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Homotopy Classification of Connected Sums
of Sphere Bundles over Spheres, II

By

Hiroyasu IsHIMOTO*

Introduction

In the classification problems of manifolds, the connected sums of sphere
bundles over spheres appear frequently. For example, we can see those in [6],
[7], and [13]. Motivated by those, in the preceding paper [8], we classified
the connected sums consisting of sphere bundles over spheres which admit cross-
sections up to homotopy equivalence.

In this paper, as promised previously, we investigate the general case. And,
under some assumptions on dimensions, i.e. in metastable range, we obtain a
necessary and sufficient condition for two connected sums of sphere bundles
over spheres to be homotopy equivalent, by extending the results of James-
Whitehead [10] and using the handlebody theory of Wall [14] and Ishimoto
[5]. Applications of the main theorem to special cases will appear in the
subsequent paper.

Let B;, i=1, 2,---, r, be p-sphere bundles over g-spheres (p, g>1), and let
B;, i=1,2,---, r, be the associated (p+ 1)-disk bundles. It is understood that
each B, or B,, also denotes the total space of the bundle and has the oriented
differentiable structure induced from those of the fibre and the base space. If
p=q, each B; admits a cross-section, and the homotopy classification of the
connected sums of such bundles has been completed in [8]. So, we assume that
p<g—1. The torsion case that p=g—1 is excluded from this paper and the
problem is still open. We denote the characteristic element of B; by «(B;) or
simply by «; and we put g=m,(;), where m,: m,_ (SO, ;)—m,_;(SP) is the
homomorphism induced from the projection n: SO, —S50,,,/S0O,=S".

The boundary connected sum 85—, B; can be considered as a handlebody of
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H(m+1,r,q), m=p+gq, and the connected sum #i_, B; is its boundary. In
general, #7_, B, may have various representations into the connected sums of
p-sphere bundles over g-spheres up to diffeomorphism. In fact, we can ob-
serve it using the handlebody theory as follows.

Let W be a handlebody of s#(m+1,r, q), m=p+q, and assume that
2p>q>1. Let ¢: Hx H-n(SP*Y), H=H,/(W), be the pairing defined by
Wall [14], and let a: H—>n,_,(SO,,,) be the map assigning to each xe H
~n (W) the characteristic element of the normal bundle of the imbedded g-
sphere which represents x. « is a quadratic form with the associated homomor-
phism do¢, where 0: m(SP*!)—mn,_,(SO,,,) belongs to the homotopy exact
sequence of the fibering SO,,;—S0,,,—SP*!. ([14], p.257). A base {w,,
Ws,-++, w,} of the free abelian group H is called admissible if ¢(w;, w;)=0 for all
i,j (i#j). If H has an admissible base {w,, w,,---, w,}, then W can be repre-
sented as a boundary connected sum of (p+ 1)-disk bundles over g-spheres with
the characteristic elements a(w;), i=1, 2,---, r. For, we can take the imbedded
g-spheres which represent w;, i=1, 2,---, r, to be disjoint (cf. Ishimoto [5]).
Hence, by tying the tubular neighbourhoods of such imbedded g-spheres with
thin bands in W, and by the h-cobordism theorem, we know that W is diffeo-
morphic (m>4) to such a boundary connected sum of disk bundles over spheres.

Thus, the representations of W==8;_; B; into the boundary connected sums
of (p+ 1)-disk bundles over g-spheres correspond with the admissible bases of
H=H/(W). Since H(0W)=H (W) if p#q—1, q, we obtain various represen-
tations of dW=#;_, B, into the connected sums of p-sphere bundles over g-
spheres associated with the admissible bases of H=H (0W).

In Section 2, it is shown that Wall’s pairing is a homotopy invariant of the
boundary of the handlebody if p#g—1. That is,

Proposition 1. Let W, W’ be handlebodies of #(p+q+1,r, q) and as-
sume that 2p>q>1 and p#q—1. If there exists a homotopy equivalence
f: OW—0W' which preserves orientation, then for the isomorphism h=ijof
oigl: H(W)—H/(W'), we have ¢=¢'o(h x h), where ¢, ¢" are Wall’s pairings of
W, W' and i, i’ are inclusion maps of W, 0W' into W, W', respectively.

If p=gq, the proposition is trivial since ¢ =¢’'=0. Hence, it makes sense
for p<gq—1. Note that ¢(x, x)=(Eem,)(«(x)) by [14], where E is the suspen-
sion homomorphism. Immediately we have the following.

Corollary 2. Under the above assumptions on p, q, if OW has the homotopy
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type of #:_1 B;, u connected sum consisting of p-sphere bundles over q-spheres,
then W is represented into a boundary connected sum of (p+1)-disk bundles
over g-spheres, and hence OW into a connected sum of p-sphere bundles over
g-spheres. Furtherinore, if s bundles in B;, i=1, 2,---, r, admit cross-sections,
OW is represented into a connected sum of p-sphere bundles over q-spheres in
which s bundles admit cross-sections.

Corollary 3. Under the above assumptions on p, q, if H=H (W) has no
admissible bases, then OW never has the homotopy type of a connected sum of

p-sphere bundles over g-spheres.
Let w be an element of n,_,(57). We have the following homomorphisms
np+q— 1(Sq_1) -2 Ttp+q—-1(sp) L 7.':q— 1(Sop) L nq— 1(5011* 1) >

where w, is defined by the composition with w, J is the J-homomorphism, and
i is induced from the inclusion. Let G(w)=1i4(J~!(Im w,)) (James-Whitehead
9D.

Let H, ¢, o and e=mn,on be the invariants of W="4;_, B;, where ¢ is a quad-
ratic form with the associated homomorphism n4o0o¢p. We note that if p#£g—1,
q, then (H; ¢, «) is determined from oW=#._, B, In fact, H=H/(W)
=H (0W), a(w)=a(B)), i=1, 2,---, r, where {w,,---, w,} is the canonical basis
of H represented by zero cross-sections of B,, i=1, 2,---, 7, and ¢(w;, w ;=0 if
i#j, p(w;, w))=Emn,(B;) for each i, j. Let Bj, i=1, 2,---,+’, be another set
of p-sphere bundles over g-spheres (p#qg—1). If #_, B; has the homotopy
type of #i_, Bj, then r=1' by those homological aspect. Therefore, we assume
that r=r' henceforth. Similarly define H’, ¢’, «’, and & for W’'=u’_, B,. Let
o;, i be the characteristic elements of B;, B; respectively and put g=rmy(a,),
gi=my(a;), i=1, 2,---,r. We obtain the following.

Theorem 4. Let q/2<p<q—1. Then, the connected sums ¥;_ B;, #5_, B}
are of the same oriented homotopy type if and only if ¢;=¢; and {o;}={a} in
7,-1(80,.1)/G(&)=m,_(S0,,,)/G(e;) for i=1,2,--,r “modulo represen-
tations'’. More precisely, they are of the same oriented homotopy type if
and only if there exist the admissible bases {w,---, w,}, {wi,---, w,} of H, H'
respectively such that

(1) e(w)=¢eWw)), i=1, 2,---, r, (i.e. ex¢’) and

() {aw)i={'Mw)} in m_(50,.,)/Gle(w))=m,-1(SO,)/G( (W),

i=1,2,-,r.
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If all B,, B}, i=1, 2,---, r, admit cross-sections, then ¢=¢'=0. So, any
bases of H, H' are admissible, o, «’ are the homomorphisms, and e¢=¢'=0.
Furthermore, G(0)=i,J~1(0) induces i.m,_;(S0,)/G(0)=Jr,_,(SO,)/Pr(SP),
where P=[ , ¢,] and ¢, is the orientation generator of ,(S?) (cf. [10], p. 152).
Hence, we have Theorem 1 of [8] for p<g—1.

Proposition 1 is proved in Section 2, and using it Theorem 4 is proved in
Section 4 and Section 5.

§1. Cell Structure and Linking Elements

Let W=D"*1\J,{\Uj=; D xD}*1} be a handlebody of #(m+1,r, q),
m=p+gq, p, q>1, where ¢;: 0DIxD?*1>0D™*1 j=1, 2,---, r, are the
disjoint imbeddings. Let Y=S8S"—\Ui_,Int@,(S?"t1xD?*!). Then W=
YU gy {\Ul=y DI x S?}, where @, =¢,;| ST1x S?, i=1,2,---,r. Let§?cIntY be
the imbedded p-sphere slightly moved from x; x S?, x; € 0D%, where i=1, 2,---, r.
We join 8%, i=1, 2,---, r, by r arcs in Int Y from a fixed point and take a thin
closed neighbourhood N. N has the homotopy type of V4., S?.

By the Alexander duality theorem, we have

H(N)xH(Y) if i<m-1,
and, since N, Y are simply connected,
n(N)zn(Y) if i<m-2,

where the isomorphisms are induced from the inclusion map. So that, H(Y, N)
~( for i<m—1, and therefore by the homology exact sequence of (oW, Y, N),
we have
Here, by the excision theorem,
Z+---+Z if i=gq,
H oW, ] Foers R imdm
otherwise,

and [Dix y;], y;€S%, i=1, 2,---, r, form a basis of H(0W, Y). Hence, noting
that N, Yand oW are simply connected and H,(0W, N)=H,(0W, Y)=0 for i<gq,
we know

n(OW, N)=H (0W, N),

T (OW, Y)Y H (0W, Y),
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by the Hurewicz isomorphism theorem.
Let V=0W—Int D™ and we may assume that NcIntV. Then, by the
homology exact sequence of (0W, V, N),

H(V, N)=H,0W,N) if i<m,
and similarly as above,
(¥, N)=H/(V, N).
Thus, we have the following commutative diagram

H(V, N) -2 H,(0W, N) —% H,(0W, Y)
& Je e
l

n,(V, N) -2 5, (8W, N) —= 1,(dW, Y)

N b

Tg-1(N) —=— 7,4(Y)

p

r
ch—l(‘v Sf) ]
i=1

where the horizontal isomorphisms are all induced from the inclusion maps.

We note that H,,_,(0W, N)=~0 by the homology exact sequence of (6W, N)
and H,(V, N)=0. So that, H(V, N)=~0 if i##q. Let m>5. Then, by [12]
or applying Theorem 7.6 and 7.8 of [11] to the triad (V'; N, S™ 1), where
V'=V—Int N, we obtain the g-handles T; in V', i=1, 2,---, r, such that the
homology classes [T;], i=1, 2,---, r, form the basis of H(V’, N)=~H/(V, N)
which corresponds to the basis {[Dfxy;], i=1, 2,---,r} of H(0W,Y). We
may identify Vwith NUT, UT,U---UT,.

Henceforth, we assume that 2p>g>1 and m>5. Let A;=31_;4;
em,_; (Vi SP)=21-; m,_1(S?) be the linking element of the link {\U’, o;
(S 1x0)} U @i(S%txy;)=S™ defined by ¢;(Si" 1 x y;)cS"—\Ui-; ¢,(SI"1x0)
~Y. A;emn,_;(S?) coincides with the linking element of the link ¢,(S?~1x 0)
Upi(Sitx0)=S™ defined by ¢ (SI7!x0)c=S"—@ (ST~ x0)x=S? (i#)). 4j;
coincides with the linking element of the link @/(S%™'x0)U @;(ST™1xy,)c=S™
and is called the self-linking element of ¢ (S9! x0). Note that A;;=m,x(w)),
where w; is the basis element of H (W)= H (W, D™*!) determined by [D%x o].
Let v;em,_,(Y) be the homotopy class of ¢;|S%"'xy;, j=1,2,~--,r. Then, in
the above diagram, v; corresponds to A; for j=1, 2,---, r. Hence, by com-
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mutativity of the diagram, the attaching map of the g-axis of T; is given by
A, j=1,2,---,r. Thus, we have

Lemma 1.1. Let W=D"*1\, . {\Uj=; DI xD}*'} be a handlebody of
#(m+1,r, q), where m=p+q and ¢@;: 0D x D?*1—»9oD™*1 j=1,2,...,r, are
disjoint imbeddings. We assume that 2p>q>1 and (p, q)#(2, 3). Then, W
has the homotopy type of

(V SHU(Y DHu D
i= j=

and the attaching map of each D% is given by A;=3'-; /;;em,_ (Vi S?)
=51 My—1(S?), where each 4;; is the linking element of the link @{(S%~!x o)
U@iSitxo0)c=S™ (i#j) and 2;; is the self-linking element of ¢;(S%!xo0)
eSm i, j=1,2,---, 1.

Remark. In each additional case for m=4, 5, the lemma holds trivially
since 0W is represented as a connected sum of p-sphere bundles over g-spheres

which admit cross-sections.

§2. Proof of Proposition 1

Let W, W' be the handlebodies of #(m+1, r, q), n=p+4q, and assume
that 1<p<g—1 or p>q>1. Let W' =D™"1\y 1 {Ui-; D;9xDP*'} be a
representation, where ¢@;j: 0D}1x D;Pt1—gD'™m*1 j=1, 2,..., r, are disjoint im-
beddings. By the assumption on p, q, we know that H, (0W")x0 if k#£0, p, g,
m, H,(0OW’) has the basis u;=[x;xSi?], i=1,2,---,r, and H(0W’) has the
basis v}, j=1, 2,---, 7, which corresponds to [D}xo]eH/ (W', D'™*1), j=1,
2,---, r, under the isomorphisms induced from the inclusion maps H, (0W")
=H(W)=H W', D). We call {uj, -, u}, {v},~--,0;} to be the bases
associated with the handles of W’.

Lemma 2.1. For any homotopy equivalence f: 0OW—0W' which preserves
orientation, there exists a representation W=D"*1\ . {\Jj-; DI x Df*1},
where @;: 0D? x D¥*1—»gDm™*! i=1,2,---,r, are disjoint imbeddings, such
that fy(u)=uy, f4(v)=0} fori, j=1, 2,---,r. Here, {uy,--, u,}, {vy,"+, v,} are
the bases of H,(0W), H(0W) respectively associated with the handles of W.

Proof. Let #@;=f3'(up), 0;=f3'(v}), i, j=1,2,~--, 7, and let W;=i.(7)),
j=1,2,---,r, where i,: H(0W)=H/(W) is induced from the inclusion map.
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We represent W by the basis {Ww,,---, w,} (cf. Milnor [11], Theorem 7.6). So,
we have a representation W=Dm*1\y, .{\Ji_, D xD¢*'}. Then, clearly
ix(v;)=W;=1i,(7;) and therefore &;=v;, j=1, 2,---, r. Furthermore, &;-3;=0;j,
i, j=1, 2, r, and u;-0;=0[x; x D*1]-0;=[x; x DI*1] - (ix(5;))=[x; x Df*1]-
W;=0;, i, j=1,2,--,r. Hence, ii;=u;, i=1,2,,r.

Now, we prove Proposition 1. If p>gq, the assertion holds trivially. So,
we assume that 2p>g>1 and p<qg—1. Let f: 0W—-0W’' be a homotopy
equivalence which preserves orientation. Let W=D"*1\ . {\Ui-; D} x D?*1}
be the representation given by Lemma 2.1. Then, by Lemma 1.1, we have the

following diagram commutative up to homotopy.

ow ! oW’
{ , %

(Y s7) u}(\'/ DY) u D"~ (V. SP) U (U Digyy D'
i= 1A} j=1 = =t

=1
a3y J

It may be assumed that g((Vi=; SP)\U;, (V5= D) =(Vie, SiP) Uy (Uh=1 DiD)
and each g|S? is the identity (S?, Si? are copies of SP) since f,(u;,)=u;, i=1,
2,---,r. Hence, we have the following commutative diagram, where we put
X=(Vis; SP) Uiy (V=1 DHUD™ and X'=(Viz SiP) Uy, (V= DU
D'm,

H,(0W) a H,(oW")
~ Iz
Hy(X) as H(X')

Hy(X, V SD)—"— H (X', V S}P)
i=1 =
mo(X, V 87— 1, (X', V SiP)
i=1 i=1

b ,. I

r » (yll,!lsf):;l r ,
7'fq—l(,Vl S —— 7Tq—1(,Vl Si?)
i=

Note that each v;, v; correspond to [Di]e H (X, Vi-; S?), [Djf]e H(X',
=1 Si%) respectively. {Di}en (X, Vi, S?), {Df}en (X', Vi, Si®) cor-

respond to [D%], [D’] under the Hurewicz isomorphisms. Then, since f.(v,)
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=0}, j=1, 2,---, 7, we know that 1;=0{D%}=07,{D%}=0{D?}=1}, j=1, 2,---,
r. Sothat, 1;=4;; forall i, j=1, 2,---,». On the other hand, EA;;=@(w;, w)),
EJj;=¢'(w;, w}) by Lemma 7 of Wall [14], where E is the suspension homo-
morphism, w;=i.(v;), w;=ix(v}), j=1, 2,---, r, and iy, iy are the isomorphisms
induced from inclusion maps. Therefore, ¢p(w;, w))=¢'(wj, w)), i, j=1, 2,---, 1,
and this yields ¢(w;, w;)=@"o(h x h)(w;, w;), i, j=1, 2,---, r, where h=ijof yoix!.
This completes the proof.

Let B, B}, i=1, 2,---, r, be p-sphere bundles over g-spheres (p, ¢>1) with
the characteristic elements «;, o}, i=1, 2,--+, r, respectively. Then, #}_, B; has
the homotopy type of X=(Vi.,SHU(\i, DH)UDP*, and #;.,B; the
homotopy type of X'=(V -y S;¥)U (\Ji=; D;?) U D'P*1, where each Df, D;? are
attached to S?, Si? by ¢;=m.q;, &; =mn4a; respectively (cf. [8] §1). Let p<g—1.
Let {u;; i=1, 2,---, r} be the basis of H,(#i-, B;) represented by the fibres of B;,
i=1,2,-,r. Since H,(#7-, B)=H,(#_, B), the zero cross-sections of B
i=1, 2,---, r, determine the basis {v,,":-, v,} of H,(#;-; B;). u,; corresponds to
[S?]1eH,(X) and v; to [Df]e H(X), i=1, 2,.--,r. Those are the bases as-
sociated with handles if we consider #;_; B; to be a handlebody. Similarly
define {u}; i=1, 2,---,r}, {v}; i=1, 2,---,r} for #i_, B;. Then, the above
diagram and a similar argument will show the following, where =,_,(S?),
m,—1(SiP) are direct summands of m,_,(Vi=; S?), m,—;(Vi= SiF) respectively,

i=1,2,--, 7.

Lemma 2.2. Let 1<p<q—1. If there exists a map f: 45—, B;—>#i~( B}
such that f*(u,-)=u£, f*(vj)=u_li’ i’j=1’ 23"'3 r, then 8i=8; for l=15 29"" r.
Here, if p=q the assertion is trivial.

§3. Difference of Bundies

Let B;, B; be p-sphere bundles over g-spheres with the characteristic
elements o, a; respectively, i=1,2,--, v, and assume that g=¢g;, where ¢
=n.(a;), & =m4(a;). Let S?, p;, and S? be respectively the fixed fibre, the
projection, and the base space of B;. Define S}?, p}, and S;}? similarly for B;.
In the disjoint union of B; and Bj, identify S? with Si?. Then, we have a
p-sphere bundle over S? v S}%, where S, S}? are identified at s;= p,(S?) = pi(S;?).
Since B;, B; are included in this bundle as subspaces, we may denote it by
B; U B; (cf. [10], p. 156).
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Let g;: S?»S?v S;? be a map representing ¢} —c;en,(S?v Si%), where
¢k, ¢t are the orientation generators of m,(SY), m,(S;?) respectively. The in-
duced bundle A;=g¥(B;U B}) has the characteristic element o;—a; and admits
a cross-section since my(a;—ai)=m4(o;)—74(a))=¢—¢€;=0 by the above as-
sumption. Let h,: 4,—»B;U B} be the bundle map which covers g;. A fixed
fibre S, of 4, is oriented so that h;|S%,: S5, —S?=S;? is of degree 1, and 4; is
oriented by the orientations of S%, and S%.

Let S%, be the cross-section of A; associated with ¢; e n,_;(S0O,) satisfying
ig(6)=0;—a;. Then, 4;=(S%, v S%,)Ue4t? and the attaching map is given by
Oty=cgion;+[egs, ¢pi], where n;=J¢; and 7; is the orientation generator of
Tpr (A S5, v S%) (cf. [9]). Hence, by Lemma 1.1 of [8],

(3.1) B Ay~ A={V (S5, vS9)}Ues,
i=1 i=1

and the attaching map of the (p+ q)-cell is given by

3.2) gr=3 (egrom+Leds, gD

where t is the orientation generator of m,, (A4, Vi, (S%,VS%,)) and
Mprg-1(S%,vS%), i=1,2,--.,r, are considered as direct summands of
Ty qm1(V 1oy (S5, v SL,).

In A #A4,%---#4,, join every (p+ g — 1)-sphere where connected sum is per-
formed to the base points of the bundles neighboring at the (p+ g —1)-sphere by
suitably chosen arcs. If we crush the (p+g—1)-spheres and the arcs to a
point, the yielding space can be considered as V-, 4;. Let v: #i_; 4,;—> Vi 4;
be the collapsing map. Then, we have a map

h=(V h)ov: % d,— V (B;UB).
i=1 i=1 i=1

#:_, A; can be replaced by the complex 4 of (3.1) and i may be assumed to
preserve the base point. We denote the map by the same symbol h.

B; has the cell structure B;=S?U ef U e?*%, where ¢? is attached to S? by
¢ioe;,.  Here, ¢f is the orientation generator of m,(S?). Let o; be the orientation
generator of m,,(B;, S?Uef). Then, do,em,,,_(SPUef) is represented by
the attaching map of e/*?. Similarly to Lemma 1.1 of [8], it is seen that

(3.3) 1’:1 B,~B={V (SPUeh} Uerta,
i= i=1

where each ef is attached by ¢ieg;, and
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(3.4) 60=50’1+60‘2+"'+6O',,

where ¢ is the orientation generator of m,., (B, Vi, (S{Uef)) and each
Tyrq-1(S7 U €f) is considered as a direct summand of m,,,_(Vi=; (S] U e})).
Let B;=S"Uej?U e;’*® be the cell structure of Bj. ej4 is attached to S;? by
¢,iog;, where ¢,f is the orientation generator of m,(S;?). Let o} be the orien-
tation generator of m,, (B;, Si* U e;9).

Let K=V, (S?UelUe;?) be the subcomplex of Vi.,(B;U Bj), where
ef, e;? are attached to S¥=S;” by ¢io¢; and ¢,'o¢; respectively. Then, it may be
assumed that h(Vi.; (S%, v S%))<=K for the map h: A—» Vi, (B;UB;). Let
h: (A, Vi, (S5, v S%)—(Vi- (B;UB;j), K). From the construction of /1, we
know
(3.5) ha(1)=(5,—61) +(5,—2) +-+ +(6,—5)),
where G; is the image of ¢; by the homomorphism induced from the inclusion
(B;, Sfued)<(B;UB;, SfUetuef), i=1, 2, r, 6; is similar, and n,, (B; U B;,
Sfuelue),i=I1,2,---,r, are considered as the direct summands of
Tpe(Vizy (B;UBj), K). Let §,=00;, and let §; be the image of &, by the
homomorphism induced from the inclusion SYUefcSfUelU e, i=1, 2,--, r.
Define 6;, 6; similarly, i=1, 2,---,r. Here, m,,,_(S?Ue!Ue?), i=1,2,-,r,
are understood as direct summands of 7, ,_,;(Vi-; (S7Uef Ue;?)). Then,

ORyt=0 3 (6~ 6) = ¥ (05,~067) = 3. (5,~3)= £ 5,~ £ 5,
s = =

i=1 i=1

and by (3.2),
OR gt =hydT = 21 B(ction, + [, e4]) .
Hence, we have

5~

M-

(3.6)

-

1 5= X hu(egioni+ e ¢3°1) .

]

§4. Proof of the Necessity for Theorem 4

Let B, B}, i=1,2,---, r, be p-sphere bundles over g-spheres with the
characteristic elements a;, o; respectively and assume that g/2<p<g—1. Let
f: #._, B,—»#7_, B} be a homotopy equivalence which preserves orientation.

Assertion 1. There exists another expression of #;-, B; into a connected



CONNECTED SUMS OF SPHERE BUNDLES 317

sum of p-sphere bundles over q-spheres #i_, B; such that in the cell decom-
positions #i_, B~B={vi_, (SPuen}uer*tand -, Bi~B={V'i_ (S U ¢%)
U e, fo: Hy(B)—=Hy(B') satisfies fo([STD=[S/"), i=1, 2, r and f.([&]])
=[e], j=1, 2,---, r, where f may be assumed to satisfy f(V -, Shc v, S
and f: (B, vi_, §9)—(B', V', Si?) is the relativization of f.

Proof. Let W=ht_, B;, W =t'_, B}, and let {u},---, u.}, {v},---, v} be the
bases of H,(0W’), H,(0W') respectively associated with the handles of W'.
Then, by Lemma 2.1, there exists a representation of W into such a handlebody
that f.(u)=uj, fu(v)=0} i, j=1,2,---,r, where {u,,--,u}, {v;,--,0,} are
bases of H,(0W), H,(0W) respectively associated with the new handles of W.
Of course, {w)=iyv};j=1,2,---, r}, the basis of H(W’) is admissible since
wi, j=1,2,--, r, are represented by zero cross-sections of B}, j=1, 2, r.
Hence, by Proposition 1, the basis of H (W), {w;=i.v;; j=1, 2,---,r} is ad-
missible. Therefore, again W can be represented into a boundary connected
sum of (p+ 1)-disk bundles over g-spheres &}, §,- and 0W into a connected sum
of p-sphere bundles over g-spheres #:_, B, We note that in the above cell-
decompositions, u;, v;, u;, and v} correspond to [se, [&%], [Si*], and [€}7]

respectively for each i, j. This completes the proof.

Assertion 2. Under the cell decompositions #;_; By~B={Vi_, (S?U ef)}
Uelt" and #;_  Bi=B' ={V'i_(S{PUe}Ue?, if f.:Hu(B)—>HiB)
satisfies fo([SID=[S7"], falleD=[ef] for i, j=1, 2, r, then =g,
i=1,2,,r, where =m0 g;=nz0;, and {o;}={ai}, i=1,2,---,r, 1in

Ty 1(Sop+ )/G(e) = Ty— 1(SOP+ 1)/ G(Ey).

Proof. The former half of the assertion is known immediately from
Lemma 2.2. To prove the latter half, we apply Section 3. By the assumption,
we may assume that f maps each S? identically onto S (S? and S}” can be
identified by means of ¢, fo(¢})™") and f(Vi-, (SPUed))c Vi, (SiPU ef?). Let
fo=flVi- (SPUe?) and let p: K— Vi, (S} U ei?) be the retraction defined by
plVie, (S?UeH)=f° and p| Vi, (S?Ue}?)=identity. Then, we have the
following commutative diagram.

mo(V S8 —H s 1, (K) e my(K, V S%)
4.1) p,=1 . s
!

r ’ r ’ r r
m(V SP) < my(V (SPU ) < my(V (SPUe), v S,
i= i=1 i=1 i=1
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where k9, 19, k', and I’ are inclusion maps and p is the relativization of p.

Let j: (Stuef, SD—>(Vi- (Sfued), Vi, SP), m: (STuef, SH-(K,
vi_, SP) be inclusion maps and let j, m’ be similar for (S;?U e}?, Si¥). Let
kien,(SPUef, SH)=H/(S?Uef, S?) be the generator corresponding to [ef]
and define k' e m,(S;? U ej?, Si¥) similarly. Then, we have
(4.2) Puliy(Kg) =jary,  Puly () =Jukg .

The former is clear since pom’=j’. The latter is known from the following

commutative diagram including the factorization of ..

Tt To(STU €, ST) 2 my(V (STUeD, V S7) — m,(K, V SD)
i=1 i=1 i=1
j ' %
m (S U €ft, §17) Lo my(V (S e, v S),
i=1 i=1
where f,(juki) =]k}t since f[e?]=[e}?] by the assumption.

We apply the homomorphism hy: 7w, (Vi-; (8%, v 8%,)—=7(K). [Qhcdt
= MmyKh —myxy is clear from the definition of h. Hence, by (4.1) and (4.2),

l:k(P*h*‘f;") =ﬁ*(10h*‘A‘) =ﬁ*(m*7€i - m;,c'i)
= PalMyicl — Paiiyryt =jir i — jhrg=
So that,

(4.3) puhstfi=k40,  for some ogen,,('\'/ls;r).
p

Then, applying p, to (3.6) and by (4.3),

'M‘

5i= 3 padi= 5 puhn(cft om+ [, cfD)

~
I
-

(P.xeh* off; + [pshytyt, pahytst])

W M‘ i M-

(k' cpon; + [k40;, kiceyt]) = i;l ki (epton; + [0, ¢ 1) .
On the other hand, let g em,, (B, Vi-{ (ST U €})), ' €m, (B, Viy (S U e?))
be the orientation generators and let =00, 6’ =0g’. Since fis of degree 1
fY0=f00c=0f,0=00"=4',
and therefore,
z Pxbi— z psbi= 2 fR0i— X 6i=fU(E 00~ 2 %
=f30—0'=
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Thus, we have
(“4) 5 keulegions + 105, 1) =0.

(i) Now, we assume that 2p>qg+1. Then, =« (V'. 1 ST (SP)P @

n(S,’) and we have the unique summation 0;=3 ", 0};, 0;;en,(SP), j=1,

2,-,r. Let0j;=¢, 06,], 0;;en, (SP), for j=1, 2,---,r. Then,

¢ion; + [6;, "]—z"on,+2 [0}, ¢y

= ¢ fon; + Z [e)/o0; ), ¢}
=¢, °(’1i+ [0 ;1) + Jéi [e7<0;;, 1,
and by Barcus-Barratt [1] or G. W. Whitehead [15],
[ey/o0s, ¢ 1=L[¢;/, cile(—1)PHEP-1G,;,
where 0;;, j=1, 2,---, r, are the suspension elements. Hence, we have
4.5)  cfom+ [0, cfT=clo(ni+[0: ¢f1) + ,é,- [eys ¢ 1o (= 1)PH4EPT1G, ;.

Let a; —(’10(7]'—}‘[9", p]): ﬁ]l—( 1)p+qu 18 +( 1)qu 1811, and bji=[‘;zj; ‘;;l
of;;, where a;€m,,, (SPP)=m,y,—1(Vi=1SiP) and bjem, ,—(S7 VS

Chyyq-1(Vi=y SiP), i, j=1, 2,---, 7. Then, by (4.4) and (4.5), we know

4.6 ¥ kiat ¥ kiby=0, for Ky:im(V SP) —m,(V (STUe),
i= i<j i= i=1
n=p+q—1.

Here, each kia; belongs to the direct summand 7,.,_;(Si? Ue;?). Now,
assume temporarily that every kib;; belongs to another direct summand inde-
pendent of n,,,_1(S;?Ue;?), i=1, 2,---, 7. This is the fact which will be shown
in Assertion 3. Then, (4.6) yields kja;=0 for i=1, 2,---, r, and by the com-
mutative diagram

7"~'p+q—1(Sp) A 7Tp+q—1(SPUe’iq)

. LA
~ 't ~
=l‘P ° =l“*
,

k
np+q—1(Slip) _*") np+q—1(S;p (% e;q) ]
tpice;

where k, is induced from the inclusion map and y, is the canonical isomorphism,
we have
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4.7 ke(mi+ [0y ¢, D=0,  i=1,2,--,r,

where n;=J¢;, &en,_(SO,), and i {=o—aj, i=1,2,-,r. Here, [0} ¢,]
= —J20,, 0: n(S?)—m,_1(SO,). Let &=E—00,€m,(SO,). Then, kyJ,
=ku(JE;—J00;)=ky(n; + [0y, ¢,1)=0, i=1, 2,---, r. Since Ker k, =Im (&),
(s =g Mpyq (ST ) >m,,,—1(SP) by (3.2) of James-Whitehead [10], J¢;
belongs to Im(g)s, and in&;=i.(¢—00;)=i.l;=0;—a;. Hence, we know
that @,— o} € iy(J~1(Im (£))4))=G(&)). That is, {o}={a} in 7,_,(SO, . )/G(e)
=71, 1(S0, 4 )IG(ED, i=1, 2,0+, 1.

(i) Let 2p=q+1 (p, ¢g>1). Then, (Vi SP)=3", ¢ on(SHD
i<k ley, ¢¥lon(S?~1) by Hilton [4]. So that, we have the unique sum
0;=3"=q o0+ X j<i [6)7, €F1o0;, where 0,;€m(SP), 0, €n(S*~)=Z for
any i, j, k. Therefore,

Lo ‘;;i =,§1 [‘;:j" ijs ‘;‘] +J§k [[‘;j, 5;,k]°0ijks ‘;f .
By (7.4) of Barcus-Barratt [1],
[e)700:), ¢ 1 =[¢,), ¢ 1o(=1)PT1EPT10, ;+ [¢)f, ¢}, ¢} 1]o(—1)PEP~ Hy(8) »

where H,, is the Hopf-Hilton homomorphism and the second term vanishes if p
is odd since 0;; becomes a suspension element. And,

[[5;j, ¢ 100; ks )] = [[‘ijs 1 ¢1oEPT0,
=[e¢f, [¢f, ¢f1]e(—=1)PEPT10, ;.
So that, we have
(4.8) [0}, ¢, 1 =c;ie[0, i1+ X [ef, ¢yilo(—1)P LEPT10,;
JTi
+ é [5;j, [‘;,j, ¢ 11o(=1)PEP~ Hy(0; ;)
J7i
+2 [ [efs ¢¥1Te(—1)PEP10; .
i<
Every Whitehead product of weight 3 is a linear combination of the Whitehead
products [¢}}, [¢;’, ¢,¥]] such that i> j<k by using the Jacobi identity (Hilton
[4]). Hence,
@9) X (Gem+ [0 1= T lolni+[0u gD+ T [ 1B
+ 2 [ﬂ;;i, [‘,’,,j, 5;,k]]°?ijk,

izj<k
where Bj; € m3,_,(S8?P71) (j<i) is defined as in (i) and y,;; (i= j<k) is a certain
element of 7;,_,(S32)xZ.
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Let a;=c)io(n;+[0; ¢i1), bji=[¢}/, ¢;i1oB;; as in (i), and let c;;=[c},
[t” ¢¥11ov:5- Then, by (4.4) and (4.9), we know

(4.10) ‘{: w0+ 2 kibi i+ Y kici;=0,
=1 i< 127 <k

where ki 7y, g1 (Viey SPP)=7,u -1 (Vizi (SiP U €4)), g=2p—1. Therefore,
if we show that every kib;; and every kic;; belong to the direct summands
independent of m,,,_(S;P U e?), i=1, 2,---, r, then kia;=0 for i=1, 2,.--, r by
(4.10), and we can complete the proof similarly as in (i).

Thus, the following will conclude the proof of Assertion 2.

Assertion 3. Every kyb;; (i< j) and every kic;; (i j<k) are included in
a direct summand of np+q (Vi-,(S;PUe?)) which is independent of
Tey-1(SPPU €Y, i=1, 2,

Proof. Let X,=S;?Ue¢ef t=1,2,---,r. Then, m(Vi_; X)=2"1"; m(X,)
@on,,. (ITi=; Xi Vi-1 X)), n=p+qg—1. We have the following commutative
diagram.

AN , r
spra~t By, g2p-iUe P giry gp kL XV X e VX,

l 1 i 1

pr+a _€Bi) . p2p ‘p x¢y Si? x S'P s X;x X c H X,,

.‘
~
o

where vertical maps and k' are inclusions. Hence, kib;; belongs to
on, s (IT5=; X,» Vi=; X)) which is independent of 7,(X,), t=1, 2,---, 7
Generally, every basic product of weight =2 belongs to ox,, (ITi=, S;?,
-1 S;?). In fact, in the splitting exact sequence

0 — (I S/, V SIP) 25 1, (V SiP)
=1 t=1 t=1
e, (T S92 Y 7,(S)7) — 0,
=1 =1

such Whitehead products are mapped to zero. So, for any basic product
Ly, Le), ¢F11 (iz j<k), there exists an element yem,, (ITi=; Si%, Vie; SiP)
such that [¢)}, [e” ¢¥1]1=0y. Therefore, we have the following commutative
diagram.
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i 13 1k r r
- tj —2 [ep',[e5,¢ ,

Sp+a—1 _Yik  g3p-2 [tr,[e7 » 11 vV Sip _k V X,

t=1 t=1

l l l

r r
Dra c(¥igK) D31 X 1—_[1521) 3 tl—-EXt

i= =

Hence, kic;;, belongs to 0m,.;(TTj=y X;, Vi=1 X,). This completes the proof.

Assertion 4. For “any” admissible basis {w},---, w;} of H'=H (#;-; B)),
there exists an admissible basis {wy,---, w,} of H=H (#-, B;) such that
(1) ewp=eW)), i=1,2,--,r.
@) {an))= (WD} in 1,— (SO, )G(e(w)) =T, (SO, )/Gle (WD),
i=1, 2,---, 1.

Proof. There exists another expression of #;_, B; into a connected sum of
p-sphere bundles over g-spheres #7_, B! such that in the cell decomposition
#r_, Bi~{vr_, (S/PU &9} u &P, each homology class [24] corresponds to
wi, i=1, 2,---, r. Hence, Assertion 1 and Assertion 2 conclude the proof.

This completes the proof of the necessity for Theorem 4.

§5. Proof of the Sufficiency for Theorem 4

Let B;, B; be p-sphere bundles over g-spheres (2p>q>1) with the charac-
teristic elements o;, o} respectively and let g=m.(x;), &;=74(;), where i=1,
2,--,r. Let {wy,---, w,}, {w},---, w.} be the admissible bases of H, H' respec-
tively, satisfying

(i) ew)=¢e'Ww), i=1,2,-,r, and

(D) A{a(w)}={'(W)} in m;—1(SO,+1)/G(e(W))=7,-1(SO,+1)/G(e'(W))),

i=1,2,---, 1.
By adopting the representations of the connected sums of given bundles using
the admissible bases {wy,---, w,}, {w},---, w;}, we may assume that w;, w; are
represented by zero cross-sections of B;, B} respectively, i=1, 2,---, 7. Then,
o(wy) =0, o' (wi)=a, e(w;)=¢;, and &'(w;)=¢g;, i=1, 2,---,r. Hence, the proof is
accomplished by directly extending that of James-Whitehead [10] ((1.5), p. 163).

Since o;—a; € G(g;), there exists an element & em,_,(SO,) such that i.¢;
=o;,—o; and JE € Im (), i=1, 2,---, r. By (3.2) of [10], the sequence

7tp+q—1(S’q_1) —'(E‘i)*—) 7zp+q—1(S’p) ""(k;)*") 7.':p+q—1(Sp E{ eq)
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is exact, where (k;), is induced from the inclusion. Hence, J¢;eIm (g;),
=Ker (k)y, i=1,2,---,r. Let B;=SPUe!Uel*, B;=S;?Ue;?Ue;’*® be the
cell-decompositions given by (3.3) of [9], where ef, e;? are attached by ¢jee;,
¢iog; respectively. We identify SP canonically with S?, Si” so that ¢f=¢,=¢.
Since ¢;=g¢j, there exists a homotopy equivalence g;: S U ef—S? U €/ such that
g:1S?=id. Let g,em,,(B; SPUe}), o;em,, (B;, S*Ue;?) be the orientation
generators and let ,=0d0;, §;=00;. Then, by (3.3) and Lemma (3.8) of [10],

() (940, —0;=(k)J&: for some & emn,_(SO,) such that i, &i=a;—0o,
and

(i) g; can be chosen so that &} is a given element in iz!(c; —af).
Hence, by taking &; as &}, there exists a homotopy equivalence g;: SPU e?
—S? U e;? such that g;| SP=id and (g;)40;=0}, where i=1, 2,---, r.

In the cell-decompositions #_; B;~B={Vi_;(S?Ue))} UeP*4, #I_, B}~
B'={Vi_;(SPUeDjUe?™, et 0€m, (B, Vi-;(SfUeY), o' em,, (B,
Vo1 (Si? U ej?%) be the orientation generators, and let 6=00, 6'=0do’. Then,

B=8,48,4 46, &=8+8+ -+,

where it is understood that i 7, ,_;(SfUe))cm,,—1(Vizi (S7U€f)) and
Tt Ty g 1(SPU €0 Sy g 1(V iy (SPU D). Now, let

9=V g2 V (SFue) — V (SPU€).
Then, g.0=>Y7%-1g40;=2"5-1(9)s0;=>1_, 6;=0', that is, go,6=06'. Hence, g
has an extension f: B—»B’ of degree 1. f,: H,(B)—H,(B') is isomorphic for
n=0, p, p+4q, and for n=gq as is shown by the following diagram

HY(B) £ HY(B)
o sl
H(B) 7> Hy(B),

where fyo(Dof*oD~1)=id and D is the Poincaré duality isomorphism. Since
B, B’ are simply connected, f is a homotopy equivalence. This completes the
proof.
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