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On Pseudo-Runge-Kutta Methods
with 2 and 3 Stages

By

Masaharu NAKASHIMA*

§1. Introduction

In [3], Butcher has proved the following results for Runge-Kutta methods.
Let p*(r) be the highest order that can be an r-stage method. Then

p¥(rn=r (r=1,2,3,4),

p*(5)=4,

p*(6)=>5,

p*(7)=6,

p*(8)=6,

p*®) =1,

p¥(r)=r—=2 (10=r).

Pseudo-Runge-Kutta methods have been proposed by Byrne, Lambert

and Costabile. We have seen in [1], [4] and [15] that Pseudo-Runge-Kutta
methods have order

p*(N=r+1 (r=2,3,4).

Byrne, Lambert and many other authors have shown that Pseudo-Runge-
Kutta methods are less accurate than Runge-Kutta methods in the same order.
In this paper, we shall present new Pseudo-Runge-Kutta methods which have
order

pHr)=r+2 (r=2,3,4).

In comparing our methods and other methods in the same order, our methods
have almost the same accuracy as the Runge-Kutta type methods in order 5 and 6.

The outline of this paper is as follows: In Section 2, we present our new
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method. We see that there exists p-stage methods of order p+2 for p=2, 3.

We also discuss a choice of a free parameter of the methods.

In Section 3, we prove the convergence of the methods.

In Section 4, the local truncation error of the method is analysed. We
give an estimate formula of the local truncation error.

In Section 5, we are concerned with systems of first order equations. In
the last section, we present several numerical results. The results for 4-stage
method of order 6 have been given in [7].

§2. Numerical Method

In this section, we discuss the initial value problem:

y'=f(x,y)

2.1
@D {)’(xo)=)’0 (x, »)eQ={(x, y); Xg=x=Xo+a, |y—yo|=b},

where f(x, y) is assumed to be sufficiently smooth on Q.
We introduce the following Pseudo-Runge-Kutta method:
22) Vit 1=Yn T hOXn_ 15 Xos Yu1> Yu3 1),
D(Xn—15 Xn> Yn—1> Yu3 W)= ig‘b wik;,
ko=f(Xn-1> Yu-1)> ki=Ff(Xn V),
Ka=f Cou+ 0o, Yyt bo(i—Ya ) +h 2 biki),

3
k3 =f(xn+a3h’ yn+c0(yn_yn— 1)+ h igl ciki—l) 5

a2=

Mo

3
b;, a3;=3% ¢ (0=a,, a3=1).
0 i=0

13

In the above formula (2.2), the value y, is to be an approximation to the
value y(x,) of the solution of (2.1) for x,=x,+ nh.

The coefficients a,, a3, b; (i=0, 1, 2) and ¢; (i=0, 1, 2, 3) are real constants
to be determined. The special case by=b, =co=c; =w,=0 in (2.2) is Runge-
Kutta method. The case by=c,=0 in (2.2) is due to Costabile [4].

We define the local truncation error T(x,, z(x,); h) at x, of the method
(2.2) by

T(xm z(xn)= h')=z(xn+ 1)_ {Z(xn)+h¢(xn—19 Xns Z(xn—l)s z(xn); h)} .

where z(x) is the solution of the initial value problem z'=f(x, z), z(x,) =V, -
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Let D be the differential operator defined by

0 0
D= ax +f(xm yn) 8y 9
and put

Dif(xp, y) =T (i=1,...,5), Dif(x,, y)=5"(i=1,2,3),
(ny)2 (xm yn)=P, (Df)2 (xm yn)=Q > nyy(xm y,,)=R B
fy(xm yn) =fy H fyy(xm .)n) =fy_v .

We also introduce an abbreviation

Me

3=

2

1l

Assume that y,—z(x,)=0(h%). Then by the Taylor expansion about (x,,
V), the formula (2.2) may be written as

Yus1=Yut hAiky +h2A, T+ 2103 (As fy T+ A,T?)
+%114(B1 T3+ B, f,T?+B;3f3T+3B,ST)+ 11—!h5(C1 T*
+6C,TS?+4C3T?S+3C, f,, 0+ Csf,T?+ Cs f2T?*+ C, f3T+ Cg f,TS)
+47h5(D, T3+ D, TS? + Dy T2S2+ D, T3S+ Ds £, T2T+ DsQR

+D;TP+Dgf,T*+Dof3T3+ Do f3T%+ D1 f5T+ D152 f5,/,0
+D,3f,TS?+ D, f2TS +D,5f,T2S)+ O(h").

The constants {4;}, {B;}, {C;} and {D;} are

A1=Wo+i§1 Wi, Ay=—wo+ 2 aw;,
Asz=wo+ 2 q1Ws, Ay=wo+ X atw;,
By=—wo+ X ajw;, By=—wo+ 2 42w,
B3;=B;+g,w;, By=—wo+ X aqyw;,
Ci=wot X atw, Cr=wo+ 2 atqw;,
C3=wo+ X a;q2W;, Ca=wo+ X q1:W;,
Cs=wo+ 2 q3iW;, Ce=Cs+gow;, C;=C,,
Cg=3C5+4C;5+g;w;,

Dy=—wo+3 aiw;, Dy =10(—wo+ X aiqyw),

D3=10(—wo+ 2 a?qyw), Di=5(—wo+ 3 aqswy),
Ds=10(=wo+ X q1:92%), De=15(—wo+ X a;qi;wy),
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D;=3(Ds+aszg.w3), Dg=(—wo+ 2 qa¥),
Dy=Dg+gsws, Dio=Dy, D;;=Dy,
D,,=Ds+3Dg+gews, Dy3=D3+6Dg+g,ws,

Dy4=D4+3Dy+4Dg+gsws,
Dys=D4+4Dg+gows,

where
p1=—bo—2by, py=bo+3by, ps=—bo—4b,
pa=bo+5by, ps=—co—2cy, Pe=Co+3cy,
p7=—co—4cy, pg=co+5cy,
d12=P1> q13=DP5+2a5C3, q22=D2, q23=Ds+3a3c3,
432=D3, q33=p7+4a3c3, qs2=DPs, 4das=Pps+t5aics,
g1=3cs(p1—a3), g,=4c3(p,—a3),
93=12c3(ay +a3)(py—a3), ga=20a,c5(p;~—ajd),
gs=5c3(ps—aj),
go=15¢3((p; +a3) +2ps+2a,¢3)) (P, —a3),
g7=30c3(a3+a3)(p;—a3), gs=20cs(a,+az)(p,—a3),
go=20c3(a+a3)(p,—a3).

The method (2.1) is of order 5 if

1
@3) A=l A=, A=di=f, Bi=p  (=1.,4),
1 .
Cl=§— (l=13 58)3
and the condition (2.3) can be replaced by
1
@4 A=l A=, de=7, Bi=, C=Cs—i,

aj=py, a3=p, a3=ps+2a,c;, a3=pe+3asc;.
From (2.4), we have
P 35a,—27 W 10a,—17
3 50(12—35 > 3 12a3(1+a3)((22_a3) ’

Wo = 5—6(13(1 +a3)W3
2 6a,(1+a,)

wi=1—(wo+wy+ws3), by=—(3a5+2a3),

Wo=awy+aswz— 5

b1=_%(bo+a%), by=a,—(bo+by),
1 1 1
3= g o {7 A Togy (1= 3wo+ SGo+abwa)},
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co=6((a, +a3)cs— (3a3+2a3)
—_1 1 5 — —
== cotayes— 5@3, €y=as (co+ci+es3).

The Opitimal Method. If we assume that

Lf(x, DI=M,
LD < e,
then we have
| T(x,, z(x,); H)|SCMLhS,
The constant C in the inequality is estimated by
(2.5) 5!C§32{D1—%I+8lD2—%‘+{D2+4D8—2|+4|D3——§—

|
25|
I

+|zD3+3D4—%5|+{4D3+3D4—%5{+’2D3+D4— -
+|Ds+3D, -2 +|2Ds— 5| + |Ds—2 | +3|Ds+ D, - 2|

+| Dy Dy —2| +]2D5+2D,+3D, - | + ]D5+D7+D15—13—71
+|D,+20, 5= +| D, =22 1D, ~2)+ | D+ 3D, - 12
+]2D,3+3Do+Dg— 7|+ ‘DI3+D9+D6—%4| +1D;s—2|
o

+2| D33+ Dg=5 | +1Dy3+2Dg= 7|+ | D1yt 3D;, =2
+2!D11~—é—l +2‘D6—%5! + 'D7—%5’ +16Dg+3D, 5|
+|4Dg+3D,— 1| + | Dy + D, 3| + [2D,0 4 Dyu - F|

+| Dot D+ D= + | Dis+ D5 - 22| + [2D, 43D, -2

Let us denote the expression on the right hand side as m(a,).
We see that m(a,) is minimized if we set a, =0.4, in which case the formula
I=7 (2.2) becomes

(2.6) kyp=f(x,+0.4h, 0.392y,+0.608y,_ , +0.224hk,+0.784hk,),
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_ 13 1

ks =fut 350 a7saarT

—13179377.12hk,— 39765362hk ; + 35220749.2hk )

_—455 14749 56875 _ 354375
107016 * "'~ 107016 * "2~ 107016 * "*7T 107016 °

(60198640.32y,, — 37444363.32y ,_,

Wo

and bound for C is
C=0.52.

We compare the formula (2.6) with other methods of order 4 and 5. We
shall present some numerical results in Table II.

These results also show that the formula (2.6) yields better results.

The method with w;=0.

If we put w3=0 in the formula (2.2), then it still gives 2-stages method of
order 4. We may now proceed as in the case w5 #0.

The method (2.2) is of order 4 if

@7 4,=1, A2="1"; A3=—;;’ B1=_41]._9
aj=p, a3=ps+2ac;.
From (2.7) we have
(2.3) ky=f(x+0.7h, —1.156y,+2.156y,_; +0.833Af (X, 1, Yu—1)
+2.023hf(x,, V),

w=_7 w=221 w=500

" 714> 17714 27714
The local truncation error for this formula satisfies
| T(xp, z(x,); M <1.33ML*h5.

Since the error bound is rather large, we compare this method with other
method of order 3 by examples. These numerical results are given in Table I.

§3. Convergence of Our Method

In this section, we investigate the convergence of the method (2.2). Let
e, be defined by
€y =Yn— Y(X)-
Theorem. Let there exist constants L>0, N>0 and p>0 such that

(1) If(xa Yn)—f(x1 yn—l)I_S_L[yn_yn—ll (x’ yn)s (x: yn—i)ega
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2 IT(x, 2(x,); HISNRP*Y (X, y(x,) €L,
and let
lim |e;|=0.
h=0
Then the method (2.2) is convergent.
Proof. From (1), we have
(31) |¢(xn—15 xn’ yn—la yn; h)_d)(xn—lr xns y(xn—l)’ y(xn)5 h)l

SL(p:le, +p2le,—1l),
where

D1 =il + Wl(1L+ bol 4+ ALIB D) + Iwsl(I1 4 col + hL( el +les(1 + bo)
+h2L?|c3b,)),
P2=1Iwol +w,|(Ibo| +hL|b )+ [wsl(|col +hL(|c;| +1c3bol) +h2L[c3b,]) .
Let us consider the following expression
(3-2)  Yur1 = Y(Xnr 1) =Vn—Y(X) +hP(Xy— 15 Xps Yu—1> Va3 h)
— (V1) = ¥(x,))
=Yu— Y(%0) +hP(X,y 15 Xps Yu—1> V3 B)
—h®(x,- 15 Xpy Y(Xn=1)s Y(Xn); B) +hD(X,— 1, X,
V=105 Y(x)5 1) = (Vs 1) — (X)) -
From (3.1) and (3.2), we have
lew+ 1l =(1+hp L)le,|+hp,Lle, 4|+ |T(x,, z(x,); h)l.

It follows that
n—1
lessql é(Jzﬁ T(xj5 Z(xj); h)+lesD(A+hL(p;+py))"-
From (2) and the inequality nh<a, we have

le)| <(aNh? +|e|) exp (aL(p; + p2)) -
This shows that

lim |e,| =0.
h—0

§4. Local Truncation Error Estimate

We represent the truncation error of the formula (2.2) in the form

T(xs, 2(x); B)=ho@(xp, 2(x,)) +h 91 (X, 2(X,)) + O(h®).
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Let e(x), v(x) and e,(x) be solutions of the following initial value problems.

{ e'=ge—o { v'=gv—>b { e1=9g.¢,
e(xq)=0, v(x)=0, e,(xg)=1 respectively,

where
e= E(X), v= U(X), o= QD(X, J’(x)), g =fy(x’ )/(X)) g

b=0(x, ()~ {a()~ T (9D} ~5 ¢'),
()= X5, %, (), 003 R, @ = o5, %, sy w3 ).

Then the global error of the formula (2.2) is given by
4.1) e,=h3e(x,) + houv(x,)+h®A e (x,)+O(h") (n=1,2,..),

where A, is a function of the starting value.
The detailed proof is given in [9].
Let us now consider the following difference equation:

5 5
(42) E(xn+2’ yn+2)=h ZO bjf(xn+ja yn+j)+ jzl aj.)’n—r, [
j= =

where the constants {a;} and {b;} are real solutions of the following equations.

5 5
(4.3) a3 J+ 3 =0 (g=1,2...,6),
J= J=
S 5 5
Z aj=O, Zjaj=—l, jzaj=—3.
= = =

Using y,; ;= y(X,.;)+e,+; and expanding in powers of e,, we have
5 5
(44) E(xn+2’ yn+2)=h ZO bjf(xn+j’ yn+j)+ '21 ajy(xn+j)
Jj= Jj=
5 5
+JZO bify(Xntjs Y(Xns ))en+ ;+ '21 aje,.;+O(h7).
< =

Expanding (4.4) in powers of h and marking use of (4.1) and (4.2), we have
E(X,,+2, yn+2)= T(X"+2, Z(xn-rz); h)+0(h7)a
E(xn+2a y(xn+ 2))=O(h8) .
From (4.2) and (4.3) we have
h
(45) E(xn+23 yn+2)=_‘7~5—m(_459f(xm yn)+ 18684f(xn+1’ yn+1)

+66312f (X4 25 Yt 2) +2160f (X4 35 Yt 3)
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— 11097 (42 Vs )+ 300 (285857041
— 2397, 3834y, 5+ 1151),4 4+ 63.5),15).

Thus the equation (4.5) is the estimation formula of the local truncation
error of the equation (2.4). The numerical tests are given in Table III.

§5. Methods for Systems of Equaticns of the First Order

In this section, we consider the numerical methods of the initial value
problem for a system of ordinary differential equations:

{ Y=F(Y) YeQ,

G0 ¥Y(a)=Y,,

The formula we seek is the form
Yn+1 = Yn+h¢(Yn—15 Yn; h) >
3
@(Y"—13 Y"; h)= Z WI'KI' B
i=0
K0=F(Yn—1)s Kl =F(Yn) s
K,=F(Y,+q0(Y,—Y,_1) +h(qg,—9) K, + hq,K,),
K;=F(Y,+q:(Y,—Y,-1) +7(qs—q5— q6) K1 + hqsKo+ hgcK5) .
In the above formula (5.2), the value Y, is to be an approximation to the
value ¥(x,) of the solution of (5.1) for x,=a+nh.
The coefficients W, (i=0, 1, 2, 3) and ¢, (i=0,..., 6) are real constants to

be determined.

Using the same notation as in Henrici [6], Taylor expansion for (5.2) is
(5.3) Y=Y, +hA,K + BB+ {AD+A,C) + 3 h{B,E+B,G
+ ByH+3B,F )+, h5{C,I+6C,J +4C,K+3C,R+CsM

+3CoN +CoP+CyQ +4CoL} + 41 A (D £y 41 A 4147

+ D, frju1AIAI AB + B f,,, AL AICE 1 D, f,, A'ES + Dy f, BIC)
+Dg fijuA'BIB* + D, f,;A'FJ + Dy f,I' + Do f M + Dy, £, P}
+D,,f Q'+ Dy f1;AHI + D3 f, /B + D,y fj A A D
+515fiinGj +516iji+517fiNi+518fiRi+519fiLi

+Dso fid} +O(RT).
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We may try to express the constants {4,}, {B;}, {C,} and {D;} by using the
constants {4;}, {B;}, {C;} and {D;} in Section 2.
If we put
go=bo, g1=0a,—bo, 4;=by, g3=0¢o, qa=a3— o, gs=C1, 46=C3,

then we have

Z,-=A, (1=152a 3;4)7

§i=Bi ('=1, 2; 3’ 4)a

&=C, (i=1,2..,5),

~ 4 ~
C6=C5+'3_‘1291W3, Cr=Cg=Cs,
Co=Cs+azg,Ws,

B.=D, (i=1,2,..,11),
Dy3=Ds+(ps+2a,c3)g,Ws,

Dyy=D3+10a3g, W3,
5i=—;-D7+20a3c3(p2—a2p1)W3 (=12, 15),
D,s=4Dg+5a,9,Ws,
517=3D9,
D,g=3Dg+5(p; +a3)g, Ws,
Dis=Ds,
520=6D8+10a2g1W3 .
We may proceed as in Section 2. The method (5.2) is of order 5 if
.4 A,=1, A=+, 4,=L1, B,=5,=1
. 1 9 2 2 H 4 3 ] 1 2 4 3
(Go+4q)*=—(90+292), (q3+94)*= —(q5+295)+2(q0 + q1)q6 -

From (5.4) we have

10r,—7 1 <5

=15+ 00,=r T re s\ Ut W),

W0=r1 W2+rW3— 1

5 Wi=1—(Wo+ W+ W3),
qgo=—3ri+2r}), qi=ri—1qo, ‘12=“%(‘10+7‘%)~

— 1 15,3 L q_ }
Go= 1371253 {2r 3t (1= SWo+5(qo+4a2) W)
q3=06(r1+r9)qe—@Br*+2r’), qi=r—qs,

1 1
95=—54s+rgs— 57



Pseupo-RUNGE-KUTTA METHODS 905

where

_ _ 35’1_27
M=dotdy r=5p, —37

The local truncation error for this method may be written as

T(Y,; B) =D, fijimA' A1 A*A' A" + D, f ;1A' 4) A*B' + Ds f;; A' AI C*
+D, fi;A'Ei +Ds f;,B'CI + D f;, A'BB* + D, f ;A Fi
+Dg i+ Dy fiM+ Do fiP + Dy, fiQ'+ Dy, fi;AHI
+D,3f;;B'DI +ﬁ14fijkAiAjDk+D15fiinCj +D,s iK'
+D, fiNi+Dyg fiRi+Dyo filli+ Do fiJ',

where
ﬁi=D,—% (i=1,8,9, 10, 1), f),:ﬁl—% (i=16,19),
b,=D,—L (=17,18), D,=D,— (i=4, 12, 15),
S5 5 s x5
Dl"—DL_—j_ (1—2, 3, 55 13, 14)3 D7_D7__7_9
PN = A~ 25
D;yo=Djo—1, D6=D6""z—-
We set the error constant C as follows
20 .
51C= Y |Dy.
i=1

We have looked for the value r, numerically which minimized C, being
restricted in the range —5=r,;<5.

The minimum bound on C is achieved if we set r; = —0.4, —0.5.

In the case r; = —0.5 the formula (5.2) becomes

(5.5 K,=F(Y,_,+1.125hK,+0.375hK,),

Ki= F(l—lg—<77.948325 Y, - 59.948325Y,_, — —(l)~g~<307.607625K1

+135.547425K,— 186.0651 K2>> ,

_ —25.65 _ 3316.95 _ 11115 _ 3600
Wo= 18006.3 ° W= 18006.3° W= 18006.3 ’ W= 18006.3 "’
and the bound for C is
C=0.09.

We can prove the stability of the formula (5.2) in the same way as in the
proof in Section 3. The estimate formula of local truncation error is given
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by (4.5). We compare this method with other methods of order 4 and 5, and

present some numerical results in Table 1V.

§6. Computational Results

In Tables I, II, IIT and IV, we present numerical results for the following

initial value problems:

R v = D =
Ly’ =2+ v log(2), y(x)=xlog(x+1),

’ 1
I y'=—y=xy% yO) =1, y(X)=s5mz—7=5>

22 - WO
II: y'==2xy%, yO) =1, y(X)=713-

IV: y"=sin (x) -y, VV(O)=%, J’(x)=%(sm(x)—cos(x))+e'x,
= —-x x 32 _i x —x Cax
y'=—y+z+e*+e* J’(O)=*9—, y(x)—ge +e 4+ (24+x)e
V:
Z'=—y-3zter—er Z(O)=_l91a Z(x)=%e"—e"‘—(l+x)e-2x,
VI'{y,=—Z’ y(0)=2, y(x):ex_*.e—?tx
: z'==3y-2z, z(0)=2, z(x)=3e3*—e*,
yl=‘ZL’ J’(0)=], y(x)=ex
VII:

z'= ——]—1), z(0)=1, z(x)=e™>.

Computation are done in double precision arithmetic on the FACOM
M-190 of Kyushu University. In Table I, the values y; necessary for the evalua-
tion using the formulas (2.8) is computed by the Runge-Kutta method of order
4, and in Tables II, III, IV, the value y, necessary for the evaluations using the
formulas (2.6), (4.3) are computed by Nystrom’s method of order 5.
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Table 1.
Error for the solution to Problems I, II, IIT and IV. Comparison of errors
between the formula (2.8) and other methods of order 3. Mesh size A=1/24.

x | method | stage | 1 | 11 | il v
A 2 0.2688E-4 | —O0.1309E -4 | —0.7494E-5 —0.3009E-4
2 B 2 0.7238E-5 | —O0.1013E -4 | —0.9158E-6 —0.2343E-4
C 3 —0.9173E-5 | —0.6779E -5 | —0.3834E-5 —0.9241E-7
D 2 —0.1995E-6 ‘ 0.1766E -6 | —0.6116E-6 0.3786E-6
A 0.8136E-4 | —0.3829E -6 | —0.1685E-5 0.1831E-4
5 B 0.2299E-4 | —0.3003E -6 | —0.9175E-6 0.1427E-4
C —0.2652E-4 | —0.1823E -6 | —0.3874E-6 —0.1713E-5
D —0.5563E-6 0.9685E -8 0.5094E-8 —0.3955E-7
A 0.1314E-3 | —O0.1482E -7 | —0.3502E-6 —0.2034E-4
8 B 0.3726E-4 | —0.1187E -7 | —0.1962E-6 —0.1586E-4
C —0.4276E-4 | —0.7738E -8 | —0.7746E-7 0.6312E-6
D —0.8928E-6 0.3297E -9 0.1707E-8 0.2011E-7
A 0.1976E-3 | —0.2611E -9 | —0.7987E-7 0.1165E-4
12 B 0.5606E-4 | —0.2100E -9 | —0.4521E-7 0.9064E-5
- C —0.6425E-4 | —0.1388E -9 | —0.1640E-7 —0.4381E-5
D —0.1339E-5 | —0.5640E-11 0.4104E-9 —0.2844E-6

Table II.
Error for the solutions to the Problems I, IT, IIl and IV. Comparison of errors
between the formula (2.4) with a; =0.4 and other methods of order 4 and 5. Mesh
size h=1/24.

x | method | stage 1 | I 1 | v
A’ ) 3 —0.5106E-6 | —0.5759E -6 | —0.3519E -6 | —0.5017E -6
B’ 3 —0.1338E-6 | —0.3895E -6 | —0.6998E -7 | —0.3421E -6
2 (;' 4 0.1544E-6 | —0.1886E -6 | —0.9769E -7 0.2252E -7
C 6 0.2481E-8 0.4269E -8 0.1290E -8 0.3384E-10
D’ 3 0.2021E-8 0.2593E -8 | —0.9944E -8 0.3212E -8
A’ —0.1408E-5 | —0.1388E -7 | —0.4608E -6 0.3146E -6
B’ —0.3853E-6 | —0.9782E -8 | —0.1748E -7 0.2176E -6
5 Cc’ 0.4184E-6 | —0.4308E -8 | —0.6387E -8 | —0.4555E -7
C 0.6311E-8 0.8901E-10 0.7234E-10 0.2512E -9
D’ 0.5135E-8 0.1606E -9 | —0.7636E-10 | —0.2796E -9
A’ —0.2258E-5 | —0.4998E -8 | —0.8384E -8 | —0.3490E -6
B’ —0.6188E-6 | —0.3718E -9 | —0.3243E -8 | —0.2467E -7
8 g' 0.6708E-6 | —0.1770E -9 | —0.1096E -9 0.3237E -7
C 0.1005E-7 0.3558E~11 0.1206E-10 ‘ —0.1412E -9
D’ 0.8181E-7 0.5382E-11 | —0.6224E-11 | 0.4344E -9
A’ —0.3388E-5 | —0.3710E-11 | —0.1762E -8 0.1938E -6
B’ —0.9287E-6 | —0.6545E-11 | —0.6856E -9 0.1112E -6
12 C’ 0.1006E-5 | —0.3168E-11 | —0.2259E -9 | --0.7033E -7
C 0.1504E-7 0.6338E-11 0.2464E~11 0.4505E -9
D’ 0.1224E-7 0.9176E-12 | —0.9405E-11 | —0.2256E -8
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Remarks.
(1) Methods A and A’ are Byrne’s Processes of order 3 and 4 respectively.
(2) Methods B and B’ are Costabile’s Processes of order 3 and 4 respectively.
(3) Methods C and C’ are Runge-Kutta Processes of order 3 and 4 respectively.
(4) Method C is Nystrém’s Process of order 5.
(5) Methods D’ and D are the Processes of (2.4) with a,=0.4, which is due to
(2.6), and (2.8) respectively.
Table III.
Local Truncation Error Estimate of the Method (2.6). Mesh size #=1/24.
x| 1.5 (xo=1.5-2h) | 2.0 (xo=2.0—-2h) 2.5 (x0=2.5—-2h)
Prob- actual formula actual formula actual formula
lem error 4.5) error 4.5) error 4.5)
1 0.1518E-9 —0.1475E-9| 0.3925E-10 0.3853E-10 | 0.1344E-10 0.1326E-10
11 0.1824E-8  0.1938E-8| 0.9903E -9 0.1044E-10 | 0.4261E -9 0.4485E -9
IIT | —0.8446E-9 —0.8540E-9| 0.4487E -9 0.4651E -9 | 0.2028E -9 0.2092E -9
v 0.2784E-9 —0.2860E-9 | 0.3582E -9 0.3682E -9 | 0.3947E -9 0.4057E -9
Table IV.
Error for the solutions to the Problems V, VI and VII. Comparison of errors
between the formula (5.5) and other methods of order 4 and 5. Mesh size z=1/2¢.
x i Method | Stage v | \'8 VII
C’ 8 —0.2705E-6 —0.1474E-5 0.1210E-5
E, C 12 —0.7407E-8 0.5988E~7 0.6784E-9
1 E 6 0.3126E-8 0.3579E-6 0.1307E-8
c’ —0.1263E-5 —0.5725E-5 —0.1613E-8
E, C 0.3521E-7 0.1660E~-6 0.1985E-8
E 0.8603E-7 0.9990E-~6 0.1148E-8
c’ 0.3027E-6 0.1604E-5 0.6529E-5
E, C —0.2601E-7 0.2417E-7 —0.3802E-7
2 E 0.2600E-7 0.1465E~6 —0.1889E-7
| C’ —0.3100E-5 —0.2321E-5 —0.1178E-6
E; C 0.7239E-7 —0.1684E-8 0.2224E-8
E 0.2999E-7 —0.7751E-8 0.1303E-8
C’ 0.4921E-5 0.2636E~4 0.9505E-4
E, C —0.2338E-6 0.2742E-6 —0.1794E-5
4 E 0.1949E-7 0.1675E-5 —0.1039E-5
Cc’ —0.2442E-4 —0.2636E-4 —0.3140E-7
E, C 0.5518E-6 —0.2741E-6 0.1015E-8
E 0.2375E-6 —0.1674E-5 0.6052E-9
C’ 0.3666E—4 0.2921E-3 0.1037E-2
E, C —0.1733E-3 0.3039E-5 —0.3356E—4
P E 0.1227E-6 0.1865E—4 —0.1992E-4
c’ —0.1807E-3 —0.2921E-3 —0.6278E-8
E, C 0.4082E-5 —0.3039E~5 0.2901E-9
E 0.1770E-5 —0.1865E-4 0.1763E-9
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Remarks.
(1) Method E is the Process using (5.5).
(2) E1=y(xn)—ym EZ"—'—‘—Z(X")—Zn.
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