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Monodromy Problem and the Boundary Condition
for Some Painlevé Equations
By

Michio JiMBO*

Introduction

The Painlevé transcendents and their generalizations have aroused much
interest among mathematicians and mathematical physicists in recent years
([11-[8]). Yet their properties as special functions still remain almost unex-
plored. For example, the problem of determining their behavior at the fixed
critical singularities is left open, except for a few special cases ([3][4]). In the
present paper we treat this problem for the following three kinds of Painlevé
equations at the fixed critical point r=0:
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As is well known ([9][7]), the Painlevé equations arise as monodromy
preserving deformation equations for a 2x2 system of linear differential
equations

0.1) % =A(x, )Y, A(x, t): rational in x.

A particular Painlevé transcendent is specified by the monodromy data for (0.1).
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1138 MicHio JiMBO
Now let z(f) denote the associated t function ([10][7]), say, for (PVI). At
t=0 it is shown to have the asymptotic expansion of the form

7(¢) ~const. >-03-0)/4

x (14 gy (63— 07— 02) (62— 61— 01

- 6ot gy 03— 0= ) (0= (0, = 0+
s-1
~ Toer(T=g)7 3= O+ D (02— 01+ )~
S . ti—ka
+ Jz’z ]k]zéj dlkﬂ )

where 6, (v=0, 1, ¢, c0) are related to the coefficients «, f, y, 6 in (PVI), and o, §
are the two integration constants. The main result of this paper is an explicit
formula which gives these integration constants in terms of the monodromy
data for (0.1). Similar formulas are derived also for (PIII) and (PV). In the
case of (PVI), the fixed critical points t=0,1 and oo play equivalent rdles.
Hence the result above makes it possible to derive a connection formula for the
7 function for (PVI).

This paper is planned as follows. In Section 1 we state the result for (PVI).
Its derivation is given in Section 2. The method employed here is to study the
linear differential equation (0.1) in the limit £—0. We show that the determination
of the asymptotic expansion is reduced to a connection problem for the limiting
differential equations, which can be solved in the case of (PVI) in terms of
hypergeometric functions.

In Section 3 we give the results for (PIII) and (PV). As an application we
derive the short distance expansion of the t function which appears in the 2 point
correlation function of the Federbush model ([5] IV, Supplement to IV). Ina
special case, this reproduces the result of McCoy-Tracy-Wu [3] (for v=0).
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§1. The Sixth Painlevé Equation

Following [7] II, we first recall the setting of the monodromy problem for
PVI. We consider a 2 x 2 system of linear differential equations

OY _ [ Ao(t) | AD) . Al) \y_ i
(1.1) x < olt) 4 Al x_f)Y_A(x, 1
)
o T T st ¥

Without loss of generality we may assume that

.
Ao(r)+A1(t)+A,(r)=~~§—( ) )

the eigenvalues of 4 (f)=+ <6, (v=0,1, 1),

ne
2

where 6, are constants. If we write the (1, 2)-th component of A(x, 1) as
(A(x, 1)1, =k(®) (x — y()/x(x —1) (x — 1), then y = y(¢) satisfies the sixth Painlevé
equation (PVI) with the parameters

a=1(0o—1)% f=—-L02 y=16, o=2(1-07.

By definition, the t function t(¢) for PVI is given by
(1.2) 2 tog ) =tr (Ao(‘) + (’) )A .
Setting
(@O =tt—1)—- 103 O+ (92 0%)— % (07 +063—06%—06D)

we have the differential equation

19 L[ )%

1 @2—02)(03-0) |

(% 1 0,4+0.2) (4 1 L 0,-0.2) (L 4 Lo +0,)

(% + o).
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In the sequel we assume
(AD)py; 0o, 0y, 0,, 0, & Z.
Let Y=Y(x, t) be the fundamental solution matrix of (1.1) normalized at x=c0.
Its local behavior at the singularities reads as follows.
(1.4) Y(x, 1) =(GO()+0(x)x 2 =) c0) (x—0)
= (GO +0(x—1)) (x—1) Z("-0dc (xo1)
— (GO +0(x—1) (x—1 20w (xo1)
=1 +0(x 7o) (x> c0).

Here G©)(t), C) are invertible matrices. In particular, the connection
matrices C(*) are independent of ¢. The monodromy matrices M=

mify
cm-t <e e_,,w‘,>C(“) e SL(2, C) satisfy the relation
(1.5) MEOMOMOMO =]

MO ~ MO M

Figure. The choice of paths corresponding to M ).

Put p,=tr MM=2cos n0,, p,, =tr MWM™M=p . We have then the fol-

lowing one relation among them:

(1.6) 0=po1P1:Pro+ P31 + 1%+ Dk
—(PoP1+ PtPo)Po1 —(P1P:+ PoPw)P1:— (PePo+ P1Pw)Pro

+p§+pt+ P+ P% + PoP1 PP — 4.
It is sometimes convenient to write p,,=2cosno,, with ¢,,=0,,€C, 0=
Reos,,=1.

Our aim is to determine the asymptotic behavior of 7(f) as t—0. Here

we assume further that
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(A-2)pvy 0=Reo,<1,

At 3 OL0,00), 5 (0,50, +'0,0)EZ.

Under these conditions, we can parametrize the monodromy matrices satisfying
(1.5) as follows. When g =0,,7#0, we have

(1.7) MW
) cos mag — e~ "%« cos n0,
Fsin 0o \ 2r-texitnsin 2 (0, —0,+0) sin - (0 —0,—0)
—r: . b1 . T
— 2re ™% sin 5 (0 +60,+0)sin 7((900 +6,—0) >
—cos o + e™% cos 1l
CM®C-1
. eri‘cosnl, —cosnl,
T isinmo \ 25-le-mic sin—;c—(00+6,+a) sin—g—(eo—et—a)
. . T - T
— 2se™i® sin (0o+0,—0) sin - (6o— 0, + a))
— e~ "9 cos H, + cos nh,
CM®C-!
| e™i? cos nf,— cos 1,
~ isinmo < —2s5-1 sin% (0p—0,—0) sin%(90+0,+a)
.. T - T
25 sin (0o+0,—0) sin - (6o~ 0, +0) >
—e "9 cos nl, + cos b,
where

sin%(6w-—01—a) rsin-72r—(9w+61+a)

rlisin 2 (0, —0,+0) sino-(0,+0;—0)

and 7, s#0. In terms of the invariants 2cosng,,=tr MWM®), the defini-
tion of the parameter s reads

(1.8) 4stt sin%(60+0,¢a) sin% (8p—0,+ o)

xsin% (0, +6,F 6)sin %(Hm—OI-T-a)
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=(=isin 7o cos no ,—cos nb, cos nd , — cos nd, cos 76, )etric
+ i sin o cos no g, +cos nb, cos nf,; + cos 78, cos nd .

When o =0,,=0, the parametrization for M®, M(® is obtained by setting
s=1+s,0 and letting 0—~0. Namely we introduce s, € C by
eniﬂg 0

0 e—niﬂt

en:if)o 0

(17)’ M(f)=C(t)—1 (
0 e—-ﬂ:ieo

)cm, MO = CO)-1 ( ) co

(C('))u:—(s1 sin 2 (0 — 0;) + 7e %(m—en)
.m 7 ' .
x sin— (6o +0,) sin o (=00 +0,) + 7 sin 76, sin - (6, —6,)
(C(t))12="|:_ <S1 Sin% (0+0,) —7me %(BWM,))
x sin - (6 +0,) Sin%(-@o-i- 0,) + nsin 76, sin%((}w.;.gl) ]
(CW)yy=r7t <31 Sin%(em—91)+ e Ezi‘(”wox))

(C®),,=s,sin % (0 +6,) — e 2 (0=t0)

(C®),, = —s, sin% (Bo+6,) sin% (0o—0;)—7 sin-g— (0o+0,—0,,+0,)

(C(O))12=r<—s1 sin 2 (00 +6,) sin - (0.+0,) +7 sin%(00+6,+9w+6,)>

(CO), =71 <s1 sin L (—00+0,) sin = (0,,—0,)
+7rsin—2n—(—00+9,—0w+91)>

(CO),, =, sin% (—0,+6,) sin% (0 +6,)
—nsin—g—(—00+9,+0w+01).

Now we can state the main result for PVI.
Theorem 1.1. Under the assumptions (A.1)py;—(A.3)py;, wWe have the
following asymptotic expansion of the T function as t—0.
1.9) 7(f) ~ const. $(e>~03-0D)/4
« EI + by (0307~ 0%)(6%— 03 — 0?1

$

~ Teori o) 8~ Oe= ) (O0%— (01— o))t
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- 1—6;%:0—)2 (03— (6: +0))(0% = (01 +0) )~

+0(|t|2(1—Rea)):|
where 6 #0 and § is related to s in (1.8) through
(1.10)
r(1—6)2r<-;—(90+0,+a)+ 1)r<—§~(—00+0,+a)+1>
F(I+a)2F<~;—(90+9,—a)+1>F(%(—90+9,—-0)+1>

>

F(%(0w+91+a) +1>r<~21~(—0w+01+a) +1)

F(%(6m+01~a) +1>F<%(—0w+01—0') +1)

s.

If 6=0, then
(1.9y 7(£) ~ const. t~(03+6D/4

x [1 — L (02— 02)(63 - 62)2(02 122+ 3)
+ o (0,03~ 03) +0,(03— 0D)H(2+1)
— —%—9,9,1
+o(le) |
with Q=1-3%,—logt, and §, is given by
(1.10) s1=sl+¢(%«(eo+e,)+1)+¢(%(—eo+e,)+1)

+1/z(%(9w+9,)+1>+w<—§—(—9w+el)+1>-4¢(1).
Here y(x)= ;—\: log I'(x) denotes the diGamma function.
More precisely, for any ¢>0, there exists an ¢>0 such that (1.7)-(1.7)
holds as t—0 in the sector {te Cl0<|t|<e, |argt|<q].

Higher order expansion is determined from the equation (1.3).

The 7 function is uniquely specified by the exponents 8, and the monodromy
matrices M(*). In order to signify the dependence on them, we employ the
notation t(t; 6y, 0,, 0, 0,; M@, M®_  M®), Actually it is invariant under
the joint similarity transformation M(—PM®P-t (v=0,t, 1) so that the
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M® dependence enters only through the invariants tr MW M),

Since the regular singularities x=0, 1, ¢, o0 play equivalent roles, one can
exchange them by a fractional linear transformation. Correspondingly one has
the transformation law for the 7 function

T (1—1¢;00,0, 0, 0,; MO, M® M)
=const. 7(t; 0, 0,, Oy, 0, ; MWD, MO M),

(t71; 0, 6, 04, 0,,; MO, M©) M)
=const. 193/21(t; 0, 0,, 0,, 0,; MO, M, M)

where M(©) = M(®), 1\71(”=(M(°°)M(1))M(‘)(M<°°)M(1))-1 and 1\7I(l)=(M(°°)M“)
X MOYMD(MOMOME) -1 up to a common similarity factor (note the
convention for the choice of paths shown in Fig.). Combining this with
Theorem 1.1, one has thus the following connection formula.

Theorem 1.2. Suppose 1(t)=1(t; 0y, 0,, 6, 0,; MO, M®, M) has the
behavior (1.9) at t=0 with some s and 6=0,. Let 0y, and o, be defined
through (1.6), (1.8). We assume

(A.2) O0=Reog,,<1,0,,#0 (u#v, u,v=0,1,1)

A3 5Ot 0t'00), 5 Ont 0y £'0,), 5 B:L0,£0,)),
3 Ot 00201, 5 0 £0,£00,), 3 (6010, +'00,) £Z.

Then the following asymptotic expansions are valid at t=1, o0
7(t) ~const. (1 —f)(ei.~01-6D)/4

x [1 ¥ 871%- (03—02—03,)(6%— 03— 03,)(1—1)
t

ety O =010 (0%~ Bo= 0, ) (1 —0) +o
t t
a—1
1602 (sllt_ 7102 02— (0,+0,,)3)(0%—(Op+01,)) (L —t)t o1
t
+O(|1—t2-Ree10) | -1,

() ~const. ¢~ (e5:1—0%+6)/4

|_1 + o3 (62 07 —03,)(053—03—0ad)t!

16001(1 +001)* (0%~ (0,—001)*)(0F— (0, — g¢,)?)t 7177
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a—1
]60'%1:100_ 0o1)? (0% —(0,+001)*)(65— (01 +09q) )t 1ot

+0(|t|‘2(1*Ream))} (t— ).

Here 3,,, 8,,, are obtained by making the following substitutions in (1.8) and
(1.10), respectively:

$ 816 S —> Sy bo— 01, 0 —> 044, 04, — 0y,
§ Stic0> S — Stop» 0g b0, 0 — 0y, Goy — Gy
with cos 16, =tr M(OM) = —cos 1oy, —2 cos o4, COS a4, +2(cos 1, cos 7,

+cos nf, cos n8,).

§2. Derivation

In this section we show how to derive the formulas (1.9)-(1.9)".
Let us consider a more general situation

oY uo Aut) | 2 B,
.1 0x =<“§1 X—a, + vzl x—1tb, )Y
6Y _ ;1 b, ftgt) y

where Y, A,, B, are m x m matrices, and a,, b, are distinct nonzero constants.
The integrability of (2.1) leads to the restricted Schlesinger equation

= F o [, 4,0)]

Py=1 ¥ B0 BOI+ S 2 - [4,0), B,O].
v (V) u=1

2.2)

We assume Z A0+ Z B (1)= — T{®) =diagonal, constant, and that each of
A1), B (1) "and T has eigenvalues distinct modulo integers. Let A9, B9
be constant matrices such that

ny

z zz Bo — _ T(w)
u=1 v=1 v
and that the eigenvalues of A9 (resp. B9) coincide with those of A, (1) (resp. B (1))

We set A= Zz BY, and denote its eigenvalues by uy,..., u,,. The following is
v=1

known:

Theorem ([5]11). We assume
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(2‘3) IRe(.uj—)uk)‘<1’ j, k=]5'--a m.
(i) Choose oy, K>0 satisfying max |Re(u;—p)l<o,;<1, |4, |B9 <K.
1=5j,k=m

=J.K=
For any ¢, there exists an ¢>0 such that (2.2) admits a unique solution in the

sector S, ,={teC|0<|t|<s, |arg t| <@} with the properties

2.4) |4,(8)— Ag| Sfltll“", [ 4(A () — A S K2 1|1~
[r=4B ()t — BY < Ke|' 1.

(ii) Let Y(x, t) be the corresponding solution of (2.1) normalized as
Y(x, )=(1+O0(x1)x"T5".

Then the limits Y(x)=lim Y(x, 1), Y(x)=lim t=4Y(tx, t) exist and satisfy the
=0 =0

differential equations

dY no 4D A
7 — = u —_—
(2.5) dx (El x—a, > >Y
dy n B \g
26) - (E =57
respectively.

We shall study the relation between the monodromy data for (2.1) and those
for the limiting equations (2.5), (2.6). Let Yy(x) be the solution of (2.5) nor-
malized at x=o00. Taking into account the assumption (2.3), we see that its

local behavior reads as follows:

@7 Yo(x)=G¥ (1 +O0(x —a,)) (x —a,)Ts C'») (x—a,)
=(14+0(x))x2C (x—0)
=(1+0(x"1))x-1§7 (x— ).

Here G{", C'® and C are invertible, and T§" are diagonal. Likewise, let ¥(¢)
be the solution of (2.6) such that

(2.8) Yo(x)=GM(A+0(x—b)))(x—b )T’ CM (x—b,)
=(1+0(x"1))x4 (x—0)

with some G§», €™ and T§.
Proposition 2.1. We have

(2.9) lim Y(x, £)=Yo(x), limt=4Y(tx, )= ¥, (x)C.
t—0 t—=0

For t#0, the local behavior of Y(x, t) is given by
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(2.10) Y(x, N=GW({E)(1+0(x—a,))(x—a,)Ts C* (x—a,)
=G (14+0(x—tb,) (x—th )IS’CNC  (x—tb,).

Here GW(t), GO)Xt) are invertible matrices, and C®, C™, C are given in
@.7), (2.8).

Proof. Let F(x, t)=— %2: M

x—1b, and set
= v

U, =1+ 3 S‘ dt, g dty--- S' At F(x, t)F(x, ) F(x, 2,) .
k=1.J0 0 0

The integration is taken along the line segment joining Oand 7 in S, ,. Thanks
to (2.4), this converges uniformly with respect to x on every compact subset of
{xeC||x|>|t|b}, b=max |b,|. By using (2.1), it is easy to establish

Y(x, )=U(x, )Y(x), |x|>]tlb.

This proves the first half of the assertions (2.9), (2.10). Setting Y(x, t)=1t"1Y(tx, 1)
and Yy(x)=lim Y(x, 1), we have likewise
t—=0

Y(x, =V(x, D), |x]< ﬁ a,

- ny
where a=min |a,|, and V(x, t)is a similar series with F(x, t)= —}— Zl (t=4B ()1
v v=

—A)+ 3 d t=4A4, ()" in place of F(x, t). Proposition 2.1 is proved if
”=1 tx—au

we can show Yj(x)= ¥y(x)C. Since Yi(x) solves (2.6), it is sufficient to know

its behavior at x=o0o. For this purpose we compare Y(x,t) with Y,(x, 1)
=t"1Yy(tx). Set

X(x, )= Y(x, ) ¥o(x, t)"t =t4U(tx, H)t=1.

For t#0, it is single-valued holomorphic in |x|>b with its value 1 at x=oo.
Moreover Xo(x)=Iim X(x, t) exists uniformly on every compact subset of

t—0
|x|>b. Hence Xy(x) is also holomorphic at x =00, and has the leading behavior
14+0(x~1). On the other hand, (2.3) and (2.7) imply

lim ¥o(x, t)=1im t~4(1+ Y, ;tx +---) (tx)4C

t—0 t—=0 :

=x41C.

This proves

Yi(x)=Xo(x)x4C =(1+0(x"1))xAC,
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thereby completing the proof of Proposition 2.1.

We note that, given the connection matrices C®, C®WC, the Riemann
problem (2.10) has a solution Y(x, t) for small ¢ and the coefficients 4,(),
B (1) necessarily behave like (2.4), provided the Riemann problems (2.7), (2.8)
admit solutions with some C. This follows from the uniqueness of Y(x, ?).

Now we apply the results above to the present case of PVI, where both of
the Riemann problems (2.7), (2.8) can be solved in terms of hypergeometric
functions F(a, B, y; X).

Let us summarize the classical results. Consider the Riemann problem

(2.11) Y(x)=Gy(1+ 0(x))x“°) (x—0)
=G,(1+0(x-1)(x=DL®  (x>1)
=(1+0(x)x P (x—>0),

the eigenvalues of L(®=1—7v, 0
the eigenvalues of LW =y—a—f—1, 0.

with the assumption
L=y, y—a—p-1&£Z—-{0}, a—p&EZ.

The monodromy matrices M(¥) = 27iL™ (y=0, 1) satisfy the constraint M()M©)

e—21ria .
=< e‘z"iﬁ>’ which can be solved as

M= emi(y—a—p) (cos ny—e "@=Pcosn(y—a—f) p )
i sin (e — f) q —cos my +eri@=h cos n(y—a— B)
o e [eosn(y—a—f)— e —emitap )
isinm(a— f) — e Tia=hyg —cosn(y—a—p)+e =P cosny

pq=4sinnasinnfsinn(y —o) sinw(y —f) .

In order that (2.11) has a solution, it is necessary and sufficient to have the
following conditions.

(i) p=0Oifone of a, a—y+1, —f, —(f—7y+1) is a positive integer

(i) g=0 if one of —a, —(a—y+1), B, f—y+1 is a positive integer.
Set
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(2.12) Y(x;a, B,7)

_ _p. L B(B—y+1D) 1
F(cx,cx y+1,a B’x)’ B=w)(B—atD) x

I
) xF(B+1, p=y+2, p=a+2; ) e

a(x—y+1) 1 B B o
(<><—ﬁ)(oc—/i+1)?FQ““’“c Y+2, ﬁ+2,—x~),

F(B, B=y+1, p-2;L)

If af(a—y+1)(B—y+1)#0, then<lr>‘1 Y(x; o, B, y)<1r> gives the solution for

some r#0. If af(a—y+1)(f—y+1)=0, then either of the following solves
-1 .

@1: (1) ves e (')

(lrr( e l;(ﬁ—7+ 1) a(a—YH)ﬁ(ﬂ—vﬂ) )—l(lr) ’

eE— (xwx_l)y_a_l] bor[™ el

For reference we give below the local behavior and the differential equation
for Y(x; «, B, 7).

)Y(x; a, B, V)(

Y(x; @, B, =691 +0eNx{ g, (x—0)
=60 (1+0x— 1) (x-nT ey (ko)
—(1+0(1y)x ) (x—>00)

where

co - 1 (ﬂ—v+1ﬁ)’ G 1 (I,B(ﬁ—-y+1))

YT B—a \a—yp+1 «a # T B—a |1 a(e—y+1)
e—mila—y+1) IT'y—DIr'e—pg+1) — pmmi(B—y+1) I'y—DIr—oa+l)
cO — I'(y=B)I'(x) I(y—)I'(B)
N peria LU =) (@=p+1) o LU=V (B—a+1)
ra-pra—y+1) Ird—a)l'(f—y+1)
_TI(e+p—y+1D)I(a—B+1) I'a+p—y+1)I'(f—a+1)
I(e—y+1)I(2) F(B—y+DIr(P)
cw —| —e-mitr-a—p-1) Fry—o—B—-—DI'(@—B+1)
*pr ra-pry-s

e—ni(y—a—ﬂ—l)F(y_a_ﬂ_l)r(ﬁ—a_'_l)
rd—-a)l'(y—o
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dY _ 1 1 B—=v+1\(—ap)
Wc—_[_;ﬁ—oc<oc—y+1>
1 1 1 N\a(@—y+1), =(B—y+1)) ]
+ x—1 B—a(l) JIY'

Returning to the situation (1.4), we find that

13 0n=0,—0), 2 (—0,— 0, ), 1—a)

[ \~1
lim Y(x, ) = ( ) Y|x;
10 r 2

X (1 )x—-a/Z(x_ 1)—91/2
14
with some r#0. Without loss of generality we may take the overall parameter
rtobel. Yy(x)=Ilim Y(x, t) satisfies
t—0

dY, A AY
5 o (4 1
(2.13) dx (x + x—1 )YO

A+ %o-lz= 4(5 (

b

—0,—0,+0 )(Gw—el—-a, 0,+0,+0)
O0,—0,+0

1 )(—(900—91)2+02, (0 +6,)*—0?)

: .

A+ %6112=4—é;(

We have also

lim r~4Y(tx, t)

t—=0

=Gly<x;% (=0—0,—0), L (—0,-0,+0), 1 —eo) Cyx=00/2(x — )=0¢/2

where G,=G'9 <1 >_1 C =<1 ) CO, with a= ~ (0,—0,—0) B=
1 afy _§ b 1 _§ aBy 2 <] 1 ]
%’( —0,—0,—0),y=1—0,and §isgivenin (1.8). Hence Y (x)= lim t~1Y (tx, 1)
Z t—=0

satisfies

d¥, _ /43 A9 >~
(214) 4 _<x + A7,

1 1 [00—0,+0\(0o+0,+0, —0,—0,+0) __
A8+?9012=G1'4?(90—9,—a) G

1\((0,+0)2—03, —(0,—0)>+063)
A?+%—9,IZ=GITIG—(1) ‘ o Gy,
From (2.4), (2.13) and (2.14), we obtain the following asymptotics of A,(?):
(2.15) A,()~ 43,

Ao(t)+ 500 L~ 14(AB+ 50 L)1
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1 ((Bua+0,—0)(6,—0,+0)

16000 | _ (9, +0, +0)(0,—0,— 6)8 1477,

(=0, +0,—6)(0o—0,+0)
—(=0,+0,+0)0,—0,—0)§1t°
(Oo+0,+0)(—0,+0,+0) — (Oo+0,+0) (0 +0, +0)
—(Op+0,— 0)(— 0 +0,—0)32%, +(0p+0,— 0) (00 +0,— 0)3t°

A0+ 20 L~ 14 (AP 10, L)
_ 1 (0p+0,—0)
160502 | _ (9, +0,+0)s~ 11,
(—0,+6,—0)
—(=0,+0,+0)5" 11
—((0,46)2=02) (0 —0,—~06) —((6,+06)2—03)(0,,+0,+0)
+((6,—0)2—03) (0. — 0, + 0)3t°, + ((0,—0)% —03) (0, +0,—0)s1°)

The case =0 can be incorporated if we set §=1+0§; and let 0. From the
definition (1.2) of the 7 function and (2.15), using

(2.16) 2 (ta—1) 2 Tog 7)) =0 (4,(1)) s~ 102
we obtain (1.9), (1.9)".

Remark 1. The asymptotic expansion for the Painlevé transcendent y(f)
itself can be obtained by (2.15).

Remark 2. From the argument above, we see that the assumption (A.3)py;
can be relaxed to include the following case.

If one of —;— (0, %0, % 0) is a positive (resp. negative) integer, then (M),
=0 (resp. (MMV),, =0). If one of %(Goie,i’a) is a positive (resp. negative)
integer, then (COM®CO®-1) =0 (resp. (COMOCO-1), =0).

§3. The Fifth and the Third Painlevé Equations

By a similar reasoning as in the previous section, one can derive the short
distance expansions for the fifth and the third Painlevé equations.
First consider the case of PV, whose linear problem is
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oY _ [(Ay(d) , A /1
G oy = (A0 + 20 (),
oYy _ _ A4,
T x—t Y
We set

the eigenvalues of 4 ()= +

diagonal of Ay(f)+ A(t)= —

Then () =4 (Ao + 2 )@+ %) (Ao satisfies V)

with the parameters

1= g Oo=0,+0.Y, B==4 (Oo—0,~0.),
y=1—0,—0, &=— -
0 1 2 .
The 7 function is defined by
(3.2) % logz ()= —i‘ (Ao(1) + A1) 12(Ao() + AL) 21 +(A(D))11 5
and
0 —-t——— log (£) + +-(8+0.0)t + - (o +0)7—6?)

satisfies

59 (48 o5 (8 ~ro £

() 02) (- hnen)

We assume
(Al)py 0o, 0,£Z.
Let Y;(x, t) be the solutions of (3.1) that have the normalized asymptotic behavior
as x— oo in the sector &;= {x e C| —-%(2]— )<arg x<%(—2j+5)}, j=1,2,3.
Namely:

Y;(x, ) ~(1+0(x1))x _%(om'aw)e(x")’ x— o0 inY;.



BOUNDARY CONDITION FOR PAINLEVE EQUATIONS 1153

They are related to each other by

10
(34) v n=vis0 [, ).

al

. (0 1 b
YS(X: t)E Yl(xe2n15 t)enl(e _9‘”) = YZ (xa t) (0 1 )
with some constants a, beC. At the regular singularities x=0, t, Y;(x, t)
has the behavior
L(eo_ )
(3.5) Yi(x, )=GO(t) (1 +0(x))x2* ~0/C® (x—0)
100,
— GO (1 +0x—1)(x—1)2 0 dcw (xop).

The ‘“‘Stokes multipliers’” a, b and the connection matrices C(©, C®) con-
stitute the monodromy data in the sense of [7]. They satisfy

1 b )
.6 —ni(®=_g.) = MO pg(0)
(3.6) (a 1+ab)e ’ M,

nify

MW =C-1 (e )C(“) (v=0,71).

e—niov
In order to parametrize them we set

em0=gh+2cos b, =2cosnag, 0ZReoc<l1.
In the sequel we assume

(A2) 0=Reog=1

(A3)pv (Ot 0), 5 (0,10, +"0)£Z.

€
2

R]=

Then the following parametrization is possible:
ag#0
(3.7 DWCHD =
T . T . T
<51n —?—(0, +0o+0) sin (6, — 0p+0) —ssin 7(6‘ +0,—0)sin 5 ©,—0,— o)>
—s5t 1

e ™i9/2 sin % Bp+0)
% 2

eri/2  gin —7,; (O—0)
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DOCOD
m% 6,+0,+0) — se~mio sin% 6,+6,—0)
— s~ lemic sin % 0,—6p+0) sin% 6,—6p—0)
~nig/2 gin
e ™2 sin — (0,+0)
% 2
emiol2 sin% (05— o)
o=0

(3.7 DWCHD

(51 +mi) sin.’l (0, +6,) (s,sin %9«, — 7 cos l 0,) sin l(e, +0,)
=| x sin =~ (8 —0p) —msinnh, xsin—-- (6 —0,) —m sin 6, sin = 5 L

s, +7i slsin79w—ncos70w
DOCO D

s1s1n~(0 +00) — 7 cos - T 0,40, (s;— ni)sin%(0,+00)sin~n—0w
— sin =~ (0 +00+0)

5, sin %(9, —0,)—T7 cos—72L 0,—0p) (s;—mi) sin%(f), —0y) sin7600

—sin _’23 (0,—0y+04)
Here D®, D and D are invertible diagonal matrices.
Theorem 3.1. Under the parametrization (3.7)-(3.7)', we have, for o#0,
(38) o) ~oonst. 000 | 1= L0, (02— 03+ %)
.1— $ — - 2 __f2)s1+e
+ 80'2(1 +o.)zs(0w 0)((0,—0)>—63)¢
-1 2 1-o
802(1 a)zs Bo+0)((0,+06)2—03)t
+0(I”2(1-—Rea‘)):| ,
r (-é—(@,+90+a) + 1>r (%(9,—90“) +1>r<%(9w +0) +1)r(1 —o)?
s
F(%(9,+90—a) +1>r (%(0,—90—0) + 1>F(%(Bw—-o) + 1)r(1 +0)?
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If 0=0, then

(3.9) 7(¢) ~const. t""5‘=/4[1 + %0,
+ 4 007 - 08)(07 420 +3)
+ 21? (02— 03+20,,0,)¢(2+1)
+ o(2) ]

with Q=1-5§, —logt, and

$i=5199 (5 000 +1) + (50~ 00)+1) +¥(3 0o+ 1)=40(1).

These formulas are derived in the same manner as in Section 2. We need
also the confluent hypergeometric functions. Set

(3.10) Y%(x; K, 0)

g . 1
e O ()12,012(€77%) — 5 (=1 )W (—140)/2,0/2(%)
= 1 . s
7 (o +xK)etrili=n)2 W—(1+x)/2,a/2(e+"'x) W(1+K)/2,¢7/2(x)
x x~1/2g%/2

where W, (x) denotes the Whittaker function [11]. Then

Yi(x; x, 6)~(1+0(x™1)) (%)7( —K)e(x") (x>0 in &#)),

1

0 15
Y.(x; k, 0)=Y,(x; k, a)( ), Y5(x; k, 0)=Y,(x; k, 0) (0 ”)

Ko 1 1
_1_(0_ )
Yi(x; , 0) =G o(1+0(x))x 2% =" Cy,
with Y5(x; x, 0)=Y,(xe?"; k, O')E"i(x-—x)’ and

Qg =2 b, =2mie~"ix 1

I (=T ()

9]
g+ K og—K)\ >
(=5 )r(1-73%)
—I'(—o) e—Tmi(o+K)/2 —I'(—o0)

1 0—K OTK
Lio—K) =1 ( > < + )

%(a +x) 1 r-—z%a'z ) emi(e—r)/2 ————F (a(a;)x )
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The differential equation for Y,(x; x, o) reads

dyY 11 /[—k o—k 1

el 11 Y.

dx (XZ(0+K K )+( O))
We have then the following result.

lim ( ! ,)Yi(x’ )]

t—0

where 1-‘1=F<%>F<1— 0—7960 >a/2ni,

1 -1
) =Y, (x; O, 0)
r 2

lim t—A< 1r)Y,(tx, t)( lr)_l

t—0

=G, Y(x;L (=0,—0,—0), L (=0,—0,+0), 1-0,)C,,
2 2

1 -1 1
where A=-L( 0= 0—0a and G, =G,_, Op+a| , Ci= N
2 0w =\ 8= -8

o+0,
x Cy_,- For o =0, onecan take the limit 6 —0 by setting §=1+08,. The rest of
the argument is the same, except that we use % (t 73’; log r> =(A/[1);; in

place of (2.15). As a result we obtain

— (0o 6)(— 0, + 60+ 0)
1 1 + (0 +0)(—6,+0,—0)871277,
A+ 5 0oL~ gzl (9, 4 6)((=0,+0,+0)
— (=0, +0,—0)$~1177)
O, 400+06) (004 0)1 (00 +0)(0, 400+ 0)
(—(0,+60—0')§t", — (80— 6) (8, + 00— 5)3t7) )

j - (000 - O')
A0+ %0,.12~ b ( + (0 + 0)3~ 1170,
(0 +0) (1= §71£79) |

( (0;+0)2—05 (00+0)"'((6e+0)((0,+0)*—65) )
—((0,—0)>—03)8t°, —(0u—0)((0,—0)>—0)827)
from which the behavior of the fifth Painlevé transcendent y(t) follows.
Now we proceed to PIII. Consider the linear differential equation
oY _ [ —tA(t) _ B() 1 _ 1 1
(3.11) = (———xz + — + 0 Y, A@)=G() 0 G(@)

oY _ A@)
s Y.
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Let B(f)=G(f)"'B()G(t), and set

(3.12) diagonal of B(t)=

—1 {0
2 -0,
~ 0
diagonal of B(t)= —,1)—( 0 0 ) .
= —VYo

Then y(f)= — B(1),//t A(),, satisfies (PIII) withrespect to the variable =/t
where

a=40, pB=4(1-0,), y=4, b6=—4.

Define the t function by

4 1og 1(f)= L B(t),,B(t),, — A1)

dt 1 12 21 11-
Setting

C(t)—f—logf(t)+ —( §—0%)+¢
we have

d’C) d{(d{ )( dC) ( dl  0y+0, )2

(3.13) (t )t a1 St O "2t dt 2 )

The monodromy data for (3.9) are introduced in the following way. At
x =00, there exist unique solutions Y;(x, t) (j=1, 2, 3) such that

G4 Y D~1+0x)x 270000 v L i o

3
10
Y(x, )=Yi(x, ’)(a 1),
Yy(x, )= Y (xe2, eni®-0.) = Y,(x, t)( . ’1’)

where &;={xeC|— % 2j—<argx< — % (2j—95)}. Likewise, at x=0,
there are solutions Y,(x, £) (j=1, 2, 3) with the properties

(3.15) Y, (x, )~ GO (1 +0x)xz(" -0)e(0)z, x-0 in Z,0)

Y.(x, =Y, (x, t)(; (1))
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= - . (60 - (1b

Yi(x, 1) =Y, (xe 2", t)e’”( ~00) = Y,(x, t)( 01 )
where & (1)={xeC| —% (2j—1)<arg<%>< - %(2j—5)}. We fix a path y
joining oo and 0 so that xe %, (resp.xe &£,(t)) as x—oo (resp. x—0) along
y, and define the connection matrix C by
(3.16) Yi(x, )= Y,(x, 1)C.

Here both sides signify their branches on y. The monodromy data for (3.9)
are a, b, a, b and C. They are related through

1 b 10\ 1 —b
_ni(em_ m)= _ i 60_ o
(3.17) (a I-I-ab)e -r=C 1(—5 1)e ( 0)(0 1)C'

Let us introduce ¢ € C by
(3.18) erif=gh+2 cos nl,,=e"i%ah 42 cos nh, =2 cos o
0<Reo <1,

the first equality being a consequence of (3.17). Again we assume

(A Dpinr 0<Reo<l1

(0ot0), 5 Goto)EZ.

W=

(A'Z)PIII

Then we can parametrize C as follows:

1 -1
(3.19) o#0 C=k< _ Ee"“’ﬂ>
2is

1 -5
X ) . T . T
— g lemi(a+600)/2 gin = (_ O'+60) emi(—a+00)/2 gin 5 (0-+90)

2
e milot0=)/2 sin%(—a+0¢,) 1 1
X - nifo
mi(0-0w)/2 gjn = - llg—,—
e sin - (0 +6.) 1 or

where k, s are nonzero constants,
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] -1
c=0 C=k< _Ee"i"°>

(3.19)’ 2

i . T
—5,e7"i0=/2gin 5 0,—m -5,
% 2

(60— . mly . mo T I
emilbo "=~’/2<s151n—7951n—,);'°+ns1n 3 (90'!'900)) s1e™02 sin O+ 7 |

1

perito
2i

Theorem 3.2. Under the assumptions (A.1)py—~(A.2)p;; and the para-

metrization (3.19)-(3.19)', the following asymptotic expansions are valid.

’2 (040, — 02t — (g +0)(0x+0) sei+o

o#0 1(¢) ~const. t"’z“’%’/"*(l +

20 402(1+0)?
(3.20) _ (9(2;2021(3000)_20') §-—1tl—c+0(|tl2(1—keu))>
where
. F(1—0)2F<1+ "“290)r(1+ ""zew)
r(1+a)2r(1— L";?L)FO— "+29°°>

6=0 (f)~const. t—96/4(1 —t+ L0+ 0)1@+ 1) = L 050,102 +20 +3)
(3.20) +o(t)>

where Q=1-3,—logt, and

§1=S1+l//(]— 970> + x//(1~ %"")—41#(1).

Example. As an application of the formulas above, let us consider the
special case of PIII where the connection matrix C is 1. In view of (3.19)-
(3.19), this happens if and only if s=1 (or s;=0) and 6,+6,€2Z. Here
we discuss the case

00 = - 900 = 0 .
The general case of 0,+0.,,€2Z can be achieved by the Schlesinger transfor-
mation ([7] II).
It is known ([5] IV) that both the matrix Y(x, 1) and the t function allow
convergent series expressions as follows.
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) 0 0 2n 0
(Yy(x, 8));,= Z_: AZI!SO S 1 (dx, e—(xyrtx; 1)>< X1X3 x2n—1>

0 j=1\ 21 X2X4 " Xap

2n—1
( f‘[ ) 1 x0/26x+tx“‘
=1 +A’I+1 Xop—X

(Yy(x, )2 =r 2 )L2"+1Sw...gw 2ﬁ1<d“ e (x,+rx-1>>< XpXqXan 1 )0
= 0

o j=1 \ 2m X1X3 " Xap—1 X2p+1
2
7 \ [ 0/2 px+tx—1
x9/2¢
1=1 ‘Cl+xt+1 J Xans1— X

— 1% 32nt1 _..wZ"H dx; —(x,ttx71)
(Yi(x, ) 12=r Z’l 0 T (=e

n=0 0 j=1 2n

0/2
x<x1x3 Xon— 1 x, +1> <ﬁ ! 3\ 1 x—0/2
n -

XoX4 Xy 151 X+ X141 ) Xops tX

(Yi(x,8))2= i Azn SO Sw ﬁ (dx’ e—(x,+rx"1>>< X1X3° X on—1 )6

n= 0 j=1 771’ x2x4...x2n

(2!1 1 1 \ 1 _9/2
\I 1 x1+x1+]/x2,,+x

© 2 0
S S T (dxl e (x]+tx‘1)>< X1X3" Xgp—1 >
0j=1\2m XXy " Xoy

(e et ]

+x1+1 / Xant+ Xy

(3.21) e'(r)

=exp[

n=1

In particular, (3.21) is related to the two point correlation function of the Feder-
bush model ([5] Supplement to IV).
Let
(Yi(xe*™, D)1, (Yi(x, D)12 )e‘"“’(lo)
(Yi(xe®™, 1)1 (Yi(x, )22 |
Ys(x, )= Y (xe?%, f)e-mio(*-1) -

Y (x, t)= (

Then we have the relations (3.14) with
a=irk, b=ir—1le"9,
The parametrization (3.18) reads

(3.22) 2=4sin 7~ (o +0) sing(a—e).

Hence (3.20)—(3.20)’ yield the following result.

Proposition 3.3. Let t(t) be defined by the series (3.21). Assume that
:)Lll——cosn:ﬂ isnot a real number =1, and let ¢ be defined by (3.22), 0=

Reo < 1. Then the short distance behavior t—0 of 7(1) is given by
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e't(t) ~const z“"z""z’/‘*(l-l— L (62—02)t— __oi-b §¢i+o
' 202 402(1+0)?
R el o P > '
462(1=0)? §7i1-0 + (if o#0)
2
~ const. t“’z/“(l-i—%t(92+2§2+3)+---> (if o=0)

where

ra-epr(1+ 229 (1+ 279

(-5

9=1—¢<1+ %>—¢(1— %>+4lﬁ(1)—-logt.

S =

+[

ra +a)2F<1 _c

o

The particular case §=0 agrees with the result of McCoy-Tracy-Wu [3]
(for v=0).
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