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Arithmetical Completeness in First-Order
Dynamic Logic for Concurrent Programs

By

Hirokazu NISHIMURA*

Abstract

We extend Harel’s [4] arithmetical axiomatization P of regular first-order dynamic
logic so as to include concurrent programs «f/f, and then establish its arithmetical com-
pleteness.

§ 1. Introduction

Following Floyd’s [3] invariant assertion method. Hoare [4] provid-
ed a finitary axiom svstem for proving the partial correctness of simple
sequential, iterative programs. Cook [2] introduced the notion of rela-
tive completeness as a certain kind of measure of the adequacy of such
systems. Cook’s approach was to add the valid formulas of the under-
lying assertion language to the system as axioms, and then to check
whether in each universe of discourse for which the assertion language
is expressive, the resulting axiom system can prove any true partial
correctness assertion.

Among many approaches which followed Cook, it is Owicki’s [7, 8]
system for the partial correctness of concurrent programs and Harel’s
[4] first-order dynamic logic that are most relevant to this paper. Owicki
extended Hoare's system to concurrent programs, while Harel extended
Hoare’s system so that programs themselves are syntactical entities and
so we can express the equivalence of two apparently distinct programs
formally.

In this paper we generalize Harel’s system P to concurrent programs
directly rather than incorporate Owicki’s system into Harel’s one. In

our opinion, Owicki’s system, though being popular and interesting, fails
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to understand concurrency in its most aesthetic and structured level.
Among many axioms and inference rules of P, the most central ones are
I*) and (C*), which deal with programs of the form a* (i.e., iteration
programs). Similarly, any worthwhile extension of P to concurrent
programs must contain inference rules which deal with programs of the
form a*[B (i.e., combination of iteration and concurrency) in a structured
manner. However it is such rules that are almost lacking in Owicki’s
system.

After presenting the exact syntax and semantics for concurrent
dynamic logic in Section 2, our axiomatization CP for concurrent dynamic
logic is given in Section 3. The arithmetical soundness and completeness
of CP will be established in Sections 4 and 5 repectively. Throughout

this paper we assume the reader to be familiar with Harel [4].

§ 2. Concurrent Dynamic Logic

Roughly speaking, concurrent dynamic logic (CDL) can be obtained
from regular first-order dynamic logic (DL) simply by admitting «aff
(cobegin---coend) to be also a program. Specifically we define by
simultaneous induction the set CRG of first-order concurrent regular

programs and the set of CDL-wffs:

(1) For any variable x and any term e, x<e is in CRG.

(2) For any program-free (see below) CDL-wiff P, P? is in CRG.

(3) For any «a and @ in CRG, (a;R), («¢Up), (@)B) and a* are
also in CRG.

(4) Any atomic formula is a CDL-wff.

(5) For any CDL-wffs P and Q, @ in CRG and variable x, 1P,
(PVQ), 3xP and {a)P are CDL-wffs.

A CDL-wff which contains no occurrence of a program in CRG is
called program-free, a first-order formula, or simply an L-wff. Pro-
grams of the form indicated in (1) and (2) are called indivisible pro-
grams. We shall use most of the conventions of Harel (4) freely (e.g.,

[a@]P for {a>1P). CDL-wffs Py/\---/\P, and P,\/.--\/P, are often
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n n
abbreviated to /\ P; and \/ P; respectively.
i=0

i=0

Let N be the set of all nonnegative integers. We define a function
¢ from NX N to N as follows:

oG, i) = MH? +D L5 for each (i) e NXN.

We know well in elementary mathematics that ¢ is a one-to-one
correspondence of NX N onto N and if i+j<i’+7j. then ¢(, j) <¢(@d',i).
We denote by ¢ and x the functions from N to N satisfying the follow-

ing conditions:
@), x@)) =1 for any ieN.
We define a function d from CRG to N as follows:

(1) d(a) =1 for any indivisible program «.

2) d(a;p) =d(aUp) =2(max{d(a),dB)} +1).
3) d(a*) =d(a) +1.

4) d(a/p) =¢(d(@),d(@E) +1.

We denote by 0 the program (Vx(x=x))? (a program for “do
nothings”). We define two functions init and rest from NXCRG to
CRG as follows:

0) init (0, ) =0 and rest (0, &) = for any ¢ =CRG.
(1)  init(i+1, ) =« and rest(i+1, @) =0 for any indivisible pro-
gram .
(2a)  init (21+1, a; B) =init(d, &) and
rest(2i+1, a; 8) =rest(i, ) ; 5.
(2b) init(2@G+1), a; B) =a;init(, §) and
rest(2(1+1), a; B) =rest(i, ).
(3a) init (Z2i+1, aUP) =init (i, a) and
rest (2i4+1, «UR) =rest(i, ).
(8b) it (23+1), wUp) =init(, f) and
rest(2(G0+1), aURB) =rest(, f).
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4) initd+1, aff) =init (¢ (1), «) finit (x G), ) and
rest i+1, aff) =rest(¢ (), @) Jrest(x @), ).
(5) init(i+1, a*) =a*;init(i, @) and

rest i-+1, a*) =rest (i, @) : a*,

Our notations ¢, ¢, %, d, init and rest are slightly modified versions
of Nishimura’s [6] J,, ( )1, ( ), lw, comp and lete respectively. We de-
fine the rest-closure of a program «a in CRG, written rest-cl (), as the
set

{rest (i, @) [0<i<<d () }.

The following proposition justifies the name.

Proposition 2.1. For any a«=CRG, any BErestcl(a) and any
iE€N, we have rest(i, B) Erestcl (). Le., restcl(a) is closed with

respect to the operation rest.

Proof. By induction on the construction of a.

Some examples of rest-cl (&) may be helpful to the reader.

1) restcl(a) = {a, 0}.
(2) restel(a;B) ={a;8,0;5, 8, 0}.
3) restcl(afB) = {)B, 0)B, a)b,0)06}.

In the above examples, & and 8 are assumed to be indivisible.

We now turn our attention to semantics. In the rest of this paper,
an arithmetical universe A shall be fixed. An ordered pair (I,J) of
states I and Jin A is called a move. A finite sequence (I, J,) --- (I, Jy)
of moves is called a path, while I, and J, are called the initial and
final states of the path respectively. The number n is called the
length of the path. We denote by H(A) the set of all paths. For any
heH(A), we denote the initial state, final state and the lenght of h by
is(h), fs(h) and lh(h) respectively. A path (I, J;) - (I, J,) is called
legal if J;=1;,, for any 1<{i<<n—1. We denote by H,.(A) the set of
all legal paths. Given two subsets S and T of H(A), we define:
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(1) S:T is the set of all concatenations of h;&S and h,=T.
(2) S* is the least subset of H(A) which contains S and {(Z, I) |I
€A} and which is closed under concatenation.

(8) SJT is the set of all interleaving sequences of h,&S and h,eT.

We now define a subset p(a) CH(A) for each «=CRG and a rela-
tion I=P between I€A and a CDL-wff P by simultaneous induction.

(1) For any variable x and term e,
p(xee) ={,J)|J=[e/x]I}.
(2) For any program-free CDL-wff P,
o(P?) ={(, I) [I=P}.
(3) For any « and g in CRG,
o(a; 8) =o(a); 0(B),
o(aUB) =p(a) UpB),
o(a*) = (o(@))*, and
o(alB) =p(a) [o(B).
(4) For any atomic fomula p(e,, *-, ey),
Ir=p(e,, --*, &) whenever p;(ey, :**, €y,) is true.
(5) For any CDL-wffs P and Q, « in CRG and variable x,
I="1P iff it is not the case that I=P,
I= PV Q) iff either I=P or I=Q,
I=3xP iff there exists an element d in D,
such that [d/x]Ik=P,
I={a>P iff there exists a path h&p () such that is (h) =1,
h is legal and fs(h)=P.

We say that a CDL-wff P is A-valid, notation: [=,P, if for every
I A, we have I=P.

§ 3. Axiomatization of CDL

The main objective of this section is to present our formal system
CP for CDL, which is an extension of Harel’s [4] P for DL. First of
all, we recall the formal system P, which consists of the following

axioms and inference rules:
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Axioms:
(T) All tautologies of propositional calculus.
(«<R) [x—e]P=Pg, where P is an L-wff.
(R) [Q?]P=(QDP).
GR)  [a;B]P=[a][B]P.
(UR)  [aURIP=([a]P/\[R]IP).

Inference rules:

P, PDO
MP) - —x
(MP) 0

@ P9 4 POO
[a]PD[a]Q IxPD3IxQ

(I RDP, PO[a]P, PDOQ
RD[a*]Q
(C* RD3InP (), P(n+1) D<adP(m), P(0) DO
RD<a*>Q

L-wff with free n such that n&var(x).

, where P is an

Rules (I*) and (C*) are called the rules of imvariance and conver-
gence respectively., Strictly speaking, rules (I*) and (C*) of this paper
are introduced as derived ones in Harel [4], but we prefer to regard
them as fundamental ones so as to stress the strong analogy between
them and our new rules which are to be introduced soon.

Our formal system CP for CDL is obtained from P by adding the

following axioms and inference rules:

Axioms:
(JR) [a)B] PE‘X: [init(, B) ][] [rest(i, ) ]P , where « is an
indivisible program.
GCR)  [(@; @) J11P= A [afinit (1)1 [Brest G, 1) ]P.

(UCR) [(aUP) [r]1P=([a/r]1P/\[B]T]P).
(JCR)  [(a/B) Jr]P=[a) BI7)]P.
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Inference rules:

RDP,, T, T:

(CT*) , where
RS [a*/810Q
(1) P, is a CDL-wff for each y&restcl(f),
(2) T,=A{P,D[a/init(, 1) ] Prestq,n |7 Erestcl (§) and
0<i<d(p)}, and
(3) T,=AP,D[r]QirErestcl(p)}.
(CCH RO3nP,s(n), Ty, Ts , where

ROLa*/B)Q
(1) P, is an L-wfl with free n such that ne&var(a*/B)
{for each yerestcl(9),
aw)
(@) Ti=A{P,(a+1) 5 V<e/init G, 1) YPresti,n (1) |
rE€restcl (f) and 0<i<d(y)}, and

@) To={P;(0) 2<{rQirErest-cl () }.

Axioms (JR) and (;CR) are borrowed from Nishimura [6]. Rules
(CI*) and (CC*) are called the rules of concurrent invariance and

concurrent convergence respectively.

CP(A) is CP with the set {P|P is an L-wff and [=,P} taken as
additional axioms. A CDL-wff P is said to be provable in CP(A),

one being P, and such that each formula in S is an axiom or is obtained

from previous formulas of S by one of the rules of inference.

§ 1. Soundness

The main purpose of this section is to establish the following

theorem:

Theorem 4.1 (A-soundness of CP(A)). For any CDL-wff P, if
e, then =4AP.
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Since the A-soundness of P(A) is already established in Harel (4)
and it is rather straightforward to see that axioms (/R), (: CR), (UCR)
and (J/CR) are A-valid, it is sufficient to show that rules (CI*) and
(CC*) preserve A-validity.

Lemma 4. 2. For any o, 3 CRG and any CDL-wffs R, Q and
P.(rerestcl(B), if Ea(RDPy), E=Ea®.D[lafinit(, 1) ]Pretdn) JSfor
each 0<i<<d () and =, (P, 2[1]1Q), then =a R D [a*/F]1Q).

Proof. It is sufficient to show that =, (RD[a"/B]Q) for any
neN. It is easy to see that [a"/B]Q is equivalent to the conjunction

of all formulas of the form

[aft] laf2e] - [af ] [20 ] Q

where for some ¢, -, 0,_; in CRG and some i, :-,i;&N such that
0<i,<<d (B), 0<i,<<d (0y), *++, 0<<i,<<d (0a_y)»

1) A=init(, 8) and o0,=rest(i;, B);
(2) Ay=init(i,, 6,) and G,=rest(,, 07);

(m—=1) 2y ,=init @y, Oas) and Gn_,=rest (i1, On-s)
(n) An=init (ip, 0n_r) and Ans,=rest (in, Gnoy) .

Since =p (RDPp), =a @D [afA4]P.), =4 Po D [@f4ii]Po) A<I<
n—2), =@ 2 [af2a]Ps,,) and =a (Pi.,; D [4n+1]Q) by assumption,
=aRO[afd] [afids) - [@fin] [@)2n-1]Q). Thus the desired conclusion

follows readily.

Lemma 4.3. For any «, SECRG, any CDL-wffs R and Q, and
any L-wffs P, (yErestcl(f)) with free n&var(a*|f), if =aR
S0P, (), o (B (1) DV @finit (1) Yoy (1)) and = (B (0)
S(rQ), then =y RO Q).

Proof. Similar to that of Lemma 4. 2.
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§ 5. Completeness

The main purpose of this section is to establish the arithmetical
completeness of CP. Owing to Theorem 3.1 of Harel [4], it is sufficient

to show that:

(Cl) L is A-expressive for CDL. le., for any CDL-wff P, there
exists an L-wil Q such that F=,P=Q.
(C2) The following inference rule has to be derivable in CP (A):

RDO
ORDLDQ

(C3) We can prove completeness for formulas of the simple {forms
R>D[a]Q and RO{a)Q with L-wffs R and Q.

Theorem 5.1. For any arithmetical universe A, L is A-expres-
sive for CDL.

Proof. This {follows {rom the closure of regular sets under shuffling
and the A-expressiveness of L. for DL established in Theorem 3.2 of
Harel [4].

Corollary 5.2. For any CDL-wfl" of the form {a*)>Q, there
exists an L-wff P(n) with free nctvar(a) such that =,Vn (a™>Q
=P()).

Corollary 5.3. For any CDL-wffs of the form {a*[|B>Q, there
exists an L-wff P(n) with free n&var(a*|B) such that =,Vn(Ka"
1B>Q=P@m)).

The following two lemmas are borrowed form Harel [4].

Lemma 5.4. The following is a derived rule of CP.

PDQ
<apP><apQ
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Lemma 5.5 (Invariance Lemma). For any CDL-wff of the
form RD[a*]Q, if =aRD[a*]Q), then there exists an L-wff P
such that F=, RDP), I=aPD[a]P) and =4 (PDQ).

The following lemma is the concurrent analog of Lemma 5. 6.

Lemma 5.6 (Concurrent Invariance Lemma). For any CDL-wff
of the form RD[a*|B]Q, if F=a(RD[a*|B1Q), then there exists an
L-wff P, for each tErestcl(B) such that =, (RDP,), =aP, Dl
Jinit G, 1) 1Prestny) Sor each 0<G<{d(y) and =4 (P, D[r]Q).

Proof. By Theorem 4.1, there exists an L-wff P, for each
rErestcl (§) such that =, (P,=[a*[7]Q). Since =, RD[a*/F]Q)
and =, (P,=[a*/B]1Q), we have =, (RDP;). It is easy to see that
F=a ([a*)7]Q D [afinit G, 7) ] [a* Jrest (G, ) ]Q) for each 0<<i<<d(y).
Since E=a (By=[a*/71Q) and = Praap=[a*/rest G, N]Q), Ea (P
O [afinit (G, 7) 1 Presta,ny) - It is easy to see that =, ([a*/7]1QD[r]Q).
Since =, P,=[a*[7r]Q), we have [=p (P,D[r]Q). This completes the

proof.

We define two functions w, and w, from CRG to N as follows:

1) () =1 for any indivisible program c.
2) o (a;B) =w,(@UPB) =w, () +w,(B) +1.
3) o (a®) = (a)B) =w (a) +1.

(4) w,(a) =0 for any indivisible program .
(B we(a; B) =, (U ) =max{w, (), w, (B) }.
6) w(a*) =w ().

(M) o, (xfB) =w, () +wr(B) +1.

We denote by <C the usual lexicographic order on NXN. I.e., for
any (i, 1), G J) ENXN, (3,1) < (i, o) iff one of the following condi-

tions holds:

1) <l
(2) 1i,=} and i,<]j.
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We decree that 2(a) = (0,(a), w.(e)) {for any «a=CRG. To
establish the box-completeness and diamond-completeness, we need the

following lemma.

Lemma 5. 7.
1) L) <L(a;p) and () <L(a;B).
(2) 2@ <@Up) and 2 <L(aUPp).
3) () <L2(a™).
@ L2 <2(|B, 2Gnit(,#)) <L(x/B) and
2(rest(i, f)) <L(a|B) for any ieN.
(5) L(afinit(, 7)) <L((a;B) 1) and 2(B[rest(, 7)) <<L((a;8)[7)
Sor any ieN.
6) L(afn<LU«UpB) 1) and 2BI7) <LU(«xUB)T).
(1) 2(afinit(, 1) <L(@*|B) and 2(1) <2(a*|B)
Sfor any ye&restcl (B) and anv 0<i<<ld(y).
&) L) BIn)<LUafB]T)-

The above lemma follows immediately from a simple inspection and

the following lemma.

Lemma 5.8. For any a€CRG and any i€ N, w, (init(i, @))<w )
and o, (rest (i, ) ) <w, ().

Proof. By induction on the construction of .

Now we are ready to establish the box-completeness theorem {for

CP(A).

Theorem 5.9 (Box-completeness Theorem). For any a<CRG
and any L-wffs R and Q, if =Ea(RD[a]Q), then |gpam RD[a]Q).

Proof. We proceed by induction on £(a). Since the proof is
similar to that of Theorem 3.9 of Harel [4], we deal only with the
case that « is of the form fB*[7, leaving other cases to the reader. By

Lemma 5.6, there exists an L-wfl P; for each §d&restcl(y) such that
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A (RDOP,), a2 [Bfinit G, 0) Prestiisy) for each 0<i<d(9) and
F=a(P;2[0]Q). By Lemma 5.7, we can apply induction hypothesis to
these formulas, so that |gp@m R2P,), lepm (P2 [B/init (, 0) ] Prestq,s)
and |epm; (PsD [0]1Q) for each derest-cl (1) and each 0<{i<<{d (0). Hence
by rule (CI¥), we have lgpm (RD[]Q).

The following lemma is borrowed from Harel [4].

Lemma 5.10 (Convergence Lemma). For every CDL-wf of the
form RDLa*>Q, if =4 RDLa*DQ), then there exists an L-wff P(n)
with free n&var(a), such that =, (R>23InP(n)), E=E.Pm+1)

S¢adP () and =4 (P(0) ©Q).
The following lemma is the concurrent analog of Lemma 5. 10.

Lemma 5. 11 (Concurrent Convergence Lemma). For every CDL-

wff of the form RDOa*|B>Q, if =a (RDOLa*JA>Q), then there exists
an L-wff P,(n) with free nctvar(a*|B) for each yE<restcl(f), such

that =a(RDInP,(n)), E=a(P,(n+1) > f{:}:@//inn G, 7) SPrastpy () and
=4 (P, (0) DLr>Q) for each yerestcl(fB).

Proof. By Corollary 5.3, there exists an L-wff P,(n) with {free
ne&tvar (a*JB) for each yerestcl () such that |=,Vn (P, (n) =<{a[7>Q).
Since =, (RD<a*[B>Q) by assumption, =, (RD3InP,(n)). Similarly,
it is easy to see that the other A-validities hold too.

Theorem 5.12 (Diamond-Completeness Theorem). For any «
€CRG and any L-wffs R and Q, if =a(R2Oa)Q), then |gpm R
2<axQ).

Proof. Similar to that of Theorem 5. 9.
Thus we have just established the following.

Theorem 5.13 (Arithmetical Soundness and Completeness for
CDL). For any CDL-wff P, =P iff" |eB&P-
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