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On Quasi-equivalence of Quasifree States
of the Canonical Commutation Relations

By

Huzihiro ARAKI* and Shigeru YAMAGAMI*

Abstract

A necessary and sufficient condition for two quasifree states of CCR’s (the canonical
commutation relations) to yield quasi-equivalent representations is obtained, in the most
general setting where states are non gauge-invariant in general and the symplectic form
defining CCR might be degenerate (either from the start or after completion relative to
the topology induced by states). The criterion consists of the following two conditions:
(1) The induced topologies on the test function space are equivalent (2) operators S
and & on the completed test function space (completion relative to the induced topology,
after taking quotient by the kernel of the representation) giving the two point functions
S and §’ (relative to any common inner product giving rise to the induced topology)
are such that 82— (8)' is in the Hilbert Schmidt class.

§1. Main Result

The necessary and sufficient condition for two quasifree states of
CCR’s to have quasi-equivalent representations has been obtained by
several authors ([1], [6], [10]). All these results are restricted to
the cases where the symplectic form defining the canonical commutation
relations stays non-degenerate after the completion of the test function
space by the topology induced by quasifree states. The corresponding
problem in commutative case (i.e. the extreme case where the symplectic
form completely degenerates to zero) has been known in the probability
theory as the condition for equivalence of two Gaussian measures. We
shall obtain a general result which contains these results as special cases,
using the result in the measure theoretical case directly and applying
the methods in [1].

To set up the problem, we use the notation for CCR’s developed
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by Araki in [3]. Let K be a complex vector space (serving as the
direct sum of test function spaces for creation and annihilation operators)
with an indefinite inner product 7(x,y) (giving rise to CCR’s) and a
conjugate linear involution I" (serving as the combination of the complex
conjugation and the interchange of the test functions for creation and
annihilation operators), satisfying v (I"x, I'y) = —7(y, x).

The self-dual CCR algebra QI(K, I',7) over (K, I',7) is the quotient
of the free involutive algebra over K (with the identity element 1 ad-
joined and involution denoted by *) by the two sided ideal generated by
x*y—yx*—7(x,¥)1 and z*—I'x (x,yeK). A state ¢ on this involu-
tive algebra is called quasifree if

@(z1Zany1) =0
(1.1

@ (x10+ X)) = Z,, _;[I=1 (Lo To(ssm)

where the summation is taken over all permutation ¢ satisfyings 0 (1) <---
<0 (n) and 0(j)<0(G+n) (=1, --,7n). Any quasifree state ¢ is obvi-
ously specified by the two-point function

1.2) S(x,y) =¢(z*y)

and hence we write ¢ =¢s. The hermitian form S over K, associated
with quasifree state ¢ in the above manner, can be completely charac-

terized by the following properties:
S(z, £)=0
S(.Z', y) _S(Fy, F.Z') =T(.’L‘, y)'

(1.3)

The positive (semi-definite) inner product

defines an induced topology tg on K. This rgis in general non-Hausdorff.
Therefore the completion K of K by the topology T=rtg is defined to
be the completion of the quotient space K/ker S (ker S={xeK; (z, 2)s
=0}) by the positive definite inner product on K/ker S induced by
(,)s. The Hilbert space topology T of K obtained in this manner de-
pends only on r and is independent of the choice of S such that t=rs.

Our main result is as follows.
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Theorem. Two quasifree states ¢s and @5 have quasi-equivalent
GNS representations Ty and Ts if and only if the following two
conditions hold:

1) ts=ts (=0).

(2) Let K be the completion of K by the topology t with an
inner product (x,v) inducing the topology T and let

S(z,y) = (2, 8y), S'(z,v) =(z,3).

Then 8Y2—8" is in the Hilbert-Schmidt class.

Remark. The condition that 8*—8"2 is in the Hilbert-Schmidt
class depends only on the forms S and S’ and is independent of the

inner product (,) provided that it induces the same topology as S and
S’.  (See Remark 6.4 (ii) and its proof.)

§ 2. Key Points in the Proof

The proof of the theorem is divided into (I) preliminary reduction,

(II) sufficiency proof, and (III) necessity proof.

(I) Preliminary Reduction.

We use a few immediate consequences of quasi-equivalence of repre-
sentations to reduce the problem to a standard form.

First the topology induced on K by the representations must be the
same, namely

Proposition 2.1. If ¢s and @¢s. have quasi-equivalent GNS rep-
resentations, then two inner products (,)s and (,)s on K given

by (1.2) induce the same topology v on K. (A proof in §3.)

As a consequence we may extend both ¢y and @5 to quasifree states
of A(K,7,T) for the r-completion K (see §1) of K and the problem
of quasi-equivalence remains the same. (More precisely, ¢s and @5 are
well-defined on the quotient of K by ker S=ker S’ and have unique

extensions on K by continuity.) Therefore we may denote K by K and
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assume that K is a Hilbert space with an inner product (,), equivalent
to (extensions of) both (,)s and (,)s. (We may take, for example,
G)=0)s)

Second, we consider the kernel of 7 in (the complete space) K, i.e.,
kery={xeK; 7(x,y) =0 for all ye K}. If we restrict the states to
the commutative algebra ¥ (ker7), then the necessary and sufficient con-
dition for the quasi-equivalence of restrictions of ¢g and @s to W (ker7)
is known to be described in terms of the restrictions .S, and S; of
S(x,y) and S’ (x,y) to kerr by the conditions of our theorem. (See
§3 (9).

If we take (,) =(,)s and consider an S-orthogonal direct sum de-
composition K=ker y@K;, then A (K) is the tensor product of ¥ (ker )
and A (K,) as is well-known and @y=¢;Q@s, where S;(x,y) denotes
the restriction of S(x,y) to K.

Thus if ¢s and ¢ are quasi-equivalent, then S, and S;, the restric-
tions of S and S’ to ker7, satisfy the conditions of Theorem (due to
Corollary 3.14 to be proved later) and furthermore @s=¢5&Qgs, must
be quasi-equivalent to ¢s and hence to ¢s. (The condition on S’s in Theo-
rem are obviously transitive and are satisfied by S,PS, and S;PS..)
Therefore we can proceed to the necessity proof for the pair ¢s and @g»
with S’ and S” having the same restrictions on ker7.

Conversely, if S and S’ satisfy the conditions of Theorem, then S,
and S; also satisfy the conditions of Theorem and hence ¢s and ¢g are
quasi-equivalent due to the result on the commutative case. Furthermore
Si@S, and S satisfy the condition of Theorem and hence the same holds
for S;@S, and S’. Therefore the sufficiency proof can also be reduced
to the pair S;@S, and S’ which have the same restrictions on ker7.
Therefore we may assume that the restrictions S, and S; of S and S’
to ker7 are exactly the same for the purpose of both sufficiency and
necessity proof without loss of generality.

Hence, in the rest of this section, we assume that all these reductions
are already done, namely K is complete, (,)s and (,)s both give the
same (non-degenerate) Hilbert space topology of K, and the restrictions

of (,)s and (,)s to ker7y coincide.
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(II)  Sufficiency Proof.

This consists of 3 steps and one formula, which will be used also
for necessity proof.

In the first step, we use the doubling K of K (KCK) such that
both ¢s and ¢g are the restrictions of generalized Fock states ¢g and
g of QI(IZ), the GNS representation of QI(K) associated with ¢z, when
restricted to Y (K) C?I(I%), is quasi-equivalent to the GNS representation
of A(K) associated with @s, and the same holds for S’ and S’. The
main part of this step is the construction of a Bogoliubov transformation
B in K such that the associated Bogoliubov automorphism 7z of 91(12)
satisfies @g =@gorz. If we can implement tz by a unitary transformation,
then it immediately follows that GNS representations associated with ¢
and ¢ are quasi-equivalent.

The second step is to show that t; is unitarily implementable if a
certain condition is satisfied by S and S’. We make an explicit construc-
tion of a unitary operator U implementing B when B—1 is of finite rank
in Section 5. We then use this result to construct U for the general
case as a limit of U for the finite rank case, where we use the formula
for (%5, UL) (for a finite dimensional K) proven in Appendix A.

The sufficiency proof will be completed in Section 6 by showing the
equivalence of the conditions for S and S’ in Theorem with the conditions
for S and §".

(III) Necessity Proof.

We first reduce the problem to the case where ¢s and ¢g are both
faithful for the von Neumann algebra generated by the GNS represen-
tations (called standard polarizations). This reduction can be done for
a general S by finding another S, such that the conditions of Theorem
is satisfied for S and S, (and hence the GNS representations 7s and 7,
for ¢g and @s, are quasi-equivalent by sufficiency proof) and @s has the
desired property.

The second step is to show that the unitary operator U, constructed
earlier for the finite rank case, brings &5 (the cyclic vector associated

with @) to a vector in the natural positive cone for mg(A(K))” (with
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the reference vector £5). It then follows by a general theorem that if
the limit of (&2, Ufs) is zero as the finite rank tends to infinity, then

two representations 7; and 7g are disjoint.

§ 3. Preliminaries

In this section, we collect notations and basic facts of CCR in the

setting given in [3].

(1) Phase space.

We have introduced in Section 1, a complex vector space K, a conjuga-
tion I in K, and a hermitian form ¥ on K, which satisfy some relations.
In this paper we call such a triplet (K, I,7) a phase space because it
can be viewed as the phase space of canonically quantized fields. The
CCR algebra associated with (K, I',7) is a *-algebra (K, I',7) gener-

ated by K and the unit 1 with the relations:
¥y —yx*=7(x,y)1
3.1)
x¥=I'zx for z,yeKk.

(All inner products and forms will be conjugate linear in the first vari-

able and linear in the second variable.)
(2) Polarization.

Definition 3.1. A positive hermitian form S on K such that
(3.2) S(z,y) =Sy, I'x) =7(x,y) for z,yeK

is called a polarization of 7.

Lemma 3.2. There exists a 1—1 correspondence between a

polarization S of v and a positive hermitian form (,)s on K such that
Tz, I'y)s=(v,%)s

(3.3)
7 (z, ) ’=(z, 2)s (v, ¥)s for z,yeK,

given by the mutual relations
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(x, ¥)s=S(z, ) —i—S(fy, I'z)
3.4)

S(z, ) =%<<x, Vs, ) .

Proof. See Lemma 3.3 in [3].

Consider a state ¢ on U(K,I,7), namely, a positive normalized
linear functional on A(K, I,7).

Lemma 3.3. A positive hermitian form S on K defined by
(3.5) S(x,y) =¢(z*y) for =z yEK,

7s a polarization of 7.

Proof.

S(z,y) =Sy, I'r) =¢ (z*y) —¢ (yx*) =¢([z*, y]) =7(7, ¥).

Although this association of polarization with state is not one-to-one
in general, it is so if we restrict ourselves to the class of quasifree
states (see (1.1) for the definition of quasifree state). For given polari-
zation S, the unique quasifree state ¢ satisfying (3.5) is denoted by ¢
(the existence of ¢g for every S is proved in [3]).

(8) Homomorphisms and Bogoliubov transformations.

Let (K, Iy, 71) and (K, I'5,75) be two phase spaces. A homomor-
phism of (K, I'y, 71) into (K, I'5,7.) is a linear map f: K,—K, which
intertwines /s and 7’s:

Sz) =TI':f(z)
(3.6) for =z, yeKk,
7:(fz, f¥) =11(x, ¥)

A homomorphism f of phase spaces induces a *-homomorphism t,
(or simply f) of CCR algebras, 7,: (K, ', 171) >UAK,, [ 71.). If a
homomorphism f of (K,I',7) onto itself is an isomorphism, f is called
a Bogoliubov transformation of (K,7’,7) and the associated automor-

phism 7, is called a Bogoliubov automorphism.
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(4) Representations.

Proposition 3.4. Let (Ds, %5, ws) be the GNS representation for

a quasifree state ¢s. Set

D,=n;(UA)2s and D= U D,,
=0

where W, cW (K, I',1) is the space of polynomials with at most n-th
order. Then the following properties hold:
(i) For any €€D and any xr=Re K={yeK; I'y=y},

> Lzl <co.
n.

n=0

(More precisely, €€ D, implies |7g(x)&|<2V2(k+1)"(x, 2)¥|€]).
The operator wg(x) is essentially self-adjoint on D and a unitary ope-

rator Wg(x) can be defined for 6§D by
Ws(2)6= X = i"ns (2)"
220 72!
and for a general §€9s by continuity.
. 1
() We(z) Ws(xs) = Wi (1 + 25) exp ( — (@ x2)>
Sfor x, ry&Re K.
1
Gil) (@, Ws(2)2) =exp(~2S(, 2))

for xeRe K.
(iv) Ws(x) is strongly continuous in & Re K, where the topology

of Re K is the one induced by (,)s.

These properties are well-known in Fock representations. The pres-
ent case is obtained by the restriction of a Fock representation of %[(12,
f’, ?) for a larger space KOK to A(K,I',7) (for the definition of (I?,
f, 7), see (10) doubling). The self-adjointness in (i) is due to Nelson’s
theorem. [7]

(5) Quasi-equivalence.
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The quasi-equivalence of two representations 75, and ms, (denoted
by ms,~ms,) means the quasi-equivalence of the associated representations
of Weyl algebras: Let Ry be the von Neumann algebra generated by
{Ws(x); x€Re K}. Then s ~ms, if there exists an isomorphism ¢: Ry,
— Ry, such that ¢ (W, (1)) = W, (x) for all x&Re K.

(6) Kernels of representations.

If two representations are quasi-equivalent, their kernels (i.e. those
elements of the algebra which are represented by zero operators) must

coincide.

Lemma 3.5. (x,x)s=0, if and only if ns(x) =0. If q denotes
the quotient map from K to K=K/ker S (ker S={xreK; (x,x)s
=0}), then ms (qx) =ns(x) is equivalent to the GNS representation
associated with the quasifree state ¢s, of W (K, where S,(qx,qy)
=S(x,y). The quasi-equivalence of ¢s, and ¢s, is equivalent to that
of Pispg, and Psy g

The proof is straightforward and is omitted. By this lemma, we

may restrict our attention to the case where ker S=0.

(7)Y Topology.

Let KX be the completion of K with respect to (,)s. Since Sand 7
are rg-continuous by S(x, x) <(x,x)s and (3.3), I, 7, and S can be
continuously extended to K. By the continuity of Wy(x) (Proposition 3.4
(iv)), the quasi-equivalence problem is not altered by the transition to
the completed phase space. Therefore we may assume the rg-complete-

ness of K without loss of generality in our problem.

Lemma 3.6. If mg~ms, the topologies ts, and ts, induced by
(,)s, and (,)s, coincide on K.

Proof. Let ¢: Rg—R;, be an isomorphism giving rise to the quasi-

equivalence of mg, and mg,. By Proposition 3.4 (iii), (iv),
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1
€xXp —552 (z,z) )= (ng, Wsz (x) 2s,)

= (%s,, GZS(VVSl (%)) 8s,)

is Tg-continuous in x&Re K and therefore S; is ,-continuous. Since
(,)s, is [-invariant, (,)s, is also continuous with respect to (,)s, by
(3.4). By symmetry, (,)s, is also tg-continuous. Thus two topologies

must be the same.

This lemma shows the necessity of the condition rg, =tj, for the quasi-

equivalence. In the rest of discussion, we may assume that g =rg,.

(8) The operators S and 7g.

We define the operators S and 75 in K by

S(x, y) = (x’ Sy)s
3.7
7(z, ¥)=(x,7s¥)s

for x,ye K. It satisfies

(3.8) S+IS=1, S—I'SI'=7s

(9) Commutative case.

If y=0, our theorem reduces to the following known equivalence

criterion for two Gaussian measures on a Hilbert space:

Proposition 3.7. Consider a phase space (K,I',7) with v=0.
Let S, and S, be two polarizations on K. Then nts,~7ng, if and only if

1) (,)s and (,)s, give the same topology on K and

(i) a positive operator T: K—K defined by (x,y)s,= (x,T¥)s,
satisfies condition that T—1 is in the Hilbert-Schmidt class.

Condition (ii) on (,)s, and (,)g, stated above is equivalent to condi-
tion (ii) in Theorem of Section 1 because of the following observation.
For commutative case where y=0, we have S(z,y) =(1/2) (,y)s and
S’ (z,y) = (1/2) (x,¥y)s by (3.4). Therefore, if we take (x,v) = (x, ¥)s,
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then the operators S and S’ in condition (ii) of Theorem are 1/2 and
T/2 with T defined above and hence condition (ii) of Theorem is that
1—-T" is in the Hilbert-Schmidt class. This is obviously equivalent to
condition (ii) of Proposition (for example, by the spectral resolution of

T and the equivalence of Y)|1—A¥*|*<oco and >;|1—2;|*< o).
This proposition is usually stated as follows:

Proposition 3.7’. Let H be a real Hilbert space with two inner
products (,), and (,). giving rise to the Hilbert space topology.
Then the following conditions are equivalent:

(1) There exist two Gaussian random processes ¢, ¢, over (9,
(,)) and (9, (,)s), both realizable on a Borel space (X,B) with
mutually absolutely continuous probability measures py, and Us.

(i) T—1 is in the Hilbert-Schmidt class where T is the posi-
tive operator in H defined by (x,v).= (x, Ty), for x,ye H.

Proof. See Theorem 3 in [9].

The connection of the above two propositions can be seen as follows:
Let S be a polarization of a phase space (K, /’,7=0) and consider a
Gaussian random process (¢, X, #) over (Re K, (,)s). By definition,
(X, #) is a probability space and ¢ is a linear map of Re K into the
space of real-valued measurable functions on X satisfying the following:

(i) ¢ (x) is a Gaussian random variable for x&Re K,
@ [p@s0)dr=L@ s for 5yeRek.

By the universal construction of Y (K), ¢ is extended to A(K) as a
homomorphism of algebras, which will be also denoted by ¢. Then, by
the above two conditions, the map a+> j‘(é (@) dy, ac A (K), satisfies the
condition of quasifree state @3 and (¢, L*(X, #), the constant function 1
on X) is unitarily equivalent to the GNS representation (g, s, 2).
Let (4, X, #) and (¢, N, #) correspond to S and S’ as above. First
assume that g and 4’ are equivalent measures. Then L~ (X, #) =L~ (X,
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') and this identification induces the *-isomorphism of 7s(A(K))” and
s (W (K))” through the unitary equivalence quoted above (and hence
the unitary equivalence of 7g(Y(K))” with the von Neumann algebra
L~ (X, ¢) generated by expip(Re K)). Conversely assume that 7g and
s are quasi-equivalent. Then there exists a *-isomorphism between
L= (X, #) and L”(X, ¢’) preserving e*?”, f&Re K. Therefore any subset
measurable relative to ¢ (whose characteristic function must be preserved
by the above isomorphism) must have a non-zero #-measure if and only
if it has a non-zero #’-measure. Hence # and #’ are equivalent. This

shows that Propositions 3.7 and 3.7’ are equivalent.

(10) Doubling.

For later use, we collect here some definitions and properties of
doubling operation on phase spaces. Let (K, I,7) be a phase space with
a polarization S. First we equip the double-sized space K@K with a

conjugation I'@PI’, a hermitian form 7@ —7, and a positive inner product
3.9 (21D 1z, 11Dys) s= (1, 31) s+ (23, ¥2) s
+ (2, A—78)""y2) s+ (2, A —75)""3)s
for @Px., vPy.€ KOK.
Then (,)s gives a polarization of (K@K, 'PI",v@P—7). The comple-
tion of (K@K, I'®I',y®—71) by (,)s (after taking the quotient by

ker §) is called the doubling of (K, I',7) and denoted by (K, I,7).
Note that the map

KOK>3x,Px— [tPx] ek

is injective if and only if ker7={xeK; 1 (x, y) =0 for all ye K} (ker7
will be sometimes denoted below by K;) is trivial because ker S={z®
—x; xeker7}.

The original pair of K and S can be imbedded into the doubling

in the following manner:

Lemma 3. 8.

(1) The map ¢ from z€K to t(x) = [xPO0] R is a monomor-
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phism of phase spaces. (In particular, =1, 7(x,y) =7(x,ty).)
(ii) S(x,v) =8 (tx,ty) for x,yeK.
(iii) ker 7=c¢(ker7).

Lemma 3.9. The spectrum of the operator Tg with respect to
(,)s is in {—1,0,1}.

A proof of Lemma 3.9 is actually in [3] Lemma 5.8. The new
quasifree state @g is a Fock state except for the existence of center.
To introduce some notations, we sketch the proof taken from [3]: Define
linear maps h. of K@K into K by

by (2:@x3) =821+ (1—8) "z,
(3.10) {

h_ (JC1@.Z’2> = (1 — S) 1/2$1 + Sl/zxz .

Then it is easy to see that I'oh,o(I'PI") =h; and

{ (2, ¥)s=(hy (), e (9))s+ (R_(2), A_(¥))s
(3.11)

7(z,9) = (he (2), e (¥))s— (h-(2), h_(¥))s

for z,ye KOK. From the first equation, h. maps ker S to {0} and

hence can be considered as maps from K to K. Set

Ky={reK;y(x,y) =0 f{for all yeK}
(3.12)

Ks=7sK .

Since KgC Ki (S-orthogonal complement of K,) and the restriction of

7s to K¢ is one to one, we can define linear maps %. of Ky into K by
ki (z) =[27V2(14715)V15'z@® — 27/ (1 —715) Vir5'x]

k_(x) =[—277Q -1 r5'z@27 (1 +715) Vr5'x]

for zxeK,.

(3.13) {

Finally we define a linear map %, of K, into K by
(8.14) ky(x) =2"%(x) for z€K,.

Then by direct computation, we obtain the relations
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h‘+k+ (JCS) =Zs, h_k_ (xs) =Zs,
(3.15) hok.(zs) =0, hik_(z5)=0,
hiko (Io) =Xy

for xs€ K and x,€K,.

From these relations, we see that the three subspaces 4. (Kj), £_(Ks),
and %, (K;) of K are orthogonal to each other, relative to (,)s as well as

relative to 7. Since the sum of these subspaces contains a dense subset
[(Ks+ Ky) D (Ks+ Ky) ] of R, it is clear that the spectral resolution of
75 is given by the orthogonal direct sum

R=F, (Ks)®Dk_(Ks) Dk (Ko)

with spectrum 1, —1, 0.

(11) Independence of K and s on S for fixed ts.

Lemma 3.10. Let S, and S, be two polarizations of a phase
space (K, I',7) (with zero kernels and complete) and suppose that

Ty, =Ts,. Lhen we have t5 =13,
Proof. See [3] Lemma 6.1 (6).

(12) Duality theorem.

Finally we quote the duality theorem quoted in [1] in the form

convenient for our application.

Definition 3.11. A polarization S of a phase space (K, I',7) is
called a generalized Fock polarization if the spectrum of 7s is in
{— 19 0’ 1} .

Theorem 3.12. Suppose that S is a generalized Fock polariza-
tion of a phase space (K, f, 7). Consider a I-invariant subspace H
of K which contains ker 7. Set H'={xeK; 7(x,y) =0 for all ye H}.
If we denote by Rg(F) the won Neumann algebra generated by
{Ws(x); x&Re H}, then the following properties hold:
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(i) H®=H (the closure of H in K).

(ii) Rs(H)=Rs(H).

(iii) Rs(H®) =Rs(H)' (duality).

(iv) Rs(H) V Rs(H,) = Rs(H,\/ H,).

(v) Rs(H) NRs(H,) =Rs(H,NH,).

(vi) &5 is cyclic for Rs(H) if and only if PH is dense in PK.

(vii) 85 is separating for Rg(H) if and only if PH® is dense

in PK.

Here P is the spectral projection of 7Ts corresponding Lo the eigen-
value 1, and s is the cyclic vector associated with the GNS repre-

sentation of quasifree state @s.

Corollary 3.13. R;(¢K,) is the center of Rg(¢K) (Ky=ker7).
This is immediate from (iii) and (v) above.
(13) A further reduction.

Corollary 3.14. Let (K,I',7) be a phase space and S, S, be
two polarizations. The following statements hold:

(i) If ms, and ms, are quasi-equivalent, then (,)s,x, and (,)s,x,
satisfy conditions (i) and (i) in Proposition 3.7.

(i) Conversely if (,)s,x, and (,)s,x, satisfy conditions (i) and
(ii) in Proposition 3.7, then there exists a polarization S; such that

Ts, and T, are quasi-equivalent, and (,)s,x,= (,) sk,

Proof. (1) Let ¢: Ry (K)—R5,(K) be an isomorphism giving the
quasi-equivalence of w5, and 75, ¢ induces the isomorphism Rg, (K)—
Rs, (Ky), because ¢ maps the center of Rg (K) onto the center of
Rg, (K). (See Corollary 3.13.) Then 7y, x, and 75, x, are quasi-equivalent
and (i) follows from Proposition 3.7.

(i) Let K, be the Syorthogonal complement of K, in K. Set .S;
=S1x5,PSzx,- Then one sees that

Rs,= Rs,1x,Q Rs, x,
Rs; = Rsx |K0®R321K1
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where =~ means unitary equivalence. Since (,)s.x, and (,)s,x, satisfy
conditions (i) and (ii) in Proposition 3.7, Rs,x, and Rs,x, are quasi-
equivalent, and therefore s, and g, are quasi-equivalent. This completes

the proof.

§ 4. Consiruction of Bogoliubov Transformations

For given polarizations S and S’ of a phase space (K, /", 7), we show
in this section the existence of a Bogoliubov transformation in (K, f', 7
that connects S and S’ by applying the methods in [1]. We assume

that tg=ts and the restrictions of S and S’ to K,=ker7 coincide.

1) Crossing part.
Let p (resp. p’) be the spectral projection of 7g (resp. 7§) corres-
ponding to the eigenvalue 1. By (1.3) and Lemma 3.9 we have

Ts=p—p
4.1

Ts=0"—5"

where p=1"pI" and 3’ =I'p’I". In the following arguments, we shall use
the matrix representations of operators in K relative to the decomposition
K= (l—p—'ﬁ)IZ-i- (p»+2P) K. For example, p and p’ can be expressed
as

0 el w0

where we have used the fact that p’=0 on (l—p—[))K:ker 7=(1
—p' —P") K. Due to p’*=p’ and p’p’ =0, the operators g and Q satisfy

the following relations:

(4.3) ~
g0=0, 00=0.

A Bogoliubov transformation B in K transforms a positive definite

[ QQ=(], QZZQ’

inner product (,) on K which gives rise to a polarization of 7 (see

Lemma 3.2) to another such inner product by

(JC, y)B= (Bl‘, By) for x, yEK .
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If the polarization (,) is a generalized Fock polarization (see Definition

3.11), so is the transform (,)s In particular, taking (,)s as (,),

we obtain the formulas:

T5=05—1s
4.4

br= B_IPB )

where the suffix B is used to denote operators associated with the polari-

zation (,)p.

Lemma 4.1. Let B, be the operator in R defined by

(4.5) Bi=<; _(;W)).

Then B, is a Bogoliubov transformation and the transform of p’ by
B,7! is given by

0 0
(4.6) phoi—Byp’ Bl = ( . Q>.

Proof. B, is a Bogoliubov transformation because [B,, f] =0 and
7 (Bix, Biy) =7 (x,y) hold trivially. Then (4.6) follows from (4. 3).

This B, transforms away the crossing part that connects the degen-

erate part and the non-degenerate part.
(2) Non-degenerate part.

Lemma 4. 2.

(i) P+P=0+0.

(i) Q*=(P—P)Q(P—P) (adjoint is relative to (,)z).
(i) (P—Q)*=PQP+PQP.

(iv) (P—Q)? is S-negative, namely

(x, (P—Q)*) <0 for x yck.

Proof. () If (Q+Q)y=0 for ye (P+P)K, then qy=q(Q+Q)y
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=0 by (4.3),gy=0 due to the same reason and hence (" + p’) y=0. Since
ker (p’ +P’) =ker(p+2p) (=ker?), this implies y=0. Therefore, for
ye (P+P)K, (Q+0)y=0 if and only if y=0, namely Q+Q is one to
one on (P+13)K. On the other hand, by (4.3), Q+Q is a projection
with its range contained in (P—I—P)K\'. Thus we conclude that Q+Q is
the identity operator on (P—f—?)]& and hence P+P=0Q+0.
(ii) by the following computation: For z,yek,
(x, Qv)s=7 (x, (P—P)Qy) by (4.1)
=7((P—P)z,p'y) by (4.2)
=7’ (P—P)z,v)
=@ (P—P)z, (P—P)y)s by 4.1
= ((P—P)p'(P—P)x,¥)s
= ((P—P)Q(P—P)x,y)s by (4.2).
(iii) by the following computation:
(P-Q)’=PA-Q)P+(1-P)Q(1—P)
=P(P+P—-Q)P+ (P+P—-P)Q(P+P—-P)
=P(Q+Q—Q)P+PQP by ()
=PQP+PQP.
(iv) First note that if & PK, then (z,y)s=7 (, v) for all ye k.
Using this, we have
(z, POPx)s= (Px,QPx)s
=7 (Pz,QPx)
= (Pz, (' —7")QPx)s
=— (Px, p'Px)5=<0

for all zeK. (Here we have used the relations Q=0 and ’Q =7,
see (4.3).) By replacing x by Pz, we also have (xz, POPx) <0 for
all zeK. Now (iv) follows from (iii).

By (iv) of this lemma, we can define the unique S-positive operator
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@ in K such that

4.7 sinh®a = — (P—Q)".

Lemma 4. 3.

(i) The operator a commutes with P, Q, and I
(i) [(cosh a sinh @) *PQP] (P cosh a¢ sinh a)
gives the polar decomposition (relative to (,)s) of PQP.

Proof. (i) Lemma 4.2 (iii) implies [@, ']=0 and [a, P]=0.
Since [a, P—Q] =0, we also have [a, Q] =0.
(ii) We compute (PQP)*(PQP) as follows:

(PQP) * (PQP) = POQ*PQP
=—PQPQP  (by Lemma 4.2 (ii))
=_—PQP+PQPQP (by (P+P)Q0=0)
=P[(P-Q)'~ (P—0Q)*]P (by Lemma 4.2 (iii))
=P (cosh a sinh @)

Therefore there exists a partial isometry u satisfying PQP =u cosh a sinh a
with «*x=PP, where P, is the S-orthogonal projection onto (ker a)*
(S-orthogonal complement of ker ). Since « commutes with P, P,
and Q, we may write z= (cosh @ sinh @) "POP where the inverse is
well-defined on (ker @)*Drange (PQP).

We set

(4.8) H= (u+u*) .

Lemma 4.4. Adjoint * is relative to (,)s.

(i) m=u*, =0, and (u+u*) cosh asinh =[P, Q].
(iil) H*=H and H=H.

Gii) 7(Hz,y) +7(x, Hy) =0 for z,yek.

(iv) H*=d’

Proof. (1) m=u* follows from Lemma 4.3 (i), Lemma 4.2 (i)
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and (ii). =0 follows from PP=0. The last equality holds from
POP + PO*P=PQ(1—P)— (1—P)QP=[P,Q]. (i) follows from (i)
and Lemma 4.3 (i). (ili) is equivalent to the relation H(P—P)
+ (P—P)H=0, which follows from the same equality with H re-
placed by POP. (iv) Since uw* = PP, and w*u=PP, are orthogonal,
#+u* is a hermitian partially isometric operator with (u+«*)*=P,.
Thus we have H?*= (u+u*)’a®*=0a’ (note that & commutes with # and

u®).

Corollary 4. 5.

(i) The operator exp H is a Bogoliubov transformation in k.
(ii) exp H=cosh a+ H a 'sinh a.

(iii) exp(—H) P-exp H=0.

Proof. (i) follows from H = H and Lemma 4.4 (iii). (i) follows

from H?*=qa? (iii) requires some computations:
e ¥ Pe” = (cosh « — H a " sinh &) P(cosh &+ H &' sinh @)
=P cosh*a—a *sinh®» 0 HPH+ « 'sinh « cosh [ P, H].

From w*u=PP, and wuu* = PP,, it follows that Pu=uP =u, uP=Pu
=0. From H= (u+u*)a, «*=% and aP,=c, we obtain

e " Pe? = P cosh®’a — P sinh® & + sinh « cosh o (w— %)
=P— (P—-Q)*(P—P) + (PQP—-PQP)
(by (4.7) and definition of )
=PQ(P—P)+QP+ (PQP+PQP) (by O+Q=P+P)
=Q0.

Let B be a Bogoliubov transformation on K defined by
4.9 B=B,B,, B,=exp H.

(See (4.5) for the definition of B,.)

Corollary 4. 6.
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(i) #=B"pB.
(i) (Bz, By)s=(x,3)s for z,yekK.
Gii) S(Bz, By) =8"(z,y) for z,yek.

Proof. (i) follows from (4.6) and Corollary 4.5 (iii). (i) First
note that (1 —p—p)B=1—p"—5p" dueto (4.9), A1—p—p) H=0, (4.5),
(4.2), Lemma 4.2 (i) and the definition of the matrix notation. For

z,yvek,
(Bx, By)s= ((1—p—p) Bx, (1—p—p)By)s+ (Bx, (p+p) By)s
=(A—=p' =Pz, A—p'—p")y)5+7(Bx, (p—P) By)
=(A—=p' =Pz, A= =P )V s+7(x, @' —P")V)

where the last equality is due to S]kerTZS'h(e,f and (i). (Note that
[B,["1=0.) Hence

(Bz, By)s= ((A—p'—p)z, A—p'=F)¥) s+ (x, @' +5) s
=(x,¥)s -
(i) For z,yek,
S (Bzx, By) =27'{(Bx, By) s+ 7 (Bz, By)}
=27"(z, y) s +7(z, )}
=8 (z,9).

§ 5. Unitary Implementation of Bogoliubov Transformation

In this section, we construct a unitary transformation (between two
GNS representations 75 and 7g) that implement the Bogoliubov trans-
formation B given in Section 4, under the condition that p—p’ is in the
Hilbert-Schmidt class. The assumption given at the beginning of Section 4
is also valid in this section. First we treat the case in which p—p’ is a

finite-rank operator. The general case then follows from this special case.

(1) Unitary implementation of B,.. (The case of finite rank.)

In this paragraph, we assume that B;—1 is of finite rank. Then in
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the matrix representation of B,

(5.1) 191—_—<(])l ;’)

v is a finite rank operator and 7=v (v=—(¢+q) in the notation of
§4). In the following we regard v as an operator on K so that vz
=0 if xe (l—p—ﬁ)Ie. The action of v on a vector x&K can be

expressed as
(5.2) 'ax:??(bj, x)a;

where a;& (l—p—ﬁ)f{\' chosen as linearly independent vectors spanning
the (finite-dimensional) range of v, and b;& (p+§)f{ are then uniquely

determined. Set
(5.8) a(@) =27 (a)n(l'6))

where 7 is the GNS representation associated with ¢3. A different choice
of linearly independent vectors spanning (range wv), say aj, must be
related by a nonsingular matrix L;; by ai =Y L;a; and the corresponding
vectors in (p—f—j—J)K\, say &%, must then be rtjelated to b; by b,=;bfl—;j.
Hence ¢ (v) does not depend on the choice of the basis a; in the range of

v.

Lemma 5.1.

(i) [g@),n(x)]=n(vx) for zek.

(i) —q) cqg)* (skew hermitian).

(iii)) Ewvery wvector in D is analytic for q(v). (D is defined in
Proposition 3.4.)

Proof. Let éD,. Then, using Proposition 3.4 (i), we obtain

2l (@) 7 (By) *€ | =C(n+2)V* (n+1) 2| €]
J

where C=2 3} ||la;| |6;]. By the iteration of this estimate, we have
J

oyl 220! omg

and the power series
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2 x
2 Slla(w) €|
=0 k!

converges if |z|]<(2C) 7', proving (iii). (i) is obtained by a straight-
forward calculation. (ii) can be seen as follows: First note that Tx

= _Z?(fbj, :r)ﬁa]-_ Then
J

1@* 20 nl)ra) =—q(@) =—q@ (by 7=2).

Corollary 5.2. q(v) is essentially skew self-adjoint and the
unitary operator Q(v)=exp(q(v)) (the bar denoting the closure)
satisfies

Q) Qv) We(x)Q ) *=W;s(e’z) for x=ReKk ;

(i) Q)Q(w) =Q(vi+wv) if supp v Lsuppv,.

Progf. Lemma 5.1 (i) implies Q(v)7w(x) =7 (e'x) Q(v) by alge-
braic computation if we consider matrix elements between vectors in D
and expand Q(v) in power series, which is possible for small v by Lem-
ma 5.1 (iii). This equality in turn implies (i) by algebraic computation
if we consider matrix elements between vectors in D and expand W (x)
in power series, which is possible by Proposition 3.4 (i). (i) for large v
follows from (i) for small v by repetition. Since ¢(v,) and q(v,) com-
mute on D if supp vy | supp v, the proof of (ii) is similar.

Note that e’=14v due to v*=0.

(2) Unitary implementation of B,.
Let H be a finite rank operator in K such that

7(Hzx,y) +7(x, Hy) =0 for x,y ek ,

(5.4) _

H=H and (p+p)H(p+p)=H.
Expand H as
(5.9 Hzx=337(b), x)a;

where a;& (p—i—f)ﬁ and b;& (p—}-ﬁ)l%, and set
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1
(5-6) Q(H)E—z—;ﬂ(ﬂj)ﬂ(rbj)-

This does not depend on the decomposition (5.5) for given H by the

same reason as before.

Lemma 5. 3.

(i) [q(H), q(Hy)]=q([H, H.]),

(ii) [¢H),n(x)]=n(Hx) for z€K,
(i) —q(H)cq(H)*,

(iv) every vector in D is analytic for q(H).

Proof. (i) follows from (ii) and (ii)-(iv) can be proved by a
method similar to Lemma 5.2, with computation more or less copied

from the proof of Lemma 4.4 in [1].

Corollary 5.4. (i) q(H) is essentially skew self-adjoint and
the unitary operator Q(H)=exp(q(H)) satisfies

Q(H) Ws(x) Q(H)* = Ws(e"2)
for xr=Re k.
(i) If H, and H, are finite rank operators satisfying (5.4) and

commaute, then

Q(H,) Q(H,) =Q(H,+ H,).
Proof. The same as the proof of Lemma 5.1 in [1].

(8) Unitary implementation of B, and B, (General case.)

In this paragraph, we suppose that H and v are in the Hilbert-
Schmidt class. H is assumed to satisfy (5.4) in addition to H=H*
relative to (,)s. (cf. Lemma 4. 4.)

Lemma 5. 5.

(i) There exists a I'-invariant (i.e., v,=v,) finite rank oper-
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ators {Un}am which converges to v in the H.S. norm and for which
supp (v;—v;) Lsupp vy whenever j>i.

(ii) There exists a mutually commuting S-hermitian operators
H, (n=1) of finite rank on R which satisfies the property for H
in (5.4) and converges to the given H in the H.S. norm.

Proof. (i) Let e, be the spectral projection of v*v for the interval
[77% |v|’] and set v,=wve, By the construction, {v,}.> satisfies the
desired condition.

(ii)) Let E, be the spectral projection of H? for the interval [n7},
|H?|] and set H,=HE, By this definition, {H,},> is a sequence of
mutually commuting S-hermitian operators of finite rank and converges
to H in the H.S. norm. Now we must cheque the equation (5.4) for
H,. Since the /'-invariance of H, follows from the commutativity of H

and I', we have only to show that
6.7 7 (Hyx,y) +7 (x, Hyy) =0

for z,yeK. Since H is S-hermitian and satisfies (5.4), we have
(p—p)H+H(p—p) =0. It then follows that p—p commutes with H*
and hence with E,. This implies (5.7) because H anticommutes with
P—P=T3.

Proposition 5.6. There exist unitary operators Q(H) and Q(v)
on g such that

(i) Q(v) Ws(x)Q(v)*=Ws(e'x),
() QUH)Wz(x)QUH)*=Ws(efx),
for z=Re K.

Proof. (i) Take a sequence of [-invariant finite rank operators

which converges to v in H.S. norm and for which
(5.8) supp (v;—v;) Lsupp v; whenever j>17.

This is possible by Lemma 5.5 (i). If we show that {Q(v;)} and
{O(v;) *} are Cauchy sequences in the strong operator topology with
limits O(v) and Q(v)*, then Q(v) is unitary and satisfies (i) due to



308 HUZIHIRO ARAKI AND SHIGERU YAMAGAMI

the same formula for Q(v;) given by Corollary 5.2 (i). This is further
reduced to the proof that {Q(v;) 25} and {Q (v;) *#s} are Cauchy sequences
because Q(v;) Ws(x) £5= Ws(e"'x) Q(v;) 25 where unitary operator
Ws (e x) strongly converges to Wg(e’x) and similarly for Q (v;) * Wi (x) £
=Ws(e ™ zx) QO (vy) *25. By (5.8) and Corollary 5.2 (ii), we have

(5.9) 1O (vi) 25— QO (vy) 25|
=2— (L, O (vi—vy) Ls) — (23, O (v;—v:) Ls).

using the formula
-1/2
(5.10) (2 Q(vi=v,)2) = det(1+ 1 (vi=v)) (0=v)*)

(see (A.1)) one sees that (5.9) converges to zero as i, j—>oo because
v;—v; converges to zero in the H.S. topology.

(i) This can be shown by the same method as the existence of
Q(v). Take a sequence of finite rank operators {F,},>: satisfying the
condition of Lemma 5.5 (ii). By the same argument as above for
O(v), we see the strong convergence of Q(FH,) and Q(H,)* using
Corollary 5.4 (ii) and the formula (&5, Q(H;— H;)£5) = (det cosh |H;
— H;|) * given by (A.1). The limit Q(H) of Q(X,) then is unitary
and satisfies (ii) due to Corollary 5.4 ().

Lemma 5.7. The following two conditions are equivalent:
(i) H and v are in the Hilbert-Schmidt class.
(i) p—p’ is in the Hilbert-Schmidt class.

Proof. We rewrite condition (i). ZH is in the H.S. class if and only
if a is in the H.S. class (by Lemma 4.4 (iv)) and this is equivalent
to the condition that P—Q is in the H.S. class by (4.7) (f P—Q s in
the H.S. class, so is &) and Corollary 4.5 (iii) (if H is in the H.S. class,
so is P—Q). On the other hand, v=— (¢+g) is in the H.S. class if
and only if ¢ is in the H.S. class. (By (4.3), ¢g=—vQ.) Then the

equivalence of (i) and (ii) follows from (4.2).

Proposition 5.8. Assume that ts=ts. and Slkery=S'|kerr.
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Suppose that p—p’ be in the Hilbert-Schmidt class. Then ¢s is given
by the vector state for Rs(tK) with a representative vector Q(v)*
Q(H)*Rs, where Qs is the cyclic vector in the GNS representation
associated with @z and ¢ is the inclusion map of K into R in Lemma

3.8.

Proof. By Lemma 5.7, H and v are in the H.S. class and we have
unitary operators Q(H) and Q(v) of Proposition 5.6. For xet¢Re K

cRe K, we have the following relations

G.11) s (W (2)) =exp(—%§'<ex, 2))

=exp<—-—;-§(Bex, Bex)> (by Corollary (4.6 iii))

= (85, W (Bex) £s)
= (Q(v) *Q (H) *Rs, W5 (¢x) Q (v) *Q (H) *2s)

(by Proposition 5.6).

A
§ 6. Relation between Conditions on S and on §

In this section, we complete the proof of the sufficiency (stated as
Corollary 6. 8).

Notation 6.1. Let A and B be two bounded linear operators on
HS.
a Hilbert space. We write A ~ Bif A—Bis in the Hilbert-Schmidt

class.

By Proposition 5.8 and Corollary 3. 14, two quasifree representations
7s and 7y are quasi-equivalent if rg=rtg, S]kerrli'\sf. S’ |kerr» and plfjp'. The
sufficiency proof will be achieved if we prove the equivalence of this
condition with the condition for S and S’ given in Theorem. This is
formulated as Proposition 6.6 below.

HS.
Remark 6.2. Note that ~ is an equivalence relation and does not

depend on the choice of inner product as long as the inner product
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induces the same Hilbert space topology.

Definition 6. 3. Given two polarizations S, and S, of a phase
space (K,I',7), we introduce two equivalence relations on the set of
polarizations: The first one is denoted by S, }:JSISz and it holds if S
and S, satisfy the following conditions:

(1) There exist constants M,, M, such that

(J:, .1') SzéMz ('r) x) 8y a”d (I’ .Z') ngM (l‘, 1‘) Sz

for all xe K. (The equivalence of ts, and ts,.)

(2) Set N={xeK; (x,x)s,=0} (this equals to {x=K; (x, x)s,
=0} by the above condition) and let q: K—K/N be the quotient map.
Take any positive definite inner product (,) on K/N which is equiv-
alent to both (,)s, and (,)s,, Then S,—S, is in the Hilbert-Schmidt
class, where S, and S, are positive (relative to (,)) operators in
the completion K/N of K/N satisfying
6.1) Si(x, ) = (gz, 8 qy)  (i=1,2)

Sfor x,ye K.

The second one is denoted by S,"* Iij S;2 and it holds if S, and S,
satisfy the following conditions:

Q) S, and S, induce an equivalent topology (the same as (1)
above) .

@)  S)"— (S)"* is in the Hilbert-Schmidt class where oper-
ators 8, and S, are defined by (6.1).

Remark 6.4. (i) The relation S IS‘Sz does not depend on the
choice of the inner product (,) in (2), as is easily seen.

(ii) The relation Sl”z!f'j'Sz”2 also does not depend on the choice
of the inner product, relative to which S, and S, are defined. However

this is not at all trivial and will be proved below.

We shall use the following result in [4], which holds for any

bounded linear operators A and B.

(6.2) Al —1B||as.=<2"*| A— Blus. -
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Corollary 6.5. Let A, B, and T be positive operators on a
Hilbert space. Suppose that T has a bounded inverse.
H.S. H.S.
(i) (TATY”»~ A" if T~ 1
H.S. H.S.
(ii) (TAT) vz~ (TBT) vz gf Av2 . B2,

Proof: (i) follows from
(6.3) I(TAT)"*— A" ||us.= || AT | — A" ||us.
<2V*| AT — A"*|us.
=2 A" | T—1]xus..

Similarly for (ii).

Proof of Remark 6.4 (ii). Let (,)’ be another inner product and
T be a positive invertible operator such that (7T, Ty)' = (x,y). If (,)’
and (,) induce the same topology, then 7T and 7 ! are bounded. Oper-
ators S; and S;, which represent S; and S, relative to (,)’ are ex-

pressed as
(6. 4) S;=T8, (=1,2).

The positive square root of a (,)’-positive operator T?A relative to (,)’
(also denoted as (72A)'* below) can be expressed as T (T AT)Y*T " in
terms of the (,)-positive square root (T"AT)Y? of the (,)-positive oper-
ator TAT. Hence

18— (85) " |us.= | T{(TS,T)"*— (T8T) "} T |us.
<ITI T 18T — 18" T | .
<2”|T| |T7| 8T =87 |us.
2T 1T 18— 82" us. -

. HS. . HS.
Thus S;"* ~ S,** implies (S7)* ~ (S;)¥* and vice versa by the sym-

H.S.
metry. This shows the independence of the relation S;"? ~ S,? from

the reference inner product.

Proposition 6.6. Let S and S’ be two polarizations of a phase
space (K, I',71) (here we do not assume Slgerr=>S"|kers) such that they
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satisfy condition (1) of Definition 6.3. Then the following conditions
are equivalent where S and S’ are defined in Section 3 (10), p and
P’ are defined by (4.1), the bold face S’s are operators defined from
the corresponding S’s by (3.7) and the equivalence notation is as de-
scribed at the beginning of this section:
) HS. R HS.
(1) PNP’ and S|ker?NS,|ker?~
_HS. N HS.
) S~8 and Slkers ~ S |kers -
_HS.
(Gi) S~S8’.
HS. HS.
Giv) S~ S’ and §* ~ 8§,

H.S.

(V) S1/2 ~ SI!/Z .
H.S.
Corollary 6. 7. If SV*~ S, then g and ms. are quasi-equivalent.

Proof of Proposition 6.6. (i) = (i) : The relations in Section 4 (1)
and Lemma 4. 2 hold in the present case as their proofs do not use the co-
incidence of S and S’ on ker7 (assumed in Section 4 and not assumed

here). Since

S-8=—((p—p")—(—2)) (by (3.8) and (4.1))

|-

Il

1(0 7a—q

2\0 P-P+0-0Q
is in the H.S. class, ¢g=(¢g—g@)Q is in the H.S. class (the equality
due to (4.3)). Therefore, by Lemma 4.2,

) (by (4.2))

-2+ (-2 = (g —(g+a)>

is in the H.S. class. Since (p—p’) — (p—p’) is in the H.S. class as
above, we see that p—p’ is in the H.S. class.
(i) = (iii) : First let Ty: ker 7—ker7 be the operator defined by (x,y)s
= (x, Tyy) 5 for x,yeker7. Then we have
(x, 98 = (x, (6—2P) &' —P")¥)s
+ (A= —2)x, To(L—p'—P")¥)s

N HS. HS. B . HS._
for x,yeK. Since p’ ~pand Ty~ (L—p—P) (by Slkers ~S |xers), We



QUASI-EQUIVALENCE OF QUASIFREE STATES 313

have
_ N _ _ Hs.
=2 @' —P)+A—p —p)*T0(A—p'—p") ~ 1.
. HS. _
This shows that S~ 5.
(iii) = (i) : S S’ means that (T'z, Ty)s = (x y)s, for x, yeK, with
T a posmve mvertlble operator such that T2 ~ l which is equivalent

Y H.S

to T ~ 1. Then Tg ~ 75 (because 75 =T7*75 ~ rg) and hence §—S§’

(fs—7s) is in the H.S. class. The second condition of (ii) is a

|+

restriction of (iii).

(iv)= (v): Let T be an S’-positive invertible operator on K deﬁned by
(Tx, Ty)s = (x,y)s for x,y& K. Then T is also S-positive. By Srv S,
T?*—1 is in the H.S. class in (,)g, which is equivalent to T—1 in
the H.S. class. S and S’ are represented by operators 7°S and S’

relative to (,)g. Now we have
(TZS) 1/2 (s )1/2 T(TST) I/ZT 1 (S/) 172
N' (TST)2— (8

H.S.
~ (S) V2 __ (S/) 172

(by Corollary 6.5 (i)). Here the square roots for 72§ and S’ are rela-
tive to (,)s while those for T'ST and S are relative to (,)s. Therefore
(v) follows from (iv).

(v)=>(@v): Let S, (i=1, 2) be an operator representation of S; (=1, 2)
relative to a fixed reference inner product (see (6.1)). Since 2(S,—3,)
= (S04 E)™) (B = E)™) + (S = B (S + ™,
S, f; S.* implies Sl ~ S,. Now taking (,)s as a reference inner prod-
uct, we have S=T2S and §'=8" as 1n the proof of (iv)= (v). Note
that 77—1 is in the H. S. class (by S S) and hence (TST)“2 S"2
(Corollary 6.6 (i)). Using this, we have

§— 81 (TST)Y — (8"
S T(TST) T~ — (5)™
= (T*8)"— (8™
= &)= ().



314 HUZIHIRO ARAKI AND SHIGERU YAMAGAMI

By this relation, one sees that (iv) holds if (v) is satisfied.

We are now left with the equivalence of (iii) and (iv).
(iii) = (iv) : In terms of the imbedding ¢ given by Lemma 3.8, (,)s and
(,)s are unitarily equivalent to the restrlctlons of (,)s and ( )s to
the subspace ¢K of K. Therefore S S’ tr1v1a11y implies SNS’ If
(x,y)s= (Tz, Ty) g, then §’=T"2S and hence SrvS implies that S—S§’
is in the H.S. class.

L HS. HS. N

By earlier proof, S ~ S’ implies p ~ p’. Let /xr=[0Px]€K for
xe K., Then (x,y)s= (x,v)s and (('x,¢’y) 5 = (x,y)s. Let ()& be
the adjoint of the isometry ¢’ from (X, (,)s) to (IZ’, (,)s) and ()&
be that of ¢ from (K, (,)s) to (K, (,)s). If (&,m)s= (T Tn)s
and (x,y)s= (Tx, Ty)s., then
(6.5) O =TT

_HS. HS. -

Since S ~ S’ and S~ S’, T?°—1 and 772—1 are in the H.S. class and

hence
HS.
@)F~ §.
From (3.9) and the relation (1—75%)"*=28"%(1—S8)"*, we have
) E=28"(1-8)", ()F=2(8)""A-5")".
As an isometry, ¢ is bounded and hence we obtain
(6.6) S (1— S)"2 (S)m(l SH2,
Let A §72+ (1—8)"® and A’=(S8)"?+ (1—-8)"’. By (6.6), we
have A ~ (A )% Let A—8)"=>]c,t"(J£]<<1). Since 1<LA’L2,
A=2"(1—[1-2T'A)"*=2"3"c,(1—-27'A")"

is absolutely convergent. Using the same formula for A’ (convergent
in S’-topology and hence in equivalent S-topology), we obtain

(6.7) A=A les. 2T T [|A*— (A")*|us. 20 nlcal27"
where (| B[s=|T| [Bls T <27 T IT"| for B=(1—-27A")"%

Hence
A(Sllz_ (S/) 1/2) ZAsllz__Al (Sl)1/2+ (A/__A) (S/) 172
— (S_s/) + (SI/Z(I_S) 2 (Sl) 172 (1——8’) 1/2) + (A/_A) (S/) 1/2
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is in the H.S. class. Since A™'is bounded, we conclude that $“*— (§’)"*
is in the H.S. class. Namely (iii) implies (iv).

(iv) = (iii) : Let k.(e= %) be the isometric maps [rom (K, (, )s) into
(K, (,)s) given by (3.13) (isometry due to (3.11) and (3.15)) and
t,=2""%k, be the isometric map from (ker7, (,)s) onto (ker7, (,)s)
with %, given by (3.14). We have the following S-orthogonal sum

decomposition.
(6.8) K =k, Ki®k_KsPt, (ker 7).
For e= + and 7=+, let A’s be defined by
(kez, kyy) 5 — (kex, kyy) s = (, Ae) s,
(b=, ket) 3o — (6o, kex) 5= (=, Ae) s,
(@2, tw) 5 — (42, 4w) s = (2, Aw)s,

where x,ye Kg and z, w&kery. For an orthonormal basis §; of Iz,

D€, €5 — (64, €5) 51°< oo is equivalent to §’}SS and hence we obtain
(iii) if we prove that all A’s are in the H.S. class.

Let (x,vy)s-= (Tx, Ty)s with S- (and S’-) positive T. Let A.(e= %)
be given by (3.10) and A’c be the same for S’. By (3.11) and (3.15),

we obtain
Aey= 23 {(Th ske) * (TH sky) — (hoke) * (hoky) },
f=%
2 A= 3 A—p—D)T°h ke,

A=A —=p—p) (T*—=1) 1 —p—P).
Since /yke=0sk¥k: is bounded and T —1 is in the H.S. class by (iv),
it is enough to show that (h; —h,)k, is in the H.S. class in (X, (,)s).
Since I'(h; —ho)k, I' = (h_;—h_,) k_,, it is enough to prove this for = +.
By using definitions of A’s and %’s, we obtain
2 (h; —]‘L.;.) k+ :2{((51) 1/2___81/2) Sl/z__ ((1 _Sl) 172
—A=-9" A-9"r @S-
=(A'-A)A7+{A)H'@S-1)
CATES—1)} (2S—1)'A
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where we define
A=8"7+1-8" A'=E)"+01A-8)",
and we have used the formulae
S§”P—A-89)"=A"1(2S-1),
2(aax—bB) = (a+0b) (a—B) + (a—b) (@ +hH).

Since 7s.=7T %5, we have 28’ —1=T"*(2S—1). Furthermore |A™|
<1, [AZITH 1T 1A Hse=IT | 1T, |AI=2"" Hence

2| (P —h) ki us=(A+0c) |A"— Alus.+c|T*—1||us.
where ¢=2"2|T| |T™"|. Since
1A=8)"~A—=8)"|ns.=1((S)"*=8")I||us.
=[(8)"*=8"|us.,
(iv) implies that (A, —hA.)k, is in the H. S. class.
Similarly, we have
2(h, —hy) ke
=—2{((§H""=8") A-9)"— (A-8)"— 1-8)") 5§
X (285-1)7!
=(A'—A)A'—{(A)'(28 -1) — A (25—1)} (25—1)"'A,

which is in the H.S. class.

§ 7. Standard Polarization

In this section we assume that K is separable (not necessarily the
same as K of our theorem). In our application, this condition will be

satisfied.

Definition 7.1. A polarization S of (K,I',7) is called standard

if vs does not have eigenvalue 1 with respect to (,)s.

Lemma 7.2. S is standard if and only if s (the cyclic vector

in the GNS representation associated with quasifree state @s) is cyclic



QUASI-EQUIVALENCE OF QUASIFREE STATES 317

and separating for Rg(K).

Proof. By Theorem 3.12. Details are the same as in Lemma 2.3
of [1].

Lemma 7.3. Let S, be a polarization of (K,I',7). Then there
exists a polarization S, of (K,I',71) such that
(i) S, is standard,

H.S.
G) S~ S,

Proof. Let e be the eigenprojection of 75, corresponding to the eigen-
value 1. Take a positive and invertible trace class operator ¥ in eK.

Such an operator always exists because K is assumed to be separable.

Set
T=1+x+%
(I, y) Sy — (I, Ty) Sy -

Since the inner product (,)s, satisfies the condition in Lemma 3.2, it
defines a polarization (note that 7>1 and I'"T/'=7T). On the other
hand, the matrix representation of 75, with respect to the decomposition

K=e¢eK+eK+ (1—e—&)K is given by

A+~
-1+
A—e—8)7s,
From this expression, 75, does not have eigenvalue 1 and the polarization

S, is standard. Condition (ii) is satisfied by the construction.

By this lemma, we may assume that both S and S’ are standard for
the necessity proof, which we shall do. Let R= {exp ims(x); r=Re K}”
be the von Neumann algebra for the GNS representation (s, 7s, 25)
associated with the quasifree state ¢s of W (K, I',7). Furthermore we
may identify (s, 7, £s) with (s, 75/¢K, £5) under the identifying map
¢ from K into K given by ¢tx=[x@P0], (see Lemma 3.8 (i)). The

main objective of this section is to give an estimation for |@s—@s ||. For
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this purpose we need an explicit form of the modular conjugation for R
associated with 2s.

Let j: K—R be the conjugate linear Bogoliubov transformation de-
fined by

(7.1) i@ x) =, Plr'xe, for x,r,eK.
Since [, f] =0 and 7 (Jx, jyv) =7 (x, v), j induces a conjugate linear auto-
morphism ¢ of A(K). Since S(x,y) =S (jy, jz), we can define the

unitary conjugation J in $g by the relation

(7.2) J(m(a)Rs) =n(Ca)Qs for acA(K).
Lemma 7.4. J gives the modular conjugation for $s.

Proof. In [1], this is effectively proved by Corollary 3.4, (3.2)
and (3.3) where T (w) is the present J.

Lemma 7.5. Swuppose that dim(K/K,) is finite. Then we have
(i) luers =1 lxerss

(i) [v,4]1=0, [H,j]=0,

(i) [Q(v),J]1=0, [QH), J]=0.

Proof. (i) follows from the definition and (iii) is a consequence of
(). (i) : Since 7(z,jy) =7 (¥, x), (x,/¥)s= (¥, x)s and (z,j¥)s =
(y, )5, we have [S,7]=0 and [§8’,7]=0. Hence [p,j]=0 and [, ]
=0. Then (ii) follows from the definition of H. (4.8) and the fact
that v=(1—p'—2") (p+5).

For a cyclic and separating vector §=8s for R, we denote the
natural positive cone associated with & by V. It is known that xJxJ¥
Cc Ve and J¥ =¥ for any ¥V, and x&R. (Theorem 4 of [2].)

Lemma 7.6. Suppose that dim(K/K,) is finite and let 2%
be a cyclic and separating vector for R. If §€V, is cyclic for R,
then Q(v)*€ is cyclic for R and Q(v)*¢& V..
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Proof. Through the map ¢, we can identify ker 7 with ker7. Since
v(ker7) =0, dim (K/ker 7)<{oo, and 7 is non-degenerate on K\/ker 7,

we can expand the restriction of v to KcRK as follows;
v (z) = ;Nl?(bi, 2)a; for zek
where {a;}Y,Ckery and {b:;}7,CcKOkery (S-orthogonal complement
of ker7r). Furthermore, by ¥ =v, we may assume that
(7.3) la;=a;, and I'b;=—b; (i=1,..-, N).
Then, using [v,7] =0; we have
v(z+jz’) =v(zx)+jv(z’)
=LZ 7 (i, ) fli'i'tzmjﬂi
=17 (bt b 4 )

for x, x’€ K due to ja;=Ia;=a;, 1 (b:;, ') =7 (jb:, jx’) and the vanishing

of each cross term. This implies
v(2) =27 (bi+ jbi, B)a; for zeK
because K—{-jK:K\. Using this expansion of v, we have
q(@) =r(v) +Jr(v)J
where 7(v) =) ws(a;)ws (b)) *. Note that 7(v) €75 (W (K)), and 7(v)*
i

D —r(v) by (7.3). Furthermore the same estimate as the proof of Lemma
5.1 (iii) shows that D is a dense set of analytic vectors for 7(v) and
hence 7(v) is essentially skew self-adjoint. Any operator A in R’ satis-
fies (AY, BO) = (B*¥', A*®) for ¥, 0= D (Lemma 3.4) and B=7rs(x),
xeRe K and hence for B=7r(v) €ng(A(K)). Since D is the core of
r(v), e commutes with A€ R’ and ¢ " & R. Thus r(v) and Jr(v)J

are affiliated with R and R’, respectively, and we have
Q(.v) * =e—q(v)’=e—r(u)Je—r(u)J .

Hence Q(v)*¢e V, if &V, The cyclicity of Q(v) *¢ is immediate from

—7(v)

the cyclicity of & because e is unitary.

Lemma 7.%. Consider a von Neumann algebra F on a Hilbert
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space Dr and two cyclic and separating vectors &,,§,€9r for F.
Suppose that & and &, have a common modular conjugation operator,

i.e., there is an antiunitary involution J in Qr such that
(i) J&=¢&; (i=1,2),
(ii) JFJ=F’,
(i) (&, AJAE) =0 for all AeF (i=1,2).
Then there is a self-adjoint unitary operator u in the center of F

such that

USZE V5| .

Proof. It is known that there exists a unitary operator 0(§,, &)
in F’ such that

J5,=0(§2, 51) Jeﬁ (Ez, 51) * s
6(U/52, 51) =U’6 (52, 51)

if U’ is a unitary operator in F’, and §,&V, if and only if 0(§, &)
=1. (For example, Lemma 2.5. 35~37 in [5].) In the above case,
we have J;,=J;, =J, and hence JO (&, &) J=0(&:, &), Thus u=0(§,, &)
eFNF’. By Lemma 3 of [4], for example, #*=JuJ and hence «*=u,
Since 0 (u,, &) =ul (&, &) =1, ué, is a vector in V.

We note that 2= +1 if F is a factor.

To apply this lemma, let R=AQF and Hs=H.XHr be the tensor
product factorization of (R, s) corresponding to the S-orthogonal de-
composition of phase space K =ker 7P (IZ@ker 7) with 25=2,8%2,
where (D4, T4, £4) is obtained by the GNS-construction from the state
Osikern of W(kery, I'lkery, O) with A= {expin(x); x=Re (kery)}”
and similarly for §r, £r and F. Since Q(H) =1QRQO (we denote Q again
by O (H) below), we apply the above lemma for § =87 and &,=Q%F in
Corollary 7.9 below. Once we have QV, C Vg, then (1&XQ) VesC Vag-
The condition of the above Lemma is satisfied for £ and Q&7 due to

the following:

Lemma 7.8. If dim(K/kery) is finite, the following assertions
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hold.
(1) & and QH)*2-€9r are cyclic and separating for F.
(ii) JFJ=F".
(i) J2r=8r JOH)*Rr=QH)*2s.
(v) (&, AJAIJRLr) =0 and (Q(H)*Qr, AJAJQ (H)*2r) =0
for all AcF. Here J is defined in the same way as (7.2) on Hp.

Proof. Since S and S’ are standard, (i) follows from Lemma 7. 2.
By the same reason as Lemma 7.4, J is the modular conjugation and
hence (ii), the first equation of (iii) and the first inequality of (iv) follow.
The second equation of (iii) follows from the first by Lemma 7.5 (iii).
If we identify Q(H)*£r with the corresponding vector for S/, J defined
for S’ coincide with the present J due to the second equation of (iii).

(Note that £ is common.) Therefore the second inequality of (iv) follows.

Corollary 7.9. Suppose that dim(K/ker7) is finite. Then we
have Q(H)*8se Vgs.

Proof. Applying Lemma 7.7 to the system (F, $r, 2r, Q(H)*25),

we have
cOQH)*2s:e= Vgg .

By (A.1), (&5, Q(H)*&s) = (det cosh H) 7 =0. If & Vg, then (£, §)
=0. Hence c=1.

Proposition 7.10. Suppose that dim(K/kery) is finite and that
Slkerr =S |kerr- Regard ¢s and @s. as states of R. Then
l@s—@s | =125 — Q (v) *Q (H) *L2s|*
=2(1— (25, Q(H)Q(v) 29)).

Proof. By (5.11), ¢s and @5 are given by vectors £5 and Q(v)*
X Q(H)*82s. By Lemma 7.6 and Corollary 7.9, 25 and Q(v) *Q (H) *2;
are in the same natural positive cone V-"’@' Now the inequality is the

von-Neumann algebra version of the Powers-Stormer inequality. (Theo-
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rem 4 (8) of [2]).

§ 8. Necessity Proof

In this section, we give the proof of necessity. First we consider
the case of standard polarizations. The general case will be reduced to

this special case by the result of Section 7.

Lemma 8.1. Let R be a W*-algebra and @, §» be two faithful
normal states of R. Suppose that @, and @, are quasi-equivalent.

Then we have

8.1) 7. —%.[<2.
Proof. By the proof of (6.15) in [1].

Lemma 8.2. Let S and S’ be two polarizations such that the
associated inner products (,)s and (,)s induce the same topology,
with respect to which K is separated and complete. Let p, p' and
S, 8’ be operators on R and K, respectively, defined from S and S’
as in Section 3 (10) and (8). Let T be defined on K by

(z, ) s = (x, Ty)s

for all x,ye K. Then T is a bounded operator with bounded inverse
and

(8.2) 4lp—2 lhs=18A— @) T EL ks +B(E—E")B ks
+IBEA—B*TE (B))B  |ks.

where the Hilbert Schmidt norm is relative to (,)g on the left hand
side, relaiive to (,)s on the right hand side, 1 —E and 1—E’ are
orthogonal projections on kery, orthogonality being with respect to

(,)s and (,)s, respectively, and

(8 3) stl/z‘i‘ (1_5) 1/2, ’_ (S/) 1/2+ (1——8’) iz

Remark 8.3. If kery=0, (8.2) is the same as (6.9) in [1].
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Proof. The assumption that (,)s and (,)s induce the same topol-
ogy on K is equivalent to the conclusion that 7" is a bounded operator
with bounded inverse.

Denote K with the inner product (x,y)s by K, the completion of
K/ker 7 with the inner product (rsx,7sy)s= (x,y)# by Kf and (K g
=K @K%, with its inner product denoted as {, >s. Let & be the map-
ping from K into {K>s uniquely determined by

8.4) a(x®y) = (z+y) D (z—y).
We note that
(8.5) 2(£,6)5s=<(BDB N as, (BB atys,

B is a bounded operator with a bounded inverse (1<{F<{2"?) and the
range of a is KPK/kery dense in {(K)s. Hence ¢ is a bounded map

onto {K>s with a bounded inverse.

From (3.13), we have
(8.6) ak,(x)=75"(8"-A—-8)")zD S+ A ~-8)")r5'z
=B"x@Brs'z,
8.7 ak (x)=8"2@-Br5'x

where the equation holds for x& EKN D(y5') and hence by continuity
for x€ EK for which 75'x= K§. Furthermore, if x, ye EK, then

(8.8) 2(x@y) =k, (Bx+B7'rsy) + k- (Bx—B7'rsy).
Hence
(8.9) 2apa™ (xPy) = (Ex+B7%rsy) @ (Brs'Ex+ Ey).

The inner product (,)# is 7-dual to (,)s. (Namely (x, x)#*is the
supremum of [7(x,¥)| for (y,3)s=1.) Therefore if (,)s and (,)s
give the same topology on K, then (,)# and (,)% give the same topol-
ogy on K/(kery) and hence we have a natural identification of K¥
with K§. Then

(8.10) 2ap’a”H (x@y) = (E'z+B" 159) ® (B"*rs'E’'z+E'y).
From

(8.11) (x, TE'y)s= (x, E'y) s =7 (2, 75/ E'y) = (x, TsT5/E"y) s
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we obtain

(8.12) TE' =7sr5/E’, ie. 715'ETE’ =Ers'E’.
Similarly

(8.13) T 'E=7s715'E, ie. T rs=71sE.

From (8.9), (8.10), (8.12) and (8.13), we obtain
(8.14) 2{BOEMHa@—p)a (BTDB)} (D)
={8(E—E")B'z+BB*— (B") "I ") Brsy}
DU EBTN (B —TE' (BB '+ (E—E") By}

where we have used 2= Ez in K.

Since (E—E)z=(1—E’)z— (L—E)zcker7, we have 75(E—E")z
=0. Since B and 7y commute as functions of S, the second term 7' (E
—E’)By in the second summand on the right hand side is 0 in K&. If
y; is an orthonormal basis in K§, then 7¢y; is an orthonormal basis of

EK. Since 27"*(B@B ) is unitary due to (8.5), we have
(8.15)  4|p—2'|us.
=2 {BDBHa(p—p)a (B®B)} (x:@DO) 1%, 5
+ ; [H{B+Da(p—p)a B®B)} 0Dy ) 1%,
=|B(E—-ENB |as.+ | EB (B ~TE B))F ks
+ 8B = (B)*T)BE|las. -

Lemma 8.4. Assume (x,vy)s= (x,y)s for all x,yckery and
|3zl <Zk|x|s for all x€K. Then |p—p |us <G implies

(8.16) 1872 — (87) 2| 5. <2. 5%G cosh (k7/2),
(8.17) 11— T |s< (8+10 sinh kn/2) #G .

Proof. By (8.2), we obtain
(8.18) 187*(28—1) — (BN *(28" — 1) |lus.
=["(28-1) — (#") (2" —D E|us.
<[6871*128 =1 [BA~ (B)*T ') EB7 |us.=2G,
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where we have used (28'—1) (1 —E) =0 (due to (1 —E)K=ker7) and
(8.13).
Let 0 and 6’ be operators with spectrum in the interval [—7/4, /4]

satisfying

(8.19) S=sin®(0+7n/4), S’ =sin® (0’ +7/4).
Then the left hand side of (8.18) is |tan 6 —tan 6’| us. and
(8.20) | Tan*A—Tan"A’|us.

1
= [1a+awya-arare-anas|
0 .S

< lexll (1+ A2~ {A (1 + A%

—(1+AZ) A’y A+ A% s,
= sup (| A+ A4%2)7{(A-4")
+(Az) (A" —A) (A’z)} (1 + A2 as).

The S-norm of (1+ A’2%) 7! and (1+ A’2%) "'(Ax) are bounded by 1
and (1/2). Since

®8.21)  |Bls=|T BT |s<|T7"|s | T"|s | Bl s =k Blls ,

the Snorm of (1+ A%2*) ™" and (1+ A”2*) '(A’x) are bounded by %
and k/2. Together with (8.18) and (8.20), we have

(8.22) [6—0" s <5kG/2.
Hence by Taylor expansion
1872 — (8) | as. <[00 s, 30 (20) 7 (ke /2) ™
<2.5kG cosh (A1/2) .

where we have used [|0|s<m/4, |0'|s=k|0 ||sFr/4
Since |87 —f"%||ms. = |cos 20 — cos 20 | p.s.<<5EG sinh (k7/2), we obtain

(8.23) [A—=T™) Elus.= 187678 (1 — (&) T '8 EB '}~
— (B”*—B)BE|us.
< (2k) (2G) +5kG sinh (km/2)
where we have used [|§72[s<%||8"%|¢<2k. Since (1—E)(L—T"") (1 —E)
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=0, we have (1—T) (1—E)=((L—E) A —T"E)* and hence
8.24)  [1—T |us<| Q=T Eus.+|A—=T") (1—E) Jus.
=2[(A=T™)E|zs.
< (8410 sinh (k1/2) ) £G.
Hence

1T asZIT| 11 —T 7 |ns.=< (8+10 sinh (k7/2) ) G .

With these lemmas as a preparation, we proceed to the main asser-

tion of this section.

Lemma 8.5. Let S and S’ be two standard polarizations of a
separable phase space (K,I',7) such that they coincide on the kernel
of 7. Suppose that ws and w5 are quasi-equivalent. Then conditions
of Proposition 6.6 hold.

Proof. Since mg~mg, we can regard ¢s and @5 as states on a von
Neumann algebra R associated with the representation 7y (R=ms(A(K))").

Since S and S’ are standard,

(8.25) los—os <2,
by Lemma 8.1.

Take an increasing sequence {K;}i>, of [-invariant subspaces of K
such that

(i) K, is the kernel of 7.

(ii) dim(K;/K,) is finite for all 7.

(iii) UK; is dense in K.

Let 75, Si, :S’i’ be the restrictions of 7, S, S’ to K;. Then we obtain a
family of phase spaces (K; 7:) with polarizations S; and S;.

By construction, S; and S; are standard because S and S’ are standard
and the GNS representation of @, can be identified with (7s| (XK), £5).
Furthermore, using the identification 7s (A (K))” =7 (K))” (=R),
we may set Ry=mg, (U (K;))" =7s(A(K:))” CR and consider ¢s, and ¢,
as states of R;. Then ¢s, and ¢g, are restrictions of ¢s and @5 to Ri.
Therefore
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(8.26) losi— s | <llgs— sl -

Applying Proposition 7.10 and inequality (A.3) to the pair (Si, S7).

we have

(8.27)  |os,—os, I
>2—2det (cosh H;) "V*det (1 +27'v; (1 —tanh H;) vf) ~¥*

where P;, Pj, v, H; are operators associated with (Si, S%) by the con-
struction of Section 4. (Note that they do not coincide with the restric-
tions of P, P/, v, H to K, in general.)

By (8.25), (8.26) and (8.27), it is enough to derive

(8.28) lim det (cosh H;) det (1 +27'v; (1 —tanh H;) v¥) = + o0
i—00

from the negation of conditions in Proposition 6. 6.

We first note that
(8.29) cosh H;>1
(8. 30) v; (1 —tanh H;) v} = (1 —tanh | H;|) vvF =0 .

These imply that both determinants in (8.28) is bounded below by 1.
It is therefore sufficient to prove the following alternatives:
(I) lim tr sinh® H; =0, or
In lim tr sinh® H; = M<oo and

lim tr v;0¥ = oo .
(Note that | H;|| is bounded uniformly by sinh™ (M"Y?) if the first con-
dition of (II) is satisfied and hence 1—tanh||H;|| is bounded below by
1— 1 +M)"*M"*>0.)

We now bound |[p:— 2% ||ks. = | g:llfs. + | Pi— Q:illks. by quantities ap-
pearing in (I) and (II). We have |g:i|us. = [|v:Q:llas.<|vi|ns.||Q:l and
1Q:1 <120 | <E||2} |s-=k. Proof of Lemma 4.2 (iii) shows P;(1—Q;) P;
= iQiPi and hence ]] P; (1—‘Qi) P, H%—I.S."‘ “PiQiPi H%{.s.= ” (Pi_Qi)ZH?-I.S.
=tr sinh*H;. Further P;Q;P;=uw; sinh ; cosh o by Lemma 4.3 (ii) and
P,Q;P;= — (P,Q;P;)* = —u¥ cosh @; sinh a; by Lemma 4.2 (ii). There-
fore | P.Q:P:|ks.+ |PiQ:Pi|%s. =tr sinh® H; cosh® H;.  Finally |sinh H;||
SIP—-Q|<|P|+[QI=1+#4 Therefore

(8.31) | £:— 2 |h.s. <FKtr v, v} +tr sinh?H,; (1 + 2sinh?’H;)
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ZFtroowF+ (1+20+k)%)trsinh® H;.

Hence (8.28) follows from

(8.32) lim || ps— 2} |us.= o0 .

Let E; be the orthogonal projection on Kj;, orthogonality being relative
to (,)s. Since S; and S; are restrictions of S and S’ to K, the inner

products (,)s, and (,)s are restrictions of (,)s and (,)s. In par-

ticular

(8.33) (z, ) s;= (x, Ty)s,» Ti=ETE;.

Therefore

(8.34) lim|1 =T gs =lim|| E;(1 = T) Ei|ns.= |1 =T |as. .

We also have S;=E;SE; and hence
(8. 35) lim §}2= (lim S;) *=S"2.
Similarly T3S; = E; TS’ E;, 8’ =1im T 'T;S; =1lim S; and

(8. 36) lim (S7) V2= (§") 2.
Therefore
(8.37) 82— (8")* || s Zlim || Sy — (S;) V| us. -

If condition (iv) of Proposition 6.6 is violated, then either (a) |1
—T|gs.=c0 or (b) [|SY*— (8")"*|gs.=oc0. In the case (a), (8.34) and
(8.17) imply sup||p:—2i |us.=c0. In the case (b), (8.37) and (8.16)
imply the same. Therefore if conditions of Proposition 6.6 are violated,

then (8.32) holds and 75 and 7s can not be quasi-equivalent.

Necessity Proof of Theorem. (See §1 for the statement.) We
assume that the reduction of the problem described in Section 2 and Section
3 has been made, namely (,)s and (,)s induce the same Hilbert space
topology on K and the restrictions of S and S” to the kernel of 7 coincide.
A slight modification of the proof of Lemma 6.9 in [1] shows that there
exists a direct sum decomposition of the phase space, K=K @K, such
that

(i) K, is separable,

(ii) both S and S’ split,
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(i) Sk, =8Ik, -
Thus the problem is furthermore reduced to the case in which K is
separable. In that case, by Lemma 7.3, we can replace S and S’ by
standard polarizations. Now the necessity of conditions in Theorem is
a direct consequence of Lemma 8.5 and Proposition 6.6. This completes

the proof of Theorem.

Corollary 8.6. Let (K,I',7) be a phase space, B a Bogoliubov
transformation in K, and S a polarization of v. Then the Bogoliubov
automorphism tp of W(K) induces the automorphism of Rg(K) if and
only if

(i) B and B! are continuous with respect to the inner product
(,)s

(ii) B*B—1 is in the H.S. class (% and the H.S. class refer to

( ’ )S) >
(i) BSY*B'—8Y* is in the H.S. class.

Proof. Set (x,v)s = (B 'x, B'y)s. Then S’ is a polarization of
7 and then B induces the automorphism of Rg(XK) if and only if 7y and
Ts- are quasi-equivalent. Now condition (i) of this Corollary is equivalent
to condition (1) of Theorem. Conditions (ii) and (iii) of this Corollary
are equivalent to condition (iv) in Proposition 6.6 and hence condition

(2) of Theorem (under the condition (i)).

§ 9. Alternative Conditions

On the subspace kery, S=S8"=1/2 and hence we can not expect to
find a condition on S and S’ alone equivalent to conditions of Proposition
6.6. However, under the side condition that the restrictions of S and
S’ to ker 71 satisfy the condition for r.v‘, we can find a condition on §
and 8’ equivalent to conditions of Proposition 6. 6. This will be achieved
in Corollary 9.2 below and clarify the relation of our Theorem and
results obtained in [1].

As a preparation we derive a condition expressed in terms of the

HS.
relation ~ between forms. In Proposition 6. 6, this is done in the doubled
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space K (condition (iii)) but not in the original space. For this purpose,
we recall a definition of the geometric mean discussed in [8]. The geo-
metric mean of two positive hermitian forms S(x, y) and S(z, y) =Sy,
I'x) is denoted by (SS)? and is given by

(Y (88)* (z, ) = (x, $* (1 —8)"*y)s .

A similar relation holds for S’.
Let v be a Hilbert space topology on K. For two bounded positive
hermitian forms S; and S,, we denote

v H.S.
1 Sz

if Si(z,v) = (x,Siy) (i=1,2) for an inner product (,) giving rise to the
topology 7 and S.,—38, is in the Hilbert-Schmidt class (relative to (,)).

Proposition 9.1. Assume that (,)s and (,)s induce the same
topology T, are non-degenerate and complete on K. Each of the follow-

ing conditions is equivalent to conditions in Proposition 6. 6.

HS. _  HS.  _
(i) S~ S and (SS)I/ZN (SISI)I/Z.
(i) For any fixed numbers 1, p>0,

— — cH.S. _ _
Z(S‘FS) +,U(SS)1/2 ~ X(S’—}-S’) +,U(S’S/)1/2 .

Proof. If §7*— (8’)"? is in the Hilbert-Schmidt class, then
(1 _S) 172 (1 _S/) 172 :]" (Sl/z_ (SI) 1/2) I“'

is in the Hilbert-Schmidt class. Hence condition (iv) of Proposition 6.6
implies condition (i) above. Obviously (ii) follows from (i).

Let us assume (ii). Let
(9' 2) (xy y) s = (1', Ty)S .
Then (ii) is the same as

HS.

. 3) A+ pSv a —S) ve T(l—i—,ll(s’) 12 a —S') 1/2) .

Since T'(28’—1) =25—1, we obtain

H.S.

.4 £(87) ~ f((SH™)
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where the function f is defined for 0<{t<1 by
9.5) f(@)=Q+utd—2)") 7" (28 —1):

This function is monotone increasing and its inverse function £ 'is given

for —A7'<<x<<2™* by
9.6) 22 f 7N (x) = A+ (A+ 422" " {4+ pg (2)7}) 1,
9.7 g(x) =4+ (£—42) 2"

Since ¢ (x) is sandwiched by 4 and #’/2’, we have a convergent

expansion
(9.8) g () =k"3] ca{(g (x) /k) —1}"
for k=max (4, /%) where (1+a)*=) c,a” for la|<1 and hence

©.9) g —g(A) *[ns=]g(4) —g(A) [nsk ™
el + 1T 1T~ 3 nleal ™

where [=1—/%"'min (4, £*/2) (<1) and the sum converges. (The square
root is relative to (,)gs for g(A) and relative to (,)s for g(4’).)
From (9.6), we obtain

(9.10) 22 71 (z) = (1+2z) F(2) ’G(2) "2,
(9.11) F(x) =421 —2x) + u(9 () + ux),
(9.12) G(x) =222+ 29 (x) + A+ 22 g (x) .

Since ¢ (x)?+ px=0 for |x|<A™', F(x) =a for some a>0. We also have
G(x) =g (x) =Amin (4, 174" . If |A—A’|us.<oo, then F(A) —F(A’)
and G(A) —G(A’) are in the Hilbert-Schmidt class by (9.9) and hence
F(A)"”—F(A) and G(A)"*—G(A’)"* are in the Hilbert-Schmidt class
due to the same reason as (9.9). Therefore f'(A) —f '(A’) isin the
Hilbert-Schmidt class for A= f£(§"®) and A’ = £ ((S$)"?) due to (9.4).

Namely we have
(9 13) §12o (SI) vz

Using this in (9.3), we obtain

(Z_I_ﬂ(sl)l/g(l__SI)l/Z) I—S.T(l_l_ﬂ(s/) I/Z(I_Sl) 1/Z>-
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Since (A+#(8)Y*(1—8)¥*) ' is bounded (relative to (,)s by 47" and

hence relative to (,)s), we obtain

H.S.

(9.14) 1~T.
Therefore (ii) implies (9.13) and (9.14), which are condition (iv)

of Proposition 6. 6.

Corollary 9.2. Under the same assumption as Proposition 9.1,
the following two conditions together are equivalent to conditions of

Proposition 6.6.

H.S.
(@ (,)slker7 ~ (,)slkery.
®) B9 H(@S-1) @5~ E) BE) ~

where 1 —E’ is S’-orthogonal projection on ker 7, B(x) =x"*+ 1—x)*

and ()~ denotes the closure of an operator.

Proof. Setting =1 and g#=2 in the condition (ii) of Proposition

9.1 and writing it in terms of operators relative to (,)s we obtain
HS.

(9. 15) 1+251/2 (1__8) 172 ~ T(]. _|_2(S/)1/2 (1___5/) 1/2)

where (x,¥)s = (z, TY)s.

Then (9.15) is equivalent to two relations obtained by multiplying
(9.15) by 1 —E’ and E’ from the right. Since the range of 1 —E’ is
ker7, on which §=8"=1/2, the multiplication by 1 —E’ yields the con-
dition (a). Since 1 —E’ is the eigenprojection of 8’ for the eigenvalue 1/2,

it commutes with §’. Since
(z, TE'y)s= (x, E’y) 5 =7 (x, (28" —1) T'E"y)
= (z, (28—1) (28 —1) "E'y)s,
we have TE’ = ((28—1) (28’ —1)'E’)~ where (28’ —1)7'E’ is well-
defined (in terms of spectral decomposition of §’ relative to (,)s) and y
is in its domain. Since f(x)*=1+2x"*(1— x)* is bounded with a bound-

ed inverse for 0<<x<1, the multiplication of (9.15) by E’ yields an

equation equivalent to (b).
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Remark 9.3. We have
B(x) ?(2x—1) = (sign (2x—1)) B () 2"~ 1 —2)"*|
= (sign 22— 1)) {8(@)* (2"~ 1—2)") %}
= (sign (2x—1))exp (—Tanh™ {2L*(1 — x) "*}).
If we set E’=1 (the assumption of non-degenerate 7) and substitute
the above relation in (b), then we obtain the criterion (2) in Lemma 6.5
of [1]. (Condition (3) in Theorem of [1] should be written in the
same way as condition (2) in Lemma 6.5 there, namely ¢ (S) and ¢(S”)
are missing by misprint.) By inverting the role of S and S’, (b) can
be replaced by the following condition which corresponds to (3) in
Lemma 6.5 of [1].
Hs.
(b)" B(S) (25 —1) (25—1) E) B(S)* ~ E.

HS. HS.
As already stated, §"*> ~ 8’ does not imply S ~ S’. The following

HS. HS.
example of S and S’ shows that S~ S’ does not imply §"* ~ §''2,

Example 9.4. Let (K,I,7) be a phase space such that there
exists a Fock polarization S (Spec $={0,1}). Let e be the eigenpro-
jection of S corresponding to the eigenvalue 1. Take a positive H.S.
class operator X in eK which is not in the trace class. Set T=1+x+7%
and (x,¥)s = (x, Ty)s. H’ghen it can be easily checked that S’ is a

polarization and that S~ S’. According to the decomposition K=eK

@eK, S and 8’ have the following matrix representations;

S=[1 0} S,Z[(1+2-1;¢)(1+x)-1 0 }
00 0 2@+

From this, we see that

S2_ 8’ },Ij [O 0 :l
0 2—1/221/2

is not in the H.S. class.

Appendix. A Formula for (24, Q(H)Q(v)2%)

In this section we prove the following formula for finite rank oper-
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ators H and v on K where the notation is as in Section 5. (The formula
can be shown to hold for Z and v in the Hilbert-Schmidt class as a

straightforward extension by continuity from the present case.)

(A.1) (25, O(H) O (v) 5) = (det cosh H) "V*(det (L +¢)) 72,

(A.2) c=4""9(1—2(tanh H)S) v*.

Here the first determinant is obviously positive. The second determinant

has to be positive due to Lemma 7.6, Corollary 7.9 and (§,7%) =0 for
all §, 7 Veg (Theorem 4 (1) of [2]). Hence (A.1) implies

(A.3) (25, Q(H)Q(v) 25) = (det cosh H) 7 (det (L +c) (A +c*)) ™
< (det cosh H) "V*(det (1 +27'v (1 — tanh H) v*) ™
where we have used the inequality
det (L +c+c*+cc*) =exp tr log (L + ¢+ c* + cc™*)
=exptrlog(l+c+c*) =det(L+c+c*)

(because log x is operator monotone) and the anticommutativity of H

and 75=28—1 (Lemma 4.4 (iii)) in the following form:

(A. 4) (tanh H)S+ 8§ (tanh H) =tanh H .

The idea of proof is to decompose the phase space ER into a direct
sum of 2-dimensional phase spaces. Then the expectation (2, O (H)Q (v) £)
turns out to be the product of the expectation of 2-dimensional com-
ponents. In this calculation, we use the central decomposition and first
make computation with abelian part replaced by a number. We then

calculate the expectation of the abelian part by Gaussian integral.

Let A=i(p—pP) (=ifs) be a partially isometric operator with
range EK where E=p+ 35 as in the main text. (Isometry relative to
(,)s) It commutes with f', satisfies 7 (x, y) = —i(x, 4y) § and anticom-
mutes with A (Lemma 4.4 (iii)).

By assumption, H and v are of finite rank, both H =H?* and v*v
(* referring to (,)z) annihilate ker 7, which is invariant under 4 and
I, £=—1 on (ker )+, I' commutes with all others and /®=1. Hence

there exists a finite dimensional subspace L of K, invariant under
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H, v*v, A and I, containing ranges of H and v*v, and S-orthogonal to
ker7. Let K=L(—DL0 be an S-orthogonal decomposition. It then fol-
lows that there exists a subspace L, of L with the following properties:

(i) L=L.®AL, (S-orthogonal sum),

(ii) L. is [-invariant,

(iii) H is reduced by the decomposition (i),

(iv) the restriction of H to L, is positive.
(L. is taken to be the spectral subspace of H|L for positive eigenvalues
plus a half of zero eigenspace which is mapped to the other half by 4.
Such a decomposition of zero eigenspace of H exists because it is I~ and
Adnvariant, [I7, 4] =0 and hence A defines a complex structure on its
Preal part due to £2=—1 on (ker7)+.)

Take a [-invariant spectral basis {b;} j=1 of H, (the restriction of
H to L,):

(A 5) H‘Fblzijja /IJZO, ﬁbj:bj’ ||bJH§=1

(G=1,2,3,-). Let L; be the subspace spanned by {b;, 45;}. Then we
have a finite direct sum decomposition of the phase space, K = ZL,

Using this basis, we expand H and v. Then Q(H) and Q(v) can

be written as

(A.6) QUH)Q((v) = 1 (&2 g1y

where

(A7) a(H)) =%ilf(ﬂs(bj)ﬂs (4B;) +75(4b,)75(5,))
(A.8) q(v,) =i(ms(vb,)ms(4b;) —ms(vAb)ms(8,)).

Let R=R,Q( ®R) and 25=92,& ( ®.Q) be the factorization of
the von Neumann algebra R=Rs(K) and the cyclic vector 25 with
respect to the decomposition K= L,® Z L;.

In (A.6)-(A.8), operators connected with L, are mg(vb;) and
s (vAb;) which are self-adjoint (due to [wb;=vl'b;=vb;, IvAb;=vAl'b,
=v/4b;) and affiliated with the commutative von Neumann subalgebra

Rg(ker7) of R, because range vCker 7C L, By joint spectral de-

composition, we have
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(A.9) (25, O(H) O (v) L) = jdﬂ (2 g1 (25, e2¥Ne108)
where
(A.10) a;=1 (275 (4b;) —2p75(85)),

and du is a Gaussian measure (in general, allowing O-functions which
specify linear relations among components of 2) with mean O and co-

variance given by
(A.11) fdﬂ (2) % a2 = (25, 75 (0 ADB,) 5 (0478, D) .
Here 0(a) =a—1, for a=1, 2 and the same for §(d).
Let a=m5(4b;), A=7m5(b;) and
(A 12) f (;‘) — (QS'; eil(aﬁ+ﬂa)ei(z,a—zgﬁ)‘g§)
for a fixed . Then
(A.13) S (4/2) = (25, €7 e%105)

if zo=25, (@a=1,2).
The operators & and B are self-adjoint for which 25 gives the quasi-

free state with

(A.14) [a, Bl =7s(4b;, b)) = —i  (I'b;=b),

(A. 15a) (s, a?R5) =27 {(DAb;, Aby) s+ 7 (I Ab;, Ay} =1/2,
(A.15b) (25, BQs) =27{(['0;, ) s+7 (b, b))} =1/2,
(A.15¢)  (Rs, aBQs) =27 {(Ldb;, b)) s+ 7 (b, b))} = —i/2,

where we have used fbj-——bj, fAbj=Ab,, 7(x,y) = —i(x, Ay) s, (b, 4b)) s
=0, |6;]s=[4b6;]5=1 and £#2=—1. From (A.15), we obtain

(A.16) (@—if) Rs=0

by computing its norm. On the other hand, by (A.14), we obtain

(A. 178.) aei(z,,a—z,ﬁ) — ei(zla-zzﬁ) (a_ zz)
(A . 17b) Bei(qa—z;ﬁ) — ei(zla—zzﬂ) (8 o zl)
(A 183.) eil(tzﬁ-‘ﬁa)a — e—zlaeil(aﬁ+ﬂa)

(A. le) e“(“'g'*p“)ﬁ: 6215611/1(0:49%-&2)
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where (A.17) and (A.18) for small A can be obtained through an
algebraic computation by series expansion of matrix elements between
(analytic) vectors in D (Proposition 3.4) and by closure, and (A.18)
for large A by repeated use of the same formula for small A.

We now derive an equation for f. First we have
(A.19) Q) =1 (2, 452 (af + Bar) €m0 Qg) .
We then write
(A. 20) af+Ba= (Pa+ie B A+B(a—if+2z,—iz) +C

where we may take

(A.21) A= —i(cosh 20) Ha+ (e +1) " (zo—iz) },
(A. 22) B=i(cosh 20) {e*a—e (e 4+1) T (2,—i21) },
(A.23) C=1tanh 2A+:27" (cosh 22) ~*(2,—i2,)*.

Due to (A.16)-(A.18),

(A.24) (@—if+z—iz) e Qe =0,

(A. 25) (Pt ie™R) ¥e IR (),

Therefore

(A. 26) F'(A) = — {tanh 22+ 27" (cosh 22) "2 (2z,—iz,) %} £ ().
Therefore

(A.27) F (&) = (cosh 22) "2 exp{—4 (tanh 24) (2, —i2) % £ (0).

By a similar (and simpler) calculation, we obtain

(A.28) F(0) = (£s, P Qg) =exp—47" (21 +27).
Therefore
(A.29) S (A) = (cosh 22) ? exp—47 {22+ 23+ (2,—1i2;) ® tanh 24}.

Substituting (A.13) and (A.29) in (A.9), we obtain

(A.30) (%5, QUH)Q(v)%s)
= (1;[ cosh ;) 7'~ jdﬂ (R)exp—47" 31 {2+ 2%

+ (ng - izil) ztanh l]}
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— (det cosh EI)~A f dp(2)exp—4-t(z, (1—tanh H

+ (tanh H) 4) 2)
where 2= 2;6;+ > zpdb;& L. (Note that eigenvalues of H are +4,
which accounts for the power —1/4 instead of —1/2.)
On the other hand, the covariance of the Gaussian measure 4 is

given by (A.11), namely
(A.31) jd,u (2) 21025 =S (VL@ v LOb,)

=2 (vAb;, vA’®b,)s (range vCker 7)
=271(LDb,; vl Db,)g.

Therefore, by a formula of (finite dimensional) Gaussian integral, (A. 30)

becomes
(A.32) (825, O(H) Q(v) 85) = (det cosh H) *det (L +¢,) ™%,
(A. 33) c;=47'"v (1 —tanh H (1 —id)) v*

=4"'9(1L—2(tanh H)8) v*.
(Due to HA=—AH, we may also write (].—g)tanhH instead of
(tanh) S.)
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