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A Theorem on Bimeromorphic Maps of
Kahler Manifolds and Its Applications
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Akira Fuski

Introduction

For a compact complex manifold Z we denote by P(Z) (resp. SP(Z)) the
convex cone in H%(Z, R) consisting of classes which are positive (resp. semiposi-
tive) in the sense of Kodaira. Thus we have P(Z2)cSP(Z)c H-Y(Z)c H*(Z, R).
In particular Z is Kahler if and only if P(Z)#¢, and in this case SP(Z) is the
closure of P(Z) in HXZ, R).

Now let f: X—Y be a bimeromorphic map of compact complex manifolds.
Suppose that f induces an isomorphism of complements of analytic subsets of
codimension =2. Then as a main theorem of this note we shall show that
either f is biholomorphic or f.(P(X))NSP(X)=g¢ in H*(Y, R), where f:
H*(X, R)>H*Y, R) is the homomorphism induced by f. (See Theorem 3.2
for a little more general statement.) In particular if X is projective with an
ample divisor D and if the linear system |f,.D| is base point free on Y, then f
must be biholomorphic, the fact which can be verified directly using the natural
isomorphism I'(X, Ox(D))=I(Y, 0y(f.D)). However, in [4, (1.13)] we have
given another proof for this in a certain special case, which in fact is applicable
also to the general case in view of Lemma 3.1 below and of the transformation
formula (8) in Lemma 2.4, well-known for divisors. The advantage of the latter
proof lies in the fact that it can further be generalized to give the main theorem
as above. For this purpose, since a Kéhler class, or more generally, a semi-
positive class cannot in general be represented by divisors, as substitutes we
consider positive currents of type (1, 1) in the sense of Lelong [10]. They
include as special cases semipositive forms on the one hand, and effective
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divisors on the other hand. Moreover they are transformed just as divisors under
bimeromorphic maps; indeed the transformation formula (8) mentioned above
is verified for them. Once (8) is established the proof of the theorem is essential-
ly the same as in the case of divisors, though in the actual proof we do not
separate the case of divisors.

In Section 2 some lemmas on positive currents including Lemma 2.4 will
be shown and then in Section 3 Theorem 3.2 and some of its corollaries will
be given. Section 1 is devoted to some preliminary study on the functorial
behavior of line bundles and their chern classes under bimeromorphic maps.
On the other hand, in Section 4 as the main application of our theorem we shall
give a kéhlerian analogue of a theorem of Matsusaka-Mumford [11] concern-
ing the uniqueness of the limit in smooth deformation of polarized manifolds
(Theorem 4.3). This result will play a fundamental role in our construction of
the coarse moduli space for polarized family of compact Kahler manifolds in
[5]. As a more specific application we also prove that every bimeromorphic
automorphism of a compact Kéhler manifold X with h»:{(X)=1and ¢;(X)=0
is necessarily biholomorphic (Proposition 3.6).

In this paper complex manifolds are assumed to be paracompact and
connected. A complex space E of pure codimension 1 in a complex manifold
X is called an effective divisor, or simply a divisor when no confusion may
arise. In this case we denote by [E] the line bundle defined by E. Except for
the case of divisors complex spaces are in general assumed to be reduced.

§1. Bimeromorphic Maps, Line Bundles and Chern Classes

Let f: X—Y be a morphism of complex spaces. Then f is called bimero-
morphic if f is proper and there exists a dense Zariski open subset U (resp. V)
of X (resp. Y) such that f induces an isomorphism of U and V. In this case
there exist in fact unique maximal such U and ¥, which will again be denoted
by the same letters U and V respectively. Then we call E=X ~U the excep-
tional set of f. Let F=Y—V(=f(E)). Then codim F=2 when Y is normal
and E is of pure codimension 1 when Y is nonsingular (cf. [6]).

Let X and Y be complex spaces as above. Then a meromorphic map
f: X-Yis an analytic subspace I of X x Y called the graph of f, such that the
natural projection m,: '->X is bimeromorphic. We call f bimeromorphic, if
the other projection n,: I'»Y also is bimeromorphic. In this case f~!: Y- X
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is by definition the bimeromorphic map with the graph ‘I'={(y, x)e Yx X,
(x, y)eltc¥YxX.

Let X be a complex mauifold and (&, d) (resp. ('2%, d)) be the complex of
sheaves of germs of real valued C* forms (resp. currents) on X. Then we
have the usual de Rham isomorphisms Hi(X, R)~HI'(X, &x)xH'II(X, '2%).
Let £5-? < &% (resp. '9%? <’ 2%) be the subsheaf of germs of type (p, p), p>0.
Then we put Z}-1=Ker (d: &Y' — &%) (resp. 'Zp'=Ker(d: '2p1—>'23)) and
AV (X)=I(X, Z{Ydde[(X, &%) (resp. '"AH Y X)=I(X,'Zy1)/dd['(X,’'2Y))
where d¢=./—1(6—2), 0 (resp. 6) being the (1, 0) (resp. (0, 1)) component of
d. Let P24 be the sheafl of germs of pluriharmonic functions on X. Then we
have the following commutative diagram of exact sequences

0———»9X——> é’% —dd—c—) g&,l —0
L
0 — Py — 9% 445, 'Ll 0.
From this we get the natural isomorphisms

(1) ALY X)=H\(X, 2y ='BV(X).

Then we denote by H!-!(X) the isomorphism class of these vector spaces. In
what follows, however, we often identify H':1(X) with any of these vector
spaces. The natural map 'A!-1(X)—H?*(X, R) induced by the inclusion '@}!
c'2% defines a linear map

2: HU\(X)— H3(X, R).

We consider the following commutative diagram of short exact sequences

0 0
l !
Z—1Z
! !
) 0—R — 03—t Py— 0
! ! I
00— S — 052 25— 0
! !
0 0

where S! is the circle, u and u* are defined respectively by u(f)= —(imaginary
part of f) and u*(f)=(1/2n)log|f|, and the middle vertical line is the usual
exponential exact sequence. From this we have the following commutative
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diagram of cohomology exact sequences

— HY(X,R) — H'(X, 0y) — HV(X) 22 H*(X, R) —

3) | | 5‘. |

— HY(X, S") — HY\(X, 0}) % AV Y(X) — H*(X, SY) —

where we have identified H(X, &) with H-1(X). Then for each holomorphic
line bundle Le HY(X, 0%) we define its refined chern class ¢(L)e H'*1(X) by
8(L)=0(L) (cf. [14]). On the other hand, A, is easily identified with the A
above. In particular A is injective if and only if 7 is surjective. The latter is
the case if, e.g., X is compact and bimeromorphic to a compact Kéhler mani-
fold (cf. [3]).

Let f: X—Y be a proper morphism of complex manifolds. Let f*:
I'(Y, €y)-I(X, &%) be the pull-back of forms and f,: I'(X, '@23)—=I(Y, '2y)
the direct image of currents. Since they commute with d and d° and are com-
patible with types, they induce the natural homomorphisms f*: H(Y, R)—
H{(X, R), f*: H-(Y)-»H"(X) and f,: H(X, R)»H(Y,R), f.: H"'(X)—~
HU(Y) respectively. Suppose now that f is bimeromorphic. Then f,f* is
the identity on I'(Y, &y)(sI'(Y, '2y)) and hence so is f.f*. In particular
Hi(Y, R) (resp. H:1(Y)) is naturally a direct summand of H(X, R) (resp.
H'(X)).

On the other hand, (still under the assumption that f is bimeromorphic)
we can also define

Syt H(X, 0%) — H'(Y, 0%)

for the spaces of line bundles as well as the usual pull-back homomorphism
f*: H(Y, 03)->H'\(X, 0%). Indeed, let E be the exceptional set of f, F=f(E),
U=X-—E,and V=Y—F. First note that s#%(0%)=0, i=0, 1, so that H{(Y, 0%)
=0, H}(Y, 0%) = H(Y, s#20%)=~H(Y, R'j,0%), where j: V- Y is the inclusion.
So we have the following commutative diagram

H'\(X, 0%) -% HYW(U, 0§)
@ i o

H\(Y, 0%) = H'(V, 0%) —- H°(Y, R'j.0%)
where ry, rp are restriction maps with r, injective, and & is the coboundary

homomorphism HY(V, 0F)—HZY, 0%) composed with the above isomorphism.
We shall show that dnry(L)=0 for every Le HY(X, 0%). Let £ =04(L).
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Then f,.Z is a coherent analytic sheaf on Y representing the class #ry(L) on V.
Hence it is enough to show that for every open subset W of Y which is isomorphic
to a polydisc, f 4% is isomorphic to Oy on W—-W n Y. In facttake any nonzero
section se (W, fo#). Let A be the union of irreducible components of
codimension 1 of the zero of s and [A] the line bundle defined by A. Then
f+ZL20y([A]) on W—W n Y, while 0y([A])=0y on W since W is isomorphic to
a polydisc. This proves our assertion. It then follows from the above diagram
that there exists a unique L' e H!(Y, 0%) such that ry(L)=nry(L). Then f,L
=L’ by definition.

In this case we also have f, f*=identity on H!(Y, 0%) (projection formula)
and hence H(Y, 0F) is naturally a direct summand of H(X, 0%).

Now we shall study the kernel of f,. For this purpose let E,, v=1, 2,...,
be the irreducible components of E and [E,] the line bundles on X defined by
E,. Further we denote by e, (resp. é,) the real first chern classes ¢,([E,])
€ H(X, R) (resp. refined chern classes &([E,])e H'"1(X)) of [E,]. Then we
have following:

Proposition 1.1. Let f: X—>Y be a bimeromorphic map of complex
manifolds as above. Then in the notation above we have the following com-
mutative diagram of (split) exact sequences

> 0

0 —s Q:)Z[E‘,] 5 HY(X, 0%) L+, H(Y, 0%)
l ; i

0 — gaRév — HUWY(X) L& HLY(Y) —0
1 B k

0 —> @®Re, — H*(X,R) L, HX(Y,R) — 0

where ©(®, r,[E,])=T1, [E,J® and the other maps are either defined above
or canonically defined.

Proof. Commutativity. The commutativity of the squares on the left
follows by the definition of the maps. (Actually we define the vertical maps on
the left by the commutativity of the squares.) The commutativity of the bottom
square on the right follows from the definition of A and f,. Thus it remains to
show that &f,=f4¢ First, in view of #L(2y)=0, i=0, 1, using H'}(Z)~
HYZ, 2,),Z=X, Y, U, V, we get the following diagram of exact sequences
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HUY(X) Ju, HU(D)

o

HY A (Y) 2%, HYA(V) 2 HO(Y, RYjy2y)

with r, injective in the same way as for (4). Moreover the commutativity of
the diagram is obvious. Then considering the natural map from (4) to (5) in-
duced by u*: 0%— 2, in (2), we see immediately the desired commutativity.

The exactness of the third sequence. We consider the following commuta-

tive diagram of exact sequences of local cohomology

— L H'(X,R) — H'(U, R) — H(X, R) -*, H*(X, R) — H2(U, R) —»

N !

— L H'(Y,R) — H'(V, R) — H3(Y, R) — H*(Y, R) — H*(V, R) —, .

Since F is of codimension =2 in Y, we get that H3(Y, R)=0. From this and the
above sequence it follows immediately that H3(X, R)~Kerf,, f+: H¥(X, R)
—H*(Y, R), by ¢. On the other hand, we have the natural isomorphisms
HY(X, R)=2H(X, #}(R)=®,H(X, % (R)=®, H(E,, R) and the induced
isomorphism 2: @, H%(E,, R)y=Kerf, is given by (+,)—> >, r,e,, where we identi-
fied each HO(E,, R) naturally with R. This shows that the third sequence is
exact.

Exactness of the first sequence. By the commutativity of the diagram z is
injective, and by the definition of f, it is clear that f, t=0. So it suffices to show
that Kerf,=Imz. Let LeKerf,. By commutativity there exists a sequence
(r,) of integers such that ¢,(L")=0 with L' =TT, [E,]"*®L, where &, denotes the
integral chern class of a line bundle. Consider the following commutative

diagram of exponential long exact sequence

— HY(X, Z) — HY(X, 0y) 2%, H\(X, 0%) & HX(X,Z) —>

o 1 I I I

— HY(Y, Z) — HY(Y, 0y) 25 HY(Y, 0%) %% H* (Y, Z) — .

Here the first f* is isomorphic as follows from (6) with R replaced by Z, and the
second f* is isomorphic since Rif,0,=0,i=1, by Hironaka [7]. Now
¢,(L")=0 implies that L'=gy(f) for some feH(X, Ox). Then gyf* 1(f)
=fof*9yf*U(B)=f+gx(B)=0. From these it follows easily that B is in the
image of H(X, Z) in the above diagram so that L’ is trivial. Hence LeIm.
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Finally the exactness of the second sequence can be proved just as above
using the following commutative diagram of exact sequences

— H'(X, R) — H'(X, Oy) — H"'(X) — H?*(X, R) —
Tf* I k W‘,* T*
— HY (Y, R) — HY\(Y, Oy) —> H“Y(Y) — H?*(Y,R) —

(cf. the top line of (3)) instead of (7), together with H-Y(Z)~HYZ, 2,), Z=X, Y.
Q.E.D.

A complex manifold X is called relatively minimal if any bimeromorphic
morphism f: X—Y of X onto a complex manifold Y is necessarily isomorphic.

Corollary 1.2. Let X be a complex manifold with by(X)<oo, where b,
is the second Betti number. Then in the bimeromorphic equivalence class of
X there is at least one which is relatively minimal (cf. [9, VIII § 3]).

Now in general let f: X—Y be a bimeromorphic map of complex mani-
folds. We shall generalize the definition of f* and f, defined above for mor-
phisms as follows. Take any complex manifold Z with bimeromorphic mor-
phisms h,;: Z—X and h,: Z—Y such that f=h,h7!, which is always possible
by resolving the graph of f. Then we define f,: HX(X, R)—H*(Y, R) (resp.
HYY(X)—->H"“\(Y), H\(X, 0%)—>HUYY, 0%)) by f.=h,4h¥, and define f* similar-
ly by f¥=h,,h%. By a standard way we check easily that the definition is in
fact independent of the choice of Z as above.

§2. Bimeromorphic Maps and Positive Currents

Let X be a complex manifold. Let o be a real closed (1, 1) current on X,
ie, oel(X, 'Z%"). Then for every point x € X there exist a neighborhood U
of x and a current ¢ of degree zero on U such that o| ;=dd®¢p. Then according
to Lelong [10] we call a positive if ¢ is a plurisubharmonic function for every
x € X and U as above (cf. [10, IV. 4a1)]). The definition is independent of the
choice of ¢ because ¢ is unique up to addition of plurisubharmonic functions on
U. (We refer to [10] for the definition of plurisubharmonic functions and its
fundamental properties.) We denote by P(X)cTI'(X, 'Z}!) the set of positive
currents on X.

Let ¢ be a plurisubharmonic function defined on an open subset U of X.
Then we put S(@)={ueU; ¢ is not locally bounded below at wu}, and
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So(@)={ueU; ¢(u)=—oo}. Then we define S(¢) for 6 € P(X) by S(c) n U = S(¢)
and S, (6) N U=S_(¢p) for any open subset U and for any plurisubharmonic
function ¢ on U such that ¢|y=dd°¢@. By the same reason as above this is
well-defined. By definition S(o) is a closed subset of X.

Let f: X—>Y be a proper morphism of complex manifolds. Let ¢ be a
real closed (1, 1)-current on X and f .o its direct image. Then if o is positive,
f«0 is again positive ([10, p. 70]). On the other hand, for any te P(Y) with
f(X)EES (1) we define f*t e P(X) as follows. Take an open covering U={U,]}
of Y such that on each U; there is a plurisubharmonic function ¢; with o],
=dd°p;. Then for each i, $;=o,f is a plurisubharmonic function on U,=
f~X(Uy [10, II. 1. Prop. 5]. Further since @;—@;=(¢;—@;)f is pluriharmonic
on U;n Uj;, {dd°$;} gives an element of P(X), which is by definition f*r. The
definition is easily seen to be independent of the particular choice of U and {¢p;]
as above and makes sense even if f is not proper. It is clear that S(f*1)=
f7H(8(z)), and f o f*r=1.

We call an element of HV:1(X) (resp. HXX, R)) current-positive if it is
represented by a positive current. We denote by Py(X) (resp. P(X)) the set of
current-positive classes which forms a convex cone in H'}(X) (resp. H*(X, R)).
If a e Py(X) (resp. P(X)), then we set S(x)= N,S(¢) where o is taken over all
the positive currents representing o, and call S(«) the set of base points of a.

Any effective divisor A=Y ; m;A;, where n; are positive integers, A; are
irreducible subspaces of codimension 1 in X and the summation is locally
finite, defines a positive current (4> =, n,{A4;> where {4,) is the integration
current on 4;. A (refined) chern class of a line bundle is thus current-positive

if it has a nonzero section.

Lemma 2.1. Suppose that X is compact. Then any nonzero positive
current o on X defines a nonzero class [o] in H-Y(X). In particular Pyo(X)

contains no straight line.

Proof. Let ¢ be a positive current. If [6]=0, then o=dd°g for some
gel'(X,'2Y). Since o is positive, g is plurisubharmonic. Hence g is con-
stant since X is compact. Thus 0=0. If Py(X) contains a straight line, there
is a nonzero element fe H':1(X) such that both § and — f§ are current positive.
Let o and ¢’ be positive currents representing f and — f§ respectively. Then
o+¢' € P(X) represents zero, so that ¢+¢'=0 by what we have proved above.
The latter is possible only when ¢=0¢'=0. This is a contradiction. Q.E.D.
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Lemma 2.2. Let f: X—Y be a morphism of complex manifolds and
Be H“YY). Suppose that  is current-positive and t is a positive current
representing . Then if f(X)ES, (1), f¥*pe HLYX) is represented by f*t.
In particular f*f also is current-positive with S(f*py< f~1(S(B)).

Proof. By (1) there exist v elI'(Y, Z}'Y) and gel(Y,'2¢) such that
t=1"+dd°g. By the definition of f*, f*f is represented by f*t e I'(X, Z{1).
First we note that g is a locally summable function. In fact, for any point
veY we may writc ' =ddt (resp. t=dd°p) for some C* (resp. plurisubhar-
monic) function t (resp. ¢) defined in a neighborhood W of y. Then on W we
have g=¢—1+ p for some pluriharmonic function p on W. Since t and p are
C®, g is locally summable as well as ¢. Now for any function 1 on Y we write
hi=hf. Then with W as above we have T=@ — G+ p on W=f"1(W), where all
the functions involved are locally summable since 7 and p are C” and @ is
plurisubharmonic by our assumption that f(X)SES  (t). So we can apply dd¢
on both sides of the equality considering each term as currents. Then we obtain
f*t'=ddt=dd*¢p —dd<g+dd°p=dd $—ddG on W. Since § is a global
function on X, this shows that f*f is represented by f*t by the definition of
¥t Q.E.D.

Corollary 2.3. The set of positive classes is preserved under a bimeromor-
phic map, i.e., if f: X—Y is a bimeromoiphic map of complex manifolds, then
[fx(Po(X)NESPo(Y) and f*(Po(Y)) S Po(X), and similarly for P(X) and P(Y).

Before proceeding we note the following consequence of Lemma 2.2. Let
C be a compact irreducible curve on a complex manifold X, and j: C—X the
inclusion. Then we have the natural isomorphism H?(C, R)=~R induced by
the complex structure of C. Let o be a posilive current on X such that C&E
S (o). Let o' e H¥(X, R) be defined by ¢ and 6=j*¢' € H¥(C, R). Then =0
with respect to the above isomorphism. In fact, taking the normalization C of
C and observiag the natural isomorphism H%(C, R)~ H%(C, R) we get this easily
from Lemma 2.2.

Let E be a complex space and S a subset of E. Then S is called thin if
for each point ve E there is a neighborhood U of v in E and a nowhere dense
analytic subset A of U such that Sn UgA.

Lemma 2.4. Let f: X—Y be a bimeromorphic morphism of complex
manifolds. Let E be the exceptional set of f and E,, v=1, 2,..., be the ir-
reducible components of E. Let g€ P(X) such that S(6)NE is a thin subset
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of E. Then there is a unique sequence (r,) of nonnegative real numbers r,

such that

® S*fs0=0=3 rCED

where {E,) denotes the integration current on E,. Moreover r,#0 if the
following condition is satisfied: There is a compact irreducible curve C in
E, such that C< f~(y) for some yeY, CEE, for any p#v, CE£S(o) and that
the natural image of o in H*(C, R) is nonzero.

For the proof we need two lemmas.

Lemma 2.5. Let X be a complex manifold and E an analytic subset of
X of pure codimension 1. Let E,,v=1, 2,..., be the irreducible components of
E. Let o be a real closed locally flat (1, 1)-current on X (cf. [8, 2.1]) whose
support is contained in E. Then there exists a unique real number r, for each

v such that

o= r<E).

Proof. See [8, Prop. 3.1.3].

Lemma 2.6. Let X be a complex manifold and ¢,, ¢, plurisubharmonic
functions on X. Let E be an analytic subset of X with E#£X. Suppose that
@1 — @, is plurisubharmonic on X —E and S(¢,) N E is a thin subset of E. Then
@, — @, is plurisubharmonic on the whole X.

Proof. Let U=X—S(p,)NE. Since ¢, is upper semicontinuous and ¢,
is locally bounded from below on U, ¢, — @, is locally bounded from above on
U. LetYy=¢;—¢,|y-g Then y is plurisubharmonic on U—E and bounded
from above on any compact subset of U. Hence by a theorem of Grauert
and Remmert (cf. [10, p. 35, Theorem 4] or [14]), Y extends to a unique pluri-
subharmonic function i on U. Then since ¥ +¢,=¢, on U—E and both
terms are plurisubharmonic on U, they coincide on U. Thus ¢, —¢,=¥ and
is plurisubharmonic on U. Then since S(¢,) N E is locally contained in an
analytic subset of codimension =2 in X, by another theorem of Grauert and
Remmert [14, p. 337] together with the argument as above we get that ¢, — ¢,
is plurisubharmonic on the whole X. Q.E.D.

Proof of Lemma 2.4. Since the problem is local, we may assume that
J«0=dd¢p for some plurisubharmonic function ¢ on Y. Let G=¢-f. Then
f*fxo is the current defined by dd°® on X. Let xe X be an arbitrary point.
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Take a neighborhood V of x and a plurisubharmonic function ¢’ on V such
that g|,=dd°¢’. Then ¢—¢' is pluriharmonic on V—En V. Since S(¢)NE
is thin in E by assumption, we conclude by Lemma 2.6 that ¢ —¢’ is plurisub-
harmonic on the whole V. Then by Lemma 2.5 there is a unique nonnegative
real number r, for each v such that (dd°¢ —o) |, =dd*¢—ddo'=3,rLE,NV>
as currents on V. In fact, since a positive current is representable by integration
[10, 1V, Prop. 7], the d-closed positive current dd°@ —dd<¢¢’ is locally normal
and hence is locally flat on V (cf. [8, 2.1]). Since x was arbitrary, this shows
the desired equality.

Now suppose that there is a compact irreducible curve C in E, satisfying
the condition of the lemma. Let ¢’ € H*(X, R) be the class defined by ¢ and
o =j*o’' € H¥C, R) where j: C—»X is the inclusion. Let ¢,e€ H¥(C, R) be the
real first chern class of [E,]|.. Via the natural isomorphism H%C, R)=R
regard & and ¢, as real numbers. Then >0 by our assumption that C&£S(o)
(and hence the natural image of ¢ in H*(C, R) is nonzero) and by the remark
after Corollary 2.3. Further if v#py, then &,20 since CS£E,. Thus r.e,
=—0—2,+,1"86,<0. Hence r,#0. Q.E.D.

Remark.)) The existence of r, with dd<¢p—ddp'=>,r(E,NV) as
above can also be proved more elementarily as follows. Take a smooth point
xeE,~\U,+,E, and a polydisc neighborhood xe U with local coordinates
Z45..., Zy around x satisfying {z; =0} =U N E,. Let S={|z,|=¢, z,=--=2,=0}
for a sufficiently smalle>0. Letr,= S d($—¢"). Then $ —¢'—(r,[27)log|z,|
is pluriharmonic on U. Then i(c?dcq'é—ddctp’— >.r<E,nV) are both
semipositive as in the proof of Lemma 2.6. From this we get the desired
equality.

§3. Main Theorem and Corollaries

Let X be an irreducible complex space and F an analytic subset of X of
codimension =2. Let # be a coherent sheaf of ideals of ¢, with support coin-
ciding with F, i.e., #,=0x , if and only if x¢¢F. Let h: Z—X be the monoidal
transformation with center .#. Let E=h"!(F) with reduced structure, E,,
v=1, 2,..., be the irreducible components of E and .#, the ideal sheaves of E,.
Suppose that Z is nonsingular. Then .#, are locally principal and #:=h"1(%)

1) This is pointed out by the refee of this paper.
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is written in the form ¢ =.#¢.#42... for some positive integers a,. Note that

F is h-very ample.

Lemma 3.1. The notation being as above, let (rq, r,,...) be a sequence of
non-negative real numbers with at least one r,#0, say r,#0. Then for any
open subset U of X such that h(£,) n U #@, there is a compuct irreducible curve
B on Z contained in h™'(u) for some ue UNF such that Y, r.e, z<0, where
e, s=¢,([E,]| ) € HXB, R) naturally identified with R.

Proof. Let U=h"'(U). Let ={v; E,n U#g¢}. We may assume that
U is relatively compact so that 9 is finite. Take p e such that r,/a, is maxi-
mal in the set {r,/a,; ve9}. By our assumption r,>0. Take any compact
irreducible curve B in E, such that it is contained in f~!(u) for some ue UNF
and BEEE, for any v#pu. Then it is clear that e, ;>0 for every v# . Hence
e =2, (rja)ae, g <3, (r,/a,) ae, g=7,/a, > a.e, g, while the last term
<0 since # is h-very ample and £ =0x(]1, [E,]">). Q.E.D.

Let X be a complex manifold. Then a real C* (1, 1)-form ¢ on X is called
positive (resp. semipositive) at xe X if for any local coordinates (zy,..., z,
around x, ¢ has the form ¢=\/l_12 ¢,54z, A dz, with (¢,;) a positive definite
(resp. semipositive) Hermitian matrix at x where n=dim X. ¢ is called positive
(resp. semipositive) on X if it is so at each point of X. Let ae H(X) (resp.
H?(X, R)). Then « is called positive (resp. semipositive) if o is represented by
a positive (resp. semipositive) real closed C* form of type (1, 1). A positive
class in H*(X, R) also is called a Kdhler class. Note that if « is semipositive,
then « is current-positive with S(az)=¢g. Further we recall that usually a line
bundle on X is called (semi) positive if its refined chern class &(L) is so.

Let f: X—Y be a bimeromorphic map of complex manifolds and E( the
exceptional set of =;, i=1, 2 where n,: '>X (resp. n,: —Y) is the natural
projection of the graph I' of f onto X (resp. Y). Then we call a common ir-
reducible component of E() and E® a biexceptional component of f. Further
we set E(f)=\U n,(E{?), F(f)=n,(E®) and S(f)=E(f)U F(f), where in the
first equality the union is taken over all the irreducible components E{2) of E®2
which are not biexceptional components of f. Thus E(f) is of pure codimension
lin X and codim F(f)=2in X [6]. We call E(f), F(f) and S(f) the exceptional
set, the set of indeterminacy, and the singular set, respectively, of f. Clearly f
is holomorphic (resp. locally isomorphic) at x € X if and only if x& F(f) (resp.

S
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Theorem 3.2. Let f: X—Y be a bimeromorphic map of complex mani-
folds. Let F, be an irreducible component of F(f) with F,EE(f). Suppose
that there exists a seinipositive class o e HX(X, R) with the following property;
1) o admits a C* representative which is semipositive everywhere and positive
at some point x € Fy, and 2) S(f ) N S(f~')=0 where S(f ) is the set of base
points of fyoae P(Y). Then there is no biexceptional component E, of f such
that n,(Eg)=F,.

Proof. By [7] together with resolution we can find a complex manifold Z
with bimeromorphic morphisms /i;: Z—X and h,: Z—Y such that f=h,h7!
and h, is locally a monoidal transformation with center a cohcrent analytic
sheaf of ideals of ¢y with support contained in F(f). Let E‘Y be the excep-
tional sets of h; and E{’, v=1, 2,..., be the irreducible components of E(.
Since h¥o is a semipositive class in H%(Z, R), applying Lemma 2.4 to (any posi-
tive currents representing) hfo and to h,: Z— Y we get in H*(Z, R) the relation

) h%h, . h¥o— h¥oa= Z el

for some nonnegative real numbers r,, where e'? =¢,([E{?"]) e H%Z, R) is the
real first chern class of the line bundle [E{®)]. Now let g: Z—T be the natural
map of Z onto the graph I".  First we show that r,#0 for any v such that h,(E{?)
=F, and g(E?) is a biexceptional component of . In fact for any such v let
ze E® be any point with /1,(z)=x. Replacing x by a point of F, in a small
neighborhood of x if necessary we may assume that z¢ E(? for any u#v. Since
N:=h31(h,(z)) is a compact Moishezon space, and g(E{?)) is a biexceptional
component of f, there is a compact irreducible curve C in N passing through =
and not contained in hyl(x). (Use the fact that there is a bimeromorphic
morphism u: N—N with N projective.) Let C'=h,(C). By our choice of
C, C' is a compact irreducible curve in F, passing through x. Since xeC’,
the image & of « in H*(C’, R) is nonzero by the condition 1). Since the induced
map h%: H¥(C’, R)—»H?*(C, R) is clearly injective, we get that j*h*(«)=h*@)#0
in H¥(C, R) where j: C—Z is the inclusion. Thus by Lemma 2.4 r,#0 as was
desired.

Therefore the theorem will be proved if we show that r,=0 for any E{?
with h,(E{?)=F,. Let x’ be any point of F, with x'&F; for any j#k, where
F;, j=1,2,..., are the irreducible components of F(f). Take any relatively
compact neighborhood U of x’ in X such that
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(10) UNE(f)=9, and UnF;=¢, j#k

and that h;g: U-uU, 17=I1;‘(U), is the monoidal transformation of U with
center a coherent sheaf of ideals .# of 0, with support contained in U n F,.
(Note that F,%E(f).) Let A4,,..., A, be the irreducible components of
hiY(F,nU) with reduced structure. Then there is a natural bijective cor-
respondence between the set {4} < <, and the set of irreducible components
EW of EVnU, pu=1,2,.... In particular for each s we have unique u=u(s),
i=i(s) such that 4,=E{ n U. Then define a real number r, by r, if E{’=E?
for some E{?’ (which is unique if any), and r,=0, otherwise. Suppose that r,#0
for some s. Then by Lemma 3.1 there is a compact irreducible curve B on U
such that

11 Bchi'(u) forsome ueUNF,

and that if «, are the real first chern classes of the line bundles [4,] in HXU, R)
and &, the natural images of them in H%(B, R), then we have Y r&,<0 with
respect to the natural isomorphism H?(B, R)~R. From our definition of r
this is easily seen to be equivalent to

(12) 3 e <0

veR
where Nt={v; h(E®)=F,) and &2 denotes the natural image of e{? in
H?%(B, R). On the other hand, in view of (10) and (11), from (9) we have
S, 78D =e*h%h, hTa=0, for h%h,,.h¥a is current-positive by 1) and Corollary
2.3, and S(h%h,.h¥a)NnB=¢g by 2) and Lemma 2.2, where ¢: B—~Z is the
natural inclusion. This contradicts (12). Hence r;=0 for all 1=s<m. From
the definition of r; we then get our assertion, and hence the theorem is proved.

Remark. As follows from the above proof the conditions 1) and 2) of the
theorem can be weakened to the following 1)’ and 2)' respectively. 1) « is
current-positive (but may not be semipositive) with ¢*a«=0 for any compact
irreducible curve B contained in F, with respect to the natural isomorphism
H%(B, R)=~R, where ¢*: H¥X, R)—» H?(B, R) is the natural map induced by
the inclusion ¢: B—~X and 2)’ S(f.x) n S(f~1) is discrete.

Let f: X— Y be a bimeromorphic map of complex manifolds and g=f~!.
Then we say that f is semi-holomorphic if E(g)=4, or equivalently, codim S(g)
=2. Clearly a semi-holomorphic bimeromorphic map f with no biexceptional
component is holomorphic. Further if fis holomorphic and g is semi-holomor-
phic, then f is biholomorphic.
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We say that a line bundle L on a complex manifold X is buse point free if
the common zero of all the holomorphic sections of L is empty. If L is base

point free and X is compact, then L is semipositive in the senise mentioned above.

Corollary 3.3. Let f: X—Y be a bimeromorphic map of complex mani-
folds and g=f~1. Suppose that g is semi-holomorphic. Then g is actually
holomorphic if either of the following conditions is satisfied. 1) X is a Kdhler
manifold with a Kéhler class x e H(X, R) such that f.o is semipositive. 2)
X is a projective manifold with an ample line bundle L such that (f,L)®" is
base point free for some m>0.

For a complex manifold Z we denote by K, the canonical bundle of Z and
¢y(Z) is the real first chern class of Z.

Lemma 3.4. Letf: X—Y be a bimeromorphic map of complex manifolds.
Suppose that the linear system |\mKy| has no fixed component for some m>0,
i.e., the common zero of elements of H(Y, K§") has no component of codimen-

sion 1. Then f is semi-holomorphic.

Proof. In general let h: Z—>Z' be a bimeromorphic map of complex
manifolds. Then for any integer m>0 we have a natural isomorphism h*:
HY%Z', KM —H%Z, K%™). 1In fact, if U=Z—F(h), then for any ¢ e H%Z',
K@m), h*¢@ is the unique extension of (h|y)*¢ to Z (cf. [9, VIII §2]). Then
(h=1)* gives the inverse to h*. Now take any we H(Y, K§™). Then letting
g=f"' we have w=g* *w. Hence w|y_p, vanishes on E(g)n(Y—F(g)),
and therefore if E(g)+#@, then E(g) is contained in the common zero of the
elements of HO(Y, K§™), contradicting our assumption. Thus E(g)=g.

Q.E.D.

Proposition 3.5. Let X be a projective manifold with ¢,(X)<0 and Y
a Moishezon manifold which is bimeromorphic to X. Then if ¢,(Y)<0 and
Y Z X, then |mKy| have fixed components for all m>0.

Proof. Let f: X—Y be any bimeromorphic map and g=f~1. Suppose
that |mKy| has no fixed component for some m>0. Theun by Lemma 3.4 f is
semi-holomorphic. Hence we have an isomorphism f: X — E(f)~ Y- F(g), so
feeiX) y—py=c1(Y=F(g))=c,(Y) |y—F¢- Then, since F(g) is of codimen-
sion =2 in Y so that the natural restriction H*(Y, R)—»H*(Y—F(g), R) is iso-
morphic, we have f.c,(X)=c,(Y). On the other hand, since the high multiple
of Ky is very ample, again by Lemma 3.4 g is semi-holomorphic. Hence by
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Corollary 3.3 g is holomorphic, and hence isomorphic since f is semi-holomor-
phic. Thus XxV. Q.E.D.

In particular for any compact complex manifold Z which is bimero-
morphic to X and Z X, |mK,| have base points for all m >0, which also follows
directly from the arguments of Peters in [13]. On the other hand, the author
knows no example of a Moishezon manifold with ¢;(Z)=<0 such that |mK,|
have fixed components for all m>0.

For a compact complex manifold Z we set h':Y(Z)=dim; H'-1(Z) and
p(Z)=dim; (HXZ, Q) n A(H1(2Z))) (the Picard number of Z). Recall that A is
injective when Z is bimeromorphic to a compact Kahler manifold.

Proposition 3.6. Let X be a compact Kdhler (resp. projective) manifold
with ht:1(X)=1 (resp. p(X)=1) and with ¢,(X)=0. Let Y be any compact
complex manifold bimeromorphic to X with h-'(Y)=1 (resp. p(Y)=1) and
with a semipositive class § in HXY, R) (resp. H¥Y, ?)). Then every bimero-

morphic map f: X—Y is isomorphic.

Proof. Let f: X—Y be any bimeromorphic map and g=f~!. Then by
[1, Theorem 3'] (or directly from [3, Prop. 6.6]) K®™ is trivial for some m>0
so that by Lemma 3.4 g is semi-holomorphic. Since h':}{(X)=h!1(Y) (resp.
p(X)=p(Y)), by considering Z as in the proof of Theorem 3.2, from Propo-
sition 1.1 we infer readily that f also is semi-holomorphic. On the other hand,
let « be a Kahler class in H?(X, R) (resp. H¥(X, ()). Then we may write
fsx=rp for some re R (resp. ). Then since 4 is injective on Y, by Lemma
2.1 and Corollary 2.3 r=0. Hence g is holomorphic by Corollary 3.3. Hence
fis biholomorphic. Q.E.D.

In [2] it was conjectured that every bimeromorphic automorphism of a
projective manifold X with trivial canonical bundle is necessarily isomorphic.
The above result gives a partial answer to this conjecture (cf. also [2, Theorem

5.

§4. Kihlerian Analogue of a Theorem of Matsusaka-Mumford

Besides Lemma 3.4 there is a case in which a given bimeromorphic map is
necessarily semi-holomorphic. First we recall a definition. Let Z be a compact
complex manifold and n: ¥—Z a holomorphic vector bundle over Z of finite
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rank >1. Then we denote by P(V) the associated projective bundle over Z.
Then a compact irreducible complex space B is called ruled if it is bimeromorphic
to P(V) for some Z and V as above.

Lemma 4.1. Let f: X—>Y be a bimeromorphic map of complex mani-
folds. Suppose that E(f) is compact. Then every irreducible component of
E(f) is ruled.

Proof. Since E(f) is compact, F(f~') also is compact. Hence by
Hironaka [7] there is a finite succession of monoidal transformations with non-
singular centers o;: X;,,;—X;, 1Si<s, X;=Y such that h=f"1o,---0,: X,
—X is a morphism. Let E be the exceptional set of 6=0,---6,. Then each
irreducible component of E is ruled as well as those of ;. Since each irre-
ducible component of E(f) is a bimeromorphic image by h of some irreducible
component of E (note that codim F(h~1)=2 and E(f) is of pure codimension 1
in X)), it is ruled. Q.E.D.

Lemma 4.2. Let X and Y be complex manifolds, and A and B compact
irreducible divisors on X and Y respectively. Letf: X—Y be a bimeromorphic
map which induces an isomorphism f': X—A~Y—B. Suppose that X is
Kdhler with a Kdéhler class o € HX(X, R) and that ¢, ([B]|5)=0 in H*B, R)
where ¢, denotes the first chern class. Suppose further that fi(a|x_4)€
H%*(Y—-B, R) extends to a semipositive class f on Y. Then f is isomorphic if
either A or B is nonruled.

Proof. Consider the following exact sequence of local cohomology
— H3(Y,R) — H*(Y,R) —~ H*(Y—-B,R) — .

Then in view of the natural isomorphism HO(B, R)=~ H?*(Y, R) we infer readily
that the kernel of v is generated by ¢,([B]). Now we may replace Y by a tubular
neighborhood U of Bin Yand X by f(U), so that the natural restriction H3(Y, R)
—H2%(B, R) is isomorphic. Then by assumption ¢;([B])=0. Thus v is injec-
tive. Hence the assumption that fi (x| x_,)=f|y_p implies that f,o=f on Y.
Hence if A4 is nonruled, then from Lemma 4.1 and Corollary 3.3 it follows that
g:=f"1is holomorphic, and hence is isomorphic, for g(B)=A4 is of codimension
1 so that B£E(g). So suppose that B is nonruled. Then by Lemma 4.1 g
is locally biholomorphic at a general point y of B. Then since g(Y)e A,
ASEE(f). Hence E(f)=¢ and g is semi-holomorphic. Then by the same
argument as above the lemma follows.
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A typical application of the above lemma is to the case where B is a fiber of
a proper morphism g: Y-S of Y onto a disc S. In this case, however, the
condition can be reduced to a more manageable form under an additional
condition on the morphism. So let X;, i=1, 2, be complex manifolds and
S={seC; |s|< 1]} the unit disc. Let g;: X;—S be proper flat morphisms with
connected fibers. Let S'=S—{0] and X;=g74S’). For seS we write
X;s=g7(s) with the natural complex structure. We assume that g; are smooth
on X} and X, are irreducible for i=1,2. Letf: X;—X, be a bimeromorphic
map over S which induces an isomorphism f': X{—X;. For seS’ we denote
by fi the isomorphism f|y, : X;,—X,,. Further for a cohomology class
Y e H3(X;, R), we shall denote by Y, seS, the natural restriction of ¥ to
H%(X;, R).

Theorem 4.3. The notation and assumption being as above, suppose that
there exist a Kdhler class o € HX( X, R) and a semipositive class fe H¥(X,, R)
such that f.(o);=p, for some (and hence all) seS’. Suppose further that
either g, is smooth or b,(X,)=0 for s€S’, where b, denotes the first Betti
number. Then f is isomorphic if either of X,y is nonruled.

Proof. Considering the Leray spectral sequence for the map g;: X5,—S’
and the fact that H{(S’, R4g;,R)=0, i=2, ¢=0, we have the exact sequence

0— H'Y(S', R'gyxR) — H?*(X3, R) —= H(S’', R*g},R).

First if b;(X,,)=0, se S’, then R!'g,,R=0 and hence 7 is injective. Thus the
condition f,(«),=f; implies that f.x|x,=p]|x,. Next, if g, is smooth, then it
is clear that the composition H%(X ,, R)—»H?(X;, R)-»H% X', R?g,.R) is injec-
tive so that we also have fuo|y,=f|x;. Now we put A=X,, and B=X,,.
Clearly [B] is trivial so that ¢,;([B])=0. Hence the proposition follows from

Lemma 4.2.

Remark. The above proof shows that the condition b,(X,,)=0 may be
replaced by the condition that H!(S’, Rlg3,R)=0. The latter is equivalent to
saying that 1 is not in the eigenvalues of the monodromy transformation on
H'(X,, R), which are known to be roots of unity.

In terms of line bundles (instead of chern classes corresponding to them)

we can get a more complete result.

Theorem 4.4. Let g;: X;—S,i=1,2,and f: X,—X, beas in Theorem 4.3.
Suppose that there exist line bundles L; on X; such that c{(L,) (resp. c¢,(L;)) is
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positive (resp. semipositive), and Ly =f¥L, for se S’ where Li;=L;|x,. Then
fis isomorphic if either X, or X, is nonruled.

Proof. Llet Ly=f,L,. Then we show that ¢,(L,)|x,=c¢,(L,)|x,, which
would give the proposition as in the proof of the above proposition. We set
L=L,®L3"' so that L, =L®L,. Since L|, is trivial, L|x; is in the image
of the natural map HY (X5, 0x,)=HOYS', R'g5,0x,)—>HYS', Ry5,0%;,)=
HY(X;, 0%;)3L|x;. Thus ¢;(L|y;)=0, so ¢ (Ly)|x;=(cs(L)+ci(Ly)|x,=
cy(L,) |y, as was desired. Q.E.D.

A result of the type considered above was first found by Matsusaka and
Mumford [11, Theorem 2] when g, are both smooth and c,(L;) are both posi-
tive, i.e., L; are g;-ample.

Proposition 4.5. Let g;: X;—S, i=1,2, be as in Theorem 4.3. Suppose
that X; are Kdhler with Kdihler classes o;€ HX(X;, R) and that the canonical
bundles Ky, of X; are trivial for i=1,2. Letf: X,—X, be a bimeromorphic
map over S which is isomorphic over S'=S—{0}. Then if fi.ou;=0,,f is
isomorphic.

Proof. Immediate from Lemma 4.3 and Corollary 3.3.

The above proposition is interesting because of the recent result of Persson
and Pinkham [12] to the effect that if g: X—S is a semi-stable degeneration of
compact analytic surfaces with trivial canonical bundles, then there always exists
a degeneration g,: X;—S bimeromorphic to g such that Ky, is trivial.
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