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Quantum Stochastic Processes

By

Luigi ACCARDI¥, Alberto FRIGERIO** and John T. Lewis***

Abstract

A class of non-commutative stochastic processes is defined. These processes are defined
up to equivalence by their multi-time correlation kernels. A reconstruction theorem, gener-
alizing the Kolmogorov theorem for classical processes, is proved. Markov processes and
their associated semigroups are studied, and some non-quasi free examples are constructed
on the Clifford algebra, with the use of a perturbation theory of Markov processes. The
connection with the Hepp-Lieb models is discussed.

§0. Introduction

We study a class of non-commutative stochastic processes which are deter-
mined up to equivalence by their multi-time correlations. They are analogues
of classical processes in the sense of Doob [1], Meyer [2]; indeed, those pro-
cesses are included as a special case.

We define a stochastic process over a C*-algebra &, indexed by a set T,
to consist of a C*-algebra o, a family {j,: te T} of *~homomorphisms from #
into o/ and a state w on . This structure gives rise to a non-commutative
stochastic process in the sense of Accardi [3], with local algebras defined by
o=V {j(b):tel, be #} for any subset I of T; observables which are ‘“lo-
calized at different times’’ are not assumed to commute. We show (Proposition
1.1) that such a process is determined up to equivalence by its family of cor-
relation kernels  w(j, (a;)*- j, (a,)%j, (b,)--j:,(b,)); these are obtained by
polarization from the expressions w(j, (b;)*:--j, (b,)*j, (b,):-*j;,(by)), which are
positive real numbers, and are the analogues of the finite-dimensional joint
distributions of classical probability; they can, in principle, be determined by
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sequences of measurement operations [4, 5, 6], when ¢, <¢t,<---<t, (if T
represents time); the correlation kernels for arbitrary times can be deduced
from the time-ordered ones when the commutation relations are known.

We prove (Theorem 1.3) that a process can be reconstructed up to equi-
valence from a projective family of correlation kernels; this is a generalization
of Kolmogorov’s theorem [7] (related results are given in Theorems 1.7.1,
1.7.2 and Corollary 1.8.2). Markov processes and their associated semigroups
are defined; we investigate the connections between them (Theorems 2.1 and
2.2.2), and we develop a perturbation theory of Markov processes, based on a
quantum Feynman-Kac formula [8, 9] (Theorems 2.3 and 2.4.4). We construct
some examples on the Clifford algebra. First we construct quasi-free processes
and we characterize the quasi-free Markov processes by means of an analogu
of Doob’s theorem [10] (Theorems 3.2.1 to 3.3.2), then we perturb them
using the perturbation theory of Markov processes of Theorems 2.3 and 2.4.4.
We show that these processes satisfy a Langevin equation (Theorems 3.4.1 and
3.4.2) and we indicate (in §4) how they arise in the Hepp-Lieb models [11, 12].

§1. Stochastic Processes and the Reconstruction Theorem

1.1. Let # be a C*-algebra with identity and let T be a set; a stochastic
process over # indexed by T is a triple (&7, {j,: te T}, ) where & is a
C*-algebra with identity and, for each ¢t in T, j, is a *-homomorphism of & into
& with j(15)=1,, & is generated by the image algebras {«=f,=j(%): te T}
and w is a state on 7. Let (o2, n, Q) be the GNS triple associated with (7, w).
Two stochastic processes (o9, {j¥}, w®), i=1, 2, over the same C*-algebra
# and indexed by the same set T, are said to be equivalent if there is a unitary
operator U: #(—#? such that URM=0Q® and UrnWj{D(h)=n@j2(p)U
forall b in & and tin T.

Proposition 1.1.  Two stochastic processes (@, {j I}, 0¥), i=1, 2, over
Z indexed by T are equivalent if and only if

(LY oGP @)* i (@) i) (b)) jiP (1)
=@ (jP(a)*j2 (@) {2 (b,) P (b))

forall ay,..., a,, by,..., b, in &, t,,...,t,in T, and for all n.

Proof. Assume that (1.1) holds; then the map U given by U(zn)j{1)(b,)--
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Wb QW) =a2j2(p,)-- - n@j2(h;)Q? extends to a unitary map of s
onto #@ such that UQW =0Q® and UnWjD(b)=n2j2(b)U for all b in #
and tin T. The converse is clear.

A stochastic process is said to be a W*-stochastic process if # is a W*-
algebra and the maps 7noj, are normal for all ¢ in T.

1.2. Let T=\U T* be the set of all n-tuples of elements of T, n=1,2,...;
neN

an element t of T is in T" for some n=n(t) and can be written t=(t,..., t,).
For each t in T, let &, be the n(t)-fold Cartesian product of # and denote an
element of %, by b=(by,..., b,), and let j, be the map of %, into «/ given by
Jji®)=j, (b)) -j.,(by); the correlation kernel W, of the stochastic process
(, {j.}, w) over # indexed by T is the function on £, x %, with values in
C given by

(1.2) wi(a; b)=w(j(a)*).(b)).

According to Proposition 1.1, a stochastic process is determined up to equi-
valence by the family {W,: te T} of its correlation kernels.

Proposition 1.2. The family {W,(-,-): teT} of correlation kernels of
a stochastic process over % indexed by T satisfies conditions CK1,..., CK6
below. For a W*-process, condition NCK also holds.

CK1 (projectivity): For all t in T, for k such that 1<kZn(t), and
for a, b in &, such that a,=b,=1, we have

wi(a; b)=we(ka; kb)
where Kt=(t1,-.., ti—1s Ty Lt 15eees L)y KA=(A1perrr Bpyerns G,);

CK2 (positivity): For all t in T, for all finite sequences {c,eC:r=
1,..., m}, {b,€ %,: r=1,..., m}, we have

_Z Eicng(bi; bj)§0§
i,J
CK3 (normalization): For all t in T, we have
we(l; 1)=1,

where 1 is the element (1,..., 1) of %,;

CK4 (sesquilinearity): For all t in T, for all a, b in #,, the map b
w,(a; b) from & to C is linear and the map ay—w,(a; b) is conjugate linear,
for each k such that 1 k= n(t);
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CKS5 (*-condition): For all t in T and for n=n(t), the map a,, b,~
wy(a; b) of & x & to C factors through the map a,, b,—~a}b, of BZx % to #;
CK6 (multiplicativity): For all t in T such that t,=t,_, we have

w,(a; b)=wg,(ka; kb)

for all a,b in &, where ka=(ay,..., Qdy_1, Ay 1,---, A,) is in By, for a=
(Agyenes Q15 iy Qg 15e--5 Gy) IN By

NCK (normality): For all tinT, all a in &, such that a,=1, n=n(t),
and for all b in %,, the map b,—w,(a; b) of # to C is a normal map.

Proof. A straightforward verification.

1.3. Let # be a C*-algebra with identity and T a set: a projective system
of correlation kernels over &, indexed by T, is a family {w,: te T} of functions
w,: %, x B,—~C such that conditions CK1 to CK6 hold. If, in addition,
% is a W*-algebra and condition NCK holds, then the family is said to be a
projective system of normal correlation kernels. Notice that, for all t in T,
b in 4,, and a=(b,,..., b,_, 1) in &,, the map b,—~w,(a; b) is a positive linear
functional on 4 by CK2, CK4 and CKS5; hence it is bounded.

Theorem 1.3 (Reconstruction Theorem). Let & be a C*-algebra with
identity, and let {w,: te T} be a projective system of correlation kernels over
A&, indexed by T; then there exists a stochastic process («, {j,: te T}, w)
over &, indexed by T, having {w,: te T} as its family of correlation kernels;
the process is unique up to equivalence. Moreover, if # is a W*-algebra and
{w,: te T} satisfies the NCK condition, then the process is a W*-process.

Proof. We realize o as a concrete C*-algebra of operators on a Hilbert
space & with cyclic vector Q; we use CK1, CK2 and CK3 to consruct s and
Q, and CK4, CKS5 and CK6 to construct the maps j, and the algebra /. First,
we construct a set X containing all the 4, and a positive-definite kernel w on
X xX. We define a partial ordering < in T: put s<t if n(s)<n(t) and s can
be obtained from t by deleting components of t=(t,,...,1,). Whenever s<t
and s=(sy,..., Sm), t=(1,..., t,) define x,, to be the function from {1,..., m}
to {1,..., n} defined by

Ku,l(m) =max {l; tl = sm}
K, (P)=max {I: I<xk, (r+1), t;=s,}, r<m,

and let f? be the embedding of &, into 4, given by
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f:(a)=(b1!-'-a bn)s

1 if I#xk,(r) forall r=1,.,m,
i’ a,  if I=r, ().

Then f! is the identity map on %,, and f@¥f:=f" whenever s<t<u. Let
X be the inductive limit lim {4,, ft: s<t} in the category of sets; then there
exists maps i,: #,— X such that i,oft=1i, for s<t. By CK1 we have w,(a;b)
=w/(fta; ftb) for all s<t, and a, b in %,; hence there exists a kernel w on
X x X given by w(i,a; i;b)=w,(a; b) for all a, b in &, and for all t in T, and
by CK2 it is positive-definite. Then, by Theorem 1.9 of [13], there exists a
minimal Kolmogorov decomposition (s, v) of w so that v: X—s#, {(v(x),
v(y)>=w(x, y) for all x, y in X, and o# = v {v(x): xe X}.

Let 2 denote the linear span of {v(x): xe X}; it is dense in 4 and its ele-
ments are of the form v(i (b)) for some tin T and bin &4,. By CK1, the vector
u(i,(1)) is independent of t in T; denote the common value by Q; then (@2, Q)>=1
by CK3. For all b in & and ¢ in T, define the linear operator j(b) mapping
2 into itself by j(b)u(i(a))=v(i,(a, b)) where s, t=(sy,..., 5, t) and a, b=
(ags..., a,, b). We have

(1.3) u(i,(b))=j,(b)Q forall tin T and b in &Z,,

and j,(1) is the identity map of 2 by CK1. So far, only conditions CK1, CK2,
CK3 have been used. Now we use CK2, CK4 and CK5 to conclude that

Ijdb)u(i(a)l|>=w,(a, b; a, b)<||bl|>w,(a; a)=|b|*[v(i,(a))]>
so that j,(b) extends by linearity and continuity to a bounded linear operator
Jjd{b) on s with || j(b)| <|b]l. From CK4, CKS5, CK6 it follows that j, is a
*.representation of # for each t in T. Let o be the C*-algebra generated by
{j(b): be #, te T} and let w bc the vector state on .« given by w(a)=<Q, aQ)
for all @ in . Then, by (1.3), it follows that Q is cyclic for & in & and
(o, {j,: te T}, w) is a stochastic process over & satisfying

w(j(a)*j(b))=w,(a;b) forall tinT and a, b in %, .

By Proposition 1.1, the process is unique up to equivalence. It is clear from the
construction that condition NCK ensures that the maps 7oj, are normal.

1.4. Let (7, {j,}, w) be a stochastic process over #Z, indexed by T, and let
G be a group which acts on T; the process is G-stationary if there is a group
{U,: g € G} of unitaries on the GNS space s# of (&, w) such that
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S:U,Q2=Q and U,nj(b)=mj,(b)U,

for all g in G and b in #. Define an action of G on T by g(t4,..., t,)=
(gty5-.., gt,). A family {w,:teT} of correlation kernels is said to be G-
invariant if we have

S": wy(a; b)=w,a; b)

forallgin G, tin T, and a, b in 4,.

Proposition 1.4. A stochastic process is G-stationary if and only if its

family of correlation kernels is G-invariant.

Proof. Condition S’ implies that the processes (&, {j,}, ®) and (&,
{Jjg}> @) are equivalent: the existence of unitaries satisfying S and the group
property then follows from Proposition 1.1. The converse implication is clear.

When a process is G-stationary with G=T=R and the action of R on R
given by s, t—>s+1t, we shall simply say that the process is stationary.

1.5. Let S, denote the symmetric group on n objects; define the action of
S, on T" by t—>pt with p(ty,..., t,)=(tp1)s+++» Lpmy) and on %, by b—pb with
P(bysees b)=(bp1yseees bpimy)- A family {w,: teT} of correlation kernels is
said to be symmetric if we have w,(pa; pb)=w,(a; b) for all t in T, all a, b in
2%, and all p in S,,), such that p(k)<p(]) if k<! and t,=1;; the family is said
to be totally symmetric if w,(pa; pb)=w,(a; b) holds for all p in S, without
restriction. A stochastic process is said to be (totally) symmetric if the family
of its correlation kernels is (totally) symmetric.

Proposition 1.5. A stochastic process is symmetric if and only if the
algebras nj(#) and nj(#) at distinct times commute: [rj(a), nj(b)]=0 for
all a, b in & whenever s#t; it is totally symmetric if and only if the algebras
at distinct times commute and the algebras nj(#) at fixed times are abelian.
(The proof is straightforward.)

Commentary on Section 1 and Supplementary Results

1.6. The definition of stochastic process given in Section 1.1 was framed
with the quantum theory of open systems in mind; it may be thought of as a
non-commutative version of a classical stochastic process in the sense of Doob
[1] and of Meyer [2]. A classical stochastic process with values in a measurable
space (S, &), indexed by a set T, is determined by a family {X,: te T} of meas-
urable functions defined on a probability space (2, #, u) with values in S;
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two processes indexed by the same set, and with values in the same space, are
said to be equivalent if they have the same finite-dimensional joint distributions:

Sz(l)floxg)...fnngi)d#(l) = SE(Z)flong)...fnngi)dﬂ(z)

for each finite sequence {fi,...,f,} in a set of generators of the W*-algebra
L>(S, &), and each finite sequence {ti,...,%,} of elements of 7. Each X,
determines a normal identity-preserving *-homomorphism j, of L*(S, &)
into L®(Z, %) by j(f)=f-X, for each fin L*(S, &), the probability measure
u determines a normal state w on L*(X, &#) by a)(g)zg gdu for each g in
L*(X, #), and the GNS representation induced by w is ‘fhe quotient map of
L*(2, #) onto L*(Z, #, u). Thus a classical stochastic process in the sense
of Doob defines a W*-stochastic process (<7, {j,}, ) over an abelian W*-
algebra &, with ¢ abelian.

Conversely, let (<, {j,}, w) be a W¥*-stochastic process over an abelian
algebra # with n(«) abelian; then, by the representation theorem for abelian
W*-algebras [14] there exists a measurable space (S, &) and a probability space
(Z, #, u) such that #=L"(S, &) and n(«)' =L>(X, #, 1), the state w is
determined by the probability measure u, and there exists a family {X,: te T}
of measurable functions X,: X—S such that j,(f)=f-X, for each f in & (cf.
Lemma 2.3 of [3]). In this case, the equivalence condition of Section 1.1
becomes the equality of finite-dimensional joint-distributions; thus we can define
a classical stochastic process to be a W*-stochastic process for which & and n(2)
are abelian.

A stochastic process (<7, {j,}, ) determines a family of local algebras whose
union generates .«7 ; for processes in the sense of Doob and their non-commutative
versions, local algebras .7z can be associated to finite subsets F of the index
set T, by defining .7y to be the C*-algebra generated by {j(b): be &, teF}.
Also generalized stochastic processes in the sense of Gelfand [15] and local field
theories in the sense of Haag and Kastler [4] give examples of stochastic pro-
cesses when the index set is chosen and the local algebras are defined
appropriately; in these cases, it might be useful to regard two stochastic processes
as equivalent if there is a unitary U of s#(1) onto s#( such that UQ® =Q2)
and UnW(P)" =@ (#)"U for all local algebras 7.

When applied to stochastic processes in the sense of Doob, such a definition
provides a classification of stochastic processes which is too coarse for our
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purposes. It would imply that two stochastic processes (@), {j{¥}, w®),
i=1, 2, over # are equivalent if there exists a family {¢«,: te T} of *-automor-
phisms of # such that

@M (@)* - j @) *jt(b,) it (b)) = 0P (jiP (e, a0)*

"'jgﬁ)(‘xr,.an)*jgﬁ (at,.bn)"'ij)(o‘t,bl))

for all ay,..., a,, by,..., b, in #, and all t,...,t, in T. For example, let

{TD:te T}, i=1, 2, be two groups of measurable maps of a measurable space

(S, &) into itself, define 9: Z=L>(S, &)=# by t\(f)=fT®, &V =

AP =Qr4A, j'V=j2 the natural embedding of # as the t-th factor, for each

tin R. Letvbea probability measure on (S, &) and define states o on &)

by

@D(jiP(ay)*-ji(a)*ji(by) +j{P(by))

=v(z{P(a)* - {(a,)* 1 D(b,)- -1 (by)), i=1, 2;

then the processes (&), {j{¥}, o) would be equivalent, with «, given by

127 for each t in R.

The correlation kernels defined in Section 1.2 are determined by their values
wy(b; b) on the diagonal of %, x %,; these are positive numbers and can, in
principle, be determined by sequences of measurement operations [4, 5, 6];
if the set T of indices represents time, then only the correlation kernels with
t,<---=t, will be accessible to measurement, but those at arbitrary times can
be deduced from the time-ordered ones when the commutation relations among
observables at different times are known. From the mathematical point of
view, correlation kernels provide a substitute for the finite-dimensional joint
distributions of classical probability theory (joint distributions do not exist for
non-commuting observables in quantum theory [16]), which are the basic objects
in the well-known theorem of Kolmogorov [7], which provides the reconstruction
of a classical stochastic process given a projective family of finite-dimensional
joint distributions. Our Theorem 1.3 is a non-commutative version, which
shows that a stochastic process can be reconstructed from a projective family
of correlation kernels.

In the classical case, the Kolmogorov construction does more: it shows that
every classical stochastic process over a given algebra # =L*(S, &) and indexed
by a given set T can be realized by giving a state @ on a universal algebra .7,
with universal embeddings j, of 4 into <7 in such a way that all relations between
the image algebras o7, and o, for s#t arc given by the state alone; we
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state below (Theorem 1.7.1) a non-commutative version of this aspect of
Kolmogorov’s theorem. In the classical case, the universal o/ can be taken to
be L®(I1+S, 1+ &) and the analytical content of Kolmogorov's theorem
asserts that, under weak topological assumptions on S, @ induces a countably
additive measure on I1(S, &); in other words, it gives a criterion for the
normality of the limit of a net of locally normal states. We shall not discuss
here a non-commutative version of this aspect of the theorem.

The first part of the proof of the reconstruction theorem, using little more
than Theorem 1.9 of [13] and the inductive limit in the category of sets, is very
general: it applies whencver & is a sct with a distinguished element denoted by
1. Inasenseitis the common part of all reconstruction theorems; for instance,
Wightman’s reconstruction theorem [17] corresponds to the case in which T
is the test-function space &(R*) and £ is the (non-normed) algebra of poly-
nomials in a single indeterminate ¢: then j(1)=1 and j(@")=¢(f)" for each f
in #(R*); of course, there is additional structure related to Poincaré invariance
and local commutativity which is embodied in the additional Wightman axioms.
The Dubin-Sewell result [18] may be viewed as a reconstruction theorem and
proved by this procedure: there & is a normed *-algebra with identity which
is not closed (being the union of all local C*-algebras), T=R is the time-axis;
the additional axioms in this case ensure that the process is stationary and
deterministic: j(#)" =jo(#)" for all t in R.

1.7. If 2@ is a C*-algebra and {j{?: te T} is a family of identity pre-
serving *-homomorphisms of # into ‘%, it can be shown that a projective
family {w,: te T} of correlation kernels over # defines a state on «7‘® if and
only if the algebraic relations of &7(® are respected by {w,:teT}. More
precisely, let (&7, {j,}, w) be the stochastic process over # determined by
{w,: te T} through the reconstruction theorem; then there exists a state w(®
on 79 such that

@ O(j0)(a)*ji(b)) =w,(a; b) forall a,bin &, tin T,
if and only if
;jig’(b,):O implies ;j,k(bk)=0

for all finite sequences {t,:t, €T, k=1,..., m} and {b,: b, €4, k=1,..., m}.
In particular, if (2@, {j{], w®) is a stochastic process, then the process
(o, {j.}, w) obtained through the reconstruction theorem is such that .7 is
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isomorphic to n(®(Z(®); so all algebraic relations of »/(® are preserved in .o,
and further-statistical-relations may be introduced by the state @, if n(® is
not faithful.

We state without proof two theorems on the existence of a universal C*-
algebra for all stochastic processes (respectively, for all symmetric stochastic
processes) over a given C*-algebra &, indexed by a set T'; they are made plausible
by the considerations above. The proof of Theorem 1.7.1 is the same as in
Winnink [19].

Theorem 1.7.1. Let & be a C*-algebra with identity, and T a set. There
exists a C*-algebra with identity o and a family {j,: te T} of *-homomor-
phisms of # into & such that any stochastic process (&, {j,}, w) over &
indexed by T is equivalent to a stochastic process (&, {j,}, @) where only @
depends on (<, {j,}, 0).

Theorem 1.7.2. A stochastic process (o7, {j,}, w) over # indexed by T
is symmetric if and only if it is equivalent to a stochastic process (®1 %,
{i,}, @), where ® 1 & is a C*-tensor product of isomorphic copies of # indexed
by teT, i, is the natural embedding of # as the t-th component of the tensor
product, and @ is any state on @ %.

The algebra &7 of Theorem 1.6 (cf. [19]) is a quotient of the free algebra
generated by the disjoint union of isomorphic copies of # indexed by te T
the only algebraic relations imposed in ./ are those following from the re-
quirement that the {j,:t€T} are *-homomorphisms. The algebra ® ;%
is obtained from o/ by quotienting out all commutators between observables
localized at different times. It is an analogue of the algebra L®(I1;S, II;(&))
of bounded measurable functions on the path space of a classical stochastic
process. Of course, all classical processes are symmetric, indeed, totally sym-
metric. Symmetric quantum stochastic processes over % =%(s#) for some
Hilbert space s# have been studied by Accardi in [3, 20].

1.8. For symmetric processes, the reconstruction theorem can be cast in
a form which is more similar to the original theorem of Kolmogorov [7]; first
we introduce some suitable notation. Let F(T) denote the collection of finite
subsets of T'; for each E in F(T) let #F denote the functions from E to &
equipped with the operations of pointwise addition, multiplication and taking
of adjoints; for example, for ; and f, in &£ we have (,,)(s)=p(s)f,(s) for
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all sin E. For each t in T define an action of # on #E by (b,f)(t)=Dbp(?),
(b,B)(s)=pB(s) for s#t. For E, F in F(T) such that ES F let g% be the embedding
of #E in BT defined for s in F by (g58) (s)=p(s) for sin E, (g5B)(s)=1 otherwise.
Let [-]: T-»F(T) be the map given by [t]={t,,..., t,} for each t=(¢,..., 1,)
inT, and let [-]: #,— %1 be the map given by [b](s)=1Tx.0=s bi-

Let (&7, {j,}. w) be a symmetric stochastic process over a C*-algebra &,
indexed by a set T'; the family {¢z: E€ F(T)} of functionals given for each f
in BE by eg(f)=w(IT jB(s))) is called the family of expectations functionals
of the process. <

Propesition 1.8.1. The family {¢: E€ F(T)} of expectation functionals
of a symmetric stochastic process over & satisfies conditions EF1,..., EF4;
if the process is a W*-process, condition NEF also holds:

EF1 (projectivity): oHgEf)=0g(B) for all ESF in F(T), p in #E;

EF2 (positivity): For all E in F(T), we have @z(f*8)=0 for all § in #E,

EF3 (normalization): For all E in F(T), we have @g(15)=1 where
1g(s)=1 for all s in E;

EF4 (linearity): For all E in F(T) and all B in BE, the map B(s)—~
©g(P) is linear for each s in E;

NEF (normality): For all E in F(T) and all B in #%, and t in E, the map
b @g(b,p) is a normal map.

Proof. A straightforward verification.

Let 4 be a C*-algebra with identity and T a set; a family {¢g: E € F(T)}
is said to be a projective system of expectation functionals over %, indexed
by T, if for each E in F(T), ¢y is a functional on #% with values in € such that
EF1 to EF4 hold; it is said to be a normal projective system if & is a W*-
algebra and also NEF holds.

Corollary 1.8.2. Let # be a C*-algebra with identity, and T a set; let
{¢g: E€F(T)} be a projective system of expectation functionals over #, in-
dexed by T. Then there exists a symmetric stochastic process (&, {j,}, ®)
over & indexed by T having {@g: E € F(T)} as its family of expectation functi-
onals. The process is unique up to equivalence, and is a W*-process if & is
a W*-algebra and the system of expectation functionals is normal.

Proof. For each a,b in %, tin T, put w,(a; b)= g ([a*] [b*]*), we
check that if {@g: E€ F(T)} satisfies EF1 to EF4, then {w,:teT} satisfies
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CK1 to CK6 (and also NCK if NEF holds). Hence, by Theorem 1.3, there
exists a stochastic process (&, {j,}, w) over &, indexed by T, unique up to
equivalence, having {w,: te T} as its family of correlation kernels, so that
we(a; b)=w(j,(a)*j,(b)). But [pt]=[t] and [pb]=[b] for all permutations
p, so that the family {w,: te T} is symmetric, and

‘P[t]([b]) = Wt([b*] 5 1 t) = (D(j'(b*)*) = w(jtl(bl)v () jt,.(bn))

forallb=(b,,..., b,) in #,, t=(t,,..., t,) in T, so that the expectation functionals
are given by the process. Normality of the maps =nj, if NEF holds follows as

in Theorem 1.3.

§2. Markov Processes and Semigroups

2.1. In this section, ‘“‘stochastic process’’ is to be taken to mean a triple
(2, {j,}, ) as in the definition, where o7 is identified with its GN S representation
n(e?), so that j,=moj,; this is always possible up to equivalence. If #Z is a
W*.-algebra and the maps j, are normal (W*-stochastic process), we shall take
&/ to be the W*-algebra generated by {j(b): be #,teT}; w is a normal state
on .. We shall also assume the indexing set T'to be totally ordered (for instance
N,Z R., R), and we shall refer to it as to “time”’. For each ¢t in T, we
define the following C*-subalgebras of .« (W*-subalgebras, for a W*-stochastic

process):

(2.1a) ALy=v{j(b):be R, s<t};
(2.1b) A, =v{j(b): be B}=j(AB);
(2.10) Ly=v4{j(b):bedB, tZu};

and for all t<u we define
(z-ld) ‘M[t,u]= V{js(b): bega téséu}a

where v S denotes the C*-algebra (or the W*-algebra) generated by a subset
S of «7.

If o is a W*-algebra and w is a faithful normal state on o7, a recent result
[21], which extends a well known theorem of Takesaki [22], shows that there
exists a family of canonical completely positive identity preserving maps E;, of
&, into o ;, s<te T, compatible with w in the sense that
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(2.2) olAg=0ApE, s<teT,
they are faithful and normal, and satisfy the chain rule
(2.3 E,E,,=E,,;s<t<ueT.

Such maps are conditional expectations if and only if each of the algebras
{o: se T} is globally invariant under the modular automorphism group of &/
associated to w by the Tomita-Takesaki theory (in particular, when o is abelian).

Definition. A stochastic process (<7, {j,}, w), where & is a W*-algebra
and w is a faithful normal state on «7, is said to be a Markov process if the
canonical maps {E,: s<te T} compatible with w satisfy

M: E (1) S, forall s<t in T.
(This definition is a slight modification of the one in [23, 24, 37]).

Theorem 2.1. Let (&, {j,}, w) be a Markov process over % (&,
W#*-algebras, j, normal maps, w a faithful normal state on o). Assume the
existence of the left inverse j¥ of j,, and let E,, be the identity map of ;.
Then

(2.4) Z,,=j*E,.j, sS1€T

defines a two-parameter family of completely positive identity preserving
normal maps of & into itself, satisfying

(2.5) Z,Z,,=Z,, forall s<t=<u in T.

Moreover, if the E,, are conditional expectations, then

(2.6) Ero 0 (Je(@)* )0, (@) *]1,(by)-j1, (D))
=JtoZton (AT 24, 105 Zy,,_ 1, (@7 D,)-b2)by)

for all to<t,<---<t, in T, ay,...,a, by,..., b, in &.

Proof. For all s<t and all b in 4, it follows from the Markov condition
M that Eg,j(b) is in &, so that j¥E ,j(b) makes sense, and Z, is well-defined
by (2.4); it is completely positive, identity preserving and normal, since it is
composed of maps having these properties. Using the chain rule (2.3) and
the fact that j,j¥ is the identity map on «7, we have

Zs.tZt,u=j:‘Es,ljtj;kE!,uju=j:=Es,tEr,uju=j;kEs.uju=Zs,u fOI' Sétéu

proving (2.5). Again by (2.3), for t,=¢,<---<t,, we have E,, =E, , E

ttt
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E, ... if the E , are conditional expectations, the left hand side of (2.6) becomes

Ero,0,(Jts(@1)* Eyy1,(Jex(@2) * vy 1 (- B ,(J2, (@5 D))+ ) (2D, (b1)) -

Then (2.6) follows from (2.4), the Markov property M and the fact that j¥ j,
is the identity map on 7.

2.2. If the {E,,: s<te T} compatible with w are conditional expectations,
there is a projective family {E: s € T} of conditional expectations E; of & onto
Ly, se T, compatible with , such that E_,=E | &, for all s<tin T'; and the
Markov property M is equivalent to

M': Ey() =, forall s in T.

We list some properties of the family {E: s € T} which we are going to use
in the following:

El: E, (ab)=Eg(a)b forall a in &, b in &ys in T ;
E2: w=o | A Eg forall s in T;
E3: EqEq=E g forall s,t in T;

and if T=R and the process is also stationary, with group of automorphisms
{u,=U(-)U_,: teR},

E4: wEg=E, qu, forall s,¢t in R.

Conditions E1-E4 can be formulated also when .« is only a C*-algebra and w
is not a faithful state. If maps satisfying E1 and E2 exist, they satisfy also E3
(and E4 in the stationary case) if the GNS representation of 7 determined by
o | o is faithful for all s. We can use conditions E1 to E4 and M’ to define
a version of the Markov property which makes sense also when & is not a
W*-algebra and w is not faithful.

Definition. A stochastic process (<, {j,}, w) is said to be a Markov process
with conditional expectations if there exists a family {Eg: se T} of conditional
expectations Eg of & onto &, s € T'satisfying E1 to E3 (and E4 in the stationary
case) and the Markov property M’. For a W*-process, the {Ey: se T} are
required to be normal.

Theorem 2.1 holds for a Markov process with conditional expectations,
apart from normality of the maps Z_,, which is only ensured for a W*-process.
Moreover, if T=R and the process is also stationary, the Z ., is independent
of s for all t=0 by E4, so that, defining
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(2.7) Z,=Z,,, forall s in R, 20,

{Z,: t=0} is a semigroup of completely positive identity preserving maps of &
into itself, leaving invariant the state wy=we j, (=wej, for all ¢ in R).
The following is a straightforward consequence of Theorem 2.1.

Corollary 2.2.1. The time-ordered correlation kernels w,teT, t=
(t1yeens ty), 1, <+-Zt,, of a Markov process with conditional expectations are
given by

(2.8) wla; b)= w".jt,(a;lkztj,tz(a#z: Ly 1,t,.(a;1;bn)' -by)b;)

for all a=(aqy,..., a,), b=(by,..., b,) in B,; in particular, if the process is also
Stationary,

(2.9) wi(@; b)=wo(atZ,, (a3 2,1, (a5by) - b2)by) .

The relations (2.8), (2.9) are known in the literature of physics [25, 26, 27]
as the “quantum regression theorem”’.

Definition. A stochastic process (o7, {j,}, w) over & indexed by T is said
to satisfy the regression relation if there is a family {Z,,: s<t} of maps of #
into itself such that equation (2.8) holds.

Definition. We say that o7 is generated as a vector space by the time-
ordered products if, for each s in T, o7, (resp. ) is the closure, in the ap-
propriate topology, of the linear span of the products j, (b,)::j, (b;y), with
biy...., b, in # and t; <--- <1, s (resp. st < -+ t).

Theorem 2.2.2. Let (<7, {j,}, @) be a stochastic process such that for each
s in T the GNS representation of &, determined by w | &, is faithful, and o/
is generated as a vector space by the time-ordered products. Then, if the
regression relation holds, (o7, {j,}, ®) is a Markov process with conditional
expectations.

Proof. We give the details of the argument for a W*-stochastic process;
the proof for the C*-case is an obvious modification. With the usual identi-
fication of &7 with 7(s2), acting on s with cyclic vector Q, let 5, be the closed
subspace .Z]ﬁ of #, and P the orthogonal projection of s# onto £, for
each s in T. For x in #(s#), regard PyxPg as an element of #(5#,), and
define 7g: > B(H#y) by ng(a)=PgaPg for a in «f;: then (5, ng, Q) is
the GNS triple associated with (7, o | .%;), since P; commutes with all ele-
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ments of &7; and leaves Q invariant. The map 7, is normal, and faithful by
assumption, hence n5;! exists and is a normal *-isomorphism. It follows from
(2.8) and the assumption of the theorem that

Ps]jt;(al)*'"jt,,(an)*jl,.(bn)'"jn(bl)Ps]
=Ps](jsozs.tl)(aikzty,tz(a?"'zt,,-|,t,.(afbn)"')b1)Ps]

for all n-tuples (t,,..., t,) in T such that s<t,<---<t,, and all a,,..., a,, by,..., b,
in 4&.
We conclude from this and the assumption of the theorem that

(2.10) Pyt Py () € m( )

since the maps a—PgaP and a—n,(a) are bounded and normal, 7, is a re-
presentation and .o/ is a W*-subalgebra of the W*-algebra «7;. For all a in
& and b in &, we find that PyabP lies in mg(e7;) since

PaabPy=PgaP4bP,=P4aP n(b).

By assumption, « is the closure of the linear span of {ab: ae.s,, bes/y},
hence P,/ Py=ny(s;). Now define Eg: of »o7; by

(2.11) Eg(a)=n'(PgaPy) forall a in «;

it is completely positive, identity preserving and normal, and by (2.10) it satisfies
the Markov property M’. For a in & and b in «;, we have

Eg(ab)y=ng'(PyaPybPy)=n7'(PhaP)b=Ey(a)b,

so that E; satisfies El (that is, it is a conditional expectation of &/ onto «7);
it satisfies the compatibility condition E2 since P;Q=Q. The projectivity con-
dition E3 follows from the fact that the {E;: se T} are uniquely determined.
The same argument works for the C*-case, with the appropriate change of

topology.

2.3. In this and in the {ollowing sub-section we study a perturbation theory
for stationary Markov processes with conditional expectations, which is based
on a generalization [8, 9] of the ideas underlying the Feynman-Kac formula.

Definition. Let (o, {j,}, w) be a stationary Markov process indexed by
R, with group of automorphisms {u,: teR} and conditional expectations
{E;: teR}. Afamily {m,: t 20} of completely positive identity preserving maps
of o into itself is said to be a Markovian cocycle relative to (<, {j,}, w) if the

following conditions are satisfied
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MCLl: mg ,=mumu_g for all s, t=0;
MC2: m, maps &, into itself for all 1=0;
MC3: m, commutes with F, foreach 1=0.

Theorem 2.3. Let {mn,: =0} be a Markovian cocycle relative to a stati-
onary Markov process with conditional expectations (&, {j,}, ®) over &.
Then

(2.12) Z,=j§Eqym,ji, 120,

defines a semigroup of completely positive identity preserving maps of # into
itself, and

(2.13) EO](mr,jr,(al)*"'mr,.jt,.(an)*mt,.jt,.(bn)"'mnjt.(bl))
=jOZt|(a=1thz-t|(a§<“'Zt,,—t,,_|(a7:bn)"'b2)bl)
for all 0<t, <---<t, in R, ay,..., a,, by,..., b, in B, and for all n.
Proof ([8,9]). Forall bin &, m,j(b)isin &, by MC2, so that Eqm, j(b)
is in &7, by the Markov property M’, and Z, is well-defined; it is completely

positive and identity preserving by construction. Moreover, for all s, =0,
we have

=jEEgymgu Eqimu, jo (since j, j§ is the identity map of .«7,)
=ja EoynsEqusmeu, jo (by E4)

=j8 EqiEgmgusm, jo (by MC3)

=8 Egyngismi, jo (by E3)

=J§ Eo1Ms+Us+eo (by MC1)

=Z

Equation (2.13) is obtained by replacing E,; in the left-hand side by EyE,, ;-
E, _,; which is permissible by E3, and by using E1, MC3 and (2.12) (cf. the
proof of Theorem 2.1).

2.4. Consider a stationary Markov process whose group of automorphisms
{u,: te R} is strongly continuous with infinitesimal generator 6. Then also
{Z,=j§Eou,jo: t=0} is strongly continuous, with infinitesimal generator L.
Let v be a self-adjoint element of &, and let {i,: t € R} be the strongly continuous
group of *-automorphisms of .« whose infinitesimal generator is

§=6+i[jo(v), -] on 2 (d).
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Lemma 2.4.1. The family {m,: t =0} defined by
(2.14) my=du_, t=0,

is a Markovian cocycle. The corresponding semigroup {Z,=j:‘,‘Eo]mtj,: =0}
is strongly continuous, with infinitesimal generator

(2.15) L=L+i[v,-] on 2().
Proof. For all a in o and t=0, we have (see e.g. [28]),

@16) m@=a+¥ i | - [ [u) Lo Do), a1-10d10-d,

0=t1=-StaSt

= M,aM},
where

@17) M=1+ % i S o { Gu@)de @) dty - dty ety 0 2,y
0=

t1SStast

1A

Then it is clear that {m,: t=0} satisfies MC2 and MC3, and it satisfies MC1
since both {u,} and {i,} are groups. Finally, for any b in # we have
171 [Z(b)— b]=1"'[Z,(b) — b+ 1" [Z,(b) - Z,(b)]
=1"[Z(b)— b]+J§Eo [+~ (m,— 1) j(b)].
It follows from the explicit expression (2.16) of m, that the second term of the

right-hand side tends to the limit i[v, b] as t—0, then (2.15) follows.

Lemma 2.4.2. Define j,=1i,j,, t€ R, and let

(2.18) A,=]iB, =V, sZ1}, =V (o, 1Su}.
Then
(2.19) Ay=sl,y for 120 and = for t=0.

Proof. From the proof of Lemma 2.4.1 it is clear that M: cy for all
t=0. By interchanging the roles of #, and u,, the converse inclusion follows.
The second half of (2.19) is shown in the same way, considering the perturbative
series for éu_, and u,i_, for negative times (cf. [28]).

Lemma 2.4.3. There exists at least one state @ on &£ which is invariant
under ii, and compatible with Eq;. Then also Z, has at least one stationary

state, namely @oj,.

t
Proof. Let @& be a weak* limit point as t—oo of the net {%g wotids:
0
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1= 0}, the integrals being weak* Riemann integrals. Such a limit point always
exists by the weak* compactness of the set of states on a C*-algebra with identity.
Then @ is invariant under u, by construction. Since, for all s=0,

(2.20) i ,Egy=muEgy=mEqu,=E mu,=Eqi;
and o is compatible with all Eg, @ is also compatible with E,;. Finally,
@o jgoZ,=@oE gyl jo =0 jo.

Theorem 2.4.4. Under the assumptions and with the notations introduced
above, (o, {j,}, @) is a new stationary Markov process over %, with associated
group of automorphisms {ii,: te R} of o, semigroup {Z,: t=0} of &, and
conditional expectations {E: &l—».;a!:]; teR} which coincide with E, for
t=0.

Proof. By Lemma 2.3, (&, {],}, @) is a stationary process with group of
automorphisms {i,}, and @ is compatible with the maps

(2.21) Et]=ﬁtE0]u_,, tER s

which are conditional expectations onto .sz{:]=ﬁtd0], teR, and satisfy the
covariance condition E4 with respect to {#,}. Moreover, we have

Et]ﬂ[: = atEO]"Q{[O = atEc)]&{[o = 1,7,.2{0 =,

by Lemma 2.2 and the Markov property of the original process. Similarly,
for s<tin R, we have, by (2.20),

Es]Et] =ilE oyl - Eoyii = ﬁsEOJEs]ﬁ—s=ﬁsEO]ﬁ-s=Es] s
so that the projectivity condition E3 holds. Then (&, {j,}, ®) is a stationary
Markov process with conditional expectations. The semigroup associated to

it is {Z,} given by (2.12), since E0]=EO]. We have also, by (2.20), E;=
ﬁ,EO]ﬁ_t=Et]ﬁ_tﬁt=Et1 fOI‘ all t;o.

Comments and Remarks

To 2.1: In the classical case (&7, & abelian W*-algebras, w a faithful
normal state) the canonical maps E, , are always conditional expectations, and our
definition of the Markov property is equivalent to the usual one for processes
in the sense of Doob, indexed by a totally ordered set. However, it should be
mentioned that the Markov property is of interest also for stochastic processes
indexed by a set T which is not totally ordered (multi-dimensional Markov
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property); in particular, it is relevant for those classical generalized stochastic
processes which are the Euclidean version of quantum field theories (see e.g.
[29, 30]). For a non-commutative formulation of the multi-dimensional
Markov property, see [23].

To 2.2: By Corollary 2.2.1 and Theorem 2.2.2, the regression relation
(2.8), or (2.9) in the stationary case, is characteristic of Markov processes with
conditional expectations, under some conditions on the commutation relation
in . In particular, (2.8) holds for all classical Markov processes, ensuring
that a classical Markov process is uniquely determined by its associated evolution
{Z,,: sSte T} on & and initial distribution wy=we j, (0=min T), or stationary
distribution in the stationary case. This is no more the case for non-com-
mutative Markov processes; see for instance [3, 20] for the structure of symmetric
quanium Markov processes and the formula replacing (2.8) in that situation.
However, non-commutative stochastic processes satisfying the regression
relation have an obvious interest. Lindblad [31] takes the regression relation
as a definition of the Markov property, in the framework of a theory of sto-
chastic processes whose basic objects are the time-ordered correlation kernels.

1t is worth mentioning the fact that the regression relation (2.9) is a strictly
stronger propcrey than the semigroup property for the reduced dynamics:

SG: There exists a semigroup {Z,: t=0} and an invariant state w, on %
such that

th,tz(als a,; by, b2)=w0(a’1kztz—tl(a§b2)b1)

for all a,, a,, by, b, in & and t, <t, in R.

This was already known for classical stochastic processes [32]; Lindblad
[33] has provided a quantum-mechanical example of a process satisfying SG,
and not the regression relation, which retains a perfect memory of the initial
state; it is non-Markovian also with our definition of a Markov process. A
version of Lindblad’s example is given in the Appendix.

It is an interesting question whether it is possible to construct a stationary
Markov process (with conditional expectations) over &, indexed by R, given
a semigroup {Z,: t=0} of completely positive identity preserving maps of £,
with an invariant state w,, in such a way that the regression relation (2.9) holds.
This is known to be the case for classical stochastic processes (Kolmogorov-
Daniell construction): the semigroup and the stationary state give the time-
ordered correlation kernels, and all the correlation kernels are obtained by
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permutation symmetry. More generally, Theorem 2.2.2 suggests that a
construction is possible if some commutation relations in .27 are given in advance,
so that all the correlation kernels can be constructed from the time-ordered ones,
and « is generated as a vector space by the time-ordered products of j(b),
be#,teR. In the following section we perform this construction for a class
of processes on the Clifford algebra, which we call quasi-free. A similar con-
struction for nou-commutative Gaussian processes on the CCR algebra can be
found in [34].

To 2.3: For other work on quantum versions of the Feynman-Kac formula,
see [35, 30, 20, 31, 38]. We refer to [8] for a detailed discussion of the structure
presented in Theorem 2.3.

Markovian cocycles consisting of maps which do not preserve the identity
could also be considered [8, 9], then the semigroup Z, of Theorem 2.3 would
not be identity preserving.

To 2.4: Lemmas 2.4.1 and 2.4.2 have an obvious W¥*-version under the
condition that {u,: te R} is continuous in the W#*-topology. Then also un-
bounded self-adjoint v’s affiliated to 2, could be considered. ~The convergence
of the right-hand side of (2.16) is ali that is needed in order to define the Mar-
kovian cocycle n1,, and hence the weakly* continuous semigroup Z,; then the
generator L of Z, can be taken as a definition of the sum of L and i[v,-] (cf.
[39] in the classical case).

Lemma 2.4.3 is proved using the W*-compactness of the set of states on a
C*-algebra and the strong continuity of {#,: t € R} hence it has no obvious W#*-
version ; thus also Theorem 2.4.4 has no obvious W*-version.

An analoguc of Lemma 2.4.1 still holds if one allows an explicit time
dependence of ve . If t—uv(t)=v(¢)* is a continuous function on R, with
values in &, we can put

’ns,t(a)=a+ §:1 i" S S [it‘(u(t1)5 [’ [jt“(v(tn)’ a]"']]dtl"'dtn
tnSt

n=
t1S

1z
1A

IA
A

fors<tin R,

[jtl(v(tl)a [* [jt,.(v(tn)3 a]"']]dll"'dtn

fors=tin R.

n=1

o0
mgla)y=a+ 3 i S
sty

"VM

1%
v

2tn

Then my, is completely positive, identity preserving, and

Mg Jn, =, for s<t=Zu in R;
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mg, maps 7 into itself and commutes with E,; for each s<t in R. Proceeding
in analogy with Theorem 2.3, Lemma 2.4.1, we can put

Zs,tzj;kEs]ms,tjtb s<t in R;
then

—gt—zs,,(b)=zs’t(L(b)+i[v(t), b])  for all bin @(L), s<tinR,

and

~

Z,Z,,=Z, for all s<t<u in R.
Letting j,=my ,j,=mq u,jo, We find also in analogy to (2.13)

Eo](jn(aﬂ*‘ "jtn(an)*jt,.(bn)" 'jn(bl))
=j0°ZO,t1(ath1,t2(a;=' : .Ztn—l,t"(a:l:bn)' . 'bZ)bl)

forall0=t,=---<t,in R, ay,..., a,, by,..., b, in &, and for all n. The process
(«, {j,}, ®) is neither stationary nor Markov, in general, but conditional
expectations onto ai,] which are compatible with w exist for =0, since .M:]=
&y for t20. Since {#l,=mqu,: te R} is not a group of automorphisms of
«, there will be no choice of a state @ on « which makes («, {Jj,}, @) a stationary
process, moreover, a limit point of {—%—g;woﬁsds} need not be invariant under
{i,: te R}. So there is no analogue of Theorem 2.4.4 for time-dependent
perturbations.

§3. Processes on the Clifford Algebra

3.1. We recall some preliminary information about the Clifford algebra
and the quasi-free states and quasi-free maps on it [40,..., 45].

The Clifford algebra A(H) over a real Hilbert space H is the (unique up to
*.isomorphism) C*-algebra generated by the identity 1 and the self-adjoint
elements B(h), linear in he H, satisfying the canonical anticommutation rela-
tions

(3.1) B(h)B(K)+B(k)B(h)=2(h, k)1  forall h,k in H.

The map h~ B(h) is continuous and ||B(h)| =| k| for all 4 in H.
Let M, H be real Hilbert spaces. For any isometry X of M into H there
is a unique *-isomorphism, denoted by A(X), of A(M) into A(H), such that

(3.2) AX)(B(@m,)---B(m,))=B(Xm,)---B(Xm,,) for all my,..., m, in M.
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A state w on A(H) is said to be quasi-free if
(3.3a) w(B(hy)--B(hy,+1))=0 forall n=0,1,... and all hy,..., hy,,, in H,

(3.3b)  @(B(hy)--B(h,,)= p; (sgn p) [T o(B(hyr-1)B(pn))
for all n=1, 2,... and all hy,..., h,, in H;

where &, is the set of those permutations p of {1,...,2n} such that pQ2r—1)<
p(2r) and p(2r—1)<p2r+1) for all r=1,..., n, and sgnp is the parity of p.

There is a one-to-one correspondence between quasi-free states @ on
A(H) and skew-adjoint contractions Q on H, given by
(3.4) w(B(h)B(k)) = wo(B(h)B(k))=(h, k)+i(Qh, k).
Notice that a skew-symmetric bilinear form g(-,-) on H is given by gq(h, k)=
(Qh, k), Q being a skew-adjoint contraction on H, if and only if
(3.5) 2. ¢icl(hy, hp)+iq(hy, h))]120,

t,J

for all finite sequences {c;eC: i=1,...,n} and {h;e H: i=1,..., n}.

The GNS representation of A(H) determined by a quasi-free state wg, is
faithful, since w, is a product state of a faithful state and a state on a simple
C*-algebra [42].

The following Lemma is a rephrasing of results due to Evans [43, 44],
Fannes and Rocca [45].

Lemma 3.1. If Z is a completely positive identity preserving map of A(H)
into itself satisfying
(3.6a) Z(B(h))=B(Th)  forall h in H,
where T is a linear operator on H and
(3.6b) WgeZ =W
where wq is a quasi-free state on A(H), then

3.7 > cic;[(hy, hy)—(Thy, Thy)+i(Qhy, hy)—i(QTh;, Thj)]=0

for all finite sequences {c;} in C and {h;} in H, which in particular implies
that T is a contraction. Conversely [43, 44, 45], given a contraction T and a
skew-adjoint contraction Q on H satisfying (3.7), there is a canonical com-
pletely positive identity preserving map of A(H) into itself, satisfying (3.6a),
(3.6b).
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Proof. Z maps the linear span of {B(h): he H} into itself and is a con-

traction with respect to the semi-norm:

[x[13 =wg(x*x), x €ling {B(h): he H}
since
0Q(Z(x)*Z(x)) S wo(Z(x*x) = wg(x*x)

by the Kadison-Schwarz inequality. This fact is expressed by (3.7). Conversely,
if (3.7) holds, then Tis a contraction and

(3.8a) @§(B(h,)-+-B(hy))=wo(B(Dh,)---B(Dh,))

where D=(1—T*T)'/2. Hence a completely positive identity preserving map
Z can be constructed by letting [43, 44, 45]

(3.8b)  Z(B(hy)---B(h,))= :Zt (sgn p)B(Th;)---B(Th;, )w§(B(h;,, . ,)---B(h;,))

partitions
where w}(-) is defined by (3.8a), the summation extends to the partitions of
{1,..., n} into two sets {i; <---<ip}, {im+;<--<i,} and sgnp is the parity of

the permutation {1,..., n}—{i,..., i,}.

Definition. A map defined by equations (3.8a), (3.8b) is said to be a quasi-
free completely positive map, and denoted by Ay(T).

Notice that Ayx(0)=wy(-)1; if T is an isometry commuting with Q then
Ay(T) coincides with A(T) defined by (3.2), and Ay(T) is a conditional expect-
ation, compatible with wy, if and only if T is an orthogonal projection com-
muting with Q. The set &, of contractions T on H satisfying (3.7) is a
semigroup, and T+ Ay(T) is a homomorphism of &, into the set of completely
positive identity preserving maps on A(H).

3.2. Let {X,:teR} be a family of isometries from a real Hilbert spacc
M into a real Hilbert space H, such that H=v {X,m:te R, me M} and let
Q be a skew-adjoint contraction on H. Let .« =A(H), and let
(3.9) Je=A(X): AM) — A(H), 0=, .
The stochastic process (&, {j,}, w) over A(M), indexed by R, is said to be a
quasi-free process. WNotice that t~j, is strongly continuous if and only if
t— X, is.

Theorem 3.2.1. A quasi-free process over A(M) is determined up to equi-
valence by its covariance function

(3.10) w(j.B(m)j,.B(m'))=(m, K(t, t'Ym')+i(m, Kt t'Yym'), m, m" e M, t,t'eR,
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where K(t, t') and K2(t, t') in #(M) satisfy

K(t, t)=1 for all t in R,
(3.11a) K(t, t')*=K(t', t), K1, 1')*= — KA1, 1) forall t,t in R,

(3.11b) 'zj cie;l(my, K(ty, tym)+i(my, K91, 1,)m;)]=0
Jor all finite sequences {c;} in C, {t;} in R and {m;} in M.

Proof. I (&, {j,}, w) is a quasi-free process over A(M), then K(t, t')
=X¥X, and Kt t')=— XF¥QX, satisfy all the above propertics. Convecrsely,
given K(-,-) and K2(-.-) satisfying the above properties, K(-,-) is a positive
definite kerncl on R x R, and has a minimal Kolmogorov dccomposition [13]
X,: M—H, each X, being isometric. Then K2 defines a skew-symmetric form
q on H via

‘I(Z X my 2 c’jXGm'j)zz' c;ci(my, Ke(t;, thyms),
i 1 L)

for all finite sequences {m;}, {m}} in M, {c;}, {c}}, {t;}, {t;} in R. By (3.11b),
cf. (3.5), g is given by a skew-adjoint contraction Q on H. Then H, {X,} and
Q can be used to construct the quasi-free process; they determine all the cor-

relation kernels, hence the quasi-free process is determined up to equivalence.

Theorem 3.2.2. A quasi-free process is stationary if and only if there
exists a group {T,: te R} of unitaries on H such that

(3.12a) T.X;=X,., forall t;s in R,
(3.12b) T,0=0T, forall t in R,
and

(3.12¢) u,=A(T,) Jorall t in R.

Proof. If the process is stationary, K(s, s')=K(s+t, s'+1t) for all s, s’, ¢t
in R. By the uniqueness of the minimal Kolmogorov decomposition of a
positive definite kernel [13], there are unitaries {T;: t € R} on H such that (3.12a)
holds. The group property is checked in a straightforward way. Moreover,
also K2(s, s')=K2(s+t, s'+1) for all 5,5, t in R, hence T;'QT,=Q for all ¢
in R, and (3.12b) holds. Then for all s,,..., s,, ¢t in R, m,..., m, in M, we havc

ut(B(Xsllnl)' : 'B(Xs,,lnn)) = utB(Xsllnl)' : 'utB(Xs,,’”n)
= B(T;XSlrnl)' ) 'B(T;Xs,.’nn)

so that (3.12c) holds. Conversely, if (3.12a) and (3.12b) hold, define u, by
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(3.12¢) and check that u,j,=j,., for all 5, t in R, wgou,=w, for all ¢ in R.

3.3. Now we study Markov processes with conditional expectations.
Since A= A(H) is generated as a vector space by the time-ordered products, such
processes are exactly those for which the regression relation (2.8) holds, by
Corollary 2.2.1 and Theorem 2.2.2. If w, is a separating state (equivalently,
if Ker(1—Q*Q)={0}), it is possible to show that conditional expectations
E,, onto &4, =A(H,,), compatible with w,, exist if and only if P,; commutes with
Q, in which case E,;=Ay(P,;) for each ¢t in R (use Takesaki’s theorem [22] and
the explicit form of the modular automorphism group associated to a separating
quasi-free state [46]). In the general case (Ker (1—Q*Q) arbitrary), for the
sake of brevity we make the following

Definition. A quasi-free process (<, {Jj;}, @) is said to be a quasi-free
Markov process if it is a Markov process with conditional expectations given by

(3.13) E =AgP,) forall t in R.

Theorem 3.3.1. A quasi-free process is quasi-free Markov if and only if

(3.14a) K(s, )K(t, uy=K(s, u)  forall s=t=u in R
and
(3.14b) K9, t)=—0Q,K(s,t)  forall s,t in R,

Q. being a skew-adjoint contraction on M.

Proof. Suppose that the process is quasi-free Markov. Then Q commutes
with all Py, and Ay(P,)A(H,)=A(H,) implies PyH,=H,, where Hy,= v {X ,M:
t<u} and H,=X,M. Then H can be decomposed as H=D;@®H,® D}, where
D;=H,©H,, Df=H,©H, Hence((1-P)Xm,(1—-P)X,m)=0forall m, m’
in M, s<t<u in R, where P,=X,X¥ is the orthogonal projection of H onto
H,. But this can be re-written as

(m, (K(s, u)— K(s, HK(t, u))m')=0 forall m,m' in M,
which is (3.14a). Moreover, for s<t,

KOs, )=—X30X,= - X7P,0X = - XFQPyX,= - X{QX X;X,,

since Py X,=P.X, for s<t by the Markov property, which proves (3.14b), with

0,=X :: QX s
The argument can also be reversed: (3.14a) implies that P,H;,=H,, and
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(3.14b) implies that
(QXsm’ (1 —Pt)Xum’)=(Qsm’ K(S, u)m’)—(Qsm3 K(S’ t)K(t’ u)m’)’

which vanishes by (3.14a), for all m, m" in M and s<t=<u in R; so that QH,; is
orthogonal to D}, Q maps H,, into itself, and commutes with P,;, being skew-
adjoint. Then Ay(P,y) exists and A(P)A(H)=A(H)).

In the special case of a stationary quasi-free Markov process, the semigroup
Z,=j§EqJ, is given by

Z,=A9(S), 120,

where S,=X¢X,, which is a semigroup by Equation (3.14a), and where Q,
=X¥0X,, which is clearly a skew-adjoint contraction. Condition (3.7) holds
by construction.

We prove a converse result.

Theorem 3.3.2. Let {Z,=Ay(S,):t=0} be a semigroup of quasi-free
completely positive maps of A(M). Then there is a stationary quasi-free
Markov process over A(M) such that {Z,: t=0} is the semigroup associated to
it, and the process is unique up to equivalence within the class of quasi-free
Markov processes.

Proof. Define a covariance function by

(3.15a) S, pt=s,
K(s, 1) =

(3.15b) S*,, t<s,

and

(3-15¢) = QoS- 125,
K9(s, t)=

(3.15d) —8S%*,00, t<s.

Clearly K(s, 1) and K9(s, 1) satisfy conditions (3.11a), (3.14a), (3.14b). We
prove that (3.11b) holds. We have

(3.16) % Giej{ms, Kty tmy)+ilmy, KOt t)m,))
Y= 3 Gewg(Bm)Z,_(B(m)))

{i,j:t:ist5}

2 Cc ij(Zn—tj(B(mi))B(m )

{i,j:ti>t;}
From the proof of Lemma 3.1, we know that {Z,: t=0} is a semigroup of con-
tractions on ling {B(m): m e M} with respect to the semi-norm ||x|3 = wy(x*x).
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A semigroup of contractions on a Hilbert space determines a positive definite
function [47] hence the expression (3.16) is non-negative. [t follows that the
covariance function defined by Equations (3.15a-d) determines (up to equiv-
alence) a quasi-free Markov process, which is also stationary by the proof of
Theorem 3.2.2. The semigroup {Z;: t=0} associated to the process satisfies
Z;B(m)=B(S,m) for all m in M and wy°Z;=w, for all tz0; and it is not
difficult to see that it is indeed Z;=Ay(S,)=Z,. Conversely, any quasi-free
Markov process such that the associated semigroup is Agy(S,) has (3.15a—d)
as its covariance function, which proves uniqueness up to equivalence.

3.4. We characterize the class of those quasi-free Markov processes which
satisfy a quantum Langevin equation.

Theorem 3.4.1. Let (, {j,}, wg) be a stationary quasi-free Markov
process, with associated semigroup {Ay(S,): t=0}; let {S,} be strongly con-
tinuous with infinitesimal generator G. Then the following are equivalent:
(i) lim [l (S) (b) —wo (D)1 =0 forall b in A(M);

t—oo
(ii) there is a family {E9: te R} of linear operators from 2(G) into H such
that

(&9m, ESm")=(tAt)(—(Gm, m')—(m, Gm'))
forall t,t" in R, m, m" in 2(G),
H=v{m:teR, me 2(G)}

and {j,} satisfies the following Langevin equation:
(GAD) B —jBOm) = | j,(BGm))du+ BUES — $m)

for all s<t in R, m in 2(G).

Proof. From the explicit form (3.8a, b) of A4,.(S,), we see that (i) holds
if and only if lim | S,m||=0 for all m in M. By [48] Theorem 4.2, [13] Theorem
t—>oo

3.15, this is equivalent to

Xm—Xm= gx X,Gm du+(E8 —E%)m
for all s=<tin R, m in 2(G), where {£G: re R} is a [amily as described in (ii);
the conclusion of the theorem follows since B: H— A(H) is linear and isometric.

Notice that {4,,(S,): t=0} is strongly continuous; if we denote its infini-
tesimal generator by L we have B(m)e 2(L) if and only if me 2(G) and
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LB(m)= B(Gm), so that Equation (3.17) can be re-written as
4 w
JiCB(m) = Bm) =, L(BOm)du -+ BEF —E6ym).

We can produce non-trivial examples of stationary Markov processes which are
not quasi-free by applying to a stationary quasi-free Markov process the per-
turbation theory which we have developed in Theorems 2.3 and 2.4.4. Then
we have the following

Theorem 3.4.2. If {j,} satisfies the Langevin equation (3.17) and the
operator v=v* defining the perturbation is an even element of A(M), then the
perturbed process {j,} satisfies the following Langevin equation:

(3.18) ]:(B(m))—]o(B(m))=S;],,(B(Gm)+i[v, B(m)])du + B((&F — £§)m)

=, 7L (BUm)du+ B(EF— E§)m)
for all min 2(G) and t=0, L being the infinitesimal generator of the perturbed
semigroup {Z,: t=0).

Proof. We use the notation of Lemma 2.4.1. By standard perturbation
theory, we have

(3.19)  jAB(m)) =1, jo(B(m))=u,jo(B(m))+ S; d(Lijo(v), u;—sjo(B(m))])ds

t
=B+ (| 8 Lo, J- ABOm) s
We use the Langevin equation (3.17) to compute j(B(m)), j,_(B(m)). Since
Jjo(v) is an even element of A(H,) < A(H,;) and (£F —£&§)m is in the orthogonal
complement of Hy; [13, 48], jo(v) commutes with B((£8 —E§)m). Remembering
that j,=j, we are left with

J(BO) = Jo(Blm) = j.(BGm)du+ B(ES - EGm)

t t(t—s
L oo JoBoDds + (7 (Lijo(w), (Bom) )duds
The first and the last term on the right-hand side can be combined together as
in equation (3.19), to give St j(B(Gm))du, and the third term on the right-hand
0

side is St Liju(v), j(B(m))]du. This proves (3.18).
0
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Remarks

To 3.2: Quasi-free processes are an analogue of classical Gaussian pro-
cesses, in that they are completely determined by a Hilbert space structure.
For analogous ideas for processes on the CCR algebra, see Lindblad [49], and
[34].

To 3.3: Theorem 3.3.1 is an analogue of Doob’s theorem [10]. Sta-
tionary quasi-free Markov processes have been constructed from a semigroup
{Z,: t=0} by Schrader and Uhlenbrock [36], in the special case Z,=Ay(S,)-
A similar construction has been used by Evans [43, 44] in his study of dilations
of quasi-free semigroups satisfying [Q,, S,]=0.

It is conceivable that there are quasi-free processes which are Markov
without conditional expectations; we do not investigate this problem here.

To 3.4: The Langevin equation (3.17) bears no reference to the state wg
in («, {j}, wp); given # and «, it determines {j,: t € R} but different choices
of wg could make the resulting process Markovian or not, according to whether
or not Q commutes with the projections {P,;: t € R}.

The automorphism group of the perturbed process described in Theorem 4.2
is quasi-free if and only if the map B(m)—i[v, B(m)] is quasi-free.

§4. Examples

We sketch how model systems of the Hepp and Lieb type [11, 12] can be
regarded as perturbations of quasi-free processes.

4.1, The elementary building block of this class of models is a fermion
coupled to two infinite fermion reservoirs in the Fock vacuum state (Q,,- Q)
with a total Hamiltonian [12]

4.1 Bo=sa*a+{_[B@)*B(@)+C@)*C@]wdo
+ SR [92B(w)*a+g°C(w)*a+h.c.]ldw,

where a*, a are the creation and annihilation operators of the fermion, and
B(w)*, C(w)* are the creation and annihilation improper operators of the
fermion reservoirs. The above Hamiltonian is formal, but the evolution gen-
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erated by it can be defined rigorously as a limit of evolutions generated by
regularized Hamiltonians. The reduced dynamics of the fermion is given by a
dynamical semigroup {Z,: t=0} satisfying [12]
4.2) Z(a)=eitviq, Z(a*a)=e 2" a*a+(1—e 27)nl
where

y=n{lg??+19¢*} >0, n=ny~|g¢|* € [0, 1].
Via a Bogoliubov transformation

A@)=(1g®1>+19°1)~"/*[¢®B(w) —g°C(w)*], w e R,

the coupling between system and reservoir becomes
(/2 [A@)*a+a*A@)]do
R

and the algebra generated by {a% A(w)*: we R} is globally invariant under
the evolution generated by the Hamiltonian (4.1). This algebra can be regarded
as the Clifford algebra over the real Hilbert space

H=[R®LZR)®JROLLR))],

(that is, C@ L2(R) regarded as a real Hilbert space).
The algebra generated by a, a* is the Clifford algebra over Hy=R®JR
which is generated by two independent normalized vectors hy, Jhy; then we have

B(ho)=a*+a, B(Jhp)=ia*—ia.

Let Q=J(1—2#); then Q commutes with the projection P, of H onto H, and
00=P,QP, has the same form. The quasi-free state wy on A(H) is we,®
(20, - 2) | V{A(w)*: weR}. We have

Zt=AQo(St)9 tgo D

where {S,=exp (Jet—yt): t=0} is a semigroup of contractions on H, com-
muting with Q.

The evolution generated by the Hamiltonian (4.1) is of the form A(T),
where {7,: t € R} acting on H is a minimal unitary dilation of {S,: =0} which
commutes with J, hence with Q. Also the projections P,; of H onto H,=
v{TH,: s<t} commute with Q for all ¢ in R. Hence the quasi-free state w,
on A(H) is invariant under A(7,) and compatible with conditional expectations
Ay(Py), and PyH;,=H, for each t since {S,=P,T,P,:t=0} is a semigroup.
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By Theorems 3.2.2. and 3.3.1, we conclude that (A(H), {A(T;Py)}, wy) is a
stationary quasi-free Markov process over A(H,); moreover, it is the unique
(up to equivalence) reconstruction of a quasi-free Markov process from the
semigroup (4.2), by Theorem 3.3.2. It satisfies the Langevin equation (3.17)
if and only if y is strictly positive.

4.2. There is no additional difficulty in considering a finite or infinite
collection of non-interacting elementary fermion systems as above: in any case
we have a stationary quasi-free Markov process, satisfying the Langevin equation
(3.17) if and only if all the damping constants y, of the elementary fermion
systems are strictly positive.

Then an interaction among the fermions can be introduced, in finite volume,
to begin with. Let v be an even self-adjoint polynomial in the creation and
annihilation operators a¥, a,, or equivalently in the B(h{®), B(Jh(¥), k
=1,..., N being the index which labels the elementary fermion systems. By
Theorem 2.4.4, there is a perturbed stationary Markov process whose associated
semigroups {Z,: =0} has the form

.3) Z=exp [, Li+ilb, D],

L, being the infinitesimal generator of the semigroup {Z{¥)>0} for the k-th

fermion, given by
4.4) L(a)=(—ig,—yoa,, Lafa)=—2y(aia,—nl).

By Theorem 3.4.2, the perturbed process satisfies the Langevin equation (3.18)
if and only if all y, are strictly positive.

4.3. Also the thermodynamic limit N—oo of interacting open fermion
systems can be studied. This is somewhat outside the main scope of this paper,
so we confine ourselves to a few remarks. If the interaction is of finite range and
translationally invariant, the techniques of Robinson [50], Streater and Wilde
[S51] can be used to prove that there is a limit evolution for the infinite system;
it can also be shown that there are a limit stationary state and a limit stationary
Markov process. If the interaction is of mean field type, the works of Hepp
and Lieb [11, 12] give a description of the limit evolution of intensive observables
in ““classical’’ states. Then one could employ the technique of Bogoliubov
Jr.[52, 53] to obtain the thermodynamic limit of multi-time correlation functions
in these states. They define a limiting process; however we expect this limiting
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process to be neither stationary nor Markov in general, but rather to exhibit the
structure with time-dependent Hamiltonians described in the notes to Section 2.4
(cf. van Hemmen [54] Appendix).

The general problem of limits of non-commutative stochastic processes
(thermodynamic limit, and scaling limits which might make a process Markovian)
is of obvious interest. Some rigorous results and open problems for scaling
limits of classical processes are described by Spohn in [S5]; we cannot but expect
that the analogous non-commutative problems are at least as hard as those.

Appendix

Example A.1 (Lindblad [33], rephrased). Let # be the algebra of all
complex 2x2 matrices. For each x in R, let {o¥: te R} be the group of
*-automorphisms of & given by

oX(b)=ei*t93pe"ixt93 he B, teR.
Define a stochastic process over &, indexed by R, by giving its correlation
kernels as

e ? (7 dx 1 x ceeg¥ x X
w@i )= (" o B L trace (o, (a) "+, a,) 0%, (60) 4, (61)]

where x, e R, y>0, for all t=(¢t,,..., t,) in T, a=(ay,..., a,), b=(b,,..., b,) in Z,.
The explicit form of (&7, {j,}, ) is not needed; we only notice that .« can be
chosen to be a W*-algebra, the j, are normal maps of & into &7, w is a faithful
normal trace on 7, and the process is stationary.

For all a,, a,, by, b, in &, t; <t, in R, we have

Wee@1s a25 by, by)=wo(alZ,, -, (a5by)b,),

where wo(-)=2"1trace(-), and {Z,: t=0} is the semigroup with infinitesimal
generator L given by

L(b)=— 2 {03, [03, b]] +ixol03, b], be 2,

satisfying lim |Z(0,)| =0. Since the modular automorphism group associated
t—o

to w is trivial, the canonical maps E,, are conditional expectations; hence, if the

process were Markov, the regression relation would hold, and wy , ,(a,, ay, 1;

by, by, d,) would vanish in the limit as t— oo for all a,, a,, by, b, in #. How-
ever, it is clear that
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Wo,i.2{@0s 01, 15 bg, 01, 0;)=wp(agoby) forall aq, b, in £,t=0

since o, exp (ixto;) o, =exp(—ixto;) and o,=(0;)3. This contradicts the

regression relation, hence the process is not Markov.

Example A.2. Let #=%({—1, 1}), the algebra of functions on the two-
point set {—1, 1}, spanned by the identity 1 and the function f, such that f(+1)
=+1. Let w, be the state on # given by wy(f)=2"1(f(1)+f(—1)), and let
{Z,: 1=0} be the semigroup of maps determined by

Z()=1, Z(f)=e7f,y>0, forall ¢=0.

Then Z, preserves positivity and the identity, and wgeZ,=w,. By the
Kolmogorov-Daniell construction, there is a classical stationary Markov process
over & such that the regression relation (2.9) holds. However, # may also be
identified with the Clifford algebra A(R), spanned by the identity 1 and a self-
adjoint unitary B(e) (e being a unit vector in R) which corresponds to f. If this
identification is made, w, is the quasi-free state corresponding to @=0, and
{Z,} is the quasi-free semigroup given by Z,=Ay(e 7). Let {X,: R—>H;teR}
be a minimal Kolmogorov decomposition of the positive definite kernel s, ¢
+exp (—7y|t—sl), for instance, H = LA(R), X,r=(2y)'/2 exp (= 7|t —5]) X (-0, :1(S)7>
reR [13]. Let j(B(r))=B(X,r)e A(H), and let w, be the quasi-free state
on A(H) determined by Q=0 on H; then (A(H), {j,}, ®,) is a stationary quasi-
free Markov process with conditional expectations, by Theorem 3.3.1; hence
the regression relation (2.9) holds. Obviously, A(H) cannot be isomorphic
to an abelian algebra.
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