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Homotopy Classification of Connected
of Sphere Bundles over Spheres, II
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Hiroyasu ISHIMOTO*

Introduction

In the classification problems of manifolds, the connected sums of sphere

bundles over spheres appear frequently. For example, we can see those in [6],

[7], and [13]. Motivated by those, in the preceding paper [8], we classified

the connected sums consisting of sphere bundles over spheres which admit cross-

sections up to homotopy equivalence.

In this paper, as promised previously, we investigate the general case. And,

under some assumptions on dimensions, i.e. in metastable range, we obtain a

necessary and sufficient condition for two connected sums of sphere bundles

over spheres to be homotopy equivalent, by extending the results of James-

Whitehead [10] and using the handlebody theory of Wall [14] and Ishimoto

[5]. Applications of the main theorem to special cases will appear in the

subsequent paper.

Let Bi9 1 = 1, 2,'", r, be p-sphere bundles over ^-spheres (p9 g>l), and let

Bi9 i = l, 2 , - - - , r, be the associated (p+l)-disk bundles. It is understood that

each B19 or Bt, also denotes the total space of the bundle and has the oriented

differentiate structure induced from those of the fibre and the base space. If

p^q, each Bt admits a cross-section, and the homotopy classification of the

connected sums of such bundles has been completed in [8]. So, we assume that

p<q — l. The torsion case that p = q — 1 is excluded from this paper and the

problem is still open. We denote the characteristic element of Bt by oc(Bt) or

simply by at and we put e£ = 7r^(ar-), where n*: 7^_1(SOp+1)-»7rg_1(S'*7) is the

homomorphism induced from the projection n: SOp+1-»SOp+1/SOp = Sp.

The boundary connected sum ^=1 B, can be considered as a handlebody of
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l, r, q\ m = p + q, and the connected sum #S=i5/ is its boundary. In

general, %r
i=1 Bt may have various representations into the connected sums of

p-sphere bundles over ^-spheres up to diffeomorphism. In fact, we can ob-

serve it using the handlebody theory as follows.

Let W be a handlebody of Jf(m-hl, r, q), m = p + q, and assume that

2p>q>\. Let 0: H xH-*nq(SP+1), H = Hq(W), be the pairing defined by

Wall [14], and let a: H-^nq^1(SOp+l) be the map assigning to each xeH

= nq(W) the characteristic element of the normal bundle of the imbedded q-

sphere which represents x. a is a quadratic form with the associated homomor-

phism d°(j), where d: nq(S
p+l)-^nq_l(SOp+l) belongs to the homotopy exact

sequence of the fibering SOp+l-*SOp+2-+SP+1. ([14], p. 257). A base {wl9

W 2 > ' " > wi-} of tne free abelian group H is called admissible if ^(w,-, wy) = 0 for all
i» j 0V/)- If H has an admissible base {wl5 w 2 , - - - , wr}, then W can be repre-
sented as a boundary connected sum of (p+l)-disk bundles over ^-spheres with

the characteristic elements aCvv,-), z = l, 2,--, r. For, we can take the imbedded

^-spheres which represent wf, i = l, 2 , - - - , r, to be disjoint (cf. Ishirnoto [5]).

Hence, by tying the tubular neighbourhoods of such imbedded ^-spheres with

thin bands in W, and by the /i-cobordism theorem, we know that W is diffeo-

morphic (m >4) to such a boundary connected sum of disk bundles over spheres.

Thus, the representations of W=$r
i=l Bt into the boundary connected sums

of (p+l)-disk bundles over ^-spheres correspond with the admissible bases of

H = HCj(W). Since Hq(dW)^Hq(W) if p j ^ q — 1, q, we obtain various represen-

tations of dW=$r
i=1 BI into the connected sums of p-sphere bundles over q-

spheres associated with the admissible bases of H = Hq(dW).

In Section 2, it is shown that Wall's pairing is a homotopy invariant of the

boundary of the handlebody if p^q — l. That is,

Proposition I. Let W, W be handlebodies of je(p + q + l, r, q) and as-

sume that 2p>q>l and p^q — l. If there exists a homotopy equivalence

/: dW-^dW which preserves orientation, then for the isomorphism h = i'%°f*

o/^1 : Hq(W)-+Hq(W
r), we have (f) = (j)f°(h x /i), where 0, (j)' are Wall's pairings of

W, W and i, i' are inclusion maps of dW, dWe into W, W, respectively.

If p^q, the proposition is trivial since 0 = 0' = 0. Hence, it makes sense

for p^q — 1. Note that 0(x, x) = (Eon*) (a(x)) by [14], where E is the suspen-

sion homomorphism. Immediately we have the following.

Corollary 2. Under the above assumptions on p, q, ifdWhas the homotopy
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type 0/#J=i Bi9 a connected sum consisting of p-sphere bundles over q-spheres,

then W is represented into a boundary connected sum of (p + l)-disk bundles

over q-spheres, and hence dW into a connected sum of p-sphere bundles over

q-spheres. Furthermore, if s bundles in Bh i = l, 2 , - - - , r, admit cross-sections,

dW is represented into a connected sum of p-sphere bundles over q-spheres in

which s bundles admit cross-sections.

Corollary 3. Under the above assumptions on p, q, if H = Hq(W) has no

admissible bases, then dW never has the homotopy type of a connected sum of

p-sphere bundles over q-spheres.

Let co be an element of Tr^^S*). We have the following homomorphisms

p+q. -* p+q_ ,

where oj% is defined by the composition with CD, J is the J-homomorphism, and

/* is induced from the inclusion. Let G(co) = i^(J~1(lmo}^)) (James-Whitehead

[9]).
Let H, (/), a and e = n*°a be the invariants of W=%r

i=i Bi9 where e is a quad-

ratic form with the associated homomorphism n^do^. We note that if p ̂  q — 1,

q, then (H; $, a) is determined from 8W=^r
i==lBi. In fact, H = Hq(W)

= Hq(dW), a(wi) = oc(Bi), i = i,2,---,r, where {w1?"-, wr} is the canonical basis

of If represented by zero cross-sections of BI5 i = l, 2,"-, r, and 0(wf, wy) = 0 if

i^j, $(>£, w^En^Bi) for each i, j. Let E\, i = l, 2 , - - - , r', be another set

of p-sphere bundles over g-spheres (p^q — 1). If ^r
i=^Bt has the homotopy

type of #5=! B'i9 then r = r' by those homological aspect. Therefore, we assume

that r = r' henceforth. Similarly define H', 0', a', and e' for W = Wi=l B't. Let

aj, aj be the characteristic elements of Bi9 B\ respectively and put st = n^a^,

£'i = n*(a'i), i= 1, 2 , - - - , r. We obtain the following.

Theorem 4 Let q/2<p<q— I. Then, the connected sums %r
i=l Bi9 tt^=1 B\

are of the same oriented homotopy type if and only if e/ = sj and {a/} = {a/J in

nq_i(SOp+l)/G(si) = nq_1(SOp+l)/G(sf
i) for i = i,2,--,r "modulo represen-

tations'". More precisely, they are of the same oriented homotopy type if

and only if there exist the admissible bases { w l 9 - ~ , wr}9 {wi,--- , v^} of H, H'

respectively such that

(i) e(wi) = e'(wj), i = l, 2,--- , r, (i.e. e^e') and

(ii) (o(wI)} = {a/(w;)} in ^
/ = !, 2 , - - - , r.
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If all Bi9 B'i9 i = l, 2,---, r, admit cross-sections, then $ = 0' = 0. So, any

bases of H, H' are admissible, a, a' are the homomorphisms, and e = e' = 0.

Furthermore, G(0) = i^J'l(0) induces i^n^^SO^/G^^Jn^^SO^/Pn^SP),

where P = [ , £p] and £p is the orientation generator of np(S
p) (cf. [10], p. 152).

Hence, we have Theorem 1 of [8] for p<q — 1.

Proposition 1 is proved in Section 2, and using it Theorem 4 is proved in

Section 4 and Section 5.

§ 1. Cell Structure and Linking Elements

Let W=Dm+1\J{(p.}{\jr
i=lD1 xDf+1} be a handlebody of Jf(m + l9 r, q),

m=p + q, p9 q>l, where (pt: dD? xDf+1-»dDm+1, i = l, 2,---, r, are the

disjoint imbeddings. Let Y=Sm-\JJ=1 Int^S?"1 xDf+1). Then 3W=

Y\Jm {WUi Df x 5f}, where (pt = 9i I S'f'1 x Sf, i = 1, 2 , - -« , r. Let Sf clnt 7 be
the imbedded p-sphere slightly moved from xt x Sf, x£ 6 dDf, where i = 1, 2,---, r.

We join Sf, i = l, 2,---, r, by r arcs in Int 7 from a fixed point and take a thin

closed neighbourhood N. N has the homotopy type of VJ= 1 Sf.

By the Alexander duality theorem, we have

H£Y) if z '<m-l ,

and, since N, Y are simply connected,

ni(N)^nt(Y) if i<m-2,

where the isomorphisms are induced from the inclusion map. So that, Ht(Y, N)

^0 for i<m — 1, and therefore by the homology exact sequence of (dW, 7, JV),

we have

V, N)^Ht(dW9 7) if Km-l.

Here, by the excision theorem,

Z+-+Z if i = q9mHt(dW9 Y)^\
0 otherwise,

and [Dq
t xyj, yteSp

i9 i = l, 2,--, r, form a basis of Hq(dW9 7). Hence, noting

that AT, 7and dFFare simply connected and H£dW9 N)^H£dW9 7)^0 for i<q9

we know
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by the Hurewicz isomorphism theorem.
Let V=dW— IntDm and we may assume that JVcIntF. Then, by the

homology exact sequence of (dW, V, N),

Hj[V9 N) ̂  Ht(dW, N) if i < m ,

and similarly as above,

nq(V,N)^Hq(V,N).

Thus, we have the following commutative diagram

Hq(V, N) -SU Hq(dW, N) ^U Hq(dW, Y)

, N) -S-, it,(8W, N) -SL, nq(8W, Y)

where the horizontal isomorphisms are all induced from the inclusion maps.

We note that Hm_1(dW9 N)^0 by the homology exact sequence of (dW, N)

and Hm(V, JV)sO. So that, Ht(V, N)^Q if i^q. Let m>5. Then, by [12]
or applying Theorem 7.6 and 7.8 of [11] to the triad (V; dN, S™-1), where

V' = V-IntN, we obtain the ^-handles Tt in F;, i = l, 2,--, r, such that the
homology classes [TJ, f = l, 2,—, r, form the basis of Hq(V, dN)^Hq(V, N)

which corresponds to the basis {[Df xj;J, i = l, 2 , - - - , r} of ff^SPT, 7). We
may identify Fwith N U ̂  U T2 U ••• U Tr.

Henceforth, we assume that 2p>q>l and m>5. Let /l J-=Zi=i^ij
e7r € _ 1 (VJ a = 1 Sf) = £lB=17r,_1(Sf) be the linking element of the link {WJ=1 <pt

(5?-1 x o)} U (pj(S^-1xyj)c:Sm defined by (p/S^1 x jJ-)c:Sm-UJ=1 ^(^f-1 x o)
coincides with the linking element of the link

defined by (pj(S
q
J-'

Lxo)c:Sm-(pi(S
q
i-

:Lxo)~S? (i

coincides with the linking element of the link (pj(Sq
i~

1xo)[j cp^S^1 xyJ)c:Sm

and is called the self-linking element of (p^S*'1 xo). Note that Ajj = n#<x(Wj)9

where w,- is the basis element of H€(Pf)^Hg(PF, Dw+1) determined by [DJxo].

Let VjGTr^jXY) be the homotopy class of ( p j \ S j ~ 1 x y p j = !9 2,—, r. Then, in

the above diagram, Vj corresponds to A,- for j = l, 2,-«-, r. Hence, by com-
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mutativity of the diagram, the attaching map of the g-axis of 7} is given by

^,7 = 1, 2,--- , r. Thus, we have

Lemma 1.1. Let W=Dm+1 \jl>(p.} {UJ=1 Dq
t x Df+1} fce a handlebody of

jf(m + l, r, 4), wfcere m = p + ^ and p,: BO*} xD?+1-»dDm+1, i = l, 2,-», r, are
disjoint imbeddings. We assume that 2p>q>l and (/?, q)^(2, 3). Tften, 5PF
ftas r/ie homotopy type of

(V 5f)U (W ^)U/)m

i=l j=l

fre attaching map of each D] is given by Aj = ]Tj=J A^e^.^V J=1 Sf)

= Zi=i ^-i(Sf), w/xere eac/i A0- is the linking element of the link cp^S*}'1 xo)

O c p j ( S < j - 1 x o ) c : S m ( i ^ j ) and ln is the self-linking element of

Remark. In each additional case for m = 4, 5, the lemma holds trivially

since dPf is represented as a connected sum of p-sphere bundles over ^-spheres

which admit cross-sections.

§ 2. Proof of Proposition 1

Let W, W be the handlebodies of ^(m+1, r, g), m = p + q, and assume

that l< jp<^-l or p > ^ f > l . Let W' = D'm+1 \j{(p'.} {\Jr
i==l D'f xD^+1} be a

representation, where <p j : 5D^ xDJP+1->5D/m+1, i= l , 2 , - - - , r, are disjoint im-

beddings. By the assumption on p, q, we know that jFffc(3W') = 0 if fe^O, p, q,
m,Hp(dW) has the basis w; = [xj xS^], i = l, 2,-, r, and #/W) has the
basis i?} , 7 = 1 , 2, • • • , r, which corresponds to [D}« x o] e //^( fF', D'm+ *), j = 1 ,
2, • • • , r, under the isomorphisms induced from the inclusion maps Hq(dW)

^Hq(W')^Hq(W
f,Dfm+1). We call {iif,-, M;}, K,-», yj} to be the bases

associated with the handles of W.

Lemma 2.1. For any homotopy equivalence f: dW-+dW which preserves

orientation, there exists a representation W=Dm+1 W^.j {WJ=i Df xDf+1},
where (pt: dDq

t x£)f+1->oZ)m+1, / = !, 2 , - - - , r, are disjoint imbeddings, such

that f*(ui) = u'i9f*(vj) = v'j for i, j = l, 2,--, r. /fere, {w l 5 - - - , wr}, {«?!,.-•, i;P} arc
f/ie bases of Hp(dW), Hq(dW) respectively associated with the handles of W.

Proof. Let fi^/iK"!)* v^f^v'^ i, j = l, 2,-.., r, and let ffy = i*(fy),
j = l, 2,---, r, where i.,,: Jf^(5Pf)^/fg(FF) is induced from the inclusion map.
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We represent W by the basis {#, , - • - , vvr} (cf. Milnor [11], Theorem 7.6). So,

we have a representation W=Dm+l \J{(PI} {U<=1 Df xDf + 1 ] . Then, clearly

ix(Vj) = Wj = i*(Vj) and therefore Vj = vj9 7= 1, 2 , - - - , r. Furthermore, urvj = dij,

/,7 = l ,2 , . . . , r , and M|- DJ = 5[x, xDf+1] -S7 = [x,xDf+1] -(i*(5y)) = [x,xDf+1].

>Vy = <5fJ., 1,7 = 1, 2,"-, r. Hence, Ui = ui9 /=!, 2 , - - - , r.

Now, we prove Proposition 1. If p^^f , the assertion holds trivially. So,

we assume that 2p>q>\ and p<q—\. Let /: dW-^dW be a homotopy

equivalence which preserves orientation. Let FF=Dm+1 W{<P{} {Uf=i D* x£)f+1]

be the representation given by Lemma 2.1. Then, by Lemma 1.1, we have the

following diagram commutative up to homotopy.

d W > d W
J

(V 5f) W ( W Dq,) U Dm - > ( V S'f) \J (U Dr?) U D'm
= '

It may be assumed that 0((VJ_i Sf)U{Aj}(U^=1 DJWci tv^ t SJ") U(^.}(U}=1D^)
and each g\Sf is the identity (Sf, S't

p are copies of Sp) since /*(M4) = M}, /=! ,

2 , - - - , r . Hence, we have the following commutative diagram, where we put

^ = ( V J = 1 ^ f ) W 1 A j } ( U ^ 1 ^ ) U ^ ' » and X1 = ( V J=1 5>) U[A;} (W}=1 D?) U

>Hq(dW)

1-4-

fl,(Ar, V 5f)
i=l1-

nq(X, V 5-f)

»• 0 *= r
«,_!( V Sf) - ^ - > jt,.^ V S','

Note that each vj9 v'j correspond to [DJ]eH,(X, VJ = 1 Sf), [Dffl~\EHq(X'9
V J.! S{«) respectively. {DJ} e TT/^, V J=1 Sf), {D}«} e 7r,(X', V U SJ") cor»

respond to [D^-], [D/] under the Hurewicz isomorphisms. Then, since f#(vf}
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= v'j9j = l, 2,».,r, we know that Xj = d{D]} = dg*{D}} = d{D'?}=Xj, j = l, 2,-,

r. So that, ^J- = A/
fj- for all z, j = 1, 2 , - - - , r. On the other hand, EAy = 0(wi9 w,-),

£;/.y = 0'(wJ, Wj) by Lemma 7 of Wall [14], where E is the suspension homo-

morphism, Wj = i*(Vj), Wy = iJ.(i;}), j = l, 2,-», r, and f*, z'* are the isomorphisms

induced from inclusion maps. Therefore, 0(wf, w7-) = ^'(wj, w}), /, j = l, 2,---, r,

and this yields $(w£, W;) = 0'o(7*x h)(wi9 vv,-), z,j = l, 2,--- , r, where ft = /io/*°ii1.
This completes the proof.

Let jB£, 5J, z = l, 2 , - - - , r, be p-sphere bundles over ^-spheres (p, g>l) with

the characteristic elements af, aj, i = l, 2 , - - - , r, respectively. Then, #{=1 Bf has

the homotopy type of X = (Vi=1 Sf) U (WJ=1 D?) U Dp+q, and Jj=15J the

homotopy type of X' = ( Vi=1 Slp) U (WJ=1 DJ€) U D/p+a, where each Df, DJ« are

attached to Sf, SJP by e~n^oLi9 e- = 7r^a- respectively (cf. [8] §1). Let p<q — 1.

Let {MJ; i = l, 2 , - - « , r} be the basis of Hp(ttJ=1 £,•) represented by the fibres of Bi9

f = l, 2, • • • , r . Since Hq(^
r
i=iBi)^Hq(^

l'i=1B1), the zero cross-sections of S£.

z = l, 2,"-, r, determine the basis {u l s---, uj of J^(#J=1 Bf). M£ corresponds to

[Sf]eHp(X) and i;, to [Df] eHq(X), z = l, 2,—, r. Those are the bases as-

sociated with handles if we consider S5=1S^ to be a handlebody. Similarly

define {u\\ i = l, 2,--, r}, {0{; f = l, 2,--, r} for #J=1^. Then, the above

diagram and a similar argument will show the following, where Tr^.^Sf),

nq- 1(8*1*) are direct summands of nq-i( V J=1 Sf), nq-i(V J=i SJ17) respectively,

1 = 1,2,-, r.

Lemma 2.2. Lef l<p<^ — 1. // f/zere exists a map f: $r
i=l #f-»tfj=1 B't

such that f*(ui) = u'i,f*(vj) = v'j, z,j = l, 2,--- , r, thew ef = s; /or z = l, 2,---, r.

Here, if p^q the assertion is trivial.

§ 3. Difference of Bundles

Let Bf, BJ be p-sphere bundles over ^-spheres with the characteristic

elements <xf, a- respectively, z' = l, 2 , • • • , ? % and assume that ef = s-, where sf

= 7r^(aI-), fij = 7c#(a{). Let Sf, pf, and Sf be respectively the fixed fibre, the

projection, and the base space of Bt. Define S-p, pj, and S't
q similarly for B't.

In the disjoint union of B{ and B'i9 identify Sf with S-p. Then, we have a

p-sphere bundle over Sf v S'f, where Sf, SJ4 are identified at sz-=^(Sf)=p'^S'f).

Since B£, 5J are included in this bundle as subspaces, we may denote it by

££U£'£(cf. [10], p. 156).
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Let g,: S*-»S? v S'f be a map representing c^-c'J Enq(S
q
t vSJ*), where

c[, c'j are the orientation generators of nq(S1), nq(S
f
t
q) respectively. The in-

duced bundle Ai = gf(Bi[j J3J) has the characteristic element a£ — a- and admits

a cross-section since 71^(0^ — aj) = 7i*(af) — 7iJ[c(aJ) = 8/ — ej = 0 by the above as-

sumption. Let /iji ^- f rBjU-BJ be the bundle map which covers 0^. A fixed

fibre S5. of 4£ is oriented so that ft, | SJ. : SJJ^Sf = S7 is of degree 1, and At is

oriented by the orientations of S^. and S*.

Let Sq
Ai be the cross-section of At associated with ^ ie7rg_1(SOp) satisfying

ffcOUf) = af — a-. Then, ^ = (5$. v S^.) U ej"!"9 and the attaching map is given by
dTf = q*'ofy.+ [^9 $£*], where rji = J^ and T^ is the orientation generator of

np+JtAi9 SP
A. v S^.) (cf. [9]). Hence, by Lemma 1.1 of [8],

(3.1) * ^«^={V OT£v^)}U^r,
i=l i=l

and the attaching map of the (p + g)-cell is given by

(3.2)

where T is the orientation generator of 7ip+9(^4, V J=1 (S^£ VS^.)) and

np+q-i(S
p

Ai vS^), i = l, 2,--- , r, are considered as direct summands of

^+«-i(VU(S^vSy).
In A1$A2%--#Ar, join every (p + ^ — l)-sphere where connected sum is per-

formed to the base points of the bundles neighboring at the (p + q — l)-sphere by

suitably chosen arcs. If we crush the (p + q — l)-spheres and the arcs to a

point, the yielding space can be considered as V r
i=i At. Let v : Sj=1 At-> V J=1 At

be the collapsing map. Then, we have a map

A = ( V A i ) o v : I At - > V (JB£ U B\) .
j=] i=i i=i

#5=1^4£ can be replaced by the complex A of (3.1) and h may be assumed to

preserve the base point. We denote the map by the same symbol //.

Bt has the cell structure Bt = S? U e\ U ep
t
+q, where e? is attached to Sf by

^og.. Here, ^^ is the orientation generator of 7rp(Sf). Let at be the orientation

generator of np+q(Biy Sf U ef). Then, S^eTCp+^.^Sf U ef) is represented by

the attaching map of e?+q. Similarly to Lemma 1.1 of [8], it is seen that

(3.3) if Bt^B={V
j=i i=i

where each e\ is attached by c^e^ and
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(3.4) da = dal+da2 + -

where a is the orientation generator of np+q(B, V ' = 1 (SfUe?) ) and each

TCp+^^Sf U e\} is considered as a direct summand of np+q,l( VJ = 1 (Sf U e?)).

Let B; = S;PU e'f
€ U e'^4"* be the cell structure of B't. e-q is attached to S'f by

c'jvs'i, where £p* is the orientation generator of np(S
f
t
p). Let G\ be the orien-

tation generator of np+q(B't, S'f U e'f).

Let &= v !=1 (Sf U e? U O be the subcomplex of V J=1 (Bt U #J), where

ef, ej€ are attached to Sf = SJP by * jog. and ^'oej respectively. Then, it may be

assumed that /?( V J=1 (S^. vS^.))c=K for the map A: A-> V?= 1 (5£U BJ). Let

S : (A, V J=1 (S5. v Sq
A .))-»( V J=1 (Bf U 5J), K). From the construction of ft, we

know

(3.5) H!!5(T) = (^ ]-(Ti)+((T2-(Ti) + ... + (^-a;),

where af is the image of a{ by the homomorphism induced from the inclusion

(Bh Sf U eq
i)c:(Bi U B;, Sf U e? U e;9), /= 1, 2,»«, r, ffj is similar, and 71^+^- U J5J,

Sf U e\ U ej9), j = 1, 2 , - - - , r, are considered as the direct summands of
np+q(V

ri=i(BiV B't)9 K). Let 5t = d<Tl9 and let 5f be the image of St by the

homomorphism induced from the inclusion Sf U e^ciSf U e\ U e'^, / = !, 2 , - - - , r.

Define <5J, 5; similarly, / = !, 2 , - - - , r. Here, Tr^+^^Sf U e? U ej*), /=! , 2,--, r,

are understood as direct summands of 7rp+q- 1( V J=i (Sf U e\ U ej*)). Then,

dli*>c = 8±(ai-<f'i) = ±(d<7i-da'i)=£(di-3'i)=±6i-±3'i,
i=\ i=l f=l i=l i=l

and by (3.2),

Hence, we have

(3.6) «i- 5J=

§ 4. Proof of the Necessity for Theorem 4

Let Bh B'h i = l, 2 , - - - , r, be p-sphere bundles over ^-spheres with the

characteristic elements ah aj respectively and assume that q/2 <p<q — i. Let

/: S5=1 B^S^i BJ be a homotopy equivalence which preserves orientation.

Assertion 1. There exists another expression of #J=1 B( into a connected
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sum of p-sphere bundles over q-spheres #5=1 B{ such that In the cell decom-

positions *i=1 Bi~B={ v r
i=l (Sf u gf)} u F+« and #;=1 B;~B={ v<= 1 (s;

p u *;«»
U e'^,/*: H*(B}-+H*(B') satisfies /,([5f]) = [S;*], i = l, 2,-, r and /*([g}])

= 0/]> 7 = 1, 2 , - - - , r, where f may be assumed to satisfy f(Vr
i=i Sf)c= V?= 1 SJP

0m//: (5, V J = 1 Sf)-»(£', V{=1 S;P) /s f/ie relativization off.

Proof. Let W=t|f= 1 B,, IT = ^=1 Bj, and let {«;,-, «;}, M,-, ̂ } be the
bases of Hp(W)> Hq(dW) respectively associated with the handles of W.

Then, by Lemma 2.1, there exists a representation of FFinto such a handlebody

that fx(ui) = u'i,f*(vj) = vfj, /, 7=1, 2 , - - - , r, where { w 1 ? - - - , wr}, {(;,,-•-, yr} are

bases of Hp(dW\ Hq(dW) respectively associated with the new handles of W.

Of course, {w} = /J8y};7 = l» 2,-", r}, the basis of Hq(W) is admissible since

w}, 7 = 1, I , - - - , r, are represented by zero cross-sections of B'J9 j = l, 2 , - - - , r.

Hence, by Proposition 1, the basis of Hq(W), {Wj = i#Vj\ j = l, 2 , - - - , r} is ad-

missible. Therefore, again W can be represented into a boundary connected

sum of (p+ l)-disk bundles over ^-spheres ^=l 5,. and 5 IFF into a connected sum

of p-sphere bundles over ^-spheres #J=1 5f. We note that in the above cell-

decompositions, w,., vj9 1/5, and y} correspond to [Sf], [^], [SJP], and [e'f]

respectively for each /, j. This completes the proof.

Assertion 2. Under the cell decompositions ttj=1 £ f ~B = { V J=] (Sf U eq
t)}

\)ep+« and ttj=1 B\*B' = { Vi=l (S'f U ̂ )} U e'p+9
9 if f*:H*(B)-+H*(B')

satisfies /*([Sf]) = [Sjn, /*([cj]) = [^] /or /, j= 1, 2,-, r, tfien e, = e;,

/=!, 2 , - - - , r, where Si = n%ah s'^n^, and {al-} = {a{}, / = l , 2 , - - - , r , in

Proof. The former half of the assertion is known immediately from

Lemma 2.2. To prove the latter half, we apply Section 3. By the assumption,

we may assume that / maps each Sf identically onto S't
p (Sf and S't

p can be

identified by means of fjM^)-1) and /( V r
i=l (Sf U ef ))c V <=1 (S'f U e\q\ Let

f o = f \ v J=l (Sf U e?) and let p: K-> V r
i=l (Sf

t
p U e;€) be the retraction defined by

p | V r
i= , (Sf U ef ) =/° and p | V J = t (Sf U e'f) = identity. Then, we have the

following commutative diagram.

(4.1) |P,=I J,, JP,

) -^ TI,(_V (s;^ u *j«),.
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where k°9 /°, kf, and /' are inclusion maps and p is the relativization of p.

Let j: (SfUe?, Sf)-»(V?=1 (Sf U e?), VJ=1Sf), m: (Sf U e? , Sf)->(X,

vj=1 Sf) be inclusion maps and let /, m' be similar for (S^ U e'f, SJP). Let

Kl
qenq(S? Ue? , 5f)^H/Sf U e?, Sf) be the generator corresponding to [>?]

and define K£ 6 nq(S'f U e;«, S7
f
p) similarly. Then, we have

(4.2) p*m'*(K'q
i)=jf*K'q

i
9 p»m,(ici) =;;*;'.

The former is clear since p°m'=]'. The latter is known from the following

commutative diagram including the factorization of m*.

m* : nq(Sf U el S?) -^ nq( V (Sf U ef), V Sf)

€(S^ U e\\ S\*) J±» nq( V (S? U «J«), V 57) ,
»=i i=i

J$K:^)=JJ.K:^ since /!is[ef] = [e-9] by the assumption.

We apply the homomorphism h*: nq( Vi==l (S%. v Sq
A.))-*nq(K).

= m*K\ — m'*K'i is clear from the definition of h. Hence, by (4.1) and (4.2),

*'« 0 =
c =;; - ;;*;; = o .

So that,

(4.3) P***'«' = fci0! for some ^67r € (V 51/) .

Then, applying p^ to (3.6) and by (4.3),

= (P^^
i=l

= t (*i«;'-»j,+ [*;0i, ^^;(]) = t *;(«;'»i/«+ [0;, <;']) .
On the other hand, let a e np+q(B, V J=1 (Sf U ej)), ff' e 7cp+9(B', V ?=1 (S;p U

be the orientation generators and let d = da, 5' = da' . Since /is of degree 1

and therefore,

t
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Thus, we have

(4.4)

(i) Now, we assume that 2p>q + l. Then, nq( V J= l SJP) ̂  Ti/S"/) © • • • ©

nq(S'r
p) and we have the unique summation 0J = Sy=i ^Jj> ^j

2,-,r. Let 6^ = ̂ 00^ flye^S^, for j = l, 2,--- , r. Then,

.7 = 1

and by Barcus-Barratt [1] or G. W. Whitehead [15],

where 0 f /, j = l, 2 , - -« , r, are the suspension elements. Hence, we have

Let ai = ̂ o(^.+[0.., ,*]), /JJf = C-Dp+«£'-10y + (-l)8£'-10;b and b,, = [^, ^]

o/Jj,, where alenr^^1(S't')ciir^t^(\/T
t,1S'l') and &JI6w,+s_1(S/vSJ')

<=«,+,_!( V?,! S;P), i, j = l, 2,---, r. Then, by (4.4) and (4.5), we know

(4.6) t £*«* + £ k'Jtj =0, for *; : BII( V 5",') -^ nn( V (5;p U «',«)) ,

Here, each k'^ai belongs to the direct summand 7rp+3_1(S'Jp U ef
t
q). Now,

assume temporarily that every k'^b^ belongs to another direct summand inde-

pendent of 7cp+€_1(SJp U ef
t
q)9 i = 1, 2 ,« - - , r. This is the fact which will be shown

in Assertion 3. Then, (4.6) yields k^at = Q for f = l, 2,---3 r, and by the com-

mutative diagram

np+t-i(S') -^ np+q^(SP e'fi

n^-AS'ft-n^-AS'f W «;«),
t'P

io£'i

where fc^. is induced from the inclusion map and ̂  is the canonical isomorphism,

we have
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(4.7) Mff+[0«,«,]) = 0, i=l ,2,- ,r ,

where »j,=J£,, ^en^^SO,), and /*£,. = a,- -a';, / = !, 2,--- , r. Here, [0,,-, rp]

= -J30lf, 3:«,(S')-"i.-i(S0*)- Let ̂ .-^e^SO,). Then, fc.J«
-k.C^-./Sfl,,) = fc,(i/, + [0U, £p])=0, i=l , 2,..-, r. Since Kerfc»=Im(e;),,
(eJ)!N=e;o:np+(!_1(S«-1)^7rp+(;_1(S'') by (3.2) of James-Whitehead [10], J£
belongs to Im(ej)*, and i#^i = i*(^i~ S9ii) = i^i = y.i — oej. Hence, we know
that ai-a;ei!|!(J-iam(8;)*)) = G(e'i). That is, {a,} = {«'»} in n,_,(SO,+ 1)/G(8,)

(ii) Let 2p = 9 + 1 (p, q > 1). Then, 7r,( V J. , S',0 = S5» i «;y«n^S')©

Ej<*[fpJ. C]07r4(s2p~') by Hilton [4]. So that, we have the unique sum
fl; = Z5-i«;H; + Zy<*[«;y,«;*>0m, where OIJenJiS'),eljtenJiSi'-1)sZ for
any /, 7, /r. Therefore,

y — 1 j < K

By (7.4) of Barcus-Barratt [1],

where W0 is the Hopf-Hilton homomorphism and the second term vanishes if p
is odd since 9;J becomes a suspension element. And,

So that, we have

(4.8) \Q\, #] =«;(o[0,,, ^] + z

Every Whitehead product of weight 3 is a linear combination of the Whitehead
products [«y, [c'f

j, t'p
k~\] such that i^j<kby using the Jacobi identity (Hilton

[4]). Hence,

(4.9) t (4H + [0;, £;']) = t «;«»(,, + [elt, ̂  + z [^, ̂ ]o^,

where jS/-fe7i3p_2(S2p""1) (j<0 is defined as in (i) and yijk (i*±j<k) is a certain
element of 7C3 2
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Let a, = «;'oOf,+ [0«, eft), bj,= lc'p
j, «;i]°^i as in (i), and let cli)t=\t'r

l,

[C'PJ, «p*]]0Vyt- Then, by (4.4) and (4.9), we know

i<j i^j<k

where k'+\ np+q,l(Vi=:l Sf
iP)-^np+q,}( V f = 1 (S{* U *;«)), g = 2p-l. Therefore,

if we show that every fcibf/ and every /<4c,-/k belong to the direct summands

independent of rcp+^-iCSJ" U e{*), z '= l , 2 , - - - , r, then /c*af = 0 for f = l, 2 , - - - , r by

(4.10), and we can complete the proof similarly as in (i).

Thus, the following will conclude the proof of Assertion 2.

Assertion 3. Every k^b^ (i<j) and every k'^c^ (i^.j<k) are included in

a direct summand of np+q_l(V
r
i=l(S'i

p \J e'^)) which is independent of

Proof. Let Xt = S't
p U e't

q, t= 1, 2,--- , r. Then, nn( V J=1 ^Q = Zl=i nn(Xt)

®Snn+l(Ylr
t=i Xti V J=i Xt), n = p + q — l. We have the following commutative

diagram.

- ,> i f>j-. r
P >-P j_ o'p y c"p fc' V" w K. ci V ^

J J r=l

£(/!•£> D2^ L? S'f x S'f-£-+ X t x X j c : l X t 9

where vertical maps and fc' are inclusions. Hence, /c^fc0- belongs to

<H,+ i(TlJ=i ^ V J = i Xf) which is independent of nn(Xt\ f = l , 2,---, r.

Generally, every basic product of weight ^2 belongs to d7rn+1(Jl?=i S't
p,

V J=l SJP). In fact, in the splitting exact sequence

o —> 7rn+1(fi ^;p, v ^;p) -^ 7rn( v sfs)
r=l r=l r=l

-1^ 7rn(fl S',")^ ± n,,(S't») —^ 0,
r=l r=l

such Whitehead products are mapped to zero. So, for any basic product

[t'pi>WpS,t'P
kJl(feJ<l<), there exists an element ze^+iOlr-i S't

p, Vf= 1S;p)
such that [c'j, [c'p

j\ c'p
kj] = dx. Therefore, we have the following commutative

diagram.
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Hence, k'*cijk belongs to Snn+i(Ylr
t=1Xt9 Vr

i=1Xt). This completes the proof.

Assertion 4 For "any" admissible basis {wi,---, vi^} of Hr = Hq(^
r
i==iB'i)9

there exists an admissible basis {w^---, wr} of H = Hq(%
 r

i== 1 B^) such that

(i) s(wi) = e'(wf
i), i = l, 2,--- , r.

(ii) {a(w,)} = {a'(wD} m 7rg

Proof. There exists another expression of #J=1 5J into a connected sum of

p-sphere bundles over g-spheres ttj=15j such that in the cell decomposition

#J=i^-{VJ = i (S; p Ue;«)}Ue / p + 3 , each homology class [g;«] corresponds to

wj, i = l, 2,---, r. Hence, Assertion 1 and Assertion 2 conclude the proof.

This completes the proof of the necessity for Theorem 4.

§ So Proof of the Sufficiency for Theorem 4

Let Bt, B\ be p-sphere bundles over ^-spheres (2p>q>l) with the charac-

teristic elements oq, aj respectively and let fii = 7c#(ai), fi^TT^aJ), where z = l,

2,--, r. Let {w 19--, wr}, {wi,---, w^} be the admissible bases of H, H' respec-

tively, satisfying

( i ) e(Wf) = e'(wj) , i = 1 , 2, • • • , r, and
(ii) {a(w,)} = K(wD} in 7i,

By adopting the representations of the connected sums of given bundles using

the admissible bases {w l 5---, wr}, {wi,---, wj}, we may assume that wf, w- are

represented by zero cross-sections of Bt, B't respectively, i = l, 2,---, r. Then,

a(wj) = af, a
/(wj) = aj, e(wj = sf, and 6'(wJ) = eJ, z = l, 2,--- , r. Hence, the proof is

accomplished by directly extending that of James-Whitehead [10] ((1.5), p. 163).

Since af- a'f e G(^), there exists an element ^en^^SOp) such that i*£t

= oii — oc'i and J^elm(e^, f = l, 2,--- , r. By (3.2) of [10], the sequence
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is exact, where (/q)* is induced from the inclusion. Hence, J^

= Ker(fcf),, / = !, 2,-, r. Let Bt = S? U e\ U e?+«, jB{ = SJp U ej« U e^+« be the

cell-decompositions given by (3.3) of [9], where ef, e't
q are attached by £J,oef,

c'joe'i respectively. We identify Sp canonically with Sf, SJP so that ci
p = cp = cp

i.

Since ef = fij, there exists a homotopy equivalence #f: Sp U e?-»Sp U e'f* such that

gi | S
p = id. Let at e np+q(Bt, Sp U <?f), crj e 7ip+/J5;, Sp U ̂ ) be the orientation

generators and let St = dffi9 d'—da1^ Then, by (3.3) and Lemma (3.8) of [10],

(i) (gd*&i-8'i = (kd*J£i for some ^en^^SOp) such that 1*^5 = ^-^,

and

(ii) ^r( can be chosen so that cj is a given element in i;1^"0^) •

Hence, by taking ££ as ^-, there exists a homotopy equivalence gi:S
p\]eq

i

->SPU e^ such that g f f | S
p = id and (0,)*<5£ = <5;, where i = l, 2,»-, r.

In the cell-decompositions %r
i=i Bi~B = {Vr

i=1 (S? U ef)} U ep+q, #J=1 J3J^

^ = {VJ= 1(^UO] Ue"+«, let 0enp+JiB9 VJ=1(Sf U ef))5 a'enp+£B',

VJ=i (S ; p U e^)) be the orientation generators, and let (5 = 3(7, 8' = da'. Then,

(5 = <51 + <52 + ...+<5r, <5/ = <5i + (5i + -..+(5;?

where it is understood that Z?=i ^+g-i(5f U ef)ci7rp+g_1( V?= 1 (Sf U ef)) and

-p C p *.^C V Ui (^p U *;*)). Now, let

flf= V gt: V (SfUe? ) - > V (^ U ̂ ) .
i=l i=l i=l

Then, ^ = Zi-i^*^ = Zl=i(flfi)*^=ZJ=i^=5 / , that is, ^ = 5'. Hence, gf
has an extension /: B-*B' of degree 1. /^i Hn(B)-»Hn(B

f) is isomorphic for

?i = 0, p9 p-\-q, and for « = ^ as is shown by the following diagram

where /H.o(Do/*oD-1)=id and D is the Poincare duality isomorphism. Since

B, B' are simply connected, / is a homotopy equivalence. This completes the

proof.
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