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Selfpolar Norms on an Indefinite Inner
Product Space

By

Frank HANSBN*

Abstract

A vector space equipped with an indefinite inner product is investigated. Selfpolar norms
on the space are studied and an operator description for quadratic selfpolar norms is developed
when the space allows a Hilbert space topology making the indefinite inner product continuous.
The selfpolar norms corresponding to a quasi-decomposition of the space are characterised
in terms of the operator description and sufficient conditions for topological equivalence are
given.

§1. Introduction and Preliminaries

Let 5# be a real or complex vector space equipped with a bilinear respective
sesquilinear form {-|-). In the latter case we assume ¢ -|-) to be conjugate
linear in the first variable. If the form < -|-) is non-degenerate and hermitian
we call the pair (57, < -|-)) an indefinite inner product space.

A norm p on an indefinite inner product space (s, {-|-)) is said to be
selfpolar if

(1.1) p(X)=p(Sy1)lg1 [<x1y>1, Vxest.

The concept of a selfpolar norm on an indefinite inner product space is the
analogue to the canonical norm

(1.2) T(x)=<{x|x)1/?, XeH,

on a pre-Hilbert space. Indeed, if (- |- is positive definite, the norm 7 defined
in equation (1.2) is the unique selfpolar norm on (s#, {-|->). When {-|-) is
indefinite, no canonical norm is available but selfpolar norms can still be found.
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However, the uniqueness disappears and selfpolar norms can be non-equivalent.

In this paper we propose an operator description of quadratic selfpolar
norms when & allows a Hilbert space topology making (-|-) continuous.
Selfpolar norms inducing a quasi-decomposition of s are studied and charac-
terized in terms of the operator description and sufficient conditions for topo-
logical equivalence are given. Finally a number of examples are studied in
order to demonstrate the variety of selfpolar norms.

A norm p on an indefinite inner product space (7, {-|-)) is said to be a
partial majorant if the form {-|-) is separately continuous in the topology
induced by p and a majorant if {-|-) is jointly continuous. It follows from
Banach-Steinhaus’ Theorem that a complete partial majorant is a majorant.

If p is a partial majorant, then for each x € # there is a constant c¢(x)>0
such that

(1.3) IKx [ y>ISe(x)p(y), Vyes,
which ensures that the dual norm p’ defined by

1.4 p'(x)= sup [Kx|y>l, xeH,
p(y)=1

is finite everywhere.
Let p, and p, be partial majorants and k a positive constant. From the
definition (1.4) it easily follows that

(1.5) p1=kp,=p>=<kp;,
(kp)=k~'p".
If p is a majorant, there is a constant ¢>0 such that
(1.6) IKx 1 y21=ep()p(y), Vx, ye st

and it follows that p’<cp, thus the topology induced by the dual norm p’ is
weaker than the topology induced by p.

A partial majorant p is selfpolar if and only if p'=p. If p is selfpolar we
obtain

.7 Kx|y>I=p(x)p(»), Vx, ye#,

thus p is a majorant. Furthermore p is minimal among norms satisfying (1.7).
If conversely p is a majorant and therefore satisfies (1.6) for some constant
¢>0, Aronszajn has shown [1], that there exists a selfpolar norm p, such that

(1.8) psS/cp.
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Though p, is minimal under (1.7) it is not unique.

We will briefly mention Aronszajn’s procedure. Possibly by multiplying
the majorant p with a constant we can assume that p satisfies (1.7), that is p’ < p.
We put

(1.9 pi(x) = PEIE PG xesr,

and observe that

(1.10) Pi<p
and
(1.11) Kxlyy| s PR TP PW) < p ()py (), Vx, yesr,

4

where we have used the definition of p’, the hermicity of (|-} and Cauchy-
Schwartz inequality on R2?. Iterating this procedure we get a sequence of
norms (p,)nen satisfying

(1.12) Pne1SDuSP,s VneN,
(1.13) IKx [ Y)1= Pi(X)Pa(¥) » Vx, yes#, VneN.
Since (p,)nen is decreasing the definition

(1.14) p(x)=inf p,(x) < p(x), xeH,
gives a seminorm p, satisfying

(1.15) IKx |21 = p(x)p«(¥), Vx, ye i,
and since { - |- ) is non-degenerate p, is actually a norm. It is not difficult to
verify that p, is selfpolar. For a detailed discussion we refer to Lemma IV. 4.1
in [3].

Suppose finally that the inner product { - |-} is definite. The definition
(1.16) T(x)=|{x|x>|/?, X e,
makes 7 a norm which by Cauchy-Schwartz inequality satisfies
(1.17) Kx |yl ()n(y), Vx, yet,

that is ' <t. But for each xe s, x#0

"(x)= SN
(1.18) Y= sup [Gx )12 [<xlyd| =)

thus 7t is selfpolar. If now p also is a selfpolar norm, then (x)=|{x|x)|'"”?
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=p(x), xe # and by (1.5) p=p'<1’'=7 thus p=1.

§2. Selfpolar Quadratic Norms

A norm p on a vector space s is said to be quadratic if there is a positive
definite inner product (- |-), on & such that

2.1) p(x)=(x|x)L/?, Vxes.

Lemma 2.1. Let (5#,<-|-)) be an indefinite inner product space and p

a quadratic norm on J# satisfying

2.2 [Kx |y p(x)p(), Vx,yest.

The selfpolar norm p,<p constructed in the introduction is quadratic.

Proof. Let (5, p) denote the p-completion of »#. The form <-|-)
extends in view of (2.2) to a (possibly degenerate) hermitian, jointly continuous
form on (52, p) which implies the existence of a bounded selfadjoint operator Q
on (42, p) such that

(2.3) xly>=(x10y),, Vx, ye(#, p).
The dual norm p’ satisfies
(2.4) P'(x)=p(Qx)=(x|Q%x);/>, Vxe s,

and is thus quadratic because the form (x|Q?y), is positive semi-definite on
(&2, p) and (2.4) implies that it is positive definite on 5. The norm p, defined
in (1.9) is now easily shown to be quadratic and by iteration we get that each
norm in the sequence (p,),y i quadratic. It follows that p, defined in (1.14)
satisfies the parallelogram identity and is thus by a standard argument quadratic.

Q.E.D.

Let (o#, {-|-)) be an indefinite inner product space and suppose # is
equipped with a positive definite inner product (-|-) with corresponding norm

(2.5) lxll=6x]x)!72, xet,

making s a Hilbert space. We furthermore assume that the indefinite inner
product - |-) is jointly continuous in the Hilbert space topology, that is || - |
is a majorant. This implies the existence of a bounded selfadjoint operator #
on (4, (-|-)) such that
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(2.6) x|y>=Glny), Vx, yest.

Since ¢ -|-) is non-degenerate 0 is not an eigenvalue for 1. We will use the
notion of orthogonality relative to the indefinite inner product {-|-) and
write

2.7 xLly if <x|y>=0, X, ye .

Proposition 2.2. Let p be a selfpolar norm on (#,-|-)). There is a
constant ¢>0 such that

Linxl <pe) ez, Vxe st .

Proof. Let (&2, p) denote the p-completion of 5. Since ¢ - |- is jointly
p-continuous ¢ - |- > extends to a bilinear (respectively sesquilinear) hermitian
form on (&2, p) satisfying

(2.8) I<Kx 1 y>1=p(x)p(»), Vx, ye(S#, p).
The seminorm p’ defined by

(2.9) p'(x)= sup [Kx[y>l, xe(#, p),
p(y)s1

is continuous in the p-topology (p’'<p) and since p’ coincides with p on the
dense subset # we conclude that

(2.10) P'(x)=px), Vxe(#, p).

Especially we get that (- |-) is non-degenerate on (2, p). Let now (x,),.y be
a sequence in s for which x,—0 and x,Zx € (2, p), then

(2.11) {x|yy=lim{x,|y)>=0, Vyedsf.

As {-|-) is non-degenerate on (7, p) and 4 is dense we conclude that x=0.
The injection mapping i: s —(, p) is thus a closable linear mapping with a
complete domain, therefore continuous according to Banach’s theorem. This
proves the existence of a constant ¢>0 for which p(x)<c|x|, Vxes#. Using
that p is selfpolar we get

(2.12) p(x)=sup [Kx|yd|= sup _|(x|ny)|
p(Y)S1,ye# p(Y)S1,ye#

1
;c”silngll(nxly)l=;~llr1XIl. Vxe . Q.E.D.



894 FRANK HANSEN

Since we can always find selfpolar norms on (s, {-|-)) in the above
situation, for example by using the procedure described in Section 1 on the
majorant | - ||, we obtain the following:

Corollary 2.3. If 0 is not in the spectrum of n then there is exactly one
equivalence class of selfpolar norms. This class contains quadratic norms and

the norms in the class are equivalent to || - |.

A simple and important way of constructing quadratic selfpolar norms is
provided by the following lemma.

Lemma 2.4. Let P* and P~ be the spectral projections of n corresponding

to the positive respective negative part of the spectrum and put

(2.13) p(x)=/{P*x[P¥*x) —(P x| Px), XeHx.
Then p is a quadratic selfpolar norm.
Proof. The form

(2.14 (x19)p=<KP*x| P*y)—<P~x| Py}

) =(x|Inly), X, ye#,
is a positive definite inner product, thus p is a quadratic norm. Furthermore
(2.15) xlyy=(xIny)=((P*x|nP*y)+(P~x|nP"y)

={P*x|P*y)+{P x| Py, Vx, ye#,

which by Cauchy-Schwartz inequality first applied on the definite subspaces
Pts# and P~ and then on R? gives
(2.16) Kx|y>|SKP*x[P*y)|+|<P~x [Py}l
SCP x| PTx)12 - (P y | Pryyt 2+ [KP~x | P7x)| Y2 [KPTy | Pmy)|'2
=p(x)p(y), Vx, yE .

This shows that p’<p. Now for x#0 we put

_ 1 pi. pe

2.17) £= 76 (P*x—P~x)
and observe that p(£)=1 and {x| %> = p(x). Q.E.D.
Taking different Hilbert space majorants | - | and thus varying 5, we can

construct by applying Lemma 2.4 a family of quadratic selfpolar norms, which
are different if (- |- ) is indefinite. However, these norms are all equivalent as
will be shown in Proposition 4.1.
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Theorem 2.5. A norm p on 3 is quadratic and selfpolar if and only if
there is a positive, bounded operator T on (o, (-|-)) such that

(i) 0 is not an eigenvalue for T,

(i) no#=D(T™'/?),

(i) [T'2x||=|T""*nx], Vxest,
@iv) px)=|T x|, VxeH#.

The operator T is unique.

Proof. Let p be a quadratic selfpolar norm on s#. By assumption p is
of the form p(x)=(x|x)}/?, xes# where (-|-), is a positive definite inner
product on 5. In view of Proposition 2.2 there is a constant ¢>0 such that
p<c] - |, hence

(2.18) Iy, = p)p() = lxll - Iyl Vx, yeH,

where we bave used Cauchy-Schwartz inequality on (- |-)
(+]-), is of the form

p- We conclude that
(2.19) x19)p=(x|Ty), Vx, yet,
where T is a positive, bounded operator on (o, (-|-)). Consequently

(2.20) p(x)=|T2%x|| , Vxes#.

Since p is a norm T does not have 0 as an eigenvalue. The unicity of a positive
T satisfying (2.20) follows from the polarisation identity. The mapping
(2.21) D(T~12)3 y>|(T~12y|nx)|

=KT 2y x|

=p(T~172y)p(x)

=[ylp(), xeH,

is continuous which shows that ns# < D((T~1/2)*)=D(T~1/2). Furthermore
(2.22) IT'2x]|=p(x)= sup [{x]|y)|
p(y)=1
= sup [(T~'/2nx|T'/2y)|
iTt/2yll<1

=|Tnx|, Vxes,

where we have used that R(T'/2) is dense in 5.
If conversely T is a positive, bounded operator satisfying (i), (ii), (iii) and
(iv), then p is quadratic and since the range R(T'/?) is dense in & we have
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(2.23) p'(x)= sup [Kx|y>|= sup |(x|ny)l
p(»)=1 r(y)s1
= sup |(T™'2yx|T'2y)|=|T/?nx|

IT1/2y] 51

=p(x), Vxes# . Q.E.D.

Proposition 2.6. Let p be a quadratic selfpolar norm on # and T the
operator of Theorem 2.5. Then

(1) T2y is dense in #,

(ii) there is a unique selfadjoint unitary S on (s, (-|-)) such that
ST-1/2p=T112,

(ili) ns? is a core for T~1/2,

Proof. According to Theorem 2.5, (iii) there is an isometry S: R(T~1/?y)
—R(T1/?)=s# such that
(2.24) ST-12yx=T'?x, Vxe .
We extend S to a co-isometry on (2, (-|-)) with support R(T-1/2y) and
observe that
(2.25) T-12p=S*ST-112y=8*T1/2,
We have S*x=T"1/2yT-1/2x for xe D(T-1/?) which shows that S* is sym-
metric, thus selfadjoint. In particular R(T~1/?y) is dense in s and S is a
unitary. Let xe D(T~'/?) and choose a sequence (y,),.y I0 5 such that

T-V2py,—»T-1/2x. Since T1/2 is continuous ny,—x which proves (iii).
Q.E.D.

Lemma 2.7. Let T, and T, be positive, bounded operators on (3, (-|-))
which do not have 0 as an eigenvalue and let p, and p, be the norms defined by

(2.26) p(X)=ITx|, xes, i=1,2.
Then p, and p, are equivalent if and only if R(T;)=R(T3).

Proof. Let T be a positive, bounded operator on (s, (-|-)) which does
not have 0 as an eigenvalue and let p be the norm defined by p(x)=||Tx|, x € .
We first show that x € R(T) if and only if there is a constant ¢ =0 such that

(2.27) I I=cp(y), Vyest.
Indeed, since T-! is selfadjoint, x € D(T~*)=R(T) if and only if the map D(T™1)
5z—(T"!z|x) is continuous. Putting z=Ty, ye s we get that xe D(T™1) if
and only if the map Ty, y e #—(y| x) is continuous.
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This applied on p, and p, shows that R(T,)=R(T) if p, and p, are equiva-
lent. Suppose now R(T;)=R(T,) and define
(2.28) Vi, =T7'T,.

Let x,—0 and assume V,,x,—y. Since T,x,—0 and T7! is closed we get y=0,
thus V,, is closable. The assumption yields that the domain of V;, is the whole
space &, thus V,, is bounded. Since T7! and T, are selfadjoint we get that

(2.29) Vix=T,Ti!x, Vx € R(T,)=R(T,).
Furthermore
(2.30) W) =Tyl =IVTTiyl

S Vizlpa(»), Vyes.

Similarly we get that V,,=T3'T; is bounded and that p,(y)<|V2:lp2(3),
Vye . Q.E.D.

Corollary 2.8. Let p, and p, be quadratic and selfpolar norms on #
and let T, and T, be the corresponding operators on (o, (-|-)) defined in
Theorem 2.5. Then p, and p, are equivalent if and only if R(T}/?)=R(T%/?).

Example 2.9. Let (o#, (-|-)) be the real Hilbert space R? equipped with
the indefinite inner product

(2'31) <x1y>=x1)’1_x2)’2, X, ye”,

and let p be the norm on s with its unit ball as described in Figure 1. It is not

A2

Figure 1

difficult to verify that p 1s selfpolar, but p is not quadratic.

Example 2.10. Let s be the real Hilbert space I2(N, p), where u is the
measure defined by u(n)=n?, neN. It follows from Cauchy-Schwartz in-
equality that # is a subspace of [!(N) and that
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(2.32) Ixli=elxl,, Vxest,
where the best possible constant c=(§1 n~)2=rx/./6.

Let for each je N, (j),,=0, 1, be the coefficients in the binary expansion
(2.33) j= mgo (Dm2"

of j and define

(2.34) g;=(—1))e, for i<j, and
& =¢8jis for lgj, i3jEN‘
We put
00
(2.35) <x|J’>=i?=18ijxi)’j, X, yEH,

and observe either directly or by passing to equation (2.40) that {-|-) is a
non-degenerate hermitian bilinear form on s# such that

(2.36) Kx [yl lxl vl =yl Vx, ye .

Hence (£, {-|-)) is an indefinite inner product space which allows a Hilbert
space majorant | -[,. We will prove that | .||, is selfpolar on (s#, {-|-)).
Equation (2.36) tells that || - [|[{<| -[l;. Take now xes# and ¢>0. There is
an ny € N such that

(2.37) T xl<E

n>no 2
and a j,=n, such that

(2.38) g, =signx;, whenever x;#0, for i=1,...,n,.

ijo

We take y=(y,)nen With
1 b = j b
(2.39) e

and observe that ye ##, ||y||,=1 and

o0 0
(2.40) Glyd= 3% exiy;= 2 &g
= =
no
=2 Ixl+ X &
i=1 n>no

thus || x]|, — (x| y>| <& which shows that || - ||, is selfpolar. It may thus happen
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that a selfpolar norm is not equivalent to any quadratic norm.

That ['(N) admits an indefinite inner product making || - ||, selfpolar was
first shown by Lance in [4]. The inner product defined in equation (2.35) was
pointed out to the author by H. Araki.

§3. Quasi-Decomposition Norms

Let (s, {-|-)) be an indefinite inner product space allowing a Hilbert
space topology which makes < - | - ) jointly continuous and let (-|-) be a choice
of a Hilbert space structure implementing the topology.

Lemma 3.1. Let p be a quadratic selfpolar norm on s# and let T and S
be the operators of Theorem 2.5 and Proposition 2.6.

There is a linear involution I with domain R(T'/?) such that
3.1 I'TY2x=T128x, Vxes#.

Proof. Equation (3.1) gives a well-defined linear mapping I': R(T'/?)
—R(T'?). For xe s we have [T 2x=T12Sx=T12SSx=T"'?x.

Q.E.D.

The auxiliary operators 7, S and I" depend on the choice of the positive
definite inner product ( - | - ) which although not unique will be kept fixed through-
out this section unless otherwise stated.

Let p be a quadratic selfpolar norm on s#. We set

(3.2) 2 ={xeR(T?)|Sxe R(T"/?)}.
Lemma 3.2. D(I'*)=T"129.

Proof. For ye R(T'/?) we have

3.3) (ST2x | T-12y)=(x| TY2ST~1/2y)
=(x|[T2T-12y)=(x|Ty), Vx e,
which proves that x € D(I'*) if and only if ST'/2x e R(T*/?), that is if and only
if T'2xe 2. Q.E.D.
Proposition 3.3. Let p be a quadratic selfpolar norm on (s#,{-|-)) and
put
3.4 Hrt={xe#|+{x|x)=p(x)?}

Then s#* and #~ are closed subspaces satisfying
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(i) #*=T"12{xe2|Sx=+x},

(i) ot Lor,

(i) #*@# =T 129,

Proof. Let x=T"12y where ye 2 and Sy=+y. Using Theorem 2.5 (ii)
and Proposition 2.6 (ii) we get

x| xy=(T'2y[qT 1 2y)=(y| T~'*nT~/?y)
=(y1Sy)=x(|y)==£|T"*x|>= £ p(x)*.

Suppose conversely that x € # and (x| x> = 4 p(x)?, thatis (x| nx)= + || T1/2x|?
or
3.9 (TV2x | STY2x)= 4+ (T'/2x | T'/2x).

Since S is a unitary we obtain ST!/2x= 4 T'/2x, thus T'/2x € @ which proves
(i). It follows from (3.4) that s#* and s~ are closed and from (i) that s#* and
- are subspaces of .
Let x* e/ ; x*=T"12y* where y* € 2 and Sy*=4y*. Using that S
is selfadjoint we get
x| x> =(T"12y* |nT~12y7)=(y* | Sy7)=0.

We notice that S leaves 2 invariant, indeed if ze 2 then Sze R(T'/?) and
SSz=ze R(TY?). Consequently

(3.6) 9={z€2|Sz=z}+{ze2|Sz=—1z}.

This shows that #*+ s~ =T-122. Since p is a norm the sum is direct.
Q.E.D.

Note that the subspaces #* and #~ are independent of the choice of the
Hilbert space structure (- |-).

Theorem 3.4. Let p be a quadratic selfpolar norm and #* the sub-
spaces of Proposition 3.3. We define a linear operator J with domain D(J)
=#T@H# by setting
3.7 Jxt+x)=xt—x", xtest, x"e.
We have that

(i) J is a closed involution,

(ii) J=TI*,

Gii)) J=T"1,
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@iv) px)=<x|Jx>1?, for xeHXt@H#.
Proof. According to Lemma 3.2 and (iii) in Proposition 3.3 we have
DI*=T"129 =x*@®#"=D{J).
Let xe T @#~, x=xt+x",x e#", x e~ and ye D([')=R(T'/?). Now
xE=T"12z% where z* € 2 and Sz*=+:%, and y=T12y,, yoes#. We have
(3.8) Ty x)=('T'"2yo|x*+x7)
=(T12Sy, | T2zt + T~1/227)
=(Syolz"+2z7)=(yolz"—27)
=(T2yy| T-V2z+ — T-1/2:7)
:(_]‘[x*—x"):(yl.]x).
This proves that J=TI%, hence J is closed. Furthermore
(39) p(x)2= | T'/2x|2= | T1/2x+ + T1/2x~ |2
=zt +z7|>=z* |2+ z7|?
= | TVt 2 | T2 |2
=p(x")*+p(x7)?
= (x| = (xm1x
={x|Jx)
which shows (iv). In order to prove (iii) we note that
r=TuU2ST-12,
Since T''/2S is bounded we obtain
(3.10) J=T*=T-Y2(TU2S)*=T"1/2ST1/2
=T 12T-12p=T"1y. Q.E.D.
Definition 3.5. A semidefinite subspace ¢ of (o, {-|-)) is said to be
regular if for each x € s there is a constant ¢(x)>0 such that

(3.11) Kx [y =) Ky Iy, Vyed.

Proposition 3.6. Let ¢ be a semidefinite regular subspace. Then
(i) & is definite,

(ii) A is regular,

(iii) o is definite.

Proof. Let ye A and assume {y|y>=0. We have

(3.12) IKx [y 1= e(x) Ky 1 p>]72=0, Vxet,
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hence y=0 which proves (i). The joint continuity of {-|-)> ensures (ii) and
(iii) follows from (i) and (ii). Q.E.D.

Lemma 3.7. Let X be a definite regular subspace of (o, {-|-)). There
is a continuous linear mapping P from s into the intrinsic completion (A,
[ D182) of A such that

(3.13) x| y>=<(Px|y>, Vxes', Vyed,
Px=x, Vxex .

Proof. Let xes#. Since X is regular the linear form
H 3y —<Lx|y

is continuous in the intrinsic topology on »#°. Hence there is a unique vector
Px in the intrinsic completion of & such that {x|y>=({(Px|y) Vye#". The
uniqueness of the vector Px ensures that the mapping P: s#— (%, [-]|- )|*/?)
is well-defined and linear. Let now (x,),.y be a sequence in s tending to 0 in
the underlying Hilbert space topology on # and assume Px,—a € (%, [{-|-D>[1/?)
in the intrinsic topology. Then

(.14 a|yy=lim {Px,|y)
=lim {x,|y>=0, Vyex,

hence a=0. This shows that P is closable. Since the domain of P is s# we
conclude that P is closed and continuous. The second statement of the lemma
follows from the first. Q.E.D.

Theorem 3.8. Let 5%, 5~ be a pair of subspaces of s# such that
(1) <-|-) is positive (negative) definite on s#% (#7),
(i) (@#Hr=o", (#)t=s",
(ili) A#T@H#" is dense in H#,
(iv) #* and s~ are regular.
There is a unique selfpolar quadratic norm p on 5 such that
(3.15) p(X)=/{xF Xy —{x[x7)

for xe# @A, x=xt+x", xtes#t, x" €e#~. Furthermore

(3.16) HE={xe | £{x|x)=p(x)*}.

Proof. Applying Lemma 3.7 to the subspaces s+ and s~ we get continu-
ous linear mappings P*: s#—(#%, |{ - |- >|1/?) such that
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(3.17) x| y>=<{P*x|y>, Vxed, Vyesx'*,
Ptx=x, Vxes#t.

We define

(3.18) p(x)=/{P*x|P*x)—{P x| P x), xXes,

and using the continuity of P* and P~ we get

(3.19) P) = |xI/TPFI3+1P13, Vxest,
where || P%||, denotes the norm of P* as a linear operator from s# into the intrinsic
completion (&%, [{-]->|1/?). Applying the techniques of the proof of Lemma
2.4 we can easily prove that the restriction of p to T @~ is selfpolar. Now
in view of (3.19) and condition (iii) we can carry out arguments similar to the
statements in equations (2.8), (2.9) and (2.10) and conclude that p is selfpolar on
#. The formula (3.15) follows from (3.17) and the definition of p. The
uniqueness of p follows from (iii) and the continuity of a selfpolar norm given
by Proposition 2.2. By equation (3.15) we have

(3.20) Hrc{xed | £{x|x)=p(x)*}.

Let T and S be the auxiliary operators corresponding to the quadratic selfpolar
norm p. Using (i) in Proposition 3.3 we get

(3.21) HEST2{z€e D |Sz=+2z}.

Let now z € 2 and suppose Sz=+z. It follows from (iii) in Theorem 3.4 that
nx=TJx for xe D(J). Consequently

(3.22) YT 22y =(y|nT~'/%2)
=(FTy| T-122)=F(T*?y|2z)=0, Vyes#'¥.

The last equation follows because S is selfadjoint and ST'/2y= FT'/2y. This
shows that T~ 1/2z e (s# F)L =%, thus

(3.23) HE=T"12{ze9|Sz=+2z}
which together with (i) in Proposition 3.3 proves equation (3.16). Q.E.D.

Comparison of equation (3.16) and equation (3.4) shows that the given
subspaces s+ and #~ in Theorem 3.8 coincide with the definite subspaces
occuring in Proposition 3.3 corresponding to the quadratic selfpolar norm p
given by equation (3.15). We can therefore rewrite equation (3.15) as

(3.24) p(x)=<{x|Jx)1/2, Vxesd @,
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where J is the closed involution defined in equation (3.7).

Definition 3.9. The quadratic selfpolar norm p constructed in Theorem
3.8 is said to be a quasi-decomposition norm and the pair (o, 5#7) is called
the quasi-decomposition of # corresponding to p.

If #t@s#~ = we say that p is a (genuine) decomposition norm and the
pair (%, 2 7) is referred to as the (genuine) decomposition of # corresponding
to p. In this case condition (iv) of Theorem 3.8 becomes redundant.

We conclude from (i) in Theorem 3.4 that a quasi-decomposition norm p
is a decomposition norm if and only if the involution J is continuous in the
underlying Hilbert space topology.

The norm p constructed in Lemma 2.4 is a decomposition norm. If con-
versely p is an arbitrary decomposition norm and (-|-) is a choice of Hilbert
space structure, we put P¥=(14J)/2 and

(3.25) x|y =(P*x| P*y)+(P x| P7y), X, yEH .

It is easily verified that (- |-), defines a Hilbert space structure on ## equivalent
to (-]-) and that p is the norm constructed in Lemma 2.4 relative to this

structure.

Corollary 3.10. A complete quadratic selfpolar norm p on (#, {-|->)
is a decomposition norm.

Proof. We can use p as Hilbert space norm on s. It follows chat T=1
and 2 =27, hence

(3.26) AT =T 129 =07. Q.E.D.

Corollary 3.11. Let p be a quadratic selfpolar norm on (#,<-|-)) and
let (A, {-|-D) denote the p-completion of (s#,{-|->). Then p is a decom-
position norm on (A", {-|-)) and

(3.27) Hr=pnat

where #* and #~ are the subspaces defined in equation (3.4) and A% is
the decomposition of " corresponding to p.

Proof. It follows from the proof of Proposition 2.2 that (4, {-|-)) is an
indefinite inner product space and that the extension of p {o (#,<-|-)) is
quadratic and selfpolar. Thus p is a decomposition norm on (%7, {-|-))
according to Corollary 3.10. Equation (3.27) follows by applying equation
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(3.4) to p on both (o7, {-|-)) and (X", {-| D). Q.E.D.

Theorem 3.12. Let p be a quadratic selfpolar norm on # and I the
involution defined in Lemma 3.1. Then we have

(i) p is a quasi-decomposition norm if and only if I is closable,

(ii) p is a decomposition norm if and only if I' is continuous.

Proof. Let s#* and s#~ be the subspaces defined in equation (3.4) and J
the involution of Theorem 3.4. If p is a quasi-decomposition norm we obtain
from equation (3.16) and (ii) in Theorem 3.4 that I'* is densely defined, thus
I is closable.

Suppose now that I' is closable. We will verify that s#* and s~ satisfy
conditions (i), (ii), (iii) and (iv) of Theorem 3.8 and equation (3.15) with respect
to p. Condition (i) follows because p is a norm. Since I is closable #* @ s~
=D(J)=D(I'*) is dense in s giving condition (iii). It is already shown in (ii)
of Proposition 3.3 that #* L #~. We obtain from (iii) in the same proposition
that T-129 =#*@ s~ and conclude that 2 is dense in 7.

We first show that {ze @ |Sz=z} is dense in the nullspace N(S—1). Let
Zo € N(S—1) and assume

(3.28) (zo]2)=0, Vze 9, Sz=z.

Since S is selfadjoint (zy|z)=0, Vze 2, Sz=—z. In view of (3.6) we have
(z9|2)=0, Vz € 2 which implies z,=0 as 2 is dense in 5.

Take now xe(s#7)*. Using (ii) in Theorem 2.5 and (i) in Proposition 3.3
we obtain

(3.29) (T 12px | z2)=<Lx| T~ 1/2z> =0, Vze2, Sz=z.

From the vanishing of z,e N(S—1) satisfying (3.28) it follows that T—1/2xx
€ N(S+1), hence

(3.30) T2x=ST Yyx=—T " ?pxe N(S+1).

Consequently ST1/2x= —T1/2x and xes#~ which proves that (s#*)t=uw".
A similar argument shows that (s#7)* =", hence condition (i) is satisfied.
To verify condition (iv) take x € # and ye s#*. Then

(3.31) IKx 121 = pG)p(y)=p(x) <y | 1112

Finally (iv) in Theorem 3.4 shows that s#* and s~ satisfy equation (3.15)
with respect to p, hence p is a quasi-decomposition norm with (s#*, #~) as
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quasi-decomposition. This proves (i).
Let p be a decomposition norm, then J is continuous and I’ is closable. In
particular

(3.32) F=J*

which shows that I' is continuous.

If on the other hand I is continuous, then so is J=I"*. Furthermore I is
closable such that p is a quasi-decomposition norm according to (i). We
recall that a quasi-decomposition norm p for which J is continuous is a decom-
position norm. Q.E.D.

It can happen that the involution J corresponding to a quadratic selfpolar
norm p is continuous without being densely defined.

Example 3.13. Let Z,=2Z\{0} and take s# =1*(Z,). We define
(3.33) xly>=% (signm)27I"IX,y,, X, yeH,
neZo

and observe that (s, {-|-)) is an indefinite inner product space allowing a
Hilbert space topology which makes (- |- jointly continuous. For 1€[l1, 2]
and x € # we define

(3.34) Pix)=( X 271" |x, |2 + /2T T =T %, x )" /2.
neZo
A straightforward computation shows that p, is a quasi-decomposition norm
with corresponding quasi-decomposition
(3.35) Hi={xeH|x_,=ptx, VnelZ,}
where

+signn—Alnl
+t_="o""" 7 z
Uy = \/———lzlnl—l 5 nek.

The involution J, is given by

(3.36) (J;x),=sign n(Al"lx,+ /A2 —1x_,), neZ,,

for xes##7@s#;. This shows that p, is a decomposition norm while p, for
Ae]l, 2] is not.
If (x|y)= 3 X,y,is chosen as Hilbert space structure on & the auxiliary
neZo

operators T;, TY/?, S, and I'; take the form

(3.37) (Tyx), =271 x, + /22T T=1x_ ),
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(1Y), =2 (2 L A1),
(S).x)n = (Sign n)xn >

forneZ, and xe 2,
(F).x)n‘_‘(Sign n)(},l'”xn_. \//_)'Zl" _lx—n)a

for neZ, and x e R(T}/?).
Let for re[1, 2] and N € N the vector x(r, N) e # be given by

0, n<0,

(3.38) x(r, N),,=[ 2, 0<nZN,
0, n>N.
It follows that
(3.39) palx(r, N+ —xtr, ) =( 30 ()"
n=N+1\ 2

for N, k € N, hence the sequence (x(r, N))y.n i convergent to an element in the
p;-completion of s# if and only if r<2/A. We conclude that the norms p;,
A€[1, 2] are mutually non-equivalent.

Example 3.14. Let 5# =1?(IV) and set
(3.40) Glyy=% 52y, - 1277 § Hyur)

for x, yes#. Itis easily verified that - |- ) is an indefinite inner product which
is jointly continuous in the Hilbert space topology on #. We will prove that
the norm

(3.41) PO)=(X 27" %2, xet,

is a quadratic selfpolar norm on (s#, {-|-)) but not a quasi-decomposition
norm.

We choose (x| y)= Z X,y. as Hilbert space structure on s and observe

that (x| y>=(x|ny), x, ye #, where

nf/2 «©
(3.42) (1y=27"x, — 22 3 Zepkiz

for ne N and xe . Furthermore p(x)=||T'/2x||, x € #°, where

(3.43) (Tx),=2""x,, nelN, xe#.
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Let & be the vector in s with components
(3.44) e =~6 neN
nr

We have that

© Z\2\1/2 = /o 1/2
(3.45) len=(% (o)) =N (S ) =1,
n=1 nm b n=1 M
thus the operator P defined by
(3.46) Px=(¢|x)¢, X €,

is a (-|-)-orthogonal projection and hence S=1—2P is a selfadjoint unitary.
We calculate

(3.47) (T~12px),=2"{nx),

=2-n2x — 12 {2 Xk y-k/2

=(T'2x),—2¢, 3. E(T'?%),
k=1

~(1-2P)T"2%),
=(ST2x),, neN, xe#.

It follows from Theorem 2.5 that p is quadratic and selfpolar, furthermore S is
the selfadjoint unitary introduced in Proposition 2.6.

The set 2 defined in equation (3.2) is dense in s if p is a quasi-decom-
position norm as remarked in the proof of Theorem 3.12. Suppose x € 2,
then xeR(T'?) and Sx=x-—2PxeR(T'/?), hence PxeR(T'/?). However
EER(TY2)=1?(N, u) where w(n)=2". We conclude that Px=0 and conse-
quently (¢|x)=0. This shows that 2 is not dense in s# and therefore p is not

a quasi-decomposition norm.

§4. Decomposition Equivalence

Let (s#, {-|-)) be an indefinite inner product space allowing a Hilbert
space majorant. If p is a quasi-decomposition norm on (s, {-|->) with
corresponding quasi-decomposition (%, ##~) and (-]-) is a choice of Hilbert
space structure on ##, we introduce a norm p; on #*@#~ by setting

(4.1) ps(x)=JIx] XeEH DA

We note that by (iii) in Theorem 3.4 we have
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4.2) nx=TJx, Vxes#*@H#",

thus the dual norm

(4.3) pi(x)=sup {[Kx| | p,(N=E1, ye#*@H# "}
=sup {|{(Tx[JY)|| IJy[ =1, ye A" @H#}
=Tx|, xeHt,

can be defined everywhere in . It is easily shown that the topology on +#
induced by the norm p} is independent of the choice of Hilbert space structure
on s and we will denote this topology by 7(p).

Proposition 4.1. All decomposition norms on (o, {-|-)) are equivalent.

Proof. Let p; and p, be decomposition norms on (7, {-|->) and let
(-]-) be a choice of Hilbert space structure on 5. The involutions J; and J,
corresponding to p, and p, are bounded, hence
4.4) P (X)= x| =[50 J x|

SVl I x =121 ps,(x), Vxedt.
From equations (1.5) and (4.3) it follows that
(4.5) ITyx[ =p; () S 2041 p7, () =1J2J 4|l - [ Tox]] Vx e
which translates into the operator inequality
(4.6) Ti=<|J2J41°T3.
Since the square root is operator monotone [2], we obtain
(4.7) T, 2 J2J41 T,
and consequently
(4.8) () =T12x]| =(x| Tyx)!/?
S 24 172 (x | Tpx)H 2
=||J,J|12py(x), Vx e . Q.E.D.

The notion of a decomposition norm can be defined on any indefinite
inner product space (#, {-|-)) and has been studied for some time. Prop-
osition 4.1 is due to G. Wittstock [5], who obtains the result under the weaker
condition that s allows a Banach space topology making < -|-) jointly con-
tinuous. The proof presented here is an adaptation to the language of this

article of a proof given in a non-published work of H. Araki, J. Woods and the
author,
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Definition 4.2. Let p, and p, be quasi-decomposition norms on (5,
{+|->) with corresponding quasi-decompositions (o7, s#7) and (#£73, #°3).
We say that p, and p, are decomposition equivalent if

4.9) HT@HT=H3DH7.

If in this case the densely defined operators J,J, and J,J, are continuous in the
underlying Hilbert space topology, we further say that p, and p, are strongly

decomposition equivalent.

Due to J?=1, i=1, 2 we obtain that both decomposition equivalence and
strong decomposition equivalence are equivalence relations in the set of quasi-
decomposition norms on (o2, {-|- D).

Theorem 4.3. Let p, and p, be quasi-decomposition norms on (#,
{-|+>). The following implications are valid:
U(i) p; and p, are strongly decomposition equivalent.

(ii) p, and p, are decomposition equivalent.
(iii) p, and p, are topologically equivalent.

Proof. That (i) implies (ii) is contained in the definition of strong de-
composition equivalence. Suppose now p, and p, are decomposition equiva-
lent. We set

(4.10) H =HTOH{=HTDH7 .
If (-]-) is a choice of Hilbert space structure on & we put
(4.11) x 1= +Ux[J1y), X, yex.

Since J, is closed with domain ¢~ we conclude that " equipped with the positive
definite inner product (- |- ), is a Hilbert space. Furthermore

(4.12) IKx Iy =Ml - I 1yl
=lnll- syl Vx, ye .

By Definition 3.9 we have that p, and p, are decomposition norms on (¢,
{-|->). Since ¢ allows a Hilbert space majorant | -|, we can apply Prop-
osition 4.1 and obtain the desired result. Q.E.D.

It will be shown in Example 4.6 that neither of the implications in Theorem
4.3 can be reversed.

Proposition 44. Let p, and p, be quasi-decomposition norms on
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(#, {-|->) and (o7, o#7) respectively (%, #7) the corresponding quasi-
decompositions of #. We define the (- |- )-orthogonal projections

(4.13) pr=12di i=1, 2.

The norms p, and p, are decomposition equivalent if and only if the restricted
mappings
(4.14) Pf: #t — #F and Pt #F— #E

are everywhere defined and continuous in the underlying Hilbert space topology
on #.

Proof. We note that the ¢ -|-)-orthogonal projections Pf, i=1, 2, are
closed with domains D(Pf)=D(J)), i=1,2. If p, and p, are decomposition
equivalent the restricted mappings in equation (4.14) are everywhere defined.
Since #F, i=1, 2 are closed it follows that the restricted mappings are continu-
ous. If conversely the mappings of equation (4.14) are everywhere defined (and
therefore continuous) we get

(4.15) D )=#{@#7<=DJ,)
and symmetrically D(J,)< D(J,). Q.E.D.

Theorem 4.5. Two quasi-decomposition norms p, and p, on (3, {-|-))
are strongly decomposition equivalent if and only if the topologies 1(p,) and
1(p,) coincide.

Proof. Let (-]-) be a choice of Hilbert space structure on s and assume
P, and p, are strongly decomposition equivalent. We have

(4.16) pr,(X)=Jox[|=[1Jod J 1 x| ST T 4 - [T x]]
=|[J2J1]ps (%), VxeD(J)=D(J,),

and hence according to equation (4.3)

(4.17) ITyxlI =124l - 1 Tox]l Vxedt.
Similarly we prove that

(4.18) ITx 1ol - [ Tox] Vxes,

thus the topologies 7(p,) and ©(p,) coincide.
If conversely the topologies 7(p;) and ©(p,) coincide we have
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(4.19) LT g1l < el Tl Vxe s,
for some constant ¢>0. It follows from Lemma 2.7 that R(T;)=R(T,). Ap-
plying (iii) in Theorem 3.4 we get

(4.20) D(J)=D(T7'n)={x e # |nx e R(T,)}
={xe# |nxe R(Ty)}=D(T3'n)=D(J>,)

hence p, and p, are decomposition equivalent. From equations (4.3) and
(4.19) we now conclude that

(4.21) Liaxi g1l el ox, VxeD(J,)=D(J,).

Consequently
1T 2x[ = cl|J2Jd x| =clix|
and
IJ2J x| S clld 1 J 1 x ] =cllx]|
for x e D(J,)=D(J5). Q.E.D.
Example 4.6. Let Z,=Z\{0} and set s# =1*(Z,, ) where

1, n<0,
n, n>0.

(4.22) wm ={

We define {x|y>= Z (sign n)x,y,, x, yes# and note that {-|-)> is an
indefinite inner product on s which is jointly continuous in the Hilbert space
topology on s##. The norms

(4.23) Pi)=(% %), X€H,
neZo

P2(X)=( X 2x,/2+X,x_,)'2, xeH,
neZo

Ps()=(Z 2lx,2+/3%,x-,)"2, xedt,
neZo

are quasi-decomposition norms on (57, { - | - ) with corresponding involutions

(4.24) (J1x),=(sign n)x,, nek,,
(J %), =(sign n) (y/2x,+x_,), neZ,,
(J3x)n = (Sign n) (2xn + \/TX_") > ne ZO .

We observe that J, is continuous while J, is not, hence p; and p, are not de-
composition equivalent. However, if we extend <- |-, p, and p, to the Hilbert
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space 1%(Z,) the involutions J, and J, become both continuous. It is easily
verified that Proposition 4.1 can be applied and it follows that p, and p, are
topologically equivalent. The quasi-decompositions corresponding to p, and ps
are given by

(4.25) Hy={xeH|x_,=urx,},
2
f% ={X e I x_,,=v,:—’x,,;
where
i = +(signn)—/2, nez,,
= 5(£Gigmm=2), nez,.

Either by directly showing that
(4.26) HIDH;=H3DH3=1*(Z,, V)

where v(n)=|n|, n € Z, or by applying Propocsition 4.4 we get that p, and p; are
decomposition equivalent. The operator J,J; is given by

(4.27) (2330, =2¢2 = /3%, + (/6 = 2)x _,, neZ,,

and is not continuous in the Hilbert space topology on »#. Thus p, and p; are
not strongly decomposition equivalent.
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