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§0. Imtroductiom

Let X <P be an r-dimensional projective variety. For every integer k
with 0=<k<r consider an (n —r+k —2)-dimensional linear subspace L, of F".
Since the dimension of the tangent space of X at a smooth point x € X is equal
to r, the tangent spacc necessarily intersects L, in a space of at least k—2
dimensions. The closuie of the set of all smooth points of X where this inter-
section space has dimension at least k—1 is called the k-th polar locus of X and
is denoted by M(L,), following Piene [4].

For a general L), every component of M(L,) has codimension k in X and
moreover the rational equivalence class of the cycle defined by M(L,) is in-
dependent of L. We denote this equivalence class by [M,]=[M(L,)] and call
it the k-th polar class. The degree y, of [M,] is called the k-th class. The
number p, is nothing but the degree of X. We set y, =0 for any integer k with
k<Oor k>r.

On the other hand, the dual variety Yin the dual projective space P*” is de-
fined as the closure of the set of tangent hyperplanes. A hyperplane is tangent
to X if it contains the embedded tangent space of X at a smooth point x € X.
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In characteristic 0 the dual variety of Y always coincides with X itself.
We know a good sufficient condition in order that the dual varity of Y is again
X in the case of positive characteristic. It is explained in Section 2 (Wallace
[6]). We say that biduality holds for X if this condition is satisfied or the
characteristic is 0.

The purpose of this article is to verify the next theorem, which generarizes
Proposition (3. 6) in Piene [4].

Main Theorem. Let X cP" be an r-dimensional projective variety and
let Y be its dual variety with dimension s. Suppose that biduality holds for
X. We denote the k-th class of X by u,, and the j-th class of Y by v;. Then
W=V; when k+j=r+s—n+1.

That is, if we reverse the sequence ..., 0, vy, Vq,..., Vs, 0,... and translate it
to correspond [y 10 V.., 41, then it coincides with the sequence ..., 0, g, piy,
vees Ups Oyt

We obtain the following as corollaries.

The dimension of the dual variety is equal to n—1—r+max {k|p,#0}.

Set I=r+s—n+1. Then 120. The equality 1=0 holds if and only if
X is a linear variety, and then Y coincides with the dual space of X as a linear
space.

The study of polar loci and dual varieties goes back to Severi and Bertini.
It was succeeded by Segre, Todd, Wallace, Porteous, Lascoux, Pohl, Teissier,
Lé, Piene and others. In particular Piene showed in her paper [4] with other
results that polar loci and polar classes are invariant under generic projections,
and that the intersection X; of X with a general hyperplane has the same k-th
class as that of X except u,, which is 0. Moreover she showed the special case
of above Main Theorem where r=s=n—1.

Our article is a continuation of Piene’s work in [4]. I would like to
thank Professor H. Hironaka for his interest in this work and Professor T.
Shioda to have shown me the interest of the Piene’s work.

§1. Polar Loci and Polar Classes

In this section we will give the precise definition of polar loci and polar
classes.
We fix an algebraically closed ground field k. Every scheme is assumed
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to be separated. A reduced irreducible proper scheme of finite type over k
is called a variety.

We freely use the theory of the Chow homology group A4. and the Chow co-
homology group A" developed by Fulton in [1]. For a possibly singular scheme
X, A.X is the abelian group of algebraic cycles modulo rational equivalence
graded by dimension. A'X is a graded ring where for every vector bundle E
on X the Chern class ¢(E)=2c,(E)e A'X is defined. Every proper morphism
f: X—Y defines graded homomorphisms f,.: 4. X—A.Y and f*: A'Y-A4'X.
The cap product N: A’ X®A.X— A.X satisfies:

énted;_; X if (eA'X and ted;X
(the projection formula)

fo(f¥END=ENnfyt for é€A'Y and teAX

and
Entmny=¢Ennt for £,neA'X and ted.X.

S(E)y=c(E”)™! is called the Segre class of the vector bundle E. Here E”
denotes the dual vector bundle of E. Let a: P(E)— X be the projective bundle
associated with the vector bundle E. It is well-known that

s (E) N [X]=04(c(Opg (1))~ n [P(E)]), k=0, 1, 2,.....

Here [X], [P(E)] denote the fundamental classes of X, P(E) respectively
and e=rank F.

We write the n-dimensional projective space P" in the ‘‘coordinate free”
way as P(V) with an (n+ 1)-dimensional vector space V identified with
HO(P", 0p.(1)). Let X< P(V) be an r-dimensional projective variety. PY(L)
denotes the sheaf of principal parts of the line bundle L=0py(1)|x, that is,

Pi(L)=q4+q3L.

Here g; denotes the restriction of the i-th projection p;: X x X— X to the closed
subsceme defined by J2, the square of the ideal of the diagonal.

V, denotes @,®@V for a k-scheme Z. A surjective homomorphism V,—Q
for a vector bundléc Q with t=rank Q is called t-quotient. A sheaf homo-
morphism

is defined by the equality
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2 (@) =[y®11®¢ € PX(L).=((0x®0x/J?) ® Do

with xe X, ye Oy, and ¢ € V=HOP", Opx(1)).

Let x € X be a closed smooth point. Set A=0y . and fix an isomorphism
L.~ A. Pick a basis of V, say ¢q, ¢y,..., ¢, Their images by the morphism
Vyx—L,=A are denoted by the same letters. Pick a regular system of para-
meter of 4, say t,...,t,. {l,dt,,..., dt} is an A-free basis of P}(L),, where dt;
denotes the class of the element t;,®1—1®t;. Let {1, D,,..., D,} denotes the
dual basis. Dy,..., D, are regarded as differential operators of 4. With the
above choice of bases the diagram

VX,x ’-a)i* P}I(L)x

Lol

An+1 M Ar+1

commutes. Here M is defined by the matrix.

4)05 ¢1 ERRRS d’n

M= D1:¢0’ D1¢],..., Dlsqsn

Dr¢0’ Dr¢la---a Dr'(nbn

The linear subspace of P(V) spanned by the row vectors of M evaluated at
x € X is nothing but the embedded tangent space T,. Therefore for a smooth
closed point x € X, the embedding P(PY(L) (x))P(V) defined by the surjective
homomorphism a,®k: V—P%(L)(x) coincides with the inclusion T,P(V).
Let U denote the maximal smooth open subscheme of X. The morphism

g: U— G=Grass,,, (V)
defined by the (r+ 1)-quotient
aly: Vy — Px(D) |y
can be identified with the so-called Gauss map.
Now fix an integer k with0<k=<r. Let Ly,=P(V/V’) bean (n—r+k—2)-
dimensional linear subspace of P(V). Let (r+1)-quotient V3—Q denote the

tautological sequence of vector bundles on G=Grass,,; (V). We denote by
Z, the scheme of zeroes of the morphism

Ar—k+2 V& _ Ar—k+2Q

induced by the morphism Vg—Q which is the composition of the inclusion
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Ve=V®0s-V; with Vi—Q. The scheme X, is one of the Schubert varieties
k

and codim (Z,, G)=k. It is known that the next equality holds in A.G

(Porteous [5]).

[Z]=ca(Q)n[G].

The inverse image g~'2, is the scheme of zeroes of the morphism

Ar—k+2Vb —_ Ar—k+2P}((L)IU
denoted by M (U). Tt is easy to see that x belongs to M (U) if and only if the
dimension of the intersection of the tangent space T, with L, is at least k—1.
Let M, be the schematic closure of M (U). We call M, the k-th polar locus
of X for every integer k with 0Sk=<r. As a set M, coincides with the closure
of the set

{xeU|dim (T N Ly)=k—1}.

Propesition 1.1 (Piene). For a general (n—r+k—2)-dimensional linear

space L, the class [M)] of M, in A.X is independent of Ly,. If m: Z—X is
any proper birational morphism such that the (r+1)-quotient al, extends to

an (r+1)-quotient b: V,— P, there is an equality

(M ]=n.(c(P)N[Z]).

Remark 1.2. We say that the (r+1)-quotient a|y extends to an (r+ 1)-
quotient b: V,—P if the following conditions are satisfied. First of all b is
surjective and P is a vector bundle over Z. Moreover there exist a non-empty
open set U'cU and an isomorphism # which makes the next diagram com-
mutative. We set U=7n"1(U").

vy =@lo, pxpy(n)),

N Il

VU—LlU—-) Plﬁ

We can choose such a proper birational morphism n: Z—X. For example
let Z be the closure in X x G of the graph of g: U—G, the morphism 7 be the
projection to X and the homomorphism b of vector bundies be the pullback of
the tautological sequence on G by the restriction of the projection X x G—G
to Z.

Proof. See Piene [4].

For every integer k with 0 S k=<r, the class [M,] € A.X which is independent
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of the choice of the general L, is called the k-th polar class. In particular
[Mo]=[X].

§2. The Dual Variety

As in the previous section, let X<P(V) be an r-dimensional projective
variety in an n-dimensional projective space and let U be the maximal smooth
open subscheme of X. We will define the dual variety of X.

First of all we take a proper birational morphism 7n: X— X such that the
(r+1)-quotient a|y: Vy—PYL)|y has an extension on X. (See Remark 1.2.)
Let b: Vx— P be the extension of a|,. We set K=Ker (b), which is a vector
bundle on X. Associated with (n—r)-quotient V3—K" (¥ denotes the dual
bundle), the inclusion Z=P(K")cP(Vy)=X x P(V") isdefined. Let Y denotes
the image of Z by the projection X x P(V")—P(V"~) equipped with the reduced
scheme structure. Y is called the dual variety of X.

Z=P(K")c X x P(V")

/ \F‘pmjeclion
o a

P(V)oX X YcP(V™)
Figure 2.1.

Let us call each morphism as in Figure 2.1. For a non-empty open sub-
scheme U’,
Y=the closure of f(a"1(U")).

Thus if we take such U’ that 7|,y : 7~} (U")—>U’ is isomorphic, we see
that Y is independent of the choice of =. And for such U’ and for a closed
point X e z~1(U’ n U), the fibre & 1(X) consists of all hyperplanes which contain
the tangent space T, ) of U at n(X). Therefore when we regard all hyperplanes
which contain one of the tangent spaces of U as the subset of the dual projective
sapce P(V'™), Yis the closure of that set equipped with reduced scheme structure.
Let s be the dimension of Y.

Example 2.1. Let X be alinear variety. The tangent space T, at a closed
point x € X coincides with X itself. Thus Y is the set of all hyperplanes which
contain X. Yis nothing but the dual space of X as a linear subspace of P(V).
We note in this case that dim X +dim Y=n—1.
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Example 2.2. Let X cP(V) be the hypersurface defined by an irreducible
homogeneous polynomial F(t,, ti,..., t,). Then Y is the variety defined by the
system of polynomials which we can obtain by eliminating variables tq, 4,..., t,
from the equalities

F(tg, tiyens t,)=0

_OF _OF
uo—??-t;(to, Fiyenes B)yenny u”—m(to, Piseens by) -

Example 2.3. Let ty, t;, t,, {3 be the homogeneous coordinate of P3. Pick
an irreducible homogeneous polynomial F(t,, ¢, t,) with three variables.
Consider the surface X defined by the equality F=0. Let X, denote the inter-
section of X with the plane t;=0. X is the cone over X; with the vertex
p=(0,0,0, 1).

»=(0,0,0,1)

Figure 2.2

Let ug, u,, u,, u; be the dual coordinates of ¢y, t,, t,, t;. Then the dual
variety Y of X is contained in the plane u; =0 which is the dual space of the point
p and Yis isomorphic to the dual curve of X in the sense of Pliicker. We note
that in spite that dim X' =2, Y has dimension at most one.

The objective of this section is to verify Theorem 2.4.

When a non-empty open smooth subscheme U, = X is given, for every point
y € P™ of the dual projective space, we define the y-contact locus. 1t is the closure
of the set of all points of U, such that the tangent space of X at that point is
contained in the hyperplane H, corresponding to y.
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Tangent space

Contact locus

, Variety

Figure 2.3.

A morphism of schemes f:Z—X is called generically smooth if the
restriction of B to a dense open subscheme of Z is smooth. In characteristic

0 every morphism of varieties is generically smooth.

Theorem 2.4 (Wallace [6]). Assume the same situation as in Figure 2.1.
First assume that 8 is generically smooth. Then,

(1) the dualvariety of Y, i.e., the twice dual variety of X coincides with X.

Let U and U* be the maximal smooth open subschemes of X and Y re-
spectively. U, denotes the maximal open subscheme of U such that n|,-1y,,
is an isomorphism. Let U¥=U*\B(J) where J is the set of ramification points
of the morphism B. We set U,={xeU,|a"1(x)n Y (UF)#¢}, Us={ye
UF1B' W no (U #¢}.  Then,

(2.1) for every y € U%, y-contact locus in X is the dual linear space of the
tangent space of Y at y;

(2.2) for every xe U,, x-contact locus in Y is the dual linear space of the
tangent space of X at x.

(3)  Conversely under the assumption of (1) and (2.1), it follows that j
is generically smooth.

We say biduality holds for X if f§ is generically smooth. It is easily checked
that this definition is independent of the choice of the birational morphism
n: X—-X.

Corollary 2.5. Assume that biduality holds for X. Let r=dim X and
s=dim Y.
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(1) The y-contact locus for a general point of Y has dimension n—s—1.
The x-contact locus for a general point of X has dimension n—r—1.

(2) The inequality r+s=n—1 holds. And the ecquality r+s=n—1
holds if and only if X is an r-dimensional linear variety. In that case Y

coinsides with the dual linear space of X.

Proof. (1) is easily deduced from Theorem 2.4 (2). By Theorem 2.4

a contact locus is a linear subspace of a tangent space. Thus comparing the
dimension we have the inequality n—s—1<r. If the equality holds, at general
points the contact locus and the tangent space coincide. Then the tangent space
and the variety also coincide. As for the latter half of (2), see Example 2.1.
Q.E.D.

Proof of Theorem 2.4. Pick yoe Us#¢. Pick zoe 71 (yo) No~1(U,) and
set xo=0(zy). Choose a sufficiently small smooth affine neighbourhood N,
of xq.

Pick a basis of V, say ¢q, ¢...., ¢, and let D,, D,...., D, be independent
vector fields on N,. We fix an isomorphism of the structure sheaf @y |y, and
the line bundle n*L|y, with L=0py (1)|x. As it is shown in Section 1,
(r+ 1)-quotient

aly: Vy — Px(L) |y

is represented on N; by the matrix

¢O’ ¢]a~'-9 q'l)n
[T¢]= D1_¢07 D1¢ls'--a D}d’n
D,.‘(PO, Drd)l:--'a D;(bn

Pick a free basis of the global sections on N, of the sheaf K=n*Ker(a|y:
Vy—=PY(L)|y), say eq,..., e,_,. The morphism K—Vy is represented by the
matrix

lpﬂlﬂ"‘ﬂ l//0,11—1'

[V]= ‘//1.1’---= '/’1_.;:—r
‘//nl""‘ﬂ l//n.nﬂ*
with these bases. Then,

2.1 [¢1[¥]1=0
with [¢]= (¢, ¢1,-... ¢,) and for every vector field D on N,
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(2.2) [D][¥]1=0

with [D¢]=(D¢g, Dop,,..., Dd,). Pick dual bases of ey,..., e,-,, Do, D15---, P
for K~ and Vy respectively and morphism V3— K" is represented by the matrix
t[}y]. There is an isomorphism

FUN) = N, x P
w w
(xs [ulel+ +un—ren—r]) | B— (x! (ul: Uyl -l un—r)) .

The affine coordinate u,/u, with j=2, 3,..., n—r on the open set Nepr-r-t
defined by u,#0 is also denoted by the same letter. Here we set u;=1. We
may assume that zoe N, x N. I-quotient V,—0,(1) is represented on N, x N

by the matrix

Y Uy
(2.3) [(P1=| ¥: |=[Y]1[«] with [u]=| %
‘I'I" u'u—r

The morphism f is defined on N, x N by
2 (Po(2): Pi(2):-: Po2) e P(VY).

Choose a sufficiently small smooth affine neighbourhood N¥ of y,eY. Let
D%, D%,..., D¥ be independent vector fields on N§. The tangent space of Y at
Yo € NT is nothing but the space spanned by the column vectors of the value at
Yo of the next matrix

Y., D¥¥,,..., D¥Y,
[T*¥]=| ¥1, DI¥y,..., DFY,y

¥, DiV¥,..., D¥V¥,

Next we show that on a neighbourhood N, of z,€ Z,

(2.4) [¢1[T*¥]=0
holds. First the equalities (2.1) and (2.3) imply that
(2.5) (61 [¥]=[o][¥][u]l=0.

Since B is smooth at z, € Z, D* can be extended to the vector field D¥ on N,
for every j=1,2,...,s. In view of the fact (d¢;/0u;)=0 (i=0,1,...,n, j=
2, 3,..., n—r) and the equality (2.2), we see that for every vector field D on N,

(D1 [¥1=0
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with [D¢]=(D¢,, Dép,,..., Dp,). Thus in particular

(2.6) (D1 [¥1=[D¥p1 W] [u]=0, j=1,2,..,s.
Differentiating the equality (2.5) by D*, we obtain that

J
[D*¢]1[¥]1+[4]1[D¥¥]=0.
This equality and (2.6) yield
[4]1[D¥¥1=0, j=1,2,...,5.

The last equality and (2.5) conclude the equality (2.4).
By (2.4) the value at z € f~!(y,) N N, satisfies

(2.7) [p(a(z)] [(T*¥) (yo)]=0.
Let C be the image of the morphism

O(Iﬁ_l(}’a)fllv1: ﬁ_l(y'o) an — X

which may be assumed to be isomorphic. Let S be the linear subspace defined
by the (s+ 1) linear equalities whose coefficients are one of the column vectors
of [(T*¥P)(yo)]. The equality (2.7) shows CcS.

Since the rank of the matrix [T*¥] is s+ 1, dim S=n—1—s. The dimen-
sion of C is not less than n—1—s=dim Z—dim Y because f is surjective and
| g-1¢yoynn, 18 assumed to be isomorphic. Thus for a sufficiently small niegh-
bourhood N; of 7n(xy), CNN;=SNN;. Since z, is an arbitrary point of
B~ Y(yo) Na~!(U,), this concludes that the y,-contact locus C, i.e., the closure
of the set of points of U, whose tangent spaces are contained in the hyperplane
corresponding to y, is the dual linear space of the tangent space of Y at y,.

Consider the restriction of the fibre space f: Z—Y to the open set
U,=a~3(Uy)np~Y(U¥). Tts fibre at a point ye U%¥ is a dense subset of all
hyperplanes containing the tangent space T, of Y at y. Hence the relation
between X and the fibre space «|y,: U, —X is the same as between Y and the
fibre space f|g,: U,— Y, which conclude (1), X is the dual variety of Y. Since
the relation between « and f still hold only under assumption (1) and (2.1) and
o is obviously generically smooth, we can conclude (3).

Applying for (Y, o) what we have verified for (X, p) in the above, we can
also conclude (2.2). Q.E.D.
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§3. The Main Theorem

Let X = P(V) be a variety of dimension r in a projective space of dimension ».

For every integer k with 0<k=r, let
M Jed, X
be the k-th polar class of X. In particular recall [M,]=[X].

Notation 3.1. \a denotes the degree of the 0-dimensional component of

the element « of the Chow homology group. That is,
SOC =s,o € Ay Spec(k)=2Z

where s: X —Spec (k) denotes the structure morphism.

Definition 3.2. The k-th class y, of X is defined as the degree of the k-th
polar class [M,], that is, ﬂk=SC1(L)'_" Nn[M,] with L=0p (1) |x for an integer
k with 0<k=<r, and y,=0if k<0 or k>r. We note that u,=degree of X.

Main Theorem 3.3. Let X <P be an r-dimensional projective variety in
an n-dimensional projective space. Assume that biduality holds for X.
Let Y be the dual variety of X, and let s be its dimension. Let u, denote the
k-th class of X and let v; denote the j-th class of Y. Then the inequality
r+szn—1 holds and if k+j=r+s—n+1, then y =v,

Whole this section is devoted to verify Main Theorem 3.3.

Following Section 2, we construct X the closure of the graph of the Gauss
map, Z and morphisms «, &, 7, §. Applying the same procedure to Y, we obtain
Y, W and morphisms v, 7, p, 5.

Z
% \
PV)o X« X Y-L2,YcP(V)
\ é‘/
w
Figure 3.1.

Closely reexaming the proof of Theorem 2.4, we know that the open set
U,=" (U,)nB~Y(U¥)<=Z is isomorphic to the open set U,=d6"4U,)n
y Y (UF)=W. (Of course U,=U, il X is the closure of the graph of the Gauss
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map.) And moreover there exists an isomorphism 0: U, — U, such that §0=aq,
y0=B.

Set L=0pw () lx, L*=0pyv(1)|y. Let P, K be the same as in the
beginning of Section 2. By Proposition 1.1, for every integer k with 0<k=<r,
M ]=mn4(ci(P) N [X]).

Since ¢(P)=¢(K) ' =5(K"),
c(P) N [X]=5(K") n[X]
=&y(c1(Opae (D) "5 N [Z])
=Ty(B e (L¥)"r~1*F 0 [Z]).

Hence

(3.1) we=\c (L) *n[M]

I

feswr*nma@nxy
s n i (pre,wey—ren (2

=Sa*C1(L)r—k . ﬁ*cl(L*)n—r—l-Hc n [Z] .
For an integer k with k<0, since

ag (e, (L¥) RN [Z]) e A, ()X =0,

we have
Sa*cl(L)r—k - Bre (L*)y=r=1+k 0 [Z]
=§c1(L>'-k N atg(B*ey (L¥)r=1+k 0 [Z])
=0=y,.

Set I=r+s—n+1. We know similarly that for an integer k with r—n
+lsk=sr,

(3.2) o= {res Ly e (Leymrt W

Consider

{=(x, B): Z — P(V)XP(V),
n=(5,y): W— P(V)xP(V").

Let S, be a linear subspace of P(V) of dimension n—r+k, and S, be a linear
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subspace of P(V) of dimension r+1—k. The equalities (3.1) and (3.2) show
w={e1s, x 21,
Vl—k=g'7*[51 x S3].

By Kleiman’s Transversality Lemma (Kleiman [2]), we may assume that for
general S, S,, the supports of M={"%(S, xS,) and N=p~1(S, xS,) (M and N
are regarded as schemes,) have dimension 0 and M cU,, N < U, since for example
the intersection (Z\U,) N M is proper and necessarily empty. By Corollary 11
in Kleiman [2], we can assume moreover that every point in their supports has
multiplicity 1, which implies that the regular sequence generating the defining
ideal of S; xS, in Opyyxpvy is still a regular sequence on Z or W. Thus all
higher Tor-modules appearing in the definition of {*[S; x S,] and #*[S, x S,]
vanish. We have

1, =the number of points in {~1(S; x S,),
v,_p=the number of points in #57(S; xS,).

Since U, and U, are isomorphic through 6, we conclude u,=v,_,. As for the
inequality r+s=n—1, see Corollary 2.5. Q.E.D.

Corollary 3.4. Under the same assumption as in Theorem 4.2,
dim Y=n—1—r+max {k|u,#0}.

Proof. Since p, 44 ni1=Vo#0 and since p,=0 if k>r+s—n+1 by
Theorem 3.3, it is obvious. Q.E.D.

Remark 3.5. The assertion in Wallace [6] Section 2.1 is false. It asserts
that for a generic point x € X and a generic hyperplanc H such that H contains
the tangent space T, of X at x, {x'eU|T,=T,}={x'eU| T, <cH}. Here U
is the smooth part of X. As a counter-example, choose X =P x P2GP5 (the
Veronese embedding). Calculation shows that the left-hand side is a single
point {x}, but the right-hand side is a line.
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