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Poisson’s Summation Formula and
Hamburger’s Theorem

By

Leon EHRENPREIS* and Takahiro KAWAI**

Poisson’s summation formula tells us that the Fourier transform of
the sum of Dirac’s 0-functions supported by the integral points is again
the sum of Dirac’s 0-functions supported by the integral points. In this
paper we first consider the converse problem, that is, we characterize a
distribution which is a sum of distributions supported by the integral
points and whose Fourier transform is again of the same form. Using
this result we give another proof of the classical theorem of Hamburger
on the characterization of the zata function of Riemann. We also show
a generalization of the result to the zeta function associated to the imagi-
nary quadratic field Q (v —1).

In what follows, we use the notation & (f) or f to denote the Fou-
rier transform of f normalized in the form J\f(x) exp (271:\/——1<:C, &) dx.
We denote by D5 (resp., x%) (a= (a, -, &) €EZT) the differential
operator 0'*'/0x{'---0xy (resp., the monomial xf*---x5™), where Z7
denotes the set of m-tuple of non-negative integers and |a|= _Zm]a,.
We denote Dirac’s 0-function supported at =7 by 0 (xr—n) and its Jcl_elriv-
ative D20 (x—n) by 0 (x—n).

Now the first result is stated as follows:

Theorem 1. Let N and m be strictly positive integers. Let
e, and by, (a,BeZ?, |a|, |BI<N, n,yveZ™) be complex numbers
which satisfy

ey |@a,al <Cln|"
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and

©) 16, | <Clv["

for some constants C and M. Suppose that

3) F (X 0,0 (x—1)) =ﬁZ}ba,»5"’” (E—).

Then there exists a linear differential operator P(x, D,) with poly-

nomial coefficients such that
4) Zaa,na(a) (x—n) =P(x, D,) ( Z 0(x—n)).
a,n nezZmn

Furthermore the order of P is less than N and the degree of each
coefficient of P is less than N.

Remark. Conditions (1) and (2) guarantee that both sides of (3)

are well-defined tempered distributions.

Proaf of Theorem 1. Let Si(€) denote the distribution <& ~'(sin (7x;)),

ie.,

ig_l(a(mé)—a(sl—%)%gf(s»,

and let 7, () denote the N-th interated convolution product of S, i.e.,

5E kﬁfffzﬂ o6 G—) L2,

Since |a|<N,
[sin(@z) ]¥ (X @a, 0@ (x—2)) =0

holds. Hence we have
(5) Tl*( 2 bg,,ﬁ(ﬁ) (E—V)) =0 .
B,v
Now let 4, denote > b,0(§—v). Since 7; is a sum of finitely many

0-functions, Tyx(D?4,) is again of the form Df(X] cg,,0(E—v)) with

cgy1 in C. Hence (5) implies
Tl*DﬁAp=0

for any / and 5. Then, by the inverse Fourier transformation, we get
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(6) 6.1 @ry —1x)*F (T)) F '4,=0.
Since (7)) =sin(wx;)" holds by definition, (6),,; entails that

supp (< 7'4g) is contained in {r= (xy, -+, x,) ER™; xr;€Z}. Since this

is true for each I, supp(< 7'4;) is contained in {xr& Z™}. In particular,
(7 Fde= 3 dgi07 ()
Ir|=Ng

holds in a neighborhood of the origin, for some integer N, and constants

dp,. On the other hand, we have
G bp= 3 b, exp(—2ny —1x, VD).
Hence < '4; is periodic. Therefore (7) entails

G = > dp, 07 (x—n)
HE

neLm

= Y de.Dj (ﬂezzjmﬁ(x—n) ).

I7|SNg

Then, by Poisson’s summation formula, we obtain

3) F o= 3 de,DI(FT 320 6(E—v)).
I7|=Ng veZm

Hence we have

do= 3 do,(—21y —16)7( 2 0(§—V))
Ir|<Ng vEZm
= 2 dg,(—2my/ —1)"0(E—V).

I7ISNg
veEZm
This implies

bﬁ,u = Z dﬂ,r(“zn\/?ly) 7,

17ISNg
that is, bg, is a polynomial B;(¥) of v whose degree is <<N,.
By applying the inverse Fourier transformation to (3) we see that

Qo ., is also a polynomial A, (n) of n whose degree is N,. In what follows
N’ denotes max {N,, Ng}. Thus (3) takes the form
a,8

©) F (2 Aa(m) D30 (x—n)) = 2B () DES(§—v).

Since

2 Ae(n) D20 (x—n) = 25 D3 AL (n)0(x—n)

= aZn DA, (x)0(x—n)]
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holds, (9) combined with Poisson’s summation formula entails
(10) § (—21y=16)*(Au(Dy/2r/ 1) F (0 (x—1n)))
=2 (=2n/=16)%A.(Dy/2nV-1) (F (2L 0(z—=n)))
=2 (=21 -18)“Au(De/2n/ 1) (2506 —¥))
= L DEBs()0(E-0)).
Now we rewrite the operator 3} (—2v/ —=1€)“As(Dy/2ny' =1) (resp.
;Dg-Bﬂ(e) ) in the form Y @, Di-& (resp., Y by ,D¢-€%) with ay,

s,te2% u,vEZY
and b,,, being complex numbers. Then it follows from the assumption

that
11) a,,=0 if [¢t|=N
and
a2z buo=0 if |u|=N.

On the other hand, comparing the coefficients of DPJd(§—v) in (10),

we find
13) Slawnt= 2] by Y
t v

holds for every we Z? and ve Z™. Since a,,, (resp., b, ,) vanishes if
'w| >N’ (resp., jv|>N’), (13) implies that a,, ,=b,,; holds for every
(w,t) €Z}y X Z}. In particular, a,, vanishes if |w|=N. This means
that the operator ) a;,Di-&" is of order <{N. Defining P(x, D,) by
5t
2 as(2ry—1x)'(—D,/2rn/-1)",
5,t€Z7
Isl, [tI<N

we obtained the required operator P. Q.E.D.

We now discuss how Theorem 1 is related to the classical theorem
of Hamburger [3] on the characterization of the zeta function &(s) of
Riemann.

Let {@.}n-1s.. and {b,},-1 ., .. be sequences of complex numbers which

satisfy the following condition.

(14) There exist constants C and M for which
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la | <Crn™ and |b,|<<CV”
hold.

Condition (14) guarantees that the series Z,(s) = ilcz,,/ns and
ZB(s) = Zby/v both converge on the domain {s&C; Ree sﬂ>M} Fur-
thermore it is clear that they are bounded on {s&C; Res=M-+¢e} (¢
>0). We now suppose that Z,(s) and Zz(s) can be analytically con-
tinued to the whole s-plane as meromorphic functions having their poles
only at s=1. We denote thus extended functions again by Z,(s) and
Zz(s), respectively. We further assume that (s—1)Z,(s) and (s—1)

Zz(s) are entire functions of finite order.

Now our result corresponding to the classical result of Hamburger
is the following:

Theorem 2. Suppose that Z,(s) and Zy(s) satisfy
(15) Zﬂ(~‘/2>z (s) = Mz (1—ys).

s/2 (1 $)/2

Then Z,(s) =Zs(s) and it is a constant multiple of the zeta function

L(s) = ill/ns of Riemann.

Proof. Following Sato [6] we first define the following integral
I, (s,¢) for ¢ in the Schwartz space . when Re s> M.

1) Lo = [ e+ T awen)d.

Here and in what follows Z* (resp., £7) denotes the set of strictly

positive (resp., strictly negative) integers. Similarly we define Jz(s, @)
by

[[r ez soen+ g opwna

on the domain {s&; Re s<{1—M}. Since ¢ is in ¥, the condition (14)
guarantees that I,(s,¢) and Jz(s,¢) are well-defind when Res (resp.,

—Re s) is sufficiently large. Furthermore we can easily verify that

(a7 Li(s,0) = Zu(s) | |2l (@) de
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holds on {s€C; Re s>M+1} and that

18) TsG0) = Zs1=9) [ 1o @)az

holds on {se&C; Re s<C—M}.
Integration by parts (see Gel’fand-Shilov [2], p. 90) shows that

jw |x]* ¢ (x)ds and Jw |617°% () df are meromorphic functions of s;
thus I, (s, ¢) and Jz(s, ) are also meromorphic functions of s. Further-

more, in view of

WAL ((1=9)/2) | e

F (1§
(1§17 = T(s/2)
we conclude from (15) that
(19> IA (87 (ﬂ) = JB(S’ (0)

holds on the entire s-plane.

In passing, we note that there exist some constants C, and M, such

that

(20) |M| C|Im s|*
re/2)

on {s€C; —1—M<Res<M+2, |Ims|=1}. Since (s—1)Z,(s) and
(s—1)Zz(s) are of finite order by assumption, it follows from the Phrag-
mén-Lindeléf theorem that (15) and (20) imply that

ey 1Za(9) ], 1 Z(s) |=C’[Im 5™

holds on {s&€C; —1— M<Re s<M+2, |Ims|=1} for some constants
C’ and M’. On the other hand,

L-1
Dz = T G+ D) |z
1=0
holds on {s&C; Re s>1—L}, we have

@) [ lale@de= [ 2 (= Dy (@) dz
1T G+0)

there. Hence, by choosing L sufficiently large, we conclude from (22)
that
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@23) } [Tl dz| <C, Tm s

holds on the domain {s€C; —1— M<Re s<M+2, |Im s|=1} for some
constant C, depending on ¢. Therefore (21) combined with (23) enables
us to apply Cauchy’s formula to I,(s,¢)¢™° (¢£>0) to obtain

—1—M+y/Zi

=T
21V —1 J-1-#-v=ie

1 J«M+z+¢:1w
Tony/—1

(24) I(s,@)t7°ds

IA (S, (0) t-sds—{— Res [IA (S, (0) t—_'],
sSSP (4)

M+2—y/=io

where P(A) denotes the set of poles of I (s, ¢)¢™° in the domain {s=C;
—1—M<Re s<M+2}. Here we may assume that I,(s,9)¢* has no
poles either on the line {s&C;Res=—1—M} or on the line {s=C;
Re s=M+2} by changing M slightly, if necessary. Since on |x|* o (x)dx
4, (Gelfand-Schilov [2], p. 90),
and since Z,(s) is supposed to have its pole only at s=1, P(A) con-
sists of 1,0, —2, ..., —2p with p=max{geZ; —1—M<—2g}. Note
that ¢£7° is an entire function of s, if #£>0. Since the residue of the
distribution |x|*™* at s=2¢ is known to be 2D¥0(x)/(2¢)! (Gel’fand-
Shilov [2], p. 91), (19) and (24) imply

has its poles only at s=0, —2

1 —1-M+v/=1e s
@) 2nv —1 jv—l—M_‘/_—lw J5(s, 0)t7°ds

1 M+2+4y/=Te0 o
=1 f L.(s, 0)t-*ds+B () j o(x)dzx
21 —1 Jura-vsie —oo

2 2A,,(2)
qgo 2!

where B(z) is Res(Z,(s))/t and A, (¥) =Z,(2¢)¢t™*. By the theory
s=1

of Mellin transformation we obtain from (25)

26) DI/ 3 5.00/0)

[CmE)e@az,

= 3 aw(tn)+ 3 bap(en) +B©7(O)

ne4
b 2A2q (t) *° 2
q;o @29 j_w<Dx6(x>)¢(x)dx .

Here we have used the fact that the equality
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Iao = [Te2( B bo0/m+ 2 bo0/m)ar,
0 veEZ* yEZ-
holds by changing # to 1/¢ Setting £=1 in (26), we have

@27 = (HEZ}Z‘ b0 (E—v) —BQ)o(§) + DEZZ_ b_,0(§—v))

= Y ad@-m+ 3 adlz—n)+ g%wqg_})m«a(x).
Then it follows from Theorem 1 that the right hand side of (27) has the
form P(zx, D.) ( 2] 0(x—n)) for some linear differential operator with poly-
nomial coefﬁcier;tsz(x, D,). If we rewrite P in the form Q(D,x),™
then the order m of P is the same as that of Q. Suppose that m were

not zero. It follows from the definition of Q that
P(x,D)( 25 0(x—n))= 3 Q(D,n)0(x—n)
neZ neZ

holds. On the other hand, the right hand side of (27) contains no
derivatives of 0 (x—mn) if n50. Since the m-th order term of Q has the
form D7-q,(x) with a polynomial ¢, (x), this means that g¢,(n) =0
shold hold for »s<0. Hence the polynomial g, (x) should be zero. This
is a contradiction. Therefore P(x, D,) is of the form P(x), where P(x)
is a polynomial. Hence A;,(1) must be zero if g==0.** Since no deriv-
ative of 0(§—V) is contained in the inverse Fourier transform of the left
hand side of (27), a special case (m=N=1) of Theorem 1 asserts that
P(x) is a constant. Therefore there exists a constant ¢ such that a,=c¢
and b,=c¢ hold for every # and vin Z*. This means that Z,(s) = Zz(s)
=cf(s) holds. Q.E.D.

Next we show a generalization of Hamburger’s result to the zeta
function associated to Q(v/ —1). In this case we consider not only the

usual zeta function but also the zeta function with Groéssencharacter.

Let {@nn} mmweze- and {b,.} nez:-@ be sets of complex numbers

) This means that the multiplication by x is applied first and then comes the differ-

entiation.
&%) This fact can be directly verified by observing that the poles of Jz(s, ¢) are confined
to {s=0,1,3,5,"}. See the proof of Theorem 3 below, where we will use the

reasoning of this type.
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which satisfy the condition (28) below.
(28) There exist constants C and C’ for which

ol SC(m*+2°) and |5, | <C 2+
hold.

This condition guarantees that the series

- _ exp (=1l arg(m+ v/ =1n))
vIi,aA ©) o (m,")eZ}ZE_{O} (227 (m*+ %)
and
2~y b, e (/Tlarg(uty=T)
-1, v

def (u,)EZ2—{0} (LB+vh)*

converge on the domain {s& C; Re s>>C’} for every integer /. We now
suppose that (s—1)ZV=4(s), (s—1)ZV=is(s), Zy=,4(s) (I70) and
Zy=15(s) (I#£0) can be analytically continued to the whole s-plane as
entire functions of finite order. We denote these extended functions
again by ZY= 4(s) and Zy=3(s), respectively. Then we have the fol-

lowing generalization of Hamburger’s result.

Theorem 3. Suppose that Zy— 4(s) and Zy=i s (s) satisfy

I(s=-£) 244 () ) exp (V=1n/) T (1=s=-L) 2, 1=9)

(29) - -
T e

(for all leZ).

Then Zy=,4(s) =Zy=i5(s) holds and there exists a constant ¢ such

that it is equal to cC'—(s), where

&)= exp (v—1/ 221rg(72ns+ J=1n))
(m,n)cZ2-{0} (m +n )

Proof. We first define the following integral Ii(s, ¢) for ¢ in Fg.,
when Re s>C’.

(30)  ILi(s, )

2z =
=I <I ( 2 Guuap(mtcosO—ntsing, mesind+ ntcosh)) X
0 0 (m,mEZ-(0)
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X exp (— v=110) t”‘ldt)da .

For the simplicity of notations, we denote cos 0++v/ —1sin § and m+v —1zn
by ® and M, respectively. Similary, let Jz(s, ¢) denote

([T 2 sus®eeo),
0 0 (e,v)EZ2—-{0}
Im (£16))) exp (— y=116) t‘”dt) do,

where M is, by definition, #++/ —1y. Since ¢ is in g, the condition
(28) guarantees that Jz(s, ¢) is well-defined on the domain {s&C; Res
<—C"+1/2}.

It immediately follows from the definition that

Li(s,0) =241, [0z, 9) %

xexp (= —1larg(z+/=1y)) (z*+") ' dzdy

and

Th(s,0) = Zb—y 5 (1—5) j (. 7) x
X exp (— /=11 arg (§ + v=11) (&"+7") ~*dédy

hold on their respective domain of convergence. Since ZY—j4(s) and
ZY=5(s) define meromorphic functions of s, I{(s, ) and J3(s, ¢) can be
analytically continued to define meromorphic functions of s. The thus
extended functions are also denoted by I%(s, ¢) and Ji(s, ¢), respectively.

Before proceeding further, let us recall the following formula:

Lemma 4. & (#*exp(v/—110))

s F<1+6+—l—>

D) o)
r(-o+-)

2
where (r,0) and (0,0) denote respectively the polar coordinate

systems of R3,, and R}, that is, x=rcos0, y=7sin0, =0 cos 6 and

=T

7=psin 6,
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This formula follows from the integral representation of the Bessel

function J;(2), i.e.,
1 rt+a - .
J.(2) =2—I exp(v/—1(l0 —=zsin0))d0
T Ja
and a formula for Hankel transformation, i.e.,

(31) L”x"J, (zy) (zy)dx

r <%/x + % I+ %)
A (v>0).

r(~Lerlr 1)

(Bateman Manuscript Project, vol. II [1], p. 22 (7)). Note that the
restriction on the parameters given in [1] can be removed by the
analytic continuation.

Now, combining the above formula and the assumption (29), we
find that

(32) Ii(s, 9) =Js (s, 9)

holds on the entire s-plane. Then, proceeding in the same way as in

the proof of Theorem 2, we obtain

~1-C’+v/Z1c0

J_j
27V —1 J-1-e'-v=1e
1 07 42+v/ 710

“5=1 )
where P(A, 1) denotes the set of poles of Ii(s,@)¢ * (£>0) in the
domain {s€C; —1—C’'<Re s<{C’+2}. Here we have assumed that
J#(s, ) t™* has no poles on the line {s&€C; Res=—1—C’} and that
Ii (s, ) t* has no poles on the line {seC; Re s=C’+2}, which can

(33) JE(s, @) t7%ds

I'(s,0)t *ds+ Res [I4(s,¢)t™*],
SEP(4,1)

C’+2—v/=1

be achieved by changing C’ slightly, if necessary. First let us consider

the case where [ is equal to zero. Then

[o 9 @+ dzdy

has a pole when 25s—1= — (2p—1) holds for a strictly positive integer

b, i.e.,, when s is a non-positive integer. Furthermore its residue at s=0
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is known to be nj j 8(2)0(») ¢ (z, y) dzdy. (Gelfand-Shilov [2], p. 72)
Hence the set of poles of Ij(s,¢) is contained in {s; s=1,0, —1, ---}.
By the same reasoning we find that the set of poles of J3(s,¢) is con-
tained in {s; s=0,1,2,3,.--}. Hence it follows from (32) that I}(s, ¢)
has its poles only at s=0 or 1. Therefore (33) entails

1 —1- 0’4y =i . o
(34) m J‘—l—v’—\/__lno Jz (S, (0) 7 8ds
1 €7 +2+y/ =100

S I'(s, 0)t="ds + B (2) j J o(z, y)dzdy
21V —1 Jor+2-yie

+4© [[0@o0e@, vdads,

where B(z) is Res[ZV4(s)/z] and A() =nZY=14(0). Proceeding
§=1

again in the same way as in the proof of Theorem 2, we obtain

@) [T 3 5.0 Re(H6), In(116))]d0
0 (u,v)eZ2—{0}

= ["1, 5., enw®e6), In(216)
+B1)#(0,0)+A1)p(0,0)]d6 .

The same reasoning works equally well for the case when [ is
different from zero. As a matter of fact, it immediately follows from the
assumption that P(A, ) is void if [ is different from zero. Hence we

have

(36) f“ [(ﬂ ) > b,.,0(Re(M6), Im(M6O)Jexp (— —110)d6

EZ -0y

= K” [( 2 ana¢(Re(M6), Im(M6) Jexp (— J—=110)d0

VEZE—{0}

for any /0. On the other hand
2z o
£ B@)9(0,0)+A1)¢(0,0)) exp(—+/—116)d0=0
holds if [ is different from zero. Thus we obtain

(37) L " [, 2, bee? (Re(H6), Im (116)) Jexp (— /= Ti0)d0
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_ f"[ S ap 0 (Re(MO), In (M6))
0 (m,n)EZ2—{0}

+B(1)#(0,0) + A1) ¢(0,0) Jexp (— v —-116)d0
for every [ This implies

5,0 (Re(M0), Im (M)

(u,v)EZ2—{0}

= 3 }a,,,,n(ﬂ(Re(M@), Im(M®))+B(1)7(0,0)+ A1) ¢(0,0).

(m,n)EZ2—{0

By choosing ® to be 1, we apply Theorem 1 to conclude that
am.n=b/l,v=A(1) = —_B(l)

holds for every (m,n) and (#,v) in Z°— {0}. This is the required result.
Q.E.D.

Remark 1. It would be interesting if one could prove the theorem
by assuming the functional equation (29) only for /=0. The celebrated
result of Hecke [5] asserts such a stronger result on the additional
assumption that Zy—34(s) =Zv=15(s). Itis strange that Hecke [4] gave
a new proof of Hamburger’s theorem in which A is not assumed to be
equal to B, while in his celebrated paper [5] he made no reference to
the case A+=B.

Remark 2. It is interesting to compare the results of Theorems 1
and 2 and of Theorems 1 and 3. In Theorem 2 we use Dirichlet series
Yla.n~® with neZ*. For this reason we note, by examining the proof
of Theorem 2, that we apply only the special case of Theorem 1 for
m=N=1 but, more important, for sequences {a,.}, {0y,} which are even
in n and v respectively. We could actually use Hamburger’s theorem
to derive this special case of Theorem 1, by noting that the linear com-
binations of the distributions |x|® are dense in the even distributions in
&’ (if we ignore the point x=0 which requires the special consideration
given in the proof of Theorem 2).

On the other hand, Theorems 1 and 3 are, essentially, equivalent
because we used all the Gréssencharacters.

A. Weil [7] has given an extension of Hecke’s work [5] in a dif-
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ferent direction. He uses ordinary (congruence) characters instead ol

Gréssencharacters.
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