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Chaos in C’-Endomorphism of Interval

By

Motosige OSIKAWA* and Yoshitsugu OONO**

§1. Introduction

The simplest non-trivial dynamical system that exhibits a ‘“‘chaotic
behavior” is the one governed by an endomorphism F:I—I where I is
a closed interval. In this paper, we propose a natural definition of chaos
(formal chaos), from which the chaos in the sense of Li and Yorke
follows. In the case of C’endomorphisms, we give necessary and sufficient
conditions for the formal chaos (the existence of a periodic orbit with
period not equal to any power of 2, the existence of F™invariant ergodic
probability measure for some positive integer m). The proof is mainly
based on three fundamental lemmas on C"endomorphisms. They auto-
matically provide a unified exposition of the following known theorems
on chaotic behavior of C"endomorphisms: Li-Yorke’s theorem, Sarkovskii’s
theorem, the estimation of a lower bound of the topological entropy, etc.
Furthermore, we get a result that in the case of F with only 2"-orbits
with <M for some positive integer M, every ergodic invariant probability
measure of F' is concentrated on some periodic orbit and the topological
entropy of F vanishes.

Throughout this paper, F:I—1I is an endomorphism of a closed interval
I, N={1,2, -}, N*={0,1, 2, ~.~~} and p denotes some odd integer larger
than 2.

We say that a1 is an n-point of F if F'a=a and Flas%Fa for
0<i<j<n—1, and that {a, Fa, ---, F*'a} is an n-orbit of F. The set
of all n-points of F is denoted by Per (F,n).
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§ 2. Fundamental Lemmas on C’-Endomorphisms

In this section we assume that F: I—1 is a continuous endomorphism

of a closed interval I

(1) Lemma. If I is compact and if Per(F,2) =0, then for
every point x € I there exists a point 2 Per (F, 1) such that 1{22 Flr=z.

Proof. We may assume I=1[0,1]. Let U= {x:x<Fx}. If there
is MEN such that F'z€U (or F'xU) for all n=M, then {F"x}zn
is a bounded monotone sequence, so that this sequence has a limit point
zE€Per (F,1). If we can not find such M as above, then we can choose
an increasing sequence of positive integers 7 (1), 7 (2), -+, as follows: (1)
is a positive integer such that F"?~'x&U and F*"PxeU. For k=1,
2, .-+, n(2k) is the least integer larger than 7 (22—1) such that F"*® g
€U and F**® U, and n(2k+1) is the least integer larger than 7 (2k)
such that F***? 'z and F****zcU. Then, F*"2z<F"® 'z<F"®x
follows from F'x€ U for n(1) <n<n(2) —1. F*O2z<F"® 'z --<F"®z
follows from F"x&U for n(2)<n<n(3) —1. Assume that there is an
integer 7,7(2)<n<n(3) —1 such that F""'z<F"® 'z<F"z<F"®z.
Then, from FF"z<F"® 'x<FF*® 'z and from the continuity of F
there is a point a such that F"® 'x<a<F"z and Fa=F"?"'z. Further-
more, from FF*® 'x>a>Fa and the continuity of F there is a point
b such that F*® 'z<b<a and Fb=a. Consider the open set C= {(z, y) :
a<x<l, 0<y<b}. The continuous curve y=F (x) goes into the set
C passing through the point (a, F*®x) and reaches the line y=>5 (a<{x<1)
or the line x=1 (0<y<5b), and the continuous curve x=F (y) goes into
the set C passing through the point (a,b) and reaches the line x=a
0<y<F"® 'x) or the line y=0 (¢<x<1). Then the two curves
have at least an intersecting point, which is in C or is the point (1, 0),
and then is in Per (¥, 2). This is a contradiction and then F*"® 'z<F"®z.

By the same way we have
FrO L Fr@ -1 Fn® 2l Fr@ -1 < 0 2
L FrO - < W <l RO 1< g
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Let lim F**®x=2 and lim F*®* Px=g2’. Then, since lim F*®* P lx=¢

N—>c0 n—>00 n—»00

and F is continuous, Fr=2’. Likewise F2’'=2. Hence z=2'&Per (F, 1).

Remark 1. If Iis not compact, then the possibility arises that |F"x|

run away toward infinity.

Remark 2. This lemma is an extension of Theorem B of Block

[2].
It is obvious from (1) and Remark 1 that
(2) If Per(F,2) =0, then Per(F,n) =0 for n=2.

Note a property from the continuity of F that for compact intervals
I, and I, such that FI, DI, there is a compact interval I/ C I, such that
FI/ =1, Then, if there is a sequence of compact intervals I, I, I, ---,
I, I, - such that I,,,C FI, (i€ N¥*), then we can inductively construct
compact intervals Wr(Z, Iy, +++, I;y) (, RE N*) satisfying the follow-

ing conditions:
Wr(l) =1,
Wr (L, Ly, ++, Livi) CWp Ly Livs, -5 Lisies)
FWr(Ly, Ly, -, Livi) = We(Livy, -, Livr), (REN, iEN¥).

(8) Lemma. Let I,1,:--,I,., be a sequence of compact inter-
vals such that I,,,C FI;, for i=0,1, ---, k—2 and I,C FI._.,, Then there
exists a point x such that x<l, FzxelI, for i=1,2,---, k—1 and
Fix=z.

Proof. Note the fixed point property of a continuous endomorphism
F that for a compact interval I, such that FI, DI, there is a point & I
such that Fx=x. Then, since F*Wr(I, L, .-+, I,_,, I,) = ,D Wr (1, L, ---,
I, ., I) and F* is continuous, there is a point x& Wr(ly, L, -+, Li_y, L)
such that F*x=x. Furthermore, Flxc F*Wr (1, I, -, I,) =1, for i=0,
1, k=1,
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(4) Lemma. If Per (F,p)=~0, then Per (F, n) 0 for any n=p—1.

Proof. Let O,={xy, x;, ***, Zp-1} (@<, <+++<x,-;) be a p-orbit of
F. There exists a point x,£0, such that zx,<Fz, and Z,,;>Fz,.,.
Furthermore there exists a point x;(%x,) €0, such that Fr,<x,<Zr.
<Fzgy. If not, then F{xy, xy, -+, Zp} C{Zrs1, Trsas ***5 Tp-1y and F{z .4,
Lrizy ***s Tp-1f C {Zo, Ly, ***, T4}, so that p can not be odd, a contradiction.
Let F* be the continuous piecewise linear function which is defined on
[z, £p-1] and whose breaking points are (x;, Fzx;) (x;€0,). Let
Iy= [z, 2y+1]. Since I,F*I, and the end points of intervals F*'I, (n
=0,1,2, ) are in O,, there is a positive integer ¢<p—2 such that
F¥ ' [ GF* I, for n=0,1, -+, t—1 and F*I;=[xy, x,-;] for n=t. Let
k be the integer such that [z, x,,,] C F¥*I\F*"'I, (k<f) and write
I,=[x,, 2;4+1]. We can choose a sequence of compact intervals I,_;, [;_,,
.-+, I,, I, whose end points are adjacent points in O, such that I,C F*' I\
F¥*L, and I,,,CF*I, (i=k—1,k—2,--,2,1). From this choice we
have ,C F*I, From the choice of x,, we have I,C F*I,. Hence from
Lemma (3) there is a point & for n (=k+1=>p—1) € N such that b [,
Fbel, -, F**'bcl, F**bl, ---, F*'bl, and F"b=0b. This b is

an n-point of F.

The proof of (4) greatly simplifies the proof of the similar Lemma
15(@) in [11].

(5) (étefan [111). If Per(F,p)~9 and Per (F,p—2) =0, then
each p-orbit of F has a point x satisfying FPizx<---<Fx<x=F’x
<FzlFix<l--<FP 'z or Fr\loel--<Fzlax=Flz<Fx<Fzx<--
<F*’z

Proof. In the proof of (4) if k< p—3, then Per (F,p—2) 0, so
that £=p—2. In this case (5) follows from the choice of I, I;_,, +-+, I
and Io.

(6) Lemma (Odd Periodicity lemma). If Per(F, p)=0, then
there exist two compact intervals Iy and I, such that FPI)N F*I,D LU I,
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and LN I1,=0.

Proof. We may assume that p satisfies the assumptions of (5) and
without loss of generality that there is a point x such that FP lz<{F? 2z
L Pl =FPx<Fla<Fz<--<F’*x. From Fx<F*(Fx) and the
continuity of F? there is a point a, such that x<<a,<Fzx and a,<F?a,.
From F?*(F" 'x) = Fx>>a, and the continuity of F’ there is a point q,
such that F?'x<la,<F?*x and a,<F’a,, From F*(F"3z) =F''x<a,
and the continuity of F? there are points a, and a, such that a,<la,<F? *z,
Fla,<a,, F"*r<a;<a, and F’a;<a, Let I,=[a,, a,] and I,=[as a,].
Then we have F?!I)D[F‘a, F’a,] D[ay, a] DDLU L, F*I,D[F%a, F?a,]
Dlay,a] DLUIL and I,N 1 =8.

Remark 3. This lemma is a stronger version of Theorem A of
Block [4] and Lemma B of Oono [8]; # necessary for F*[,NF"[[DI,U I

is given explicitly.
(7) If Per (F,p)=~0, then Per (F,6) 0.

Proof. From (6) and (3), there exists a point & such that b1,
F*bel, F**<l, and F**=b. Clearly b&Per(F?3). Hence
bePer (F,6) UPer (F,3). Per(F,3)s#0 implies Per(F,6)=+0 by (4),
so that Per (F, 6) 4.

§ 3. A Simple Proof of Sarkovskii’s Theorem

(8) Theorem (éarkovskii [10]). Let F: I->I be a continuous
endomorphism of a closed interval 1. By n<m we mean that Per (F,m)
#+0 follows from Per (F,n)=0. Then

3<5<T<I< <L 2:3<2 5 - L2 3L 5L
L BL2LT

This theorem is equivalent to the collection of the following pro-
positions (n€ N¥) :

(9) 2<2"(r+2),

10) 2"p<2*t.3,
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(A1) If 2¢>p, then 2"p<2"*F,
(12) 2riLon

Proof of (9). For n=0, (9) follows from (4). For n=1,
Per (F? p) #0 follows from Per (F,2p) =0, so that Per (F? p+2) 0
follows from (9) n=0. Therefore Per (F,2+p) UPer (F,2(p+2))#0,
but Per (F, p+2)5~0 implies Per (F,2(®+2)) 0 because of (4). As-
sume (9) holds for n=*k  Then Per(F,2""'p)=~0 implies Per (F?
28 (p+2))~0. This, in turn, implies Per (F, 2°*'(p+2)) 0.

Proof of (10). Per (F, 2"p) 0@ implies that Per (F¥, p) 0. Hence
Per (F?", 6) =0 follows from (7), so that Per (F,2"*'.3) 0.

Proof of (11). If Per (F, 2"p) #0, then Per (F”", p) 0. From (4)
Per (F*", 2¥) 20 (k=1) follows, so that Per (F, 2"**) #=0.

Proof of (12). For n=0 this is obvious. For n=1 this follows
from (2). Assume (12) holds for n=%k(=1). If Per (F, 2°**) =40, then
we have Per (F? 2¥*%) =40, so that Per (F®, 2*) %@ follows from the as-
sumption. Since 2* is even, Per (F, 2"*") =£0.

§ 4. Formal Chaos

The following definition of chaos was proposed by Li and Yorke
[5,7]: an endomorphism F: I—1I of a closed interval I is chaotic if, first,
there are points £ &1 of arbitrarily large period and, second, there is an
uncountable set RCI such that no point in R is even asymptotically

periodic. More precisely the Li-Yorke chaos is defined as follows:

Definition. An endomorphism F: I—I of a closed interval I shows
a Li-Yorke chaos if

(13) there are points in I of arbitrarily large period, and there is
an uncountable set RC I of non-periodic points satisfying

(14) for every x,yE R with x=~y, lim sup|F"z— F"y|>0,

M—00

(15) for every x,yER with x~y, liminf|F"x— F"y| =0, and

n—>c0
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(16) for every x& R and every periodic point y& I,

lim sup|F"x— F*y|>0.

n—>00

However, the definition above is not totally satisfactory for physicists,
since non-periodicity does not necessarily imply “chaos”. The dynamical
systems which are “chaotic” in the intuitive sense of physicists such as
the baker’s transformation, Smale’s horseshoe map ([9]) etc. are intimately
connected with shift dynamical systems. We propose an intuitively satis-
factory definition of chaos which implies Li-Yorke chaos as is shown in
the next section.

Let 2={0,1}" be the set of all one-siéed sequences of two symbols
and o, be the Ath coordinate of w& 2. The shift T on £ is defined by
(Tw)r=wr+, REN. We call [ay,a,, -, a] ={0:0;=a;,i=1,2, -+, k,
weE 2}, where ;=0 or 1 (:=1,2,---,k), a kcylinder. The following
definition is a 1-dimensional version of one given in [8], which can be

readily extended to many dimensional cases.

Definition. We say that an endomorphism F:I—I is formally
chaotic (or shows a formal chaos) if there exist M& N, an F¥invariant
set Kc I and one-to-one map ¢: £—K having the following properties:

(A) FY%o=¢To (wef),

(B) Let V][ay, as -++, ar] be the smallest closed interval contain-
ing ¢lay, a, -, ar]. V]a,as -+,ac] is compact for every k-cylinder
[ay, asy +++, ax] (BE N) and for mutually distinet k-cylinders [a,, a,, -+, ax]
and by, by, -+, 6] (REN), Via, ay -+, ax) N V[by, by, -+, by] =0.

The meaning of the adjective ‘“formal” is explained in the end of

this section.

(17) Theorem. Let F: 11 be a continuous endomorphism of
a closed interval I. Then F is formally chaotic if and only if
Per (F, r) <0 for some r=2" (n< N¥*).

Proof. Assume that Per(F,2"p)s~0 for some n&N*  Then
Per (F?", p) #0, so that by the odd periodicity Lemma (6) there are
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compact intervals I, and I, in I such that F*[[ DL, U1, F*I,>I,U I, and
LN L=0, where M=2""". For v, define W, by W,= N WeM(L,
L, -, 1,). Then W, is a point or a compact interval. If kc;;a)', then
W,N W, =0. Since F" is continuous, F”W,,,:ﬁF”WFM(le, L, L)

= EWFM(L,,, -y I,) =Wy, We have only to construct ¢ and K such
that g0 W, and F¥go=¢To for any oe 2.

(i) For o such that W, consists of a point a,, then ¢w=a,.

(ii) If gw is defined for w, then ¢Tw=F"gu.

(iii) If ¢Tw is defined for o, then ¢w is defined such that F¥pw
=¢Tw.

(iv) If ¢ is not yet defined on {T%w:iE N*} and all Tw are not
periodic points, then @ is chosen as an arbitrary point in W,.

(v) If ¢ is not yet defined on {T"w: i€ N*} and T"w=0, T0+T"w
for 0<i<j<n—1, for some n&€ N, then we can choose gwc W, such
that F*@¢w = ¢w, since F¥*"W,=W,.

Thus desired ¢ and K= {gw: wE £} are simultaneously constructed.

Conversely, there is #& N such that Per (F", 3) %8, because Per (7, 3)
0. Hence there is a divisor 7’ of n such that Per (F, 3n") #40.

Since F™ restricted on K is isomorphic to the diadic shift 7", we

have

(18) Corollary (étefan [111). Let F:I-I be a continuous
endomorphism of a compact interval I If Per (F,2"p) <0 for some
n& N*, then ent (F) =log2/2"*', where ent (F) is the topological entropy

of F ([1D).

For determining whether F is formally chaotic or not, the following

version of Theorem (17) is practically more useful.

(19) If there exist compact intervals I, and I, in I sharing at
most one point and m, n€ N such that F'I,NF"L,ODL,UI, then F is
formally chaotic. (Take M= (L.CM. of m and n) X2.)

By (17) a continuous endomorphism F:I—I of a closed interval I
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is formally chaotic if and only if F satisfies the condition of the formal
chaos with only (A) but without (B). However, there are endomor-
phisms which are not continuous but formally chaotic, e.g. S-transforma-
tion. In this case (B) does not follow from (A).

Even if F is formally chaotic, it is not guaranteed that we can
observe a chaotic behavior. The chaotic behavior is “experimentally”
observable when the set of initial points which eventually behave chaotical-
ly has positive Lebesgue measure. This is why the adjective “formal”

is added to the definition,

§ 5. Formal Chaos Implies Li-Yorke Chaos

(20) Theorem. If an endomorphism F:I1—1 of a closed inter-

val I is formally chaotic, then F shows Li-Yorke chaos.

Proof. Note that there are uncountable sequences w&®2 (called
transitive sequences) such that, for every cylinder set Q in £, T'weQ
for infinitely many n&N. We can choose a transitive sequence E=e¢,e,e,
-.-& & such that Wy consists of one point (the transitivity is unnecessary
for this theorem, but we need it in (21)). For any point B=058,b,b,---&8
define Xz 82 by

Xp=e,b,e,6,b,0,0,6,040,b,D5+ 185+ €,b,b5++ b+

and R={¢Xz:B=£}. (14), (15) and (16) hold for this R.

Proof of (14). Let B, B'&&, BB’ and B=>b,b,bs--, B’ =b{b} b} ---.
Then there exists k€ N such that b,5<b;. Hence there is a positive 7
such that for any n>k,

IFM(n’+k—1)¢XB_Fﬂ<n9+l:-—1)¢XB’l>77 ,

because of (B).

Proof of (15). This follows from that T""*’X;& [e,, €, ***, €n+1]
and that Ve, e, -**, €,41] converges to a point as #—>co because of the
choice of E.
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Proof of (16). If (16) does not hold, then for some periodic point
g€l of F such that lim|F¥®+v¢X, _ pire+dal—0,  Hence we can

Ne—co

choose a subsequence {n;} CN so that F™™+P¢X_ converges to some
point 7 in the periodic orbit containing q, but this implies ¢E=7r, an

impossibility.

For dynamical systems which show chaotic behaviors such as the
horseshoe map and the Lorenz model [6], non-periodic points or orbits
are closely mingled with periodic points. L. Block [3] showed that the
non-wandering set of a continuous endomorphism F: I—1I is in the closure
of the set of periodic points and eventually periodic points (i.e., points
mapped into periodic points by a finite-time operation of F). We have

the following proposition.

(21) Proposition. If a continuous endomorphism F:I—I of a
closed interval I is formally chaotic, then for any €>O0 there are

infinitely many periodic points q of F such that

liminf|F"x—q|<e, for any point xER,

N—>00

where R is the same set appearing in (20).

Proof. There is a cylinder Q such that the length of the interval
VQ is less than ¢, There are infinitely many periodic points in VQ.
From the transitivity of E, F"x< VQ for infinitely many n& N,

§ 6. Mixing Invariant Probability Measure and Formal Chaos

Among the properties which physicists consider as the characteristics
of chaos, the existence of a mixing invariant probability measure is appear-
ing. The following theorem shows that the mixing property and formal
chaos of a continuous endomorphism F: I—1 is intimately related. This
shows that formal chaos is an intuitively satisfactory concept.

A probability measure g on I is F-invarint if y(F'A) =u(A) for
every Borel set A. 4 is mixing if lim y(F"ANB) =u(A)u(B) for

R—>0

every pair of Borel sets A and B.
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(22) Theorem. A continuous endomorphism F:I—1I of a closed
interval I is formally chaotic if and only if there is a positive in-

teger m such that F™ has a mixing invariant probability measure.

Proof. 1t is obvious that formal chaos implies the existence of an
F™invariant mixing probability measure for some m& N.

Assume that there is an F™ (m& N)-invariant mixing probability
measure 4. Take six disjoint subintervals I, I, I, I, I, I, of I from
left to right such that #(f;) >0 for j={1,2, ---,6}. Then there is nEN
such that LNF™ L0, LNF"I[*0, LONF ™50 and LNF "I
0. If not, then for some pair 7z and j in {1, 2, ---, 6} there are in-
finitely many n& N such that LN F " [=0, ie., yu(L;NF"L) =0, but
this contradicts with the mixing property of # Choose four points a,,
a,, a; and a, such that a,€1, a,€Il, a;€l, a,€I; and F'"a,e1,
Fa,e I, F*"a,€ 1, F*"a,€1, Put I,=[a, a,] and I; =[as, a,]. Then
FIL,NF"I, DU I and I, I; =@, so that F is formally chaotic by (19).

Remark 4. A necessary and sufficient condition for a continuous
endomorphism F': I—1I having a mixing invariant probability measure is
Per (F, p) =0 for some odd p=3. The necessity follows from that there
are an odd integer n and disjoint intervals I,, I, I, I,, I, I, arranging
from left to right such that L,NF"I,=<0, L,NF "I;=#0, I,NF "I+
and I;N F"I;==@, and from that Per (F", p) %0 for an odd »=3. The
sufficiency follows from (5) and that the Markov subshift with the follow-

ing structure matrix has a mixing invariant Markov measure;

o= O S O O o o
o
(=)
-
oy
(=]

o © O o o O o =

.
S
o
Sb&6 508
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§ 7. Concluding Note

If only 2™orbits (<M for some M& N) appear for a continuous
endomorphism F: I—I, then (1) implies that every F-invarinat ergodic
probability measure is on a single periodic orbit and then ent(F) =0.
On the other hand, (21) and (22) show that if Per (F, 2"p) #0 for some
ne N* and odd p=3, F™ for some m& N has a mixing invariant prob-
ability measure and ent(F) >0. What happens when all 2"orbits but
no other orbits appear for a continuous F:I—I? (22) also shows that
in this case F™ for every m& N has no mixing invariant probability

measure. The following example suggests that the case is marginal.

(23) Example. F:[0,1]—[0,1] is defined as follows:
Fx=—-7(x—-2/3")/3+ (1-1/3"" for ze (1/3"2/3"]
=(x—2/3") + (1—1/3"") for ze (2/3"1/3"1],

for n€N, and FO=1. From its construction, F has all 2"orbits (7/5-3"
is a 2"point) but has no other orbits. Any point in [0, 1] is eventually at-
tracted to the periodic orbits or the classical Cantor set D={w:w= i w,; /3,
w;=0 or 2 for i&N}. The restriction F|p is isomorphic to thtladding
machine S on £: for any k€N and wE @ satisfying o, =w, =+ =we-; =1
and 0, =0, Sw=w where 0] =w}=--=w,_,=0, wy;=1 and w)j=w, for
J>k+1. In fact, ¢Fw=Spw for we D, where ¢: D—L is defined by
Jw=0 with -w=g;1 w,/3€D and w;= (2—w,) /2 for i€N. Hence
ent (F) =0 and F has a continuous ergodic but not mixing invariant prob-

ability measure.

The example above and (18) suggest that a continuous endomorphism
F:I-I of a compact interval I is formally chaotic if and only if
ent (F) >0. Indeed, Y. Takahashi communicated that he proved this

conjecture,
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