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On the Diameter of Compact Homogeneous
Riemannian Manifolds

By

Kunio SUGAHARA®

Introduction

Let M be a compact Riemannian manifold. The diameter d(M) of M is
defined to be the maximum of d(p, q) p, g € M, where d( , ) denotes the distance
function on M induced by the Riemannian metric.

The main purpose of this paper is to find a positive constant d such that
the diameter d(M)=d when the sectional curvature K<1.

In this paper we consider the case that the manifold M is homogeneous.
In [3] the author proved that d ==/2 if the manifold has a big isotropy subgroup.
It has been left to study the case that the isotropy subgroup is finite. Hence we
shall mainly study invariant metrics on a Lie group and prove that the number
d>0.23 if the sectional curvature K0 (Theorem 5.1).

§1. Fixed Points of Isometries

Let M be a compact C* manifold with a Riemannian metric g. Letd,( , )
denote the distance function on M induced by g. Let I(M, g) denote the
group of isometries of (M, g). Let p be a point of M. We denote by I,(M, g)
the isotropy subgroup of I(M, g), ie., I (M, g)={aecl(M, g); ap=p}. Let
A be a connected subgroup of I,(M, g). Put F(d)={xeM; Ax=x}. Then
it is easy to see that F(A) is a disjoint union of closed totally geodesic sub-
manifolds of M. For a curve c: [0, 1]-M, we denote by length, (c) the length
of ¢ with respect to the metric g.

Lemma 1.1. Let A be a connected subgroup of I,(M, g) with dim A=1.
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Then F(A)&EM. Let y: [0, 11> M be a geodesic starting from a point of F(A)
in the normal direction to F(A). Assume that the sectional curvature K,<k
(k>0) and length, (»)Sn/2\/k. Then d(F(A), y(1))=length,(y), i.e., the
injectivity radius of F(A) is not less than n/2\/k .

Proof. In case that k=1 and A is the identity component of I (M, g), this
is Proposition 4.2 in [3]. The proof in it is still valid for the case that A is a
connected subgroup of I,(M, g) without any change. Hence we obtain

length, (y)= 71—? length , (v)

= Vlfdkg(F(A), (1)
=d,(F(4), (1)),
since K;,=K,/k<1 and length,, (y)= Vklength, () <7/2. QED.

§2. The Length of a Killing Vector Field

Let (M, g) be a compact Riemannian manifold as in Section 1.

Theorem 2.1. Let ¢ be a non-trivial Killing vector field on the Rieman-
nian manifold (M, g). Put a=maxg(¢, &),, and F={xeM; g(&, {),=a}.
Assume that the sectional curvatu;ZMKggl and ﬁ=rxnezg( d,(x, F)<mn/2. Then
for any point p of M we obtain

(1) g, Opzacos®p,

(i) l(grad g(¢, &),/ =2asin B,

where || || denotes g( , )!/2.
In order to prove the theorem, we provide the following propositions.

Proposition 2.2. Let f be a positive differentiable function defined in the
interval (s, s,) such that —n/2<s,<0<s,<n/2, max f=f(0) and f"(s)= —f(s).
Then f(s)= f(0) cos s.

Proof. Let & be a positive number. Put f(s)=(f(0)+¢) cos s/(f(s)+¢).
Then we obtain

£i(s) = —(f(0)+¢&)(f(s)+¢&)sins—(f(0)+&) [ (s)cos s
¢ (f(s) +e)*

fr(s) = = SO +(f () +e+"(s)) cos s _ 2 y(s)f"(s)
¢ (f(s) +¢)? Fis)fe -
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Since f1(0)=0 and f7(0)<O0, f, is maximal at 0. If f(sy)=0 for some s,, then
it follows that

Fitaoy= SO Ee L o) coss0 o

Hence every critical point of f, in the interval (s,, s,) is maximal, which implies
that f, has no critical points in (s, §,) except at 0. Therefore we obtain f(s)
= f0)=1,ie., (f(0)+&)coss= f(s)+e& By ¢ passing to 0, the assertion is im-
plied. Q.E.D.

Proposition 2.3. Let f:R—>R be a positive differentiable function
such that f"(s)= —f(s)= —«, where o is a positive number. Then f'(s)

NP ECEIO)
Proof. Since f"(s)= —a, we have for any t>s
~La—spus S'(S f”(a)da)dr
=fO—f()—(t—=5)f'(s).
It implies
JOES X P (O
Putting t—s=/2 (¢ —f(s))/x, we obtain
1(5) S/ 2u(a—f(s)) . Q.E.D.

Proof of Theorem 2.1. Let y: R—»M be a geodesic with ||p|=1. Since
¢ is a Killing vector field, it satisfies

@1 1979 D0 =0, )00~ 9(RG, OE, Ty

where 7 denotes the velocity vector of y and R is the curvature tensor of the
Riemannian connection of g.

(1) Put f(s)=I¢ysl and F={s; f(s)=0}. We define E,=¢,/f(s) for
s F. Then from (2.1) we obtain

F©f"(9)=(f(0)*9(E, BE)—(f(s)*9(R(, E)E, 7).

Since the sectional curvature K, <1, we obtain

2.2) ()= —f(s) for s&F.
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There is a point g in & such that d(p, ¢)=d,(p, #). Let y: [0, sq]-M
be a minimal geodesic from g to p, i.e., d,(q, p)=so<mn/2. First we show that
f(s)#0 (se[0, so]). Suppose that Fn[0, sq] #8. Put infFn[0, so]=s,.
Then s,>0 and s;eF. From (2.2) and Proposition 2.2, we obtain f(s)
= f(0)coss (se[0, s;]). Hence it follows that

f(s1)2 f(0) cos sy = f(0) cos 50>0,
which contradicts s, € F. Therefore we obtain F N[0, so]=¢. Hence (i)

follows from Proposition 2.2.
(i) Lety(0)=p. Putf(s)=|,syz)l* Then from (i) we obtain

f(s)=zacos?2 f>0.
On the other hand, from (2.1) and K;<1, we obtain
f')z —=f(s).
Hence it follows from Proposition 2.3 that
79, Oyoy=+/21(s)
ENC a0

<2asin .
We note that

g(7, (grad g(&, 9),)=79(, &),.

Since we can choose the direction of y at y(0)=p arbitrarily, our assertion is
clear. Q.E.D.

§3. The Sectional Curvature of Invariant Metrics on a Lie Group

Let G be a compact connected Lie group with a left-invariant Riemannian
metric g. We denote by g the tangent space to G at the identity e. Let X be a
tangent vector to G at e. We denote by X the left-invariant vector field on G
such that the value X% of XL at eis X. We also define a right-invariant vector
field X®R similarly. We denote by gL the Lie algebra of left-invariant vector
fields on G.

A bi-linear form U(g): g x gL—g~ is defined by

29(U(g)(X*, YF), ZF)=g(X*, [ZF, YED) +9(Y*E, [ZF, X1])

(X,Y,Zeg). We note that the Riemannian connection F of g has an
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expression
PxeYE=U(g) (X5, YO +4LXE YE] (X, Yeg)
and the curvature tensor R(g) of V satisfies
IR(9) (X, Y, X)=|U(g)(X*", YE)|I>—g(U(g)(X*, X1),, U(g)(Y*, YT),)
—20XE, YHLI2 =5 gTXE, [XE, YA, Y5

—Lgyr, [yE, X110, X5).

Lemma 3.1. U(g)(XE%, YL),= —-%(grad g(XR, YR)), (X, Yeg).

Proof. For a vector Z € g, we obtain

9(U(9)(XE, Y1), )= (g Y, Z1),+g(Pra X", Z8).)
= —Hg(Y", FaZb) +g(XE, FaZh),)
= —%{g(YR, PxxZ"),+g(X®, Py=ZP),}
= *%j{g(YR, Vi XR),+g(XR, 7, YR),}
= —3Zg(Y*, X%). Q.E.D.

Let a be an element of G. We denote by R, the right translation by a.
Let dv be a bi-invariant volume element on G with S dv=1. We define a bi-
G

invariant Riemannian metric § on G by

J =S R¥g dv.
aeG

Let H be a finite subgroup of G such that g is invariant by the right action
of H. Then there is a Riemannian metric on G/H such that the projection (G, g)
—G/[H is a Riemannian covering. We denote the metric also by g. We also
define a Riemannian manifold (G/H, §) in like manner. The diameter of
(G/H, g) (resp. (G/H, §)) is denoted by d,(G/H) (resp. d(G/H)). K, denotes
the sectional curvature of (G, g).

Lemma 3.2. Assume that K,<1 and d(G/H)<n/2. Then for any X
(eg, #0)

cos? d,(G/H) g% < (cos d,(G/H))"2.



840 KuUNIO SUGAHARA

Proof. By definition we obtain

§(X, X)=§ _g(X®, X, do.

ae

Since XR is a Killing vector field on (G, g) and g(X&, X®) is constant on each
right orbit aH of H, it follows from Theorem 2.1 that
9(X, X) cos? d(G/H)=g(XR, X®),cos? d(G/H)
<max g(X®, XR), cos?d,(G/H)
xeG
Sg(X®, X5), (VaeG)
<max g(X&’, X¥),
xeG
Sg(X®, XR)(cos d(G/H))™?
=g(X, X)(cos d(G/H))™2.

Hence the assertion is clear. Q.E.D.

Since both metrics g and § on G are left-invariant, from Lemma 3.2 we
obtain

Lemma 3.3. If K,<1 and d(G/H)<mn/2, then

dy(G/H)

Ccos dg(G/H) ém

<(cos d,(G/H))™*.

Lemma 3.4. Let a be an element of G. Let X, Y(eg) be linearly
independent vectors such that §(X, X)=g§(Y, Y)=1. Assume that K,=1 and
d,(G/H)<mn/2. Then

(1) (RZg9)(U(R7g) (X", X1, , U(RFg) (XF, X))/
=(cos d,(G/H))"2sin d (G/H),

(if) (R¥9) (R(RF9) (X, Y)Y, X)=(cos d (G/H))™*.

Proof. Since we have
506 0={ _g(xm, X8, do=1,
xeG
there is a point p in G such that g(X®, X®),=1. Since X® is a Killing vector

field on (G, g) such that g(X®, X®) is constant on each right orbit xH of H
(x € G), it follows from Theorem 2.1 that

max g(X%, X*), Sg(X%, X*),(c0s d,(G/H)>=(cos d,(G/H)) .

Similarly we obtain
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max g(YR, Y®), <(cos d(G/H))™2.
xeG

(i) Since (G/H, g) and (G/aHa !, R¥g) are isometric, Kg:, =<1 and
dg:,(GlaHa ')=d,(G/H)<mn/2. Since XR is a Killing vector field also on
(G, R*g) such that (R¥g)(XR, XR®) is constant on each right orbit of aHa™!,
it follows from Lemma 3.1 and Theorem 2.1 that

(RZ9)(U(R¥g) (X*, XT),, UREg) (X", XF))/?

——(R*g)((gradxug(R*g)(XR X®))., (gradgs, (RFg) (X®, XF)),)'"?

<max (R2g)(X*, X*), sin d,(G/H)

=max g(XR, XR), sin d(G/H)

xeG
=(cos d,(G/H))"?sin d(G/H).

(i) Since g and R¥g are isometric, we obtain

_ (R¥g)(R(REg)(X, )Y, X)
L2 Kesol X V) =(5050x, X)(R29) (Y, ¥)— (R¥g)(X, Y2

Hence
RZg)(R(REg)(X, V)Y, X)S(REg) (X, X)(RF9)(Y, Y)
=g(X®, X®), g(YR, YF),
<(cosd,(G/H))™*. Q.E.D.

Theorem 3.5. Assume that the sectional curvature K,<1 and the diame-
ter d,(G/H)<mn/2. Then the sectional curvature K; of § satisfies
K;=(cos d (G/H))~*(1 +sin* d(G/H)).
Proof. Since § is bi-invariant, U(§)=0 (cf. Lemma 3.1). We take vectors

X, Y(eg) such that §(X, X)=g(Y, Y)=1 and G(X, Y)=0. Then from
Lemma 3.4 we obtain

_ IR@E, V)Y, X)
KyX V) =%, 03 (Y, V)= 4 (X, T)?

—24(x*, Y41, [X*, Y41,)

g([x*s, [x*% Y1, YL)—**g([YL [Yt, x*11., X7)

N|~

=S { (R¥g)([XE, YL],, [XE, YE],)

(RZ‘Q)([XL [XE, YE]1., YO)
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—L(Rag) @Y™, [Y5, X410, XD} do

= _{@®o@Eiox nY, 0
~(R2g)(U(REg) (X", Y5),, URI9)(X*", Y4).)
+ (REQ)URZG)(X™, X1)., UREG)(YH, Y1), |dv
< (cos d,(G/H)) *+sin? d,(G/H)(cos d,(G|H))™*. Q.E.D.

§4. Bi-invariant Metrics and Finite Subgroups of a Lie Group

Let G be a compact connected Lie group as in Section 3. Let exp denote the
usual exponential mapping from g to G, i.e., for a tangent vector X eg y(f)=
exptX (te R) is a one-parameter subgroup of G such that y(0)=X. The usual
bracket operation is defined by

[X, Y]=-5-(Ad exp ) V)] =0

X, Yeg. Let § be a bi-invariant Riemannian metric on G with sectional
curvature K;<k (k>0). We note the mapping exp: g—G coincides with the
usual exponential mapping of the Riemannian manifold (G, §) because the
metric § is bi-invariant. For non-zero vectors X and Y of g we denote by
% (X, Y) the angle which X and Y make. | || denotes §( , )/

Lemma 4.1. Let X and Y be non-zero vectors of g. We have

ALY, X1
X (Ad(exp Y) X, X)= xr

Proof. Since the metric § is bi-invariant and —%—Ad (exp tY)X |,-0

—[Y, X], we see |Ad (exp tY)X|=[X| and “%Ad (exptY)XH= ICY, X170,
Hence it follows that
1
Ad(exp )X, X) <L
X (Ad(expY)X, X) = X7

_ 10y, XTI
=T Q.E.D.

S: H%Ad(exptY)X“dt

Lemma 4.2. Let X and Y be non-zero vectors of g such that exptX
(0=t=<1) and exptY (0=t 1) are minimal geodesics. Suppose that | X|
=d(e, exp X)<n//k and |[X, Y]|/|X| <n/3. Then
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dy(e, exp X)>dy(exp X, exp Yexp X exp Y71).
Remark. The similar estimate is found in [1].

Proof. From Lemma 4.1, we obtain x(Ad (exp Y)X, X)<n/3. It implies
IX]| > X—Ad(exp Y)X|. Let us define a curve y: [0, 1]—g by y(t)=tX
+(1—1t)Ad (exp Y)X. We have the sectional curvature K;=0 since the metric
g is bi-invariant. From Rauch’s comparison theorem we easily see that

dy(e, exp X)=| X||
2 [ X —Ad (exp Y)X||
=length (y)
=length (expoy)
=dglexp X, exp Yexp X exp Y~1). Q.E.D.

Lemma 4.3. Let c(#e¢e) be an element of the center of G. If G is semi-
simple, then dye, c)gn/\/fg.

Proof. Let y: [0, 1]-G be a minimal geodesic from e to ¢. Then y is
expressed as y(t1)=exptX for somc X eg. Since G is semi-simple, the orbit
Ad (G)X (=g) of X by the adjoint action of G is at least of one dimension.
Since exp Ad (G)X =c¢, c is conjugate to e along y. Hence the assertion follows
from the Morse-Shoenberg theorem. Q.E.D.

Let x be a point of G. C(x) denotes the cut locus of x with respect to the
metric §.

Lemma 4.4. If G is semi-simple, then dje, C(e))=n/2\/k.

Proof. Since the metric § is bi-invariant, the isotropy subgroup I/(G, §)
at e contains the inner automorphisms Ad(G) of . Since the fixed points
F(Ad (G)) is the center of G and since the center consists of finite points, the
assertion follows from Lemma 1.1. Q.E.D.

Let H be a finite subgroup of G. Let /1 be an element of H\{e} which is the
closest o e. Put Z(h)={xe G; xh=hx]}.

Lemma 4.5. If G is semi-simple and dje, h)<n/2'k, then Z(NEG and
max dy(x, Z(h) 2 n/2./k .
xeG

Proof. From Lemma 4.4, we see that the minimal geodesic from e to h is
unique. We denote the geodesic by exp tX (0=t=1), where X eg. Since for
any x € Z(h) the inner automorphism by x fixes the endpoints of the geodesic and
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since the minimal geodesic connecting e and % is unique, we obtain x(exp tX)x™!
=exp tX (0=t=1), which implies that

Z(h)y={xeG; (exp tX)x(exp tX) '=x (teR)}
= F({Lexp ex(Rexp x) 1 teR}).

Since G is semi-simple, the assertion follows from Lemma 1.1. Q.E.D.

Lemma 4.6. Suppose that HSEZ(h). Then for any ae€H\Z(h) dye, a)
27/6\/k .

Proof. Lety, §: [0, 1]- G be minimal geodesics from e to h and a respec-
tively. Then there are X and Y in g such that y(¢)=exp tX and 6(t)=exptY.
If |[X, Y]/l X| <=/3, Lemma 4.2 implies that

dy(e, h)>d;(h, aha=')=d,(e, aha='h™?),
which contradicts the choice of h. Hence we obtain |[X, Y]|/|X||=n/3
On the other hand, we have

etk
XY =g(x, Y)°

kzK;(X,Y)=
Hence it follows that

gl rie
k2 2%

which implies

" = >
dg(e’ a) “Y"= 6\/k . Q.E.D.
Theorem 4.7. Assume that the group G is not abelian. Then the follow-

ing (i), (ii) and (iii) hold.

TC

() 46z

(ii) If G is simply connected, then dg(G)g\/% .
T
(iii) chx dyi(x, H) =d§(G/H)z~12—\/7 .

Proof. Let Z be the identity component of the center of G. We put G’
=G/Z. Then G’ is semi-simple and if G is simply connected, so is G'. The

~ ~7

metric § on G induces a Riemannian metric §° on G’ so that the projection
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n: G—G’ is a Riemannian submersion. Let 3 denote the tangent space to Z
at e. We take orthonormal vectors X and Y in g such that X, Y 13. Then
from O’Neil’s theorem for Riemannian submersion we obtain

Ky X, 1Y) = KX, )+ [X, Y12,

where [X, Y], denotes the orthogonal projection of [X, Y] to 3. Since [X, Y]
L3, we obtain K;<k. On the other hand it is clear that, for any point x and y
of G, dy(x, y)=dz(n(x), n(y)). Hence we have only to prove the theorem with
the assumption that G is semi-simple. So we suppose G is semi-simple.

(i) From Lemma 4.4, we obtain

4G)zdyle, C@)Z5 -

(i) Corollary 5.12 in [2] states that the cut locus and first conjugate locus
coincide. The assertion follows easily from the Morse-Shoenberg theorem.

(iii) If H={e}, the inequality follows from (i). Hence we assume that H=2
{e}. Let h be an element of H\{e} which is the closest to e. Let m be the middle
point of a minimal geodesic from e to h. Then it is easy to see that d,(m, H)
=dy(m, ¢) =~é~d§(e, h. If dye, )z n2/k, then max dyx, H) 2 dylm, H)
gn/4\/E. Hence we may assume that dge, hy<n/2\/k. If H<Z(h), the ine-
quality follows from Lemma 4.5. Therefore we suppose that HE£Z(h). Let a
be an element of H\Z(h) which is the closest to e. Let m’ be the middle point of
a minimal geodesic from e to a. Then we have dy(m’, H)=d,(m’, e). (In fact,
suppose that there is an element b € H with dy(m’, b)<dy(m’, e). Then it follows
from dy(e, b)<d (e, m")+d(m’, b)<d,(e, a) that beZ(h). Hence we obtain
ab~'e H\Z(h) and dj(e, ab™")=dyb, a)<d b, m")+d,(m', a)<d,(e, a), which
means that a is not the closest to e of H\Z(h).) Therefore the inequality follows
from Lemma 4.6. Q.E.D.

§5. Diameter Estimate

Theorem 5.1. Let (M, g) be a compact homogeneous Riemannian mani-
fold with the sectional curvature K,<1 and K,#0. Then the diameter d (M)
of (M, g) is not less than a positive constant d (>0.23).

Proof. Let p be a point of M. If dim/I,(M, g)=1, then from Lemma
1.1 we obtain
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dy(M)Zmax dy(x, F(I;(M, 9) 275,

where I,(M, g) denotes the identity component of I,(M, g) (see also [3]).

Hence we assume that dim I (M, g)=0. We denote by G the identity com-
ponent of I(M, g) and put H=G n I (M, g). Since the projection G—»G/H=M
is a covering, g induces a left-invariant Riemannian metric on G such that the
projection is a Riemannian covering. We denote the metric also by g. It is
invariant by the inner automorphism by H. We define a Riemannian metric
g as in Section 3. Suppose that d(G/H)<mn/2. Then from Theorem 3.5 we
obtain

K;=(cos d(G/H))"*(1 +sin*> d(G/H)).

Since K, #0, it is easily seen that G is not abelian. Hence it follows from Lem-
ma 3.3 and Theorem 4.7 that

T
5D T3 Jeos d G TE) (1 +sinz d, (61 =% (C/H)
< d,(G/H)(cos d,(G/H))™".
We put
d=inf {tgo; - <i(cos 1)3(1 +sin? t)l/Z}.
Then 7/2>d>0.23 and d(M)2 d. Q.E.D.

Theorem 5.2. Let (M, g) be a simply connected compact homogeneous
Riemannian manifold with sectional curvature K,<1 and K,#0. Then the
diameter d (M) of (M, g) is not less than a positive constant d, (>0.81).

Proof. As in the proof of Theorem 5.1, we may assume that dim I (M, g)
=0. We define G and H as in the proof of Theorem 5.1. Since M is simply
connected, H={e} and G=M. Hence it follows from Lemma 3.3 and (i) of
Theorem 4.7 that we can replace (5.1) by

(5.2 J(eos d G AT e d Gy = (@) (cos d,(G)) .
We put
do=inf {t=0; n<t(cos £)~3(1 +sin? 1)1/2} .
Then n/2>d,>0.81 and d,(M)=d,(G) = do. Q.E.D.

Theorem 5.3. Let G be a compact connected Lie group with a left-
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invariant metric g. Assume that the sectional curvature K,<1 and G is not

abelian. Then the diameter d (G) of (G, g) is not less than a positive constant
d, (>0.66).

Proof. We define a metric § as in Section 3. We may assume that
d,(G)<mn/2. From Theorem 3.5, we obtain

K;=(cos d(G))™(1+sin? d(G)).

Hence it follows from Lemma 3.3 and Theorem 4.7 that

4 T <d.
(5.3) 2 J(cos d,(G)) A1 T sin? d,(G)) = 9a(@)
=£d,(G)(cos d,(G))~".
We put
d, =inf{z>o; T < i(cos 1)~3(1 +sin? t)l/Z} .
Then
§>dI >0.66 and d(G)=d, . Q.E.D.
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