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On the Cauchy Problem of the Boltzmann Equation
with a Soft Potential

By

Seiji URAI* and Kiyoshi ASANO**

§1. Introduction

The Cauchy problem to the non-lincar Boltzmann equation is, [3].

(1. 1) J %: =6 fHQLAF]L L HeR R AR,
f|z=.u=fo .

Here the unknown f=f( x, &) is a function of /&R, =[0, o),
x= (T, Xy -, ) ER™ and §= (&4, &, -+, &) € K™ while S-V,,:_Zle?,-a/&rj
i=

and Q is a bilinear symmetric operator given as
1 . s

@2 QUALA=L[  aU:-#1,0
2 Jmrnxsn-1

XAS g+ @) g —f(E)gE) —FEN)g(S)dE dw,

where f(7) =F(& x,7) ele., 7=—LKE—E& w0, 7 =—-(—¢&, wo,
weS" and cos 0=<KE—E&", w)/|§—¢&’|, <+, - denoting the inuer product in
R, and ¢(v,0) (v=|§—¢’|) is a given function defined on R, X (—m,
T).

Physically (1.1) describes an evolution of a gas in the space K"
in terms of the (probability) density /=f(Z, x,§) of gas particles at time
¢t in the space of position .t and velocity §. The operator Q describes the
binary collisions of gas particles and the function ¢ is determined by the
corresponding interaction potential. For example we know ¢ (v, 0) = &%|<{§

—&’, w>| for the hard ball model [3], in which the gas particle is assumed
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to be a rigid sphere of diameter d, and

1.3 q(v, ) =v"q, T=s——“i)‘, s>1

for the potential of inverse power law 7~° [6], where 7 denotes the dis-
tance between two colliding gas particles. The function ¢,(0) is a non-
negative function only of 6 and has a singularity at 0= +7n/2 like
lcos @)7¢*P/¢=Y  But since y=§, 7' =§&’, at 0= +7/2, the quantity {---}
in (1.2) is expected to vanish at these @, and it is customary to assume
that 0<{g,(0) <const. |cos 0] (angular cutoff [6]). The inverse power
law potential is said soft (resp. hard) if s<<5 (resp. s=>5). Clearly the
hard ball model is a limit case s—oo of (1.3) with angular cutoff.
The aim of the present paper is to show the existence of solutions

to (1.1) in the large in time under the following assumption on ¢ (v, 0).

[Q] (0) gq(v,0) is a nonnegative measureable function on R,

X (—m ).
(i) 0<q(v,0) <golcos 0| (v+v7")

with some constants >0 and 0, [0,1).
@) al+v) < | a@0do<ao

with some constants q,>q, >0 and 0<<0<<0,<1.

Clearly (1.3) with angular cutoff satisfies [Q] (i) if s>>3 and [Q]
(i) if s<<5. If we allow g¢;=0, then the assumption [Q] (i) + (i) is
the same as that of cutoff soft potential proposed by Grad [6]. (The
necessity of the assumption g, >0 will be made clear in Remark 4.1 in
the below.)

The initial value problem (1.1) and related initial-boundary value
problems have been studied extensively on the existence of solutions in
the large in time ([1], [5], [9], [12], [13], [14], [15]). All of these
works, however, have been made under the assumption of cutoff hard
potential in the sense of Grad [6], given also by [Q] but with the
modification —1<(0,<<0<C0 in [Q] (ii), and satisfied by the hard ball
model and by (1.3) if s=>5 and if the angular cutoff is assumed.

A remarkable distinction is found on the existence of local (in time)

solutions. Roughly speaking, (1.1) admits local solutions for arbitrary
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initials f, in the case of cutoff soft potentials (Theorem 3.2 below),
While for cutoff hard potential such solutions are known at the present
stage only for those f, near Maxwellians (for definition see § 3), which
are eventually in the large in time [13]. Thus the cutoff soft potentials
enjoy a better situation in this respect.

However a considerable complexity arises when constructing the solu-
tions in the large in time. Our method of proof is the same as that
previously developed for the case of cutoff hard potentials, which is based
on an extensive use of asymptotic behaviors of a linear semigroup e‘® of
the so-call linearized Boltzmann operator B obtained upon the lineariza-
tion of (1.1) (see §3). In order to establish decay estimates of ¢ as
{—oo which are nice enough to assure the nonlinear problem (1.1) to
have solutions in the large in time, the behaviors of the resolvent (A— B) ™!
should be carefully studied near the imaginary axis Re A=0.

For cutoff hard potentials, the spectrum ¢(B) of B has a fairly
simple structure near Re A=0: either a finite number of discrete eigen-
values ([5], [12], [13]) or a continuous spectrum consisting of a finite
number of smooth curves emerging from A=0 ([1], [4], [9], [14], [15]):

On the other hand, 0(B) for cutoff soft potentials contains a left
neighborhood of the imaginary axis (Remark 7.3). In order to establish
estimates of the resolvent (1— B) "' near Re A=0, therefore, we are forced
to use its C”-extension into Re 1<<C0, which were not needed in the case
of cutoff hard potentials.

The plan of the present paper is as follows. In Section 2 we intro-
duce some f{unction spaces in which our problem is to be studied, and
we also summarize the notations for linear operators, both of which will
be used without further references in what follows. The local existence
of solutions is proved in Section 3 while the solutions in the large in
time are constructed in Section 9. The intermediate Sections 4 to 8 are
devoted exclusively to the study of linear operators associated with B
to establish asymptotic behaviors of e¢'® which play an essential role
in Section 9. Thus these sections have a preliminary character to Section
9, but form a core of the present paper.

After the completion of the present work we learned that Caflisch

[3] also solved (1.1) for cutoff soft potentials, but imposing a periodic
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boundary condition in x. His method of proof is quite different from
ours on the estimation of e'®, and is effective to the case of periodic
boundary condition with rather restricted initial values. The method pre-
sented in this paper allows a mild condition on initial values and is appli-
cable to the periodic boundary value problem. Moreover the estimates
derived here can be combined with the method developed in [1] [13]
to solve exterior problems to (1.1) with soft potentials in the large

in time. This is a subject in a forthcoming paper.

Remark. Recently we have obtained almost the same results for
the Boltzmann equation with an angular cutoff soft potential of exponent
s (7/3,3], that is, 1<<0,=0,< 2 in the assumption [Q]. The details will

be discussed in another place.

§ 2. Function Spaces and Noiations for Linear Operators

Let 2C R" be a domain. We will write £, when it is necessary
to emphasize that the symbol for the generic point of &2 is specified as .
The closure of £ will be denoted as 2.

For 1<p<{co, L?(2) will denote the usual Lebesgue spaces on &.
It is a Banach space with the well-known definition of norm (denoted
as | -|lzzc). By definition L?(£,) is the class of functions z=u(y)
e L?(£) whose variable is y. L%, (£) denotes the class of locally L?(£)-
functions. Let & R and define

2.1 LE(R™) ={u=u(); A+ |E) u() € L*(R")},

which will be abbreviated sometimes as L3, and in particular as L? when

B8=0. This is a Banach space with the natural norm
2.2) leeg= | Q416D Pt (§) | ocaem

and coincides with L?(R") when £=0.

Let [=0,1,2, -, 00. C'(2),Ci(2) and C°(2) have usual meanings
and we put B°(2)=C°(2)NL>(Q). For I=>1, C(2) (resp. B'(2))
denotes the class of C°(2) (resp. B°(82))-functions whose derivatives
up to order [ inclusive exist in £ and have C°(2) (resp. B°(2))-extension

in 2. Clearly C'(2) = B'(2) if 2 is bounded.
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For [eR, H'(R™ denotes the usual L*sense Sobolev space on R

of order /;
2.3) H' (R ={ucs L}, (R"; acL;(R"},

where # =# (k) is the Fourier transform of w=u(x);
i (k) = (21) " f e <oy (2)de . ke R,
Rn

It is well-known that I7*(R") is a Banach (more precisely Hilbert) space
with the norm
2.4 2 |zt ey = | @ || 22 ey

and further that it is a Banach algebra if /[>n/2.

Let Y(£) be any one of the function spaces introduced so far and
let X be a Banach space with the norm |:|x. Then Y(£;X) will
denote the class of Y (£)-functions defined on £ with values in X. If
Y (£) is a Banach space, then so is Y (£; X) with the norm

(2.5) l7ell v = [t () lx v cenr-

The space Y(2; X) is similarly defined. For example we shall need

the space

(2.6) Hyp,=LE(R¢; H'(RY)), [FER, 1<p<loo
and we put

2.7 el 0= ll%(x, &) |2tz LA(RD -

The suffix p will be dropped in the special case p=o00. Thus
2.8) Hip=H,g.=L7R: H'(RY)), lulue=lulse-,

which is obviously a Banach algebra if [>>,/2 and £>0.

The function space in which our problem is to be solved is the space

2.9) H, g=closure of ( Hy. 5 in H 4.

,8’ER"

This is not empty since C§’ (Rz X Rf) is contained (but not dense) in HL,[;.
Further it is not difficult to see that uEHl,g if and only if v H; s with

(2.10)  lim 7z (§ ] p=lim |||z (&) 2 (, &) |mpll zan =0

where x5 (y) is defined as
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(2.11) xe(y) =1 for [y[>R, =0 for |y|<R

Thus H,, is itself a Banach space with the norm l“l.s of (2.8) as a
proper subset of H,, Note that

(2.12) H,yCHyg, |t|ie<|uls

for any /<<l and /’<f5.

We also need the space
(2.13) LP?=L*(R}: L*(RY)),

whose norm will be denoted as |- |1s.z.

Now we shall summarize some notations on linear operators. Let
X, Y be Banach spaces. We denote by B(X, Y) the class of linear
bounded operators defined on X with range in Y. and by C(X,Y) its
subset of compact operators. The norm of A€ B(X, Y) will be denoted
as |A|pxy. Endowed with this norm, both B(X,Y) and C(X,Y)
are Banach spaces. We will write B(X) for B(X,X) and C(X) for
C(X, X).

Let A be a linear (not necessary bounded) operator defined in X
with range also in X. The domain of A will be denoted as D(A).
By definition D(A) =X if A€B(X). Let 0(A) and 0(A) denote
respectively the resolvent set and the spectrum of A, and (A—A)~*
= (AI—A) 7" its resolvent where I is the identity and A€p(A). The
symbols 0,(A), 0,(A) and 0,(A) will stand respectively for the set of
eigenvalues (point spectrum), the set of discrete eigenvalues, and the
essential spectrum (in the sense of [8,p.243]) of A. The adjoint to A
if it exist is denoted as A*.

Finally we shall agree with the following convention. Let A be
a formally defined operator. Then A may happen to have various reali-
zations in various spaces. In fact we shall often need in the sequel to
consider A in a variety of spaces. For simplification of notation, there-
fore, we will use one and the same symbol A for all of such realizations.
No confusions will arise. Thus, for example, the statement A= B(X, Y)
will be always understood to mean that A has a (unique) realization be-
longing to B(X,Y).
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§ 3. Exisience of Local Solutions

It is well-known [3] that Qfg,g]=0 if g(§) =aexp{—7|6—B*}
whatever the constants € R, &€ R", y>>0 may be. Consequently g=¢(§)
satisfies the Boltzmann equation in (1.1). If a>0,9(&) is called Max-
wellian and describes an equilibrium state of a gas.

In the present paper we shall seek a solution to (1.1) which is
near a Maxwellian ¢(§). Without loss of generality we may choose
a=1,8=0,7=1/2; otherwise we can reduce to this case by a suitable
change of variables. Throughout this paper, therefore, g will be under-
stood the function ¢ (§) =exp{—|§|*/2}.

Putting f=¢+¢"*u, we rewrite (1.1) in terms of the new unknown

w=u(t, x,§) as

% o fWu4LutT[u,u],
(3.1) 0t
Ulimo=1,

where we have put
(3.2) I'[u, v] =¢7"*Q[g"u, g"*v],
(3.3) Lu:2g—1/ZQ [g, gl/zu] =or [gl/z, u]

The operator I is bilinear symmetric while L is linear, both acting only

on the variable &.

Define

(3.4) T'[u,v] =%j

RnrxSn

a(E=€1,0)g" EVu @) v(E)de do

Iy[u, v] =%j

Rnx8S»

(=1, 0007 E) u ) v(r)dE’do,

where the notations are the same as in (1.2). It is easy to see that
(3.5) I'u, v] =1[u, 0]+ sv, ] — i [w, v] — T [v, «].

Let Ly (Rf) be that defined in (2.1) with p=o0 and write its norm
(2.2) simply as |- |-

Lemma 3.1. Assume [Q] (0) and (i). There is a constant
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co=>0 such that for any >0 and w,ve Ly (R}),
1175 [w, v] |sseZcolullsllv]s, 7=1,2,

where 0 is the constant in [Q] (ii).

Proof. Put
0©) = [, 80681, 00"E)dE do.

Owing to [Q] (ii), there is a constant 7,>>0 such that
0<a (§) <r,(1+[€))~°, éeR"
Then the lemma follows if we prove
15[, 0] () |+ 1€]) 0 () llulellv]s -
For j=1, this is a simple consequence of the definitions of /'; and |- |,

and to prove the case j=2 it suffices to note that |7]*+ [9’1*=|&°+ |&"}*
so that

(I+7D) A+’ D =1+ 9+ 7]

>1+ V47 P>14 €]

This lemma suggests that a suitable function space in which (3.1)
is to be solved is the Banach space H,; defined by (2.8). However
more suitable is Hz,g of (2.9) as will be seen in Remark 3.1 in the
below.
~ Since I" and L are operators acting only on the variable &, they

can be considered in the space H;, and Hi, as well.

Lemma 3.2. Assume [Q] (0) and (ii).

(1) Let I>>n/2 and 8=0. Then I' is a bounded bilinear sym-
metric operator from I-'II,BXI:I;,B into Hmw.

(i1) For any leR and >0, L is a bounded linear operator from
Hl.B into H;,,;m that is, LEB(H,,B, Hl,3+3).

Proof. (i) Let ucH,, and put % (§) =|u(-,€) |mry and simi-
larly for v& H, . Then w,v,&Lji. Let I>n/2. Since H'(R") is a
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Banach algebra and since ¢ (v, ) >0, we see that
15[, v (-, 8) marn<<C I'jlw, v,] (§), 7=1,2,
the constant C>0 depending only on n and /. By Lemma 3.1 and
(3.5), we then get for any />n/2 and >0,
(3.6) 11" [2t, ©] 11,60 <C 1ol 216 ll1.6 -

This proves the assertion (i) of the lemma with F7 in place of H. To
complete the proof, it suffices to show that /[, vl€H, ,.; whenever
u, UEH”; So let u, 'UEHW By the definition (2.9), there exist se-
quences {u,} and {v,} in ﬂ H, 4z, which converge to # and v strongly in
H,,. Then it follows from (38.6) not only that I'[u,, v,] E ﬂ H, ; for
all n, but also, by virtue of the bilinearity of I, that /" [, 7),.] Lonvelges
to I'[u, v] strongly in FHl g4 showing that I'[«, v] EH,,BM.

(i) Since g () is independent of .r, we have
177,007, 2] (&) lwmn=I";[9", w] (§), j=1,2,

where /&R and $>0. Clearly ¢"* and « can be interchanged. By
Lemma 3.1 again and by (3.5) applied to (3.3), we get

[ Lol e-s<7ollgllele]n -

The rest of the proof is similar to that of (i) and will be omitted.
Since >0 and since I' is bilinear, Lemma 3.2 and (2.12) lead to

Corollary 3.1. (i) Let I>n/2 and 8>0. Then the quadratic
operator I'[u, u] is a C”-map from HL,,; into itself.

(11) L 7s a linear bounded operator on H,,,; Sfor any [ER and
>0, namely LEB(H,,B).

Let us return to (3.1). The linearized Boltzmann operator B is the

linear operator appearing in the right side of (3.1);
3.7 (Bu) (z,8) = —¢-Vou(x, &) + (Lu) (, §).
We shall study it in the space H,, with the domain

(3.8) D(B) ={ucH,,; §V.ucH,,z},
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where §.V, is, of course, in the distribution sense. Note that this choice
is maximal in H,, in virtue of Corollary 3.1(ii), and that H,., g,
cD(B),

Theorem 3.1. Assume [Q] (0) and (ii), and let IR, §=>0.

Then B is a generator of C,-semigroup e® on H 18

Proof. Define the operator A, as
3.9 Ap=—E6V,u, D(A)=D(B).

Then B=A,+ L, and since L is a bounded perturbation to A, (Corollary
3.1(ii)), it suffices to prove that A, is a generator, or equivalently that
A, satisfies the conditions of the Hille-Yoshida theorem. Clearly (| H,,
) L8
cD(Ay), so D(A,) is dense in H;, by (2.9). Further the Fourier
transformation with respect to x gives
(3.10) (At)” (R, §) = —ilk, E>0 (K, §)
in the distribution sense, and thereby we get formally,
(AI—-A) )" (£, &) = A+ Kk &) A (k, &),

for Ae C. But this is exact in Hl,g if Re 250, as is seen by the aid
of (2.10). Thus p(A4,) =C\iR and

I AL — Ao) | B, p=IRe A|~*.

This proves also that A, is closed. Now the Hille-Yoshida theorem as-
sures that A, generates a contraction group on H,,ﬁ, completing the

proof of the theorem.

Note that (3.10) implies also

(3.11) (e2)” (k, &) =e " “Pq (K, §).

Remark 3.1. In the space H, 4 A, is not densely defined even if
endowed with a maximal domain, and e**° of (3.11) is not strongly con-
tinuous in #. Thus A, cannot be a generator in H,, The situation is

the same for B, and this is the reason why H[,ﬁ is preferable to H,,.
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We now consider (3.1) as an evolution equation in H, g;

O gy ITu, u @], 10,
(3.12) dt
u(+0) =u,.

Here I>n/2 and >0, and du(?) /d¢ is, of course, a strong derivative of
#(¢) in ¢ in H,_B. We shall agree to say that w#=w«(¢) is a solution
to (3.12) in H,; in the interval [0, T") with some 7>>0, if e C([0, T);
H,,) and u(t) €D(B) for all tc[0,T) and if u satisfies (3.12).

Let #=u(#) be such a solution. Then it is obvious that « satisfies

the integral equation
t

(3.13) (D) =ePuot+ je““’”f[u (), u(s)1ds
0

for t€ [0, T). Conversely if «(z) eC°([0,T); H;,,g) is a solution to
(3.13), then it is also a solution to (3.12) in the above sense so far
as e D(B). This follows essentially from Corollary 3.1 (i). And
(8.13) can be solved by the classical contraction mapping principle in

virtue of Theorem 3.1 and Corollary 3.1 (i). Thus we conclude the

Theorem 3.2 (Existence of local solutions). Suppose that [Q]
(0) and (i) be fulfilled, and let I>n/2 and ([=>0.

(i) For any uOEHZ,p there exists a positive constant T and
(8.13) has a unique solution u=u(t) in C°([0, T); Hl,g).

@11)  If, in addition, uy,e D(B), then this wuis also a unique solu-
tion to (3.12) in H,, in [0, T).

Remark 3.2. The assumption ¢ >0 in [Q] (i) was not used in
the proof of Lemma 3.1. Thus Theorem 3. 2 remains valid even if ¢, =0.
This assumption is essential, however, for our construction of solutions

in the large in time (see Remark 5.1).

Remark 3.3. No theorems of the type of Theorem 3.2 are not
yet known for the case of cutoff hard potentials. In fact if d<C0 in
[Q] (i), Corollary 3.1 is no longer true though Lemmas 3. 1 and 3.2
remain valid. Thus the proof of Theorem 3.2 does not apply to the
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hard ball model and the inverse power potentials (1.3) with s>5. The
local solutions shown in [7] are only for small #, and can be continued

eventually in the large in time [9], [13], [14].

§ 4. Collision Operators

In order to construct the solutions to (3.12) in the large in time,
we need to establish nice decay estimates of e'® for large ¢, and to this
end we shall first study the operator L of (3.3) in some details.

Let I'; (7=1,2) be as in (3.4) and put

4.1) Au=T"[u, g"*],
4.2) Ku=Lu+ Au=T",[u, g"*1+ I'.[9"*, «] —I[9"? u],

where g (§) =exp{—|£|>/2}. The aim of this section is to study A, K
and L. We shall do this under the assumption [Q] of Section 1, with

the restriction
6 = 60 = 61 .

This additional assumption is not essential, and is made only to shorten
our arguments.
As is easily seen, 4 is a multiplication operator (Au) (§) =v(§)u(§)

by the function
v(5)=lj a(|§—¢'], 0) 9" (§") dwdg”
2 JRnxSn-1

which, under the assumption [Q] (0), is measurable on R", and in view
of [Q] (ii),
i+ ) P<v(§) <v. A+ 1ED°

with some constants vy, ¥,>>0. The fact that v;>>0 assures that for all
aseR

(4.3) 0<y(§)*<v. (1+ )

with y,<{+ oo, so that we can define (formally) the f{fractional power
A% even for a<<0 as

4.4) (A%u) (&) =v(E)“u(§).
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Remark 4.1. The validity of (4.3) for a@<{0 is essential for our

construction of global solutions and follows from the assumption g, >0

in [Q] (ii).

Lemmna 4.3. (i) Let a, B, TR be such that y<B+ af, and
let leR and pe|l, o]. Then AA€B(X,Y) for any one of the fol-
lowing pairs of spaces (X,Y).

@ @5LD, O HuopHy,  (©  (Hypp Hip)-

(i) For any BER, A is a bounded nonnegalive selfadjoint ope-
rator on the Hilbert space L}, with 0(A) =0,(4) =[0,v,] where v,
=sup v ().

¢

Proof. Evident from (4. 3).

Let us now study the operator K of (4.2). It is easy to see that

I'\[¢9"?, «] is an integral operator
rile7,u]© = [ K@ euas
induced by the kernel

Ki@,8) =20 ©07E) | as=¢1,00d0

which is nonnegative measurable on RI X R} by [Q] (0) and symmetric

with respect to & and &’. Further [Q] (ii) assures
(4.5)  0SKiE ST ali -8 e = (1 1) /4.

Also the operator I',[¢"% u]+I.[u, g"*] is an integral operator in-
duced by a kernel K,(§,§’) which is real, measurable and symmetric
on R*XR" by [Q] (0), and [Q] (i) implies that

(4.6) 0<K,(§,8) <k (6| +§—€"|7")
Xexp[—{|§—&"*— (1€1"—[§"[")*/16—¢"1%} /8]

with some constant 2,>0. This has been proved in [6] for =3 and

in [11] {or arbitrary n>>2, by using too complicated change of variables
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to reproduce their proofs here.

Consequently K is also an integral operator
4.7 (Ku) (§) = L”K@, §Nu(§)d¢’

and the kernel K(§,¢&’) =K,(§,&) —K,(§, &) is real, measurable and
symmetric on R"X R". Moreover using (4.5) and (4. 6), we can easily get

@8 [ 1RGP A+1E) e <k, (118D,

with a constant £,,>>0, for any />0 and 0<p<ln/(n—2) if n>3 or
0<p<L2 if n=2.

Remark 4.2. No estimates other than (4.8) are needed in the
sequel. Thus the assumption [Q] (i) is required only for (4.6) to be

true.

Lemma 4.2. (i) Let B,7r€R be such that y<<f+1 and let
leR and pe (1, ). Then KeB(X,Y) for any one of the following
pairs (X,Y).

@ (L3 L), (®)  (Hippo Hivry)
(c) (Hl,g, I-'Il,,), where (3>0.
(d) (I-L,e,p,I-.I,_,), where
B=0, r<B+1—1/p, p>n/2 for n>=3 or p>2 for n=2.
(e) (Hipp Hiyrp,) where B,7,p are as in (d), and
1<p:<p, 1/00—1/0:<1/p.
(i) KeC(L; L) if r<B+1
(ili) KeC(L? is selfadjoint.

Proof. (i) (@). LetreR and a=t/(p—1). We get by Hélder,
(k@ P<{[ 1K@ a+en-ar}”

. {L»lK(S’ E)IA+EDw(E) l”dé’}.

Choose t>p7 and apply (4. 8) twice with the symmetry of K (£, &’) taken

into account. Then
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4.9 IKulESEhpyn | A+IED @ 1S,

which implies (i) (a). The proof of (i) (b) is entirely the same.
(i) (¢). Again by (4.8) we get for >0,

4.10) |K) 9 lwa< | 1K@ N2, &) lwampds’

=f,e(1+[§D) ]

LB

showing K€ B(H, 4, H;,,). To complete the proof, therefore, we have
only to repeat the argument of the proof of Lemma 3.2.

(i) (d). The second member in (4.10) can be majorized also by
’, 7\ —p’ ’ i f ’
(| K@y arien=2ae)" lulus, Q/p+1/p'=1)

and hence, according to (4. 8), it is majorized by
CA+IEN VP |ulypy, i 0<p'<n/(n—2) (#=3) or
0<p'<<2 (n=2), showing
(4.11) KeB(H, s, H.5).

Now (i) (d) follows from the fact that (| H,,, is dense in Hi g -

(i) (e) follows from an interpolatiol;f theorem applied to (i) (b)
with p near 1 and (4.11). Recall here that H, ;= H, s .

(ii) Let xz be as in (2.11) and denote also by ¥ the multiplication
operator induced by the function xz(§). Let 7r<f+1. Then (4.9)

implies

(4.12) [K%e] B2z 15 =C (A +R)"#"'-0 (R—o00).
Also, since —g<—7-+1, we have
(4.13) K%zl B2, 22p=CA+R)"~#"

as a special case of (4.12). Since L} and L%, are adjoint to each other,

and since K(§,§’) is real symmetric, the adjoint to Ky B(LZ,, L;)

is XK€ B(L}, L?) with equal norms. Hence (4.13) implies that

(4.19) 2K Bz 15—0 (R—00),

which, together with (4.12), shows, putting Kp= (I—xz) K(I—xz).
”K_KR”Bug,L;)—’O (R—00),
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Thus (ii) can be concluded if Kz C(L3, L}), [8. Theorem III.4.7]. Let
Kp e be the integral operator induced by the kernel ¥ (§—§") {1 —xz(§)}
XK(,8){1—xz(&)}. Then A Ky A"* is of Hilbert-Schmidt type, that
is KpeeC(L, LY. Evidently | Kr—Kgelpazn—0 (e—0), due to
(4.3), (4.5) and (4.6). This implies that KpeC(L}, L}). Finally

(iii) is obvious and this completes the proof of Lemma 4. 2.

Finally we should state some properties of the operator L of (3.3)
considered in the space L*=L*(R?). We note from (4.1) and (4.2)
that

(4.15) L=—A+K.
Then LeB(L? in virtue of Lemmas 4.1 (i) and 4.2 (i) (a).

Lemma 4.3. Let L be as above.

(i) L is nonnegative selfadjoint on L~

(ii)  0.(L) =0c(4) CT[—v,, 0], 04 (L) C (— o0, 0]\0. (L)
where v,=supVv(§).

(i) 0€0,(L) with multiplicity n+2 whose eigenspace 1is
spanned by the functions

(4.16) o (8) =g (&)"%, ¢;(8) =&,9(6) V2, 1<i<n,
a1 (§) =1€1%9 ()2

(iv) Denote by P the eigenprojection for 0€0,(L). Then
PeC(Li, LY for any B,7ER.

Proof. The selfadjointness of L and the assertion (ii) follow from
Lemmas 4.1 (ii) and 4.2 (iii), [7.Theorem IV.5.35]. The proof of
the nonnegativity and that of (iii) will be referred to [3], and (iv) is
obvious from the fact that ¢; of (4.16) are rapidly decreasing when

|§]— 0.

Let T€O(n) be a rotation in R} and define R by

(4.17) (Ru) (§) =u(rf).
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Lemma 4.4. 4, K and L commute with R.

This is a conscquence of the fact that ¢ in (1.2) is a function only
of |§—¢'] and 0. For the proof, see [3].

A formal calculation gives the

Lemma 4.5. Let « and v be in a suitable space such that I'[u,

viel.. Then PI'[u,v]=0, where P is as in Lemma 4.3 (iv).

§ 5. Operators A(k) and B, (k)

To derive decay estimate for ¢'®’, we shall appeal to thc Fourier
transformation. Recall that L acts only on &, Then (3.7) and (3.9)
yield
(5.1) (Bw)” (k, &) = — ik, >0 (b, &) + Lti (£, E).

The right side is a multiplication operator with respect to 4  Therefore,

regarding % as a parameter, we define
5.2) (Blh)w) (6) =— Kk, E>u(é) + Lu(é)

for each £ R". For our purpose this operator should be investigated
in L% for various values of S&R. We will do this by perturbation

technics, introducing auxiliary operators

(5.3) Ao (k) = —idk, €%,
(5. 4) AR = Ay (k) + 4
(5.5) By(k) =Ay (k) + L—P=A(k) +K—P=B(k) —P,

where A4, K and P are as in (4.1), (4.2) and Lemma 4.3 (iv) respec-
tively. They should also be studied in L} for all S R. This will be
done in this section, while B(k) will be discussed in the {ollowing two
sections.

Endowed with the domain
(5.6) D (A, (k) ={ucs L}; <k &>u(é) € Ly},

Ay (k) is anti-selfadjoint in the Hilbert space L% for any S R. Hence

it generates a unitary group e'*® for each % Further, if k50,
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5.7 0 (A (k) =0.(As (k) =iR, 0,(A(k)) =0,

where iR={1€C; Re1=0}. Note that A,(0) =0. Define

(5.8) D(A(k) =D (B,(k)) =D (A, (k).

Since A4, L, P B(L%) by Lemmas 4.1 (i), 4.2 (i) and 4.3 (iv), this

choice of domains are maximal in L}, and moreover since A,(k) is a
generator, A (k) and B,(k) are also generators [7. Theorem IX.2.1].
Note also that

(5.9 Aky*=A(—k), Bi(k)*=DB,(—k).

tA(K)

The semigroup e is a contraction semigroup given as

(5 10) etA(lc) — e—t(i(k,é>)+u(£)) X

and the resolvent is

(6.11) A—ARE) "= A+v(&) +ilk &) ' X.
Since v (£) >0,V (§) »>0(|§|>00) by (4.4), we see easily

(5.12) IRCO(AR) =0,(Ak)) ={iKk Ex+Vv(E);EcR}CC_,
0(A(R)DC.,

where C.={1€C; Re =0} (same sign). In particular {R is a part of

the boundary of 0 (A(k)), if k0.

The resolvent (5.11) is in B(L}) for A€p(A (%)) by definition and
hence in particular for A€ C. by (5.12). Now we note that (5.11)
can be considered also as an operator in B(L., L}) as far as a=>@. This
point of view is advantageous since even A€iR is then acceptable in

(5.11), which is of course impossible as an operator of B(L}) by (5.12).

More precisely, we now prove the

Lemma 5.1. Pu:
(5.13) I=J4p=C.XR"
and write R(A, k) =(A—A(k))™. Let 0 be as in [Q] (ii).
(i) R@X{EeL™(Z; B(L, Ly)) if a=B+0.
(i) RALBHeB(T; B(L,, Ly)) if a>B+0.
(iii) For each fixed r>>0 and uc L},
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sup R, B)ul3—0 (a—00).

10, 12| =0, k<

(iv) Write A=7+ic with 1,€R, and let u€ Ly,s, Then

sup f IR(r +it, By ul|pzdr=Clu|i,,, ,

=0, kER™

with some constant C>0 not depending on u.

Proof. (i) If we define
S k€)= A+ [ED) P (A+v(§) +i<k )7
then we see, on one hand
(5.14) IR, &) I Baz iy =sup 1+ €D F (4, £, 6) |
by (5.11), and on the other hand
(5.15) If1<v-w(§)/ (Re dA+v(§)) <v.,

for all (A, k) &3 and £ R" by (4.3), proving (i).
(i) Let %w=xn(€) be the same as in (2.11). By (5.14) and
(5.15), we see that

(6.16)  |R@Q, k) tmllpz 1p=y_1(1+m)#**"“->0 (m—o00)
uniformly in (1, k) €3 if @>8+0. On the other hand
IS (A by &) —f(X, R, E)IKIFA R E I, F,E)]
X (1+ D2 (A=A + €] (B—F'))

which, together with (5.14) and (5.15) again, shows that R(4, &) (I—xn)
e B°(T; B(LY)) for each fixed m. Now (ii) is evident from this and
(5.16).

(iii) Let |£|<<7, |6]<<m and |ImA|>rm. Then |ImA--<{%, &>|>|Im4|
—7rm, and thereby we find that
Sup IR@Q, %) (I—%m) |Bap=C Re &+ |Im 4| —7m) -0
<r
(1] >0, 2€C,)

for each m>0. Also, by (i), |R(4, k)x,,,u||L§gv_1meul|L2 —0 (m—>o00)

846
uniformly in (4, ) €3 for each ucL}.;. Combining these results, we
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have (iii).

(iv) is a simple consequence of
[Ciravinporas=a+ien= [T {a+v@)+e-ae

=L+ [€)H7+v O | Smy (L +ED

Remark 5.1. Since L) is dense in L} if a>>p, it follows from
Lemmas 5.1 (i) and (ii) that R(A, kA)uc B°(X; L%) whenever u< L} ;.

Now we study B, (4).
Lemma 5.2. B,(k) is dissipative in L*=L;.

Proof. In virtue of Lemma 4.3, L— P is bounded, selfadjoint and
negative on L?. This and the anti-selfadjointness of A,(%) implies that
for any u D(B,(k)) =D (A,(k)), u+0,

5.17) Re (B, (B) u, &) .= ((L— P)u, ) <0,

which proves the lemma.

We noted already that B, (%) is a generator. This lemma, therefore,
shows that B,(%k) is maximal dissipative in L% or equivalently, e®%* is
a contraction semigroup on L% By(k) is not dissipative in L} if £5=0,
but e®* can be shown to be a bounded semigroup. This fact, however,
is not used in the sequel, and so the proof will not be given. Instead,

we need some properties of 0 (B,(k)) in L% for arbitrary (3, namely,

Proposition 5.1. (i) 0(B,(k))CC_, 0(B,(£) DC.. (i) 0.(By(k))
=0,(Ak). (i) 0,(B(k))CC..

Proof. If we put Ky=K— P, then
(5.18) B, (k) =A(k) + K,

by (5.5), while by Lemmas 4.2 (i) (a), (ii) and 4.3 (iv), we see for
any €>0,
(5.19) KoeB (L, L) NC(LE, Lpyie) CC(LY).
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Therefore (ii) is a simple application of [7. Theorem IV.5.35]. More-
over (5.19) implies 0(B,(k)) No(A(R)) C0,(By(k)). Consequently (i)
follows from (iii) in virtue of (5.12) and (ii). To prove (iii), let 4
€0,(By(k)). Then lu= B, (k) « with some v D (B, (%)), u~0. If >0,
then v L’=1L;, and (5.17) can be applied to conclude ReA1<{0. Let
B<<0 and suppose Re :>>0. Then K<L}, by (5.19), so that w= (2
—A(R) 'Kwus L}, in view of Lemma 5.1 (i). Since 6<C1, this argu-
ment can be repeated to verify z& DL}. This shows that we D(B,(k))

in L’. Hence Re <0 as proved earlier. This completes the proof of
the proposition.

Let A& C,. Then A€p(By(k)) No(A (%)) by (5.12) and Proposition
5.1 (i), and we can easily obtain from (5.18)

(5. 20) A=By(B) '=(I— A—A(k))TK) T(A—A(k)) "
Write

(5.21) F k) =0Q—AR)K,.

Lemma 5.3. Let Y=C.XR", and BER".
(i) FA,kAeB'Q,CULY).

(ii) sup 17, & ”B(LE)_')O (b—0)

AT, 1212, |k i<r

Sor each r>0.

(i) ~sup [|F (4, k) |pap—0 (r—o0).

1eCy, |k|=r

Proof. Recall 0<{1. Then (i) follows from Lemma 5.1 (ii),
(5.19) and [7. Theorem III. 4, 8], while (ii) {rom Lemma 5.1 (iii), (5.19)
and [7.Lemma III.3.7]. To prove (iii), let X, =%, () be as in (2.11).
In view of (5.16) and (5.19), we have

IA=A®E) "tnKolpapy=CA+m) ",

the right side of which tend to zero as m—>co uniformly in (4, k) 3.
Hence if we put I, (4, %) = (A— A (k) '(I—X,), then it suffices to prove
that || L, (4, l’)Ko[[B(Lg,—AO([/e|-—>OO) uniformly in ieC, for each m>0,
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and this follows, owing to Lemma 5.1 (i) and (5.19), if

(5.22) sup |[In (A, B ul| ;30 (r—>00)

AT, 1k|>r
for each w= L%,; and m>0, [7. Lemma III.3.7]. To prove this, put
S'={eR"; [§1<m, |Im2—<&, E)<Ik|/VT},
S’={E€ R"; [§|<m\S!
for each (4, k) €23 and r, m>0. It is not difficult to see that mes.S’
<Cm"'/{Jr so that
(5.23) mes S'—>0 (r—o0)

uniformly in (4, #) €3 for each fixed m>>0. Moreover if f is the same
as in the proof of Lemma 5.1, then |f{<<v.,in S'and |f|<<1/(|%|/VT)
<1/47r in S* if lk|>r. Hence

1@ uty=[ [+ [ ]ira ko ra+ienenise rae
vl + [l z,,
r

for 2eC, and 'k|>r. Now (5.22) follows from this and (5.23).

Lemma 5.4. (i) leo(F@A k) for all (AL kX () I-—
F2,k)'€eB°(3; B(Ly).

Proof, (i) Suppose 1€06(F(A, k) for some (4, k) &3, Then
l€0,(F(4, k) by Lemma 5.3 (i). So u#=F (4, k)u with some uc L},
u#0. Then uc L}, ; and therefore z= (N L% and A€ 06,(B,(k)) as shown
in the proof of Proposition 5.1, a contragiction to Proposition 5.1 (iii),
proving (i).

(i) (i) and Lemma 5.3 (i) imply (I—F (4, 4))'eC*T; B(LY)).
so that it suffices to show that (I—F(, k) 'eL>(Z,; B(L})) for some

>0 where we have put
(5. 25) 2.={Ael; |2+ |k=>r).

And this follows from L.emma 5.3 (ii) and (iii). In fact there is an
r>0 such that |F(4,&)|pus<<1/2 for all (4, %4) &2,. Hence ||(I—
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F(4, %) | pup<<2 by Neuman series.
Applying Lemmas 5.1 and 5.4 to (5.20), we readily have

Lemma 5.5. Lemma 5.1 is valid with B,(k) in place of A (k).
The assertions (i), -+, (iv) of Lemma 5.1 for R(A, k) =(A— B,(k))™*

will be referred to as Lemma 5.5 (i), ---, (iv) respectively.

§ 6. Estimates of e® for |k| Bounded Away from Zero

Choose D(A(k)) of (5.8) as the domain D(B(k)) and write
(6.1) B(k) =B,(k) + P=A,(k) + L.

Since B,(k) is a semigroup generator, so is B(%k) in L% by Lemma 4.3
(iv). Moreover we have the

Lemma 6.1. 2% is a contraction semigroup on L*=1L2% for each
kERﬂ; ||€tB(k)”B(L2)_<__1.

Proof. Instead of (5.17) we have by Lemma 4.3 (i),
(6.2) Re(B(k) u, ) .= (Lu, 1) . <0, v D(B(k)),

showing that B(k) is dossipative in L?, whence the lemma follows accord-

ing to the remark given below Lemma 5. 2.

The following proposition, corresponding to Proposition 5.1, holds
in L} for all € R.

Proposition 6.1. (i) d(B(k))CC_, o(B(k))DC,. (i) c(Bk))
=0 (B, (k). (i) 6,(Bk))CC- for k0.

Proof. The only difference from Proposition 5.1 is the restriction
k0 in (iii)). Indeed 0=0,(B(0)) =0,(L) by Lemma 4.3 (iii). Let
k=0, and 1€0,(B(k)). Then lu= B(k)u with some uc D(B(k)), u=+0.
Consequently Re 2<C0 by (6.2). If ReA=0, then by (6.2) again and
by Lemma 4.3 (i), Lu=0, and so Au=A,(k)wu, that is, 21€06,(A,(k)),
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a contradiction to (5.7). Taking account of this fact, we can repeat

the proof of Proposition 5.1 to conclude the proposition.

Let 2C.. Then A€0(B#)) N0 (B, (k) and by (6.1)
(6.3) (A—=B(k))"'=I—A—B,(k)) 'P) " (A— B, (k) .
Put
(6.4) GhE)=QA—=By(k) 'P={U—-FA, k) T(A-A(k)'P.

In view of Lemma 4.3 (iv), Lemma 5.3 applies also to (A—A(k)) 'P.
Hence by Lemma 5,4 and (6.4), this is the case also for G(4, &).

Lemma 6.2, Lemma 5.3 is wvalid if F(A, k) is replaced by
G, k).

Now the following two lemmas follow from Proposition 6.1 and
Lemmas 5.5 and 6.2 applied to (6.3), just in the same way as Lemmas
5.4 and 5.5 followed from Proposition 5.1 and Lemmas 5.1 and 5.3
applied to (5.20).

Lemma 6.3. For any r>0, (i) 1€0(G@, k) forall (A, k) e,
and () A—G@ k)€ B (T.; B(LY)), where X, was defined by
(5.25).

Lemma 6.4. Put R, k) =A—B(k)) ™, and let r>0. Then
Lemma 5.1 is valid if 2 is replaced by 2. in (i) and (i), and if
the supremum in (iv) is taken for v=0 and |k|>r. The constant C

in (iv) depends, of course, on .

The assertions (i) to (iv) of Lemma 5.1 for R(4, k) = (A—B(k)) ™
will be referred to as Lemma 6.4 (i) to (iv) respectively. In the above,
7=0 is not possible because of the restriction %40 in Proposition 6.1
(iii) .

Now Lemma 6.4 enable us to evaluate e*® for A=%0.

Theorem 6.1. Let >0 and r>0. There exists a constant
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C>0 such that for any (>0 and k€ R", |k|>7,
"ezzsm "B(LE’ Lg)_<_C A+ -4

where 0>0 is as in [Q] (i), and L*=:L3

Proof. 1If f=0, this is nothing but I.emma 6.1. For >0, it is
sufficient to deal only with the case §=1[0, /& N. For, the theorem for
general S>>0 then follows from an interpolation theorem.

For simplification of notations we write R(4) = (A—B(%)) ™ and de-
note the inner product and the norm of L} as (-, -)s and |-z respec-
tively.

1B&)

To prove the theorem, we use the fact that ¢ is given as the

inverse Laplace transformation of the resolvent R(1) = (1—B(k));

(6.5) eP®My =5 —lim i "R (D udl .

aso 277 Jr—ia

Here e D(B(k)) and (>0, and 7>>0 can be chosen arbitrarily. We
first show that we can put y=0.
Let #~0 and /€N, and let v L%.;;. By an argument similar to

that given in Remark 5.1, we see from Lemma 6.4 (i) (ii) (iii) that for
any >0

(6.6) RWM)'ue B°(2,; Ly),
and that for any k& R, including £#=0,

6.7 sup |R(A)'u|lg—0 (b—>o0).

1T, [4]=D
Since R(2) is a resolvent, R(X)# is analytic in 2 in o(B(%k)) and
hence in particular in C, by Proposition 6.1 (i). Thus Cauchy’s theorem
on the integrals of holomorphic functions can be applied to the right
side of (6.5) to shift the path of integration to the imaginary axis by
the aid of (6.6) and (6.7) with /=1. Thus =0 is possible in (6. 5)
if ue Ly .,.

Therefore, defining
b
(6.8) LG, a, b):jeﬁtR(ir)'Hdr, leN,

we have
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(6.9) €3y =2ls —lim L,(¢, —a, a)u
T a—»c

for £>0 and uc L) ;N D(Bk)).
It is well-known that &'R(X)/di= (=1 RN for Acp(B(k)),
le N, and so we have, putting d=7+,

(6. 10) il_R(')"—l—i‘c')u:i iR(T+ir)u= (”‘1)ll!R(T+if)Hlu.
ar' it dtt

This holds for u L% and 7+ir€p(B(k)) DC,, but if uc L}, s this
is valid even for y=0 in virtue of (6.6). Therefore we can integrate

I,(¢,a, b) by parts to obtain

1-1

it t=b
6.1 LG, a b)u= [k};‘l%k!R(ir) ’““u] ] +i_f.rl ¢, a,b)u

where £>0 and #& L}, 415 The first term of the right side tends to

zero as a— — oo, b—>oo by (6.7). Consequently (6.9) reduces to
!
(6.12) Py = o m I, —a, a)u
27[tl a—>o

if t>0 and uEL?g+(1+1)3ﬂ D(B(k)).

To evaluate the last limit, observe that
(6.13) [(RQ) ", v) gl =1 (R (A) 'u, R(A) *v) 4
IR "u]aso| R(A) *vlg-0re
<C|RD u|s+a-12s| R(A) *V| =012
holds for />1 and (4, k) €2, where

_ -1
C=(x.slc1)1£27"R(l) "B(Lgﬁt—z/s)m L0 << T 0

by Lemma 6.4 (i). Since R(A)*= (A—B(—%k)) ' in view of (5.9), it
follows from Lemma 6.4 (iv) and (6.13) that

6.10) |T¢ a0, 0),l< [[IRGD) ', 0) lde

’ ; 2 12/ (0 ] . 12
SC( j; “R(Z‘E) u ”ﬁ+(l—1/2)3d'€> < j; IR (@) *v| p_s/zd’t'>

=Cil«lssulvle,
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for all £>0 and |k|>7. Note that if |k|/>r, then (4, k) &2, for all
2eC,. In (6.14), the constant C, depends only on . Now (6.14)
implies not only that I,(¢, a,b) converges as a— —oo, b—co absolutely
in the weak topology of B(L%.15, L%) to some IV (§) € B(L}.u, L) for
all £=0, but also the limit I’ (#) is uniformly bounded there in #>>0
and |k|>7r. Noting that L}..ns is dense in L}, we therefore obtain
by (6.12),

(6.15) sup le*® @ pezg,,, 2p=C2" .

Put #=0 here and use Lemma 6.1 to complete the proof of the theorem.

Remark 6.1. In Lj, (=0, ¢'®* is not a contraction semigroup but it
can be shown to be bounded in B(L%) uniformly in >0 and k< R™
Hence Theorem 6.1 is valid even with B(L%, L*) replaced by B(L}.q,

2.

Remark 6.2. The proof of Theorem 6.1 is based only on Lemma
6.4. Thus L.emma 5.1 and Lemma 5. 5 can be used to conclude Theorem
7.1 for e*® and e®»*, Moreover the estimates are uniform with respect
to ke R™ TFor “*® however, there is a very simple proof, which will

be presented in Lemma 8.1.

§ 7. FEstimates of e®*® near k=0

The constant C in Theorem 6.1 can be [ound to tend to infinity

as r—>0. To see this more precisely, let a>7>0 and write (6.8) as
(7' 1) Il(ta —a, LZ) =Il(t’ —a, —‘7') +Il(f’ -7, T') +Il(t: 7, a)'

If 23, |A|l>r, then (4, k) &2, for all R€R". Therefore (6.13),
(6.14) and the argument following to (6.14) apply to the first and the
last term in the right side of (7.1). Thus we have the

Lemma 7.1. For each fixed v>>0, the limits of I,(¢t, —a, —7)
and I, (1,7, a) exist as a—oo in the weak topology of B(L:.ws, LY),
and are bounded in B(L},;s, L) uniformly in t>0 and ks R™
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Consequently it is the middle term of the right side of (7.1) from
which the singularity arises when %2—0. To derive its asymptotic be-
haviors, we are forced to use a C”-extension of G(4, £) for Re 1<<0.

For simplifications of notations we write
(7.2) R, k)=A—B(k)™, R4 k) =@@—B,(k)7,

GLE) =R (A kP, G4k =PR(@F
H(@, k) =PR,(L,F)P=PGA k) =G, (4, k) P,
where G(4, k) is the same with (6.4).

We use the second resolvent equation in the form

(7.3) R B =R (A4 A+GA K (I-H@ k)G (4 k),

which follows from (6.1) and the fact that P is a projection, P’=P.
Since Ry, G and G, are bounded in X, the singularity arises from (I—
H(, k). To study this, we need

Ry(A,B)=@Q—L+P) "+ R (A k) Ay (k) A—L+P) 7,

which is a second resolvent equation for the first equality of (5.5).
This is a formal equation since D(A,(%)) L% but if both sides are
multiplied by P from the left or from the right, then the equality be-
comes exact, owing to nice properties of P given in Lemma 4.3 (iv),

and if we put
(7~ 4) D(lv /e: k/) = PRO (Z’ k) AO (k,) p ’

then we get

1
7.5 HA, k) =——{P+D(@,kE
(7.5) (’)/1+1{ A& B},

since PL=LP=0 by Lemma 4.3 (iii).

Lemma 7.2. Put A=7+ir and identify X=C, X R* with R, X R
X R*. Considered as functions of 7,v and k, the operators G(A, k),
Gi(A, k) and H(A k) are in B=(3; C(LY). Also DQ, kF)c B (R.
XRXR"XR"; C(L%)).

Proof. This also is due to nice properties of P mentioned above.
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In fact it {ollows from Lemmas 4.3 (iv) and 5.5 (ii) applied to (6. 10)
that 0'G/0r', 0'G/or'c B°(Z; C(L%)) for all [EN, as a product of P
eC(L;, L) and RV''e B°(3; B(L3, Ly)) with />B+ ({+1)0. Simi-
larly

D6, B =R, BHIBBR G HPec BT @)
oF, ok,

since 0B, (k) /0k;= —1i§;Xx € B(L}.+,, L) for each B R. The proof for
other derivatives of G(4, k), and also the proofs for G, (4, &), H (4, k) and

D(2,k, k) can be carried out exactly in the same manner.

This lemma assures that the functious G, G;, H and D possess C°-
extensions for y=Re2<0, [10]. Denote such extensions as Ga,z, k)
etc. with symbol ~. The extension is not unique, but any extension suffices
for our purpose except for H which should be specified as that induced
from D by (7.5);

~ 1 ~
7.6 H@G,c,k)=—A{P+D(y,5,k E)}.
(7.6) (1,7, k) /1+1{ (r ) }

It is evident that D and H commute with P and have ranges in
the space PL} of dimension 72+2, so that they can be studied through
their matrix representations for PL} with a particular choice of 5. We
take #=0 and choose as a basis of PL? the orthonormal set {¥;}}-_,

given as
W——lzcl%’l'czﬁﬁnﬂ, w‘j=¢j/“¢f“L2’ O.<__j£’la

where ¢;=¢;(§), 0<j<<n+1, are those given by (4.16) and ¢y, ¢, are
so chosen that |¥ =1 and (¥.,.¥.).=0. With this basis D has

a matrix vepresentation

(7' 7) ‘l(Ty Ty k7 /6’) = (d]l (Ta 7, /C, k,) )a

dil (T, T, k; k’) = (E (T’ T, ka kI) qu’ Wl) Ly - ISJ, lg”-
It is clear from Lemma 7.2 that

(7.8) dy(r, T, B E)eC(RXRXR"XR").
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To investigate this matrix, we follow the argument of [4].

Lemma 7.3. Let e;=(1,0, ---,0) €S™, and for k= R", set k=kw,
k=|k|,0o=Fk/k= (0, 0y, -+, w,) ES™'. Then

dn (1,7, by B) =Kdp (1,7, Key, @), Jj,1=—1,0,
=kw;dy (1,7, key, e), 1<j<n, [=-—1,0,
=Ko dy (7,7, ke, ¢;), i=-—1,0,1<I<n,
=kw;wdy (7,7, ke, €,)
+ £ On—ww) do (T, T, kery €), 1<j, [<n,

where 0; is Kronecker’s 0.

Proof. Since A, (k) =kA,(0), we see du(T,7, k, k) =rdu(7, T, ko, »).
Let 7= (r3) €0(n) with R as in (4.17), and note RA, (k) R*=A,('rk),
where ' is the transpose of 7. Then D (7,7, k, k') =R*D (1,7, 'rk, ‘7¥') R
by Lemma 4.4. This can be shown first for Y>>0 and then for 7v<C0.
Thus

(7- 9) dﬂ (T7 7, k~ k,) = (ﬁ (T: 7, zrks trk,) ij, Rwl) .
On the other hand we have
(7- 10) RW}=?FJ’ j=—1,0,
RU,= N, 1<j<n.
m=1
Now choose 7& O (n) such that 7e;=w and let j, [=—1,0. Then ro=e¢
and we have by (7.9) and (7.10),
djl (Ts T, k: Cl)) = (E (T’ T’ lcel, el) -{D‘j; Wl) = djl (T’ f, lcel, el) ’

proving the first line of the lemma. The rest of the lemma can be
proved similarly by choosing suitable »&O(#), and the details will be

omitted.

Define a 3 X3 matrix

(7- 11) dO (T: T’ ’C) = (djl (T, T’ ,Celr el) ) H j, Z= _15 Oy 11
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and a 3X (n+2) matrix
1 00
2,={0 o 0
0 0 1

for o= (wy, -+, w,) €S®'. Then Lemma 7.3 asserts that the (n+2)
X (n+2) matrix (7.5) with 2=k =kw can be written

(7- 12) d(T’ T; ky k) =/Ctgmd0 (T: f, IC) ‘Qa)
+ K (In+2_ t!gwga)) dzz (Ta T, /561, el) 1)

where I,., is a unit matrix of order #+2. It is easy to see that 2,2,
= I, for each w=S5™"'. Therefore the decomposition (7.12) is orthogonal,

from which follows

(7- 13) 0-13 (d(T’ f, k, k)) =0-11 (Kdo (Ty T’ /C)) U {EdZZ (T, 'L—, Icel, el) } .

Lemma 7.4. There erxist a positive number r, and functions
v;=y;(1,7, k), 7=1,2,3, defined on Zi={(r,v,k) €R’; |v|+|v|<m, K]
<n}, such that

(1) 0, (1,7, 8)) = ;(7, 7, K) } =0 Sor all (7,7,K) €15,

(i) v,eC”(3Y,j=1,2,3,

(i) v, 0, ) Fn(, T, 6, jFL (1,7,£)%(0,0,0),
and

(iv) if we denote by Q;(r,7, k) the eigen projection for v;(1,T, k)
€0, (1,7,K)), then Q;&C™(2}).

Proof. We see easily that

0 0
d0(0,0,0) = ((Ae(eD ¥, 7)) ={ 0 0 a,
a; a; 0

where a,= (A, (e)) ¥ 1, ¥y and @, =(A(e)¥o, ¥1).: are nonzero and pure
imaginary. Consequently the 3X 3 matrix d,(0,0,0) has three distinct
real eigenvalues y=0 and v=-++v — (a? + aZ) 0. This and (7.7) prove
the lemma since a simple zero of a polynomial is a holomorphic function

of coefficients in a small neighborhood.
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Let us turn to H of (7.5). Let v;, Q; be as above and put

1 .
7.14 Uy (r, T, 8) =———— (L+kv;(v,7,6)), 7=1,2,3
(7.14) 1y (r, T, k) r+ir+1( i1, T, E), g )
1
T,K) = — (A +kd T, ke, e
ﬂA(T, , k) T+if+1( +kdyn (7,7, ke, e1))

(7.15) P,(y, 7, k0) =200, 7,0)2,, =123,
P.(r,t,k0) =1,.:—"2,8, .

We identify the matrices P; with the corresponding operators in Lj.
Combining (7.7) and (7.12) with (7.6), and using Lemma 7.4, we

readily prove the
Proposition 7.1. Let >0 be as in Lemma 7.4 and put X'
={@,t, ) ERXRXR"; |r|+ v|<n, |k|<my}. Then
@) @ 6HE, o)) =G, (k)} i 0,7,k €3
(b) #@el~ (@), 1<j<4.
© #00,0,00=1, 1<j<4.

@ 910,0,00=L2%100,0)=—1, 1<j<4.
or i 0t

@ @ P;Q,r,keC~2hCWLY), 1<j<4.

(b) 31P(0,0,0=P.

Using this spectral decomposition of H, we can write
U= (1,7, )"P= 3 A=y, 7, D) P, 1, 7, B).
Substitution of this into (7.3) then gives
@.16)  RUD =Rl B + 2 A=21,0, 7, 6D U, 1, 7, &)

where A=7+ireC., and we have put
Uy, 7, &) =G 0,7, &) Py (1,7, D G, (7, 7, 4)

G and G, being C=-extensions of G and G, of (7. 2) respectively. Differ-
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entiate (7.16) with respect to 7. By (6.10) and Leibniz’ rule, we have
for [EN,

(7.17)  RQ, KM =Ry, k)"

34 1
+ 2 2 A=, [RD) UM, 7, ).

=1 m=

.
E)

Here U{, are given as linear combinations of products of ;, U; and
their derivatives, and in particular UP,=i7'(0y,;/0t)'U;. We see easily
from Proposition 7.1 (i) (d) that

(7.18) U (0,0, 0) = P;(0,0,0)

and from Propositions 7.1 (i) (b) and (ii) (a) that

(7.19) UPn(r,c, k) eC 3 C(LY)).

Now (7.17) shows that the singularity of R (4, £)*** arises from the

factors (1—u; (7,7, 1k])) ™" To study this in details, consider the maps
defined as

= (Re s, Im /,l_,) N Z‘é“*RZ . 1£J£4

Then Proposition 7.1 (i) (b) (c) (d) ensures all the conditions under
which the classical implicit function theorem can be applied. Thus we

have the

Proposition 7.2. There exist a positive number r,(<rm) and
real valued functions v;(K) and v;(k), 1<j<4, defined on the interval
L= (—7ry, ry) such that for all j,

O r1neC@),

@) riw, k), 0)ed, kel, and

W) k) .ok, k) =1, el

As for asymptotic behaviors of 7;(k) and 7;(k), we should mention
the

Proposition 7.3. There exist constants Y®>0 and PR such

that when k-0,

7i(60) = =1V +0 (6%, ;) =cPr+0(£]%).
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The proof can be carried out along the line given in [4], and there-

fore will be omitted.

We are now ready to prove the main result of this section:

Theorem 7.1. Let 5>0. There exist a positive number r, and
a constant C=>0 such that for all t=0, |k <r,

e ul s SCLQ+0 ™ (el g, + Ovaa (1D ] 2
e | Pu) ),

where ps(k) =1 for <1, =log 2+ |k|) for B=1, and =|k|**" for
B>1.

Proof. We recall (6.9) and Lemma 7.1. Thus we have only to
evaluate I, (¢, —7,7) of (7.1) for some sufficiently small 7>>0. Choose

7, of Proposition 7.1 as 7, and use (7.17) to write

(7. 20) LG, —r,m) =IN2) + g D@,
where

(7.21) L@ = j_ ¢t R, (i7) *idr |

and

(@.22) Lym(® = [ e A= 1,0,5, ) U0, 5, Bydr

Since (6.13) and (6.14) hold with Ry(4) in place of R(), we see

(7.23) 122 (2) | Beag, 2 <<+ o0

sup
1=>0,kER™
To evaluate (7.22), we first note from Propositions 7.1 (i) (b)
(d), 7.2 (iii) and 7.3 that Taylor expansion gives
(7.24) A—u(r, 0, 8) ™ = (050, 75 (6) , K) — (7, T, £)) ™
=A—24&) {1+ Okl +[A=2®) D},
when [4], |]|—0 where A=7+ir and we defined

Ay (&) =7;(K) +iv;(k), 1<j<4.



BOLTZMANN EQUATION WITH A SOFT POTENTIAL 91

Also by Proposition 7.3, there exist positive constants 7 (<{r,) and
7, such that for 1<j<<4 and for all |k]<r,

(7. 25) 7;(6) =Re 4, (k) < —7ok™

Then we get, with pgz(k) stated in the theorem,

i drt
7.26 j = <C K),
( ) it — 2,0 | 05 (&)

for 1<j<<4 and |k|<r,. This, together with (7.19) and (7.25), gives
(7.27) Lup 120, 5,m @) 32y =C{A+ |£]) Onss () + 0 ()}

:.‘}:C‘ Dm+1 (I‘:) >
with some constant C>0 depending only on /& N.

For the case m=I[, however, this estimate is yet unsatisfactory.

An improvement is possible if we note {rom (7.18), (7.19) and Proposi-
tion 7.3 that

(7.28) UG, 7, k) —P;(0,0,0) | gy =0k +14—2;(k) )
when |4], |£]—0. Put
(7. 29) I,.,= j ¢t (it — 2, (k) ~—'dr P, (0,0, 0) .

Then we gct by (7.26) and (7.28)
(7.30) 144,5,.@) — I, ;| 32 =C (|£| 0141 (£) + 0. (£)) =Cp1112 (k).

It still remains to calculate the integral in (7.29). Define I';={A
eiR; [ ImA|<n}, I'y={AeC_; {A|=nr} and put I';=1",1J,. Put

Jy}m:j M A—2,(8)) AR, LeN, 1<<4, 1<m=<3,
Im

Since I’ is a simple closed curve and since 4;(k#) are inside of 7'y for

k| <7y, a residue calculus yields, if a positive direction is taken for [,
(7. 31) JO, =2 grghin
A

On the other hand, |A—2;(k)| is strictly bounded away from zero for all
Aely and |k|<<r,. Thus we find easily

(7.32) [JPI<CA+1)



92 SEIJ1 UKAI AND KIYOSHI ASANO

where C>0 does not depend on 7>>0 and [k|<{7,. Clearly the integral
in (7.29) is equal to iJH=i(JH—JH), and so, substituting (7.31) and
(7.32) into (7.29), and then combining this with (7.30), we get

12
(7.33) 12,11 (8) =57 €4 P, (0,0, 0) [ sy

SC{A+6) 7 4014128}

Substitute (7.23), (7.27) and (7.33) into (7.20), and use Proposition
7.1 (ii) (b) and (7.25) to get

11:(2, — 71, m)ul n=C{llu|z,,+ t'e | Pu| 1
+ (A+) 7+ 0012 (B)) || 2] 22} -

This and Lemma 7.1 with =7y, substituted into (7.1) and then into
(6.9), prove the theorem for the case S N. For general >0, it suffices

to use an interpolation.

§ 8. Decay Estimates of e'®

The estimates given in Theorems 6.1 and 7.1 enable us to derive
decay estimates of ¢‘® in the space H,. of (2.6). The estimates in the
space H;,g which are necessary in the following section can then be
obtained by the aid of nice regularity properties of K stated in Lemma 4. 2.

To accomplish this, we first consider B of (3.7) in H,4, with
domain (3.8) with Hl.g replaced by H,;g,. Then B is a generator for
any [ER, >0 and 1<p< oo, which can be shown just in the same
way as Theorem 3.1. Moreover, using arguments for Lemma 6.1, we
can prove that ¢'® is a contraction semigroup in H,,, since L is nonpositive
there by Lemma 4.3 (i).

We now state decay estimates of e'® in H,,,.

Theorem 8.1. Let leN and pe[l,2]. For ﬁe[o,%%—_;_)
-I——;—), there exists a constant C=>0 such that

le*al0,e=<C{(A+2) *([%]ls, a2+ | 2] z2:3)

+ (1 +£) ~AW2=172 | Py || 1,5}
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holds for all £=0 and ue H, 4, L™?, where 0>>0 is that of [Q] (ii)
and L** was defined in (2.13).

Proof. B is related to B(k) through (5.1) and (5.2). Then
e ulias= [ L+ 1RD @0k, -) lisnpdk

by the definition (2.7). Let 7,>0 be as in Theorem 7.1 and divide
the region of integration in the above into two regions |k|>r, and | k| <7,
Denote the respective integrals as I, and I, If we take r=r,, then

Theorem 6.1 gives
L<CQ+2)*|uli g,

for any >0, while by Theorem 7.1 and Hélder

s AV
L=C| oy {lultmet ([ oen(rDar)" a1t}

107
+ (f e~2q’no|’~‘l”dk> o ”Pﬁ"f’q:"
{k1<ro

where Y,=L*(R%; L*(Rf)) and 1/¢-+1/q"=1,¢>1. Put p=2q/(29—1)
=2¢’/(2q’+1). Then 1<p<<2, and

J Opr12(| RV dR< + 00
[k [<ro

i 7 +l=£<l_i>+i, hil
< T35 5 g) Ty while

4q
< ( e—”’““‘l"dk)l/q’SC(l +8)7CrO =C (1 42) 2
ki<ry /
and
27, <Clul sm.
Now the theorem follows immediately from these.

In the space H;,g defined by (2.8), % has decay estimates slightly

weaker than those in the above.

Theorem 8.2. Let 60[0,1) be as in [Q] (i), and pE][],2].
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For any a>0 such that ag%(-;——l—), cx<%, and for all le R and

2
B>n/2, there exists a constant C=>0 such that

8.1) lePule<<CQ+2) " (]1,4a0+ ll2¢]| 2.2)
for any uEH,,“M-ﬂ L??,  Moreover if u is such that Pu=0, then we
can take ac[omin(2(1-1) 11, 1))
2\p 2 20
To prove this theorem, we first recall A, of (3.9) and 4 of (4.1),
and define
A=A,+4, D(A)=D(A4,).

It is easily found that the proof of Theorem 3.1 applies also to A to
conclude that A with a maximal domain D(A) =D(B) is a semigroup
generator in Hy s, as well as in Hy, ¢ has estimates similar to those
in Theorem 6.1 (cf. Remark 6.2), namely,

Lemma 8.1. Let [eR a>0, >0 and p=|[1,00). Then
e g n<<CA+12)"% =0,

Sfor either pair (X,Y) of (Hygeas, Hig) and (Higias,p Higp)-

Proof. Using (3.11), we see (eu)" (k&) =e ‘EEOTO gk &),

Since sup x%e “*<ct™® for t, >0, the lemma follows from (4. 3).
>0

Proof of Theorem 8.2. First note that if Y>>0, and f=
min (&, 7+ a®—1), then
1 10g (2+t)’ T=ls
(8.2) f (147 —9)~"(1+5)ds< C(L+1)~* X
’ 1, r#1,

holds for all £>0.
Further, for v=v(¢) €C°([0, o0); X) with a Banach space X, and
for y= R, we define

(8.3) llle.n=sup A+ 2) "o () |-

We have already noted that B is a generator in both H,,, and



BOLTZMANN EQUATION WITH A SOFT POTENTIAL 95

H,, Write v(t) =¢®x,. Since B=A+K with D(B) =D(A) where
K is defined in (4.2) or (4.11), then v(#) satisfies

(8. 4) v (£) = etuy + f’e“—wm (s)ds,
0

for all #£=0.
Let r,€ (1,1/0) and a=[0,7,]. Since 7,>>1, min(c, 7.+ a—1) =a.
Then, applying Lemma 8.1 and (8.2) to (8.4), we get

®.5) 0O 1=C Q) “nlysr

12
b [ t=9 < UK ) L srads)

SC (1 + t) —a(” uﬂ” L, 8+ad =+ |||K'U“[ifl,,s+nsya) .

But [[Kv(s) |1,8+r<C|lv(s) lls,g+r5-1 In view of Lemma 4.2 (i) (c), so
that (8.5) indicates that
(8.6) ol x,« <C ([[ao]l¥ + [ 7]l 2. )

holds for
X=Hz,ﬁ, Y=H1,ﬁ+aa, Z=Hl.ﬁ+roﬁ—1'

Since 7,0 —1<<0 by our choice of 7,, we can iterate (8.5) to verify that
(8.6) is true eventually for

(8. 7) 4Y=Hl.ﬁ, Y=H1,g+ag, Z=le0

where use was made of (2.12).

Choose a p,>2 such that max(/2,1/(1—71,0)) <<py<+ oo if n>3
and max (2,1/(1—71,0)) <<py<oo if n=2. Put f=0 in (8.4) and use
Lemma 4.2 (i) (e) with 8=0, r=71,0, p=p, and we find that (8.6) is

true also for the case
(8.8) X=Hyo Y=Ha, Z=Hiop,.

In a similar way, Lemmas 4.2 (i) (d), 8.1 and (8.2), applied to
(8.4), give rise to (8.6) for X=H,,, Y=H;a,, and Z=H,,, for
any 1<py, £o<to, 1/p—1/p<1/p,. Since 1/p, >0, this result can be

iterated to conclude again (8.6) for the case

(8. 9) X—;Hl,o,pn’ Y:HZ.Q’&,PQ) Z:Hl,o,z-
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If 8>n/2 and p=>2, then H, g.a5,C H, s p with
(8.10) 2|1, a0, »<<C| 2|1, 5+ 0
Hence (8.7), (8.8) and (8.9) can be combined to obtain (8.6) for

(8. 11) X=HL”9, }7'—:Hl‘ﬁ+“3, Z:Hl,o,z-
On the other hand, if we choose ag£<}——}—>, or a<£<i——-—l—
2\p 2 2\p 2
-1——1—> provided Pu=0, then Theorem 8.1 yields
n

ol g 0 e<<C (letlls,at,0+ 2] 22:2) .

Substitute this into (8.6) with (X, Y, Z) specified by (8.11), and use
(8.10) to complete the proof of the theorem.

§ 9. Existence of Solutions in the Large in Time

The decay estimates derived for the linear semigroup e® in Theorem
8.2 are sufficient to ensure solutions in the large in time to our non-
linear problem (3.12). To be precise, we can now prove the main result

of this paper, namely,

Theorem 9.1. Let n>>2, Suppose [Q] of Section 1 be fulfilled.

Let l>122—, B>%—6 and pe|[1,2), and put a=min<—g—<—§-—%\),l>.

Then there exist positive constants a,, a,, and jfor any initial u, in
HypoaNLP® with |ty pea+ ] me<ay, (3.13) possesses a unique so-
lution u=u(t) in C°([0, o0); Hl,,g) satisfying

©.1) lee () | p<ar A +2) 7

Sor all t=>0. Here 6§[0.1) is as in [Q] (ii).

Remark 9.1. The optimal decay order of (9.1) is a@=n/4 with
p=1 when n=2, 3,4, and =1 with p&[1, 2n/(n+4)] when n>5. On
the other hand no solutions have been found in the large in time for the
case p=2 for which =0, or what is the same thing, for initials #,
belonging only to H,,g. Recall that for the case of cutoff hard potentials,

the optimal decay order is a=n/4 {or all n>>2, and moreover that solu-
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tions exist in the large in time for p=2, [9], [13].

Remark 9.2. Theorem 3.2 (b) states that #=wu(z) of Theorem
9.1 is a unique solution to (3.12) in qu,,;_l in [0, ). Consequently
(9.1) indicates that the solutions f=g+ ¢"%# to (1.1) tends to the Max-
wellian ¢ with order (1+17) 7% when {—oco. Physically this means that

the gas is stable for a small disturbance to an equilibrium.

Proof” of Theorem 9.1. First we shall prove that
(9.2) 17 Loty 0] | 2.2 ZCllat]l 1,8l 7] 1.6

holds for all />0 and f>n/2—08. For this, we put #(§) = |« (-, €) | 2can
and obtain by Schwarz

11 u, 0] (-, &) ”Ll(RDSrj[”o, ve] (§)

where [, j=1,2 are defined in (3.4). The L*(R{)-norm of the right
side is majorized by its Hl,ﬁw-norm since §+0>n/2. Use first Lemma
3.1 and (3.5) to obtain (9.2) for /=0 and then (2.12) for all />0.

Let 7,=1 for n>>3 and choose a 7, such that 1 —a<lr,<1 if n=2,

where « is the same as in the statement of the theorem. Note that
9.3) 7o€ [0, min ((#z+2)/2,1/0))
and moreover that for ae (0, 1),

9. 4) min (T, 20, To+ 20— 1) > .

Define the bilinear operator N as
e
(9.5) N{u,v]@) = j e u(s)v(s)]ds.
0

Let X=C°([0,00); H,z). By virtue of Corollary 3.1 and Theorem
3.1, N is a continuous map from XX X into X. Noting Lemma 4.5 and

(9.3), we apply Theorem 8.2 to (9.5). "l‘hen

IN T, 0101 =C [ A+2=9)"4IT [0, 96 hisers

+ | e (s), v(s)] | e} ds.

By the aid of Lemma 3.1 (i) and (9.2), we can majorize the right
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side by

©.6) C [ att= 711 hnalv @ lsds.

Here the fact 7,<C1 is essential in order that we can apply Lemma 3. 1.
Recalling the definition (8.3), we put

=M= z,0a -
In view of (8.2) and (9.5), (9.6) is majorized by C(1+4¢2) % ||| ]|l
Thus we have proved
9.7 N [z, v]II<<Clje]| [|0]]-
For each fixed w&H, o1 L?*, define the map H as
H[u] () =eu+ N[u] (2)

which maps X into itself continuously. We evaluate [|e*®u]| by Theorem
8.1. This and (9.6) give
9.8) I (2]l <Co (120 |l1,6+a0+ [|%o [l 22:2) + Cill2d]".
Note that C,>>1 since e'® is a semigroup. Also by (9.7) we have
9.9) 1 H [2] — H[v]l| =IN[2—v, u+2]]|

<G (lledll + N2l e — o]
Choose a g€ (0,1), and put a,=2/4C,C; and a, = #/2C,. Then if |1 5408
+ o] p2<ato and if ||edla, [|v]l«<<a:, it follows from (9.8) and (9.9) that
(9.10) I H [e]l| <wa,, | H [«] —H [v]l|<lle— ]|

This states that H is a contraction map on the complete metric space
V={ueC*([0,00); Hyp); [lul|<a} with the metric d(x,v)=|u—2].
Hence H has a unique fixed point ¥=H [«] in V. This uis, of course,
a solution to (3.13) satisfying (9.1). Moreover it is unique not only
in V but also in X=C([0, o) ; H,;). For, if there is a solution v
=v(¢) €X, v=H[v], other than the solution #« found above, then v&&V
because of the uniqueness in V, and hence it follows from the continuity of
v(#) in ¢ and the fact [|[v(0)|,s=|2oie<<ar= (#/2C;)a;<a, that there
is a T, >0 satisfying

(9.11) llvllr,= sup (1+2)*v(®) |ns<a:,
0<t<T,
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and
9.12) (4T[0 (Ty) 15 =a.

On the other hand it is easy to check that (9.10) remains valid if the
norm ||-]| is replaced by the norm ||« ||z of (9.11) for any 7>0. Hence
oz, =1 H [v]llr,<<#ta;<a,. This contradicts to (9.12). Thus there is

no such a v and « is unique in X.
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