules

0-M, (k) >M, (k+1)—»A[2m+1+2(p—1)k]—-0
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induces a long exact sequence of Ext groups. Then (5.10) follows by induc-
tion, using (3.3) and (5.8). Q.E.D.
Corollary 5.11. Let n<p—1. Then for each s=0,
E%3s+L.y(S§2my=0, for t<2(p—1)(ps+1)+2n+1,
E25t2,4S§2nt 1) =0, for t<2(p—1)(ps+2)+2n+1.
Proof. This is the statement of (5.10) with k=1. Q.E.D.
Remarks 5.12. (i) In [7], spaces B,(k) are constructed, with
PH(B,(k); BP)~M,(k).

(In [7], B,(k) is denoted Bk(p).) As a consequence of [7, (3.5)], the unstable
Adams-Novikov spectral sequence for SU(n) breaks up into a direct sum of
(p—1) spectral sequences, with

E(SUM)~, & _Exty (M(k(n, m)

where k(n, m)= L"—_—Z::l] +1.

(i) The vanishing line (5.11) cannot be improved on S3 as BjaZ#0 in
E,(S®) for all ». (B, and a; denote the classes in E, which represent the cor-
responding homotopy elements.) This is not the best possible for higher
spheres; see Theorem 5.16, below.

Corollary 5.13. For t—s<2(p—1)(p(p—1)+k)+2m—1,
Extg' (M,(k))=E%* (B,(k))
and there are no extensions if t—s<2(p—1)(p(p—1)+k—1)+2m.
Proof. Sparseness. Q.E.D.
Example 5.14. If n<p—1, and g<2p(p—1)+2n+1,
7, (SUm)) = E,(SU(n))

and all non-zero elements occur in filtrations 0, 1 and 2. Compare with [12;
(5.7.4)].

Remarks 5.15. The above applies to any space X such that H.(X; BP) is
free as an A-module and cofree as a coalgebra, and such that PH.(X; BP) as an
unstable I'-comodule is isomorphic to a direct sum of M,,(k)’s. In particular,
for p an odd prime, by [7; (4.1)], these methods apply to Spin (n) and to Sp(n).
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We leave the details to the reader.
To illustrate the method (5.7) of resolving unstable I'-comodules, we
show the following (see [9; (7.1)]).

Theorem 5.16. Let a prime p be fixed. For ¢ in the range 2n+1<gq
<2p*+2n—4, the p-localized group m,(S*"*') is zero except in the following
cases:

(i) For O<k<p,
Tap-20k+20 (S*"RZ .
Also (the case when k= p),
Tap-2yp+20 (SR Z,, for n=1,
~Z,, for n>1.
(ii) Forn<k<p
Tap-2p+2n-1 (SR Z,.
Also (the case when k=p),

n(Zp-Z)p+2n—1(Szn+1)zZpa for n=1, or nzp,
rZ,, for l<n<p.

Proof. We prove (5.16) for n<p. The proof for n=p is similar. For
the range 2n+1<t—s<2p?>+2n—4, by (5.11), we have E$*¥S?*1)=0 for
s>2. Hence in this range,

T (S R EL-at(S2ntY), for g even,

~ E%9+2(S2n+1) for g odd.

We shall calculate E%-*(S2"*!) in this range by an acyclic resolution of
A[2n+1] as follows. Let M° be the free 4-module with one generator x of
degree 2n+1. Let M! be the free A-module with one generator y of degree
(2p—2)+2n+1. Let M? be the A-module generated by elements z,, z,,...,
z,-»» Where degree (z;)=(2p—2)(n+i)+2n+1, modulo the ideal of relations:

pz4
(n+kyzp—pn+k+ 1z .
We note that these relations imply that in M2,

p'z;=0, for 1<i<p-n,
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—-n+1l~ —
pp " ~p—-n_"0'

Let M3 be the sub-A-module of I'® , M? generated by the elements {h®z;},
where 1<i<p—n and k>0, and with relations induced from those in M2
Let

0_,: A[2n+1]->M°

be the map with 0_,(c3,+1)=1®x. By [2, §8], in the range of dimensions
under consideration, U(M?°) has an A-basis consisting of the elements:

h®x, for 0<k<n,

v, ®@x, for n=sk<p-1.
Let 0o: UM% —U(M?!) be the A-linear map defined by

Oo(hf®x)=khf 1@y, for 0Zkz<n,
Oo(hsv, @x)=kv W 1@y —plk+ Dhi®y, for nsk<p-—1

Let d,: UM')— U(M?) be the A-linear map defined by
0,(h*®y)=0, for 0Zk<n,
61(’l’1‘®y)=kZﬂ!<li{>’1i'®2k-n-i+1 ) for nsk<p-—1.

i=0

Finally, let 8,: U(M?)—U(M?3) be the composite

U(M?) —2 U(M?)/Im 8, ~ M?® Y, U(M?)

where A is the natural quotient map and y is the coaction map for M3.
It is readily verified that

0> A[2n+1] 2= U(M®) 2o, U(M?Y) -2, U(M?) 22, U(M?)

is an acyclic resolution of A[2n+1] in the range of dimensioﬁs under considera-
tion. Thus, by (5.4), in the range t—s<2p*+2n—4, E5'(S?"*!) may be
calculated as the homology of the complex
MO 4%, p_dt, M2 _dZ, Af3
The maps d* are given in (5.3), which in this case become:
do(vkx) = pkv¥—1x
0, if n>1,
di(v*y)=4 0, if n=1, k<p-1,
PPz, y, if n=1, k=p-1.
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Furthermore, the kernel of d? is generated by the elements {v}p* 'z} for
m=0, k=1. The relations in M3 imply that

vz, =p*zps1 s for k<p-n-1,

P—n—1., — pP—n-
Ul n 21—pp n‘p_"

(to within a factor of a unit in Z)). Thus in the range t<2p’>+42n-3,
EL-1(S27+1) is generated by the classes {v¥y} (except when n=1, and k=p—1,
in which case pvi~!ly is the generator). These classes have the orders asserted
in (5.14, (i)). Also, in the range :<2p?+2n—2, E%*(S?"*1) is generated by
the classes {v¥z,] for 0<k<p—n—1, and by vy=""1z,/p. These classes have
the orders asserted in (5.16), (ii). Q.E.D.

Remarks 5.17. In the range g<2p?*-—35, the double suspension homo-
morphism

Ton+1+q (82" ) > 1y, 3+4q (§21+3)

is the multiplication by p except in the following cases, when the double sus-
pension sends a generator to a generator.

1) qg=Qp-2k—1 and O<k<p, all n,
q=Q2p-2)p—1 and n>1.

(2) 9=@2p-2k-2, and nzp-1.
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Note added in proof: In order to compute the matrix C in Section 4 it is convenient to
use the following observation: For a polynomial A(Y)=Y +a,Y2+--- let [A(Y)] be the
matrix with the entries in the j-th column given by the coefficients of (4(Y))/. Then [B(Y)]
[A(Y)]=[A4B(Y)].



