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On the Moduli Space of Anti-Self-Dual Yang-Mills
Connections on Kdahler Surfaces

By

Mitsuhiro ITOH*

§0. Introduction and Main Theorems

The purpose of this paper is to give a complete proof of the result announced
in [7]. In fact in this paper we discuss the dimension of moduli space con-
sisting of anti-self-dual solutions of Yang-Mills equation in the case where the
base space is Kéihler and we obtain the dimension formula which is similar to
the case of moduli space of self-dual solutions over a self-dual base space, given
by Atiyah, Hitchin and Singer [2]. Further we get on a compact Ké&hler sur-
face a suggestive observation that the moduli space of anti-self-dual Yang-Mills
connections may have a close relation to moduli space of holomorphic vector
bundles.

Yang-Mills connections, namely, solutions to Yang-Mills equation have origi-
nated from field theory in physics ([12]). Yang-Mills equation is considered as
a generalization of Maxwell equation from a viewpoint of non-abelian gauge
group. Mathematically, Yang-Mills connections are formulated by the aid of
notions of connections on a principal fibre bundle.

Let P be a principal bundle over a compact oriented Riemannian 4-manifold
M with a compact semi-simple Lie group G. Let E be an associated complex
vector bundle. A functional 4. is defined over the space Cgz consisting of
all G-connections on E by YH(V)=(1/2)|RY)? for the curvature form RY of V.
The Euler-Lagrangian equation of the functional is written by dY(*RV)=0. A
G-connection which gives a solution to this equation is called a Yang-Mills G-
connection. From Bianchi’s identity an (anti-)self-dual G-connection which
satisfies that *RV=+4R" is a special Yang-Mills G-connection. If we denote by
Az ¢ the set of all (anti-)self-dual G-connections, then the space Mz Which
is a quotient space of Az ¢, modulo the group of gauge transformations &» repre-
sents moduli space of essentially distinct (anti-)self-dual G-connections.

Now suppose that M is a Kihler surface. Then M admits the canonical
orientation induced from the complex structure of M. With respect to the space
of infinitesimal deformations of anti-self-dual G-connections, that is, the tangent
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space of the moduli space Mz s we have the following theorem.

Theorem 0.1. Let M be a compact Kihler surface of positive scalar curva-
ture and P a smooth principal bundle with a compact semi-simple Lie group G.
Let E be a complex vector bundle associated with P. Then the space of infinitesimal
deformations of irreducible anti-self-dual G-connections has the dimension

—Pont,(g§)— %dim G@A+7).

Here gp is the Lie algebra bundle associated with P and ¢§ is its complexification,
and Pont,(-), X and t are the first Pontrjagin number, the Euler number of M
and the signature of M, respectively.

This theorem is shown by the aid of propositions (Proposition 2.4, Theorem
3.1 and Theorem 4.1) mostly parallel to the proof of Theorem 6.1 in [2]. How-
ever, the fact that an anti-self-dual 2-form is characterized as a form of type
(1,1), orthogonal to the fundamental form £ plays an essential role in proving
our theorem (Lemma 2.1). If we are given an irreducible anti-self-dual G-con-
nection V, then we observe in Proposition 2.4 that the space of infinitesimal
deformations of V preserving anti-self-duality is exactly the first cohomology
group H! of a certain elliptic complex. That the 0-th cohomology group H°
vanishes follows immediately from the irreducibility of V. Further under the
assumption that M has positive scalar curvature the vanishing theorem of the
second cohomology group H? is shown by a Bochner type estimate of the
Laplacians associated with the complex in Theorem 3.1. Then the dimension of
the space of infinitesimal deformations is obtained by applying the Atiyah-Singer
index theorem to the complex in the similar manner to the Riemann-Roch-Hirze-
bruch theorem for a holomorphic vector bundle (Theorem 4.1).

If we apply Kuranishi’s method to Theorem 0.1 in the same manner as in
the proof of Theorem 6.1 in [2], then we obtain the following.

Theorem 0.2. Under the same assumption as that in Theorem 0.1, the moduli
space Mz, ¢ of irreducible anti-self-dual G-connections has a structure of manifold
of dimension

—Pont,(g$)— %dim G+1),
if it is not empty.

Remark 1. Theorem 6.1 in [2] is stated as follows; the moduli space H% ¢
of irreducible self-dual G-connections over a compact self-dual Riemannian 4-
manifold of positive scalar curvature is either empty or a manifold of dimension

Pontl(gg)———é— dim GA—7).

However in our situation dim %} ; over a Kéhler surface M with the canonical
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orientation does not necessarily coincide with the above formula, because the
second cohomology group H? may not vanish, even if M is of positive scalar
curvature.

Remark 2. An oriented Riemannian 4-manifold is called to be (anti-)self-
dual if its Weyl’s conformal curvature tensor, regarded as an End (T M)-valued
form, is (anti-)self-dual ([2]). From the result of [6] together with Corollary
145 in [11], a compact Kihler surface is self-dual if and only if it is a complex
space form or a ruled surface (i.e, a Py(C)-bundle over a compact complex
curve) covered by the product of P,(C) with positive constant curvature ¢ and
the unit disk D! with constant curvature —c¢. Therefore, a compact self-dual
Kihler surface of positive scalar curvature is P,(C) of standard metric. The
product P (C)XPy(C) and a ruled surface F={(z,: z:: z2) X (s, HEP,(C)XP,(C);
szy—1tz;=0} with standard metrics are examples of simply connected compact
Kéhler surfaces of positive scalar curvature, both of which are not self-dual. It
is noticed that any ruled surface admits a Kéhler metric of positive scalar cur-
vature ([13]). Our theorem can be applied to these Kihler surfaces.

Suppose that a complex vector bundle E associated with a principal bundle
P over a compact Kihler surface admits an anti-self-dual G-connection V. Then
from Note after Proposition 2.2 in Section 2, E admits a hermitian structure 4 and
a holomorphic structure J such that VA=0 and V/=0. Since the curvature form
R¥=(R") is g-valued 2-form with respect to a G-frame (g<8u(n), n=rank E),

¢i(E) is represented by (1/(27+/—1)) i}lRV;':O. Then there are topological restric-
tions on E, ¢;(E)=0 and c¢,(E)=(1/2)(c}(E)—Pont,(E))>0, if V is irreducible.

Proposition 0.3. Let M be a compact Kidhler surface and E be a complex
vector bundle associated with a principal bundle P over M with G. If there exists
an irreducible anti-self-dual G-connection N on E, then H*(M ; O(E))=0 with respect
to the holomorphic structure J. And if further E is a bundle of rank 2, defined
over Py(C), then E is stable as a holomorphic vector bundle.

This proposition is verified as follows. Suppose that the holomorphic vector
bundle £ with the holomorphic structure J has a nontrivial global holomorphic
section ¢. Since X g#’RY,;i=0 (Proposition 2.2), ¢ is parallel with respect to V
([8]) and hence it vanishes nowhere. Then the holonomy group is reduced to a
proper closed subgroup of G. This is a contradiction to the irreducibility of V.
Hence we have that H°(M; ©(E))=0. The last part of this proposition is shown
by the aid of Lemma 1.2.5, page 165 in [10]. For the definition of a stable
vector bundle, refer to [10].

Remark. The moduli space Mz ¢ of irreducible anti-self-dual SU(2)-connec-
tions has dimension 2(4n—3) for a complex vector bundle E of rank 2, defined
over P,(C), where ¢,(E)=0 and c¢,(E)=n. This dimension corresponds to the
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fact that the moduli space of holomorphic vector bundles of rank 2 with ¢;=0,
c;=n over P,(C) is a variety of complex dimension 4n—3 ([4]).

In Section 1 we define a G-connection and its curvature form on a vector
bundle and treat notions of Yang-Mills G-connections and (anti-)self-dual G-
connections. This section also provides a note that is elemental when we
covariantly exterior differentiate on a complex manifold.

In Section 2 we give a characterization of anti-self-dual G-connections over
a Kéhler surface and present a proposition which states a relation between infin-
itesimal deformations of anti-self-dual G-connections and the first cohomology
group of a certain elliptic complex.

The vanishing theorems of the 0-th and the second cohomology groups of the
complex are obtained in Section 3 and the index of the complex is calculated in
Section 4.

In the remainder of this paper we devote ourselves to verification of Bochner’s
type formulas (Lemmas 3.2 and 3.3) that are key formulas in proving the vanish-
ing theorem of the second cohomology group in Section 3.

For basic references about Yang-Mills G-connections, see [2] and [5], and
for fundamental notions of Kéihler manifolds, refer to [9] and [14].

The author is very grateful to Dr. Mulase for helpful conversations, especially
for an advice on the stability condition of vector bundles.

§1. Connections and Curvature Forms on a Vector Bundle

Let M be a compact oriented Riemannian manifold and P a smooth principal
bundle over M with a compact semi-simple Lie group G. Then the Lie group
bundle Gp and the Lie algebra bundle gp are naturally induced from P by Gp=
PX.G and gp=PX 449 respectively, where ¢: G—Aut G is the group conjugation
and Ad is the adjoint representation of G to the Lie algebra g of G. A global
smooth section of Gp is called a gauge transformation of P and I'(M; Gp), which
is denoted by &p, is called the group of gauge transformations of P.

A locally faithful representation p of G to GL(n; C) induces a smooth com-
plex vector bundle E=PX,C" over M. Every s of P over x of M naturally
defines a linear isomorphism of C™ onto the fibre E, by v—s-v. Fix a frame
{e:;}15isn Of C™. Then a local smooth section s of P over an open U of M
induces a local frame {#;}:ci<n Of E over U given by #;=s-e;, 1<i<n. The
frame {¢;};<i<n is called a G-frame.

We denote by A?P(E) the set of all smooth E-valued p-forms I'(M; A*QE)
for p=0.

A connection V on E is a linear differential operator of first order from
AYE) to AYE) which satisfles that V(f@)=dfR¢+/V¢ for feC(M) and g=
A%E).

Since Vi; is represented by Vt;=X ;A% for a matrix valued 1-form A"=
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(A7), the covariant derivative of ¢=231;¢%; is written by

(1.1) Vo=3:(dd*+2 ;97 A0t .

The matrix valued 1-form AV=(A")=(X,A",Jdx*#) is called the connection form
of V with respect to {¢;}.

Definition 1.1. A connection V on FE is called a G-connection if its connec-
tion form AV takes values in g with respect to any G-frame, where g is identified
with a subalgebra of g (n; C) through p.

We denote by Cg s the set of all G-connections on E. Since the difference
of G-connections represents a gp-valued 1-form, Cg ¢ has an affine structure, that
is, Cg ¢=N"+Agp) for a fixed V° of Cg .

We notice that there is a one-to-one correspondence between Cr ¢ and the
set of all connections in P in the following manner. A connection in P with con-
nection form o defines a G-connection V* on E by V=X ,(ps*w)it; 1=i<n,
for a local section s of P and a G-frame {f,} defined by s ([2]). Conversely,
for any VeCgz ¢ we can define a connection in P with connection form w such
that V coincides with V¢,

We introduce the notion of the irreducibility of a G-connection. A G-con-
nection is called irreducible if its holonomy group is an open subgroup of G
([2]). The set of irreducible G-connections is an open subset of Cz ¢ in a cer-
tain topology.

Given a G-connection V we can define a differential operator of first order
d¥: AP(E)— AP*Y(E), called the covariant exterior differentiation as follows:

(1.2) d¥(2:0'Qt)=2:(d 0 4+ (—1)?3,07 N At
for local p-forms % 1=7/<n.
An End(E)-valued 2-form RY=(R"Y) given by

(1.3) RY=dA"i—3, AT} ANATS

is called the curvature form of V. Then we have

1.4 d7-V(@)=2:.,¢'Rits

for g= A°(E). The similar formula also holds for § of AP(E), p=1;
(1.5) d¥-d¥(0)=3:,0° AR, .

Since RY takes values in g locally and is transformed in the form of the
adjoint representation of G with respect to a transformation of G-frames, RV is
regarded as a gp-valued 2-form, that is, R¥< A%gp).

The bundle g is identified with a subbundle of End(E) through p. We
introduce a connection on gp by the aid of V in the following natural manner;

(1.6) (VO)(§)=V(D(¢))—D(Vg)
for @ = A%gp) and g A°(E). Then for 0= 3 0%,Qt' < A%gp) (7 is the dual of
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t;) VO is written locally by

1.7 (V0)i=d(0)+L[@, A7];.
Introduce a bilinear mapping [+ A-]: AP(gp) X AYgp)—AP*4gp) by
(1.8) [ONT=Zn{ Q) NT—(— )P N D]}

If we set p=¢=0, then [@ A¥] represents the ordinary bracket product [@, ¥]
of matrices @ and ¥. Then the covariant exterior differentiation dV: AP(gp)—
AP*Y(gp) has the following expression;

(1.9 (dVD)i=d(PH)+(—1)P[ONA"]:

for @<= AP (gp).
We have the following identities;

(1.10) d"RY=0 (Bianchi’s identity)
and
(1.11) d¥edV(DP)=[DAR"], D AP(gp).

These are easily verified by the aid of the formula RV=dA"—(1/2)[AYAA"]
together with the following properties of [-A-];

(1.12) [OAT]=—(—1)PYTAND],
(1.13) ALONAT]=[dONT]+(—1)?PLONIYT]
and

(1.14) [LOATINO]+H(—1)Pe+ [[TAOIA QT+ (— 1) P [[ONDPINT]=0

for a local g-valued p-form @, a local g-valued g-form ¥ and a local g-valued
r-form O.

Let @ be a gp-valued p-form. Then we have the following two local expres-
sions of @;
(1.15) D= pL!Z,,l,Fz,...,,lp@,llpzl..#pdxf‘l/\dx“/\ ce Adxtp
and

(1.16) @ZTIIEZ-,]-E,,I,#Z,‘..,Fp@#lﬂz...#p}'dx“/\dx”z/\ - AdxEr@t Rt

for g-valued local functions @,,.,, and local functions @,,.., 5, which are skew
symmetric with respect to p, -+, p¢tp. In the following we use a suitable expres-
sion as occasion requires.

For a G-connection V we define a linear differential operator from

o p+1
I'M; @ T*MEqgp) to I'(M; ® T*MKgp), for which we use the same symbol
vV, by

(1.17) VO=3, %11y sy AP RAx @A xR -+ @ dxto
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0
Ve @#1---#;;: xt (@#1---#1;) HLP s AR

for =3, .4, Oppp, dx41® - @dxre(M; & T*MRgp). For any gp-valued
p-form @=(1/p !)Eﬂl,...,,lp@pl...,,pdxf‘l/\ - ANdxtp (@#r../‘p is skew symmetric with
respect to indices g, -+, #p) V@ is written by the aid of the covariant differ-
entiation V by
(1.18) dv@zpilE#E#I,_..,#pV,,Q')#l...ﬂpdx“/\dx“l/\ - ANdx#p.
D

We set [V, V19, =V 0y, — VNV, P ey, for @EI(M; & T*M0p)
and we represent the curvature form RY locally by RV=(1/2)2,.,,R s dx*ANdx?,
RY,,=—R",,=(0/0x*) A", —(©0/0x") A" ,—[A",, A%,]. Then we obtain the Ricci
formula which will be used in proving a Bochner’s type formula in Section 5;

(1.19) [V NPy =[Py R¥]

On each A?(gp) we define an inner product by the aid of Hodge star operator
* as follows;

(1.20) <0, W}Mz—SMTr OAT), O, TeAr(g,).

Since the trace operator Tr A:-B on gl{{n; C) is adjoint invariant and its restric-
tion to g is negative definite, the above global inner product is well defined.
A functional Y. # on Cg  defined by

1
(1.21) QJJ/Z(V)Z*Z“”RVH%I, VNelz e
is called Yang-Mills functional.

Definition 1.2. A G-connection is called a Yang-Mills G-connection if it
gives a critical point of Y.

We see that a G-connection is a Yang-Mills connection if and only if it
satisfies a quasi-linear elliptic differential equation of second order ([5]) d¥(*RY)
=0.

The gauge group @p operates on Cg ¢ as f(N)=f"1Vef for f€G, and VE
Cg.c. Then the connection form A7 and the curvature form R/ of f(V)
are given by

AT D =df- [T+ Ad())AT,
(1.22) {

RID=Ad(f)R".
Hence, YH is Gp-invariant and for every f of ¢ f(V) is a Yang-Mills G-con-
nection if so is V.

In the following, G-connections are identified from the viewpoint of physical
meaning if they are transformed by gauge transformations.
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Now suppose that M is real four dimensional. Since * operates on the 2-
form bundle A2 and satisfies xex=7d, A? splits into A2°=42+ A% with eigenspaces
A2 corresponding to eigenvalues +1. We extend the operation of * on A%Qgp.
Then RY splits into RY=RY-+RY, RIcI'(M; A2RQgp).

The notion of the (anti-)self-duality of a G-connection is given by

Definition 1.3. A G-connection V is called (anti-)self-dual if RV satisfies that
(1.23) RY=0 (RI=0),
respectively.

We see that from Bianchi’s identity (1.10) an (anti-)self-dual G-connection
is a Yang-Mills G-connection. Since the first Pontrjagin number Pont,(E) is

given by —(l/4n2)SMTr (RVAR)=1/47®)(|RY|%—|RY|%) from the Chern-Weil

theorem and Y H(N)=(1/2)(|RI|%+RI|3%), we see that Y. H(V)=2x? Pont,(E)|
for all VeCyz ¢ and the equality holds if and only if V is (anti-)self-dual. If the
bundle £ admits an (anti-)self-dual G-connection, then Pont;(£) must be non-
negative (non-positive).

Let M be a compact complex surface with a Hermitian metric g=
2X,.,8,5d2"-dz*. We use the following notation for the complex surface M.
We let A% and AP¢ denote the complexification of the k-form bundle 4% and
the bundle consisting of complex forms of type (p, g), respectively. And by A%
and AP? we denote I'(M; A%) and I'(M; AP'9), respectively. Moreover, for a
complex vector bundle F I'(M; A%QF) and I'(M ; A?9QF) are denoted by A%(F)
and AP'Y(F), respectively. Then we see that At=31,.-2479 A=Y, -1 AP?
and Ag(F)=23pse=r AP 4F).

Let g¢ be the complexification of g and — the conjugation on g¢ with respect
to g. Then the complexification of real bundle gr coincides with PX 446¢ which
we denote by gf. By the aid of the conjugation — on g°¢ together with the
natural conjugation — on A% we define the conjugation — on 4%®g¢ such that
D A22Qqs for P AP 1RqE. Notice that a gf-valued k-form @ takes vaues in
ap if and only if §=0.

For a G-connection V the covariant derivative V@ of @< A¢(gf) belongs to

Lgf)=A""(g8)+A"(gs). We denote by V*@ and V-@ (1, 0)-part and (0, 1)-
part of V@, respectively. Moreover, dY splits into d"=0"+3" on A?%g%) as
follows ;

yfl" +Le(gf)

T Arangl).

AP %(gf)
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The operators 8 and 3 have the following expressions;
{ (07D);=0(D% )+ (—1)PH[ON AT
(0VD)!,=0(D")+(—1)P*[ONA"T

for 0=3; ;0% t;,Qt = AP %g%), where A" and A"~ are (1,0)-part and (0, 1)-part
of the connection form AY, respectively.

(1.24)

§2. Deformations of Anti-Self-Dual Connections

In this section we shall discuss the space of infinitesimal deformations of
irreducible anti-self-dual G-connections and we shall show that this space is
nothing but the first cohomology group H* of an elliptic complex associated with
a fixed irreducible anti-self-dual G-connection (Proposition 2.4).

First we show a proposition which characterizes an anti-self-dual G-connec-
tion. Before proving this proposition we need a key lemma which gives a
characterization of an (anti-)self-dual form in terms of complex forms of type
(®, @)

We fix an orientation on M induced from the complex structure of M.

An inner product <-, -> induced from g on the cotangent space T*M=A*
at x is given by the aid of a local holomorphic coordinate {z*},.;. as follows;

2.1 o, =2 4,8"(x)(0,T,+7,6,)

for =3 ,(0,d2z"+5,dz"), r=2,,(r,,dz”+’:‘f.d§/‘)e/1;, where (g#*(x)) denotes the
inverse matrix of (g,;(x)). We choose a suitable local holomorphic coordinate
{z'=x'++/=1 %% 2*=x°++/—1x*} around x such that g,;(x)=0,. Then we
have that {dx*, dx*»)=(1/2)0** for real 1-forms dx*, 1=u=4.

Since the orientation is given by {dx?, ---, dx*}, we see that the following
2-forms constitute a basis of 42 at x;
V1

dx*Ndx?+dx3N\dx 5

(dz*NdZ'+dz*NdZ%),

(2.2) dxl/\dxs—dxz/\dx“:—;—(dzl/\dzh}—dél/\déz),
1 4 2 3_'“\/:T 1 2 51 52
dx*Ndx*+dx*Ndx ——~—2—(dz Ndz2—dzZ' NdZ?) .

Because the fundamental form Q2=+/—13,.g.:dz*A\dZ* associated to g is
reduced to Q=+/—1(dz*AdZ'+dz*Adz? at x, it is observed from (2.2) that these
2-forms are written by f+5+af for a form of type (2,0) § and a real a.
Similarly we see that the following 2-forms which give a basis of A2 at x are
forms of type (1,1), orthogonal to 2;
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dxl/\de—de/\dx4=Yz;l(dzlmzl—dzw\dé?),

(2.3) dxl/\dxs—i—dxz/\dx“z—é—(dzl/\déz—dzz/\dél),

sV =1

5 (dz*NdZ*+dz2NdZY) .

dx*Ndx*—dx*Ndx

Here the inner product <-, - on Ak'={asA®?, @=a} is given at x by
(2.3) e, 1P=2 v e 877(%) 85 (X)X psT e = 2 p sl ps

for a=X, . au;dz* Ad2* and y=X,.,7sdz" NdZ* of Ag* at x.
Since that a form is of type (p, q) is free of holomorphic local coordinates,
we obtain the following

Lemma 2.1 ([2]). (1) A real 2-form « is self-dual if and only if a is writ-
ten by a=a*°+a2+af? for a form of type (2, 0) a and a real number a, and

(ii) a real 2-form a is anti-self-dual if and only if « is a real form of type
(1, 1), orthogonal to £.

Remark. (i) Because [[£2]?=2, £ is a nowhere vanishing section of A%
Then from this lemma the complexification of A% is represented by (43)¢=
KOEK®CSY as a Whitney sum, where K and K are the canonical line bundle of
M and its conjugate bundle, respectively.

(ii) The complexification (A2)¢ of A2 consists of primitive forms of type
(1,1). Here a form « is primitive if « satisfies 2Axa=0 ([9] and [14]).

We extend <-, -> on A4' to a bilinear mapping <-, ->: A%'QRgpX Ak —ap.
Then as an immediate consequence of Lemma 2.1, we have

Proposition 2.2. A G-connection N is anti-self-dual if and only if RY is a
gp-valued form of type (1, 1), orthogonal to 2, that is, RY belongs to A'(g§)
and satisfies that R"=R"Y and {R", 2>=0.

Since RY of an anti-self-dual G-connection V is a form of type (1,1), the
following is derived from (1.11) for @ A?-%g§);

(2.4) 07:0"0=0, 37-0"9=0 and (07-0"+3"-0")O=[PAR"].

Note. Since the image of G by p in GL(n, C) is a compact subgroup of
SU(n) for a certain frame {e;} of C™, E admits a Hermitian structure h induced
from the G-structure. The structure ki is preserved by all VECz e If a G-
connection V is anti-self-dual, then from Theorem 5.1 in [2] V induces a holo-
morphic structure J on E such that V is a unique holomorphic Hermitian con-
nection, that is, VA=0 and V/=0.

Now suppose that V! (]¢|<e) is a one-parameter family of anti-self-dual G-
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connections on E with V°=V. Since the infinitesimal deformation B=(d/dt)V¢| ;=
of V* at t=0 defines an element of A(gp), it follows from (1.9) that the curva-
ture form RV'=dA"'—A"'A A" is reduced to

(2.5) RY"=R"+td"B+o()

for a gp-valued 2-form o(f) of small order with respect to ¢.
Since B splits into B=B*+B* for B*< A%gE), d"B=0"B*+(8VB*+3"B*)
+3YB*. Then from Proposition 2.2 the infinitesimal deformation B satisfies that

(2.6) 0"B+=0, d'B*=0 and <GV B*+3"B*, 2>=0.

We define dY from Al(gp) to A¥gp)=1'(M; A2Qgp), which is well defined
from Remark (i) of Lemma 2.1, by

2.7 dY(B++BN=0"B*+02®<0"B*+3"B*, 2)>+5"B*
for Bt A*°(g%). Then we obtain the following

Proposition 2.3. A gpvalued 1-form B gives an infinitesimal deformation of
an anti-self-dual G-connection N preserving anti-self-duality if and only if B
belongs to Ker dY.

Now we let f; (|| <e) be a one-parameter family of gauge transformations
of P with fo=identity. Then the differential of f, at =0, f=(d/dt)f;| .=, gives
a smooth section of gp, that is, f € A%gp). Notice that conversely every smooth
section f of gp induces a one-parameter subgroup f,=exp (¢f) of ¢p. By (1.22) the
connection form A7t of G-connection f,(V) satisfies A7 =df,-(f,)"*+Ad(f)A".
Since f,=id+tf-+o(t), it follows that A7t =A"-+{Vf+o(t), that is, Vf gives an
infinitesimal deformation of V. Because f,(V) is anti-self-dual, we see from Prop-
osition 2.3 that Vf is in Ker d¥.

Proposition 2.4. The space of infinitesimal deformations of an anti-self-dual
G-connection N preserving anti-self-duality, that is, the tangent space of Mg, ¢ at

Y coincides with the first cohomology group H'=Ker d1/Im ¥ of elliptic complex
=y at=ay

)=
(2.8) 0 Agp) AXgp) A(gp) — 0.
Proof. In order to verify that (2.8) is elliptic we show that the symbol
sequence of (2.8) is exact ([1]).
By the aid of (1.24) and (2.7), the symbol sequence extended to the complex
numbers C is

9(d)®idgC 0(d4)®idgC

2.9 00— pX(4¢Raf) p*(AeRef) ——— p*(4D)c®ef) — 0,

where p is the projection of T*M\{0} to M, o(d) and o(d,) are the principal
symbols of the following elliptic complex associated to M;
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(2.10) 0 —> A2 —> Ab > (A2)e=T(M: (A2)¢) —> 0.

Here d is the exterior differentiation and d., is defined by d.(z*+77)=0r*+
ot*+0c™, 2)02+0r for r¥€ A and v~ A%'. Thus the exactness of (2.9) is
an immediate consequence of the ellipticity of (2.10).

§3. Vanishing Theorem

We set D(O):d(o)*gd(o), D(l):d(l)*gd(l)_l_d(o)od(())* and D(Z):d(l)od(l)* for the
complex (2.8). Since (2.8) is elliptic, each D® is an elliptic operator and each
i-th cohomology group H:=Ker d¥/Im d“-» is isomorphic to Ker D®, =0, 1
and 2. Here d™#* is the formal adjoint operator of d¢® with respect to the inner
products ¢, - >y given at (1.20).

From the Atiyah-Singer index theorem the index h°—h!'+h? (hi=dim H?,
i=0, 1, 2) can be represented in terms of the characteristic classes of M and the
Lie algebra bundle gp. Therefore to obtain the dimension of the space of in-
finitesimal deformations of an irreducible anti-self-dual G-connection V it suffices
to estimate A° and A2

Since V is irreducible, it is easily verified that 2°=0 in the following manner.
Assume that @ = A%(gp) satisfies D@ @=0. Then we see that |[VO||%=<D® D, @),
=0, that is, @ is parallel. Hence @ commutes with the holonomy group of V,
which is an open subgroup of G. That @=0 follows from the semi-simplicity
of G.

Now we suppose that M is a Kihler surface. Then we have the following
vanishing theorem.

Theorem 3.1. Let M be a compact Kahler surface with a Kdhler metric g
of positive scalar curvature. Then h*=0 for each irreducible anti-self-dual G-
connection N.

This theorem is verified by the aid of the following key lemmas, whose
proof will be shown in Section 5.

Lemma 3.2. For a gg-valued 2-form of type (1, 1) QRO (@<= Agp)) dl-dI*
(2R D) is written by

(3.1 dY-dT*(RRD)=—44/—1 2R<3"-3"D, 2>.

Lemma 3.3. Every g¢g-valued 2-form of type (2, 0) @=(1/2)X2,,.9,.dz*Ndz"
(@,,=—0,,) satisfies that

(3.2 {(@7-07*4-07*-0) D} ﬂr:"Za,,ugaﬁﬁﬁﬁa@ﬂT—F%P@ﬁr .

Here 0"* is the formal adjoint of 6 with respect to inner products <:, ->u
on A?°(gf), p=1, 2 given at (3.4) later and p is the scalar curvature of the
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metric g. And we denote by V the sum of the Levi-civita Connection D on A?°
and V on I'(M; gf), that is, the covariant derivative ﬁ# is given for example by

0
o0z#

by the aid of the Christoffel symbols I, of D and the coefficients A}L* of A".

(3.3) V.0,=D,0,+[0,, A}*]=

(@»)—EGFﬁy@d+[@v: AZ+]

Note. From Lemma 3.2, dY-d{*(2Q®) is again a form of type (1,1) for
any Q0.

Before proving Theorem 3.1, we give integral expressions of the global inner
products <-, ->; on A'(gp) and Ai(gp) by introducing inner products <-, ->» on
AP%g%), p=1, 2. We define the inner products <{-, ->» on A?-°(g§) by

@20, Uroyy={ (@7, U203,
(3.4)
@ W'%:%Em-wppgm < gt Tr( 080, TS,

?
Y1avp

)

for

(Dp"’:—plTZ,,@,’j'r"..,,pdz“/\ - ANdz#p,

wp’°:ﬁ2ﬂW£19-ypdzﬂlA - Ndztre AP(gf),

where dv is the volume element induced from g. By the aid of (3.4) the inner
products <-, ->y on A'(gp) and A}(gp) are written by

@, Wyu={ (<@, >dv,
(O, Uy=2 Re (O, P1*>
for P'=@" @ and V=P LT (@, Y1t <= A10(gE)) and

(3.5)

@, U= <o, Uav,
(0%, Uty=2 Re (B0, W*04-2(0", TP

for gp-valued self-dual 2-forms @2=@*°+@*°+ QR @° and P 2= 2 '+ T2+ QP
(@%°, T2 A*°(gf), @°, U= A’(gp)).

Proof of Theorem 3.1. Let =04 T=0LQQU° F='cA>'(gs), ¥'e
A%gp) satisfies that D® ¥=0. If we take the inner product of D®¥ and
P20 P9 then we have

0=(D®F, P04 T3y
=(dTed T +T=0), U0 TT)
=370, wz,o>+<gvggv*i{fﬂ’ g20y
where we used the fact that dY-dJ* (QQ¥) is of type (1,1) and that (1,0)-part

3.6)
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of dY*¥=° is g"*¥?%°, and also (2.7).

Since M is complex two dimensional, 3"¥*°c A%*°(gf)={0} and also 3"&*°
= A%3(g8)={0}. It follows that

3.7 0=K (07207 *+07*:0") T, U0+ {(370*+-37*:5") T2, T=Ty
Because 67¢07*+0 %007 =(0"-0"*-}-0"*-0")", the above is reduced to
3.8) 0=Re (070 *+a"*:g")¥>°, T2.0)

We apply Lemma 3.3 to (3.8). Then we see that

(3.9) 0=Re {Za.,s,p, g#? g7 g Tr VgV 0% - U20

1 _— ——
= D880 T W3 U

The second term of (3.9) is reduced to p<¥*?, %% which is a real number.
Integrate (3.9) over M and use Stokes’ lemma. Then we have the following
Bochner type formula;

(3.10) 0=(V+Tn0, Yoy, +SM”<W'°’ Yeoydy .
Since the scalar curvature p is positive, it follows that ¥#°=0. If we now apply
Lemma 3.2 to ¥=2¥", then
(3.11) 0=<dY-dI*(QQYP"), 2QV")
=8Tr (Z,,.g* (007" ;- ¥°.

We integrate (3.11) over M and use the formula (87-0"%"°),;=V,%;¥°. Then we
have that
0=8¢V+P°, J+T%,, ,

that is, V@'=V+P°+V+P°=(0. That ¥°=0 follows by the aid of the same argu-
ment as one in the proof of A°=0. Thus the theorem is proved.

§4. The Index of the Complex

Since the symbol sequence (2.9) of the complex (2.8) is given by the symbol
sequence of (2.10) being tensored with 7d on g§, the index of (2.8) can be cal-
culated by the aid of Proposition 2.17 in [3] as follows;
ch(@8) {ch(AQ—ch(AL)+ch(A2)c}

e(TM)
here e(T'M) is the Euler class of M, ch(F) and 9(F) are the Chern character
and the Todd class of a complex vector bundle F, respectively.

4.1) h°—h'+hP= XT(TMKC)M]

Theorem 4.1. The index of (2.8) is equal to
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4.2) Pontl(gﬁ)—i—% dim GX+7).

Proof. We suppose that the first Chern class ¢, of the holomorphic tangent
bundle T*°M splits into ¢ (T*°M)=x,+x,. Then we see that e(TM)=x,x,,
ch(Ady)=e1+e%2te %14-¢7%2 and ch(A2)c=1+e®1t32 L= Z1+72  The last formula
is derived from Remark (i) of Lemma 2.1. If we apply the Todd class formula;

o X1 X2 (—x1)-(—x3)
TIMBC)I= "1 el (=)™
to the right-hand side of (4.1), then the index is reduced to

4.3) {dim c+§<c§—2c2xgg>}{2+%<c%M+czM>}[MJ

=Pont,(g§)+ %3— dim G(c:M-+c,M)LM].

Then (4.1) is obtained, if we apply X+7=(1/3)(c:M+c,M)[M] to (4.3).
Remark. In the case of g=23u(2) we have ({2])

(4.4) Pont,(g%)=4 Pont,(E)

for the canonically induced complex vector bundle E of rank 2. This is derived

in the following manner. Because g{(2, C)=38!(2, C)EBC((l) 2), we have that

gSP1=FE*QFE for the dual E* of E. If we take the Chern character of both
sides, then

(4.5) 3+—;-Pontl(gﬁ)-i—1=4+c?(E)[M]—4CZ(E)[M] ,

hence, Pont,(g8)=2(c2(E)—4c,(E))[M]1=4 Pont,(E)—2c%(E)[M]. Since the cur-
vature form of an SU(2)-connection on E is traceless, ¢,(E)=0 from the Chern-
Weil theorem. Hence (4.4) is obtained.

§5. Proof of Lemmas 3.2 and 3.3

Lemmas 3.2 and 3.3, which were used to estimate A?2=0 in Section 3, are
obtained by consequences of formula (3.10) in [5] which concerns with Bochner’s
type formula of the Laplacian of dY. In this section we deduce these lemmas
by the aid of classical method in differential geometry.

Proof of Lemma 3.2. We show first that d¥*(2Q@) has the following
expression ;

(6.1) dI*(RRD)=2+/—1(0"0—3"D).

This is derived from the following consideration. By its definition d¥
satisfies that {d{*(QK®P), >, =<2R9, dI¥», for any gp-valued l-form ¥=
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U+ T+ W+e A%(gf). Since (1,1)-part of dI¥ is QRGBT+, Q> =
2R{—v=13,.."°(N,T,—V;¥ )}, the global inner product is given by

(5.2) (2RO, dzw>M:—2¢?1SM2 2" Tr -V, T,—V¥ ,)dv .
If we use Stokes’ lemma; O=SM2,,,,D,; {g”2 Tr @-¥,} dv, then we have that

(5.3) SMTr 0-( g”ﬁDﬁwy)dvz—SuTr (2 2" D,0-T,)dv .
By using this formula together with Tr @-[¥,, AV ]=—Tr[O, F]-L’f‘u, we
obtain the following
(5.4) KRRD, dI¥)y=2v/—1(0"9—03"D), Ty,
from which (5.1) follows. Then it follows from (5.1) that dY-dY*(2R®)=
24/ —=1{07°0"D+2R<3"0"P—0"-0"D, 2>—ad"-0"@}. Now apply (2.4) to this.
Then we have that
(5.5) dY-d7*(QRD)=2+/—1 QRKLPAR"], 2>

—4/—1 2R<07-0"D, 2>
for the curvature form RY. Since [@ARY], 2>=[®, <(R", 2>]=0, (6.5) is
reduced to —4+/—1 2R3 D, 2.

Proof of Lemma 3.3. The operations of 0¥V on @< A¥(gf) and ¥'e A*°(g§)
are given as follows;

6 00 =4 3, D)z N2,
'd 070),,=%,0,—%.,0,
an
&N BW"=gl—‘2,,,y,‘,(6V§[f)P,,adz"/\dz”/\ dz°,

©@"¥),,,=cyclic summation of V,¥,,.
We have the following for the operations of 9V* by the aid of (5.6) and (5.7);
oY =% ,(0"*Y) ,dz*,

(5.8) .
(av*w)p =—2, rngquvg

for U= A%(g€) and
070 = %E#, J(07%0) ,,dz* Ndz¥

(5.9) ’
(av*a)va—ZU,rgﬁvi@qyu .

for @<= A*(g§).
Therefore we see that for @ A%°(g§)
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av(av*@)#v: _2 gap(ﬁﬂﬁEQav—ﬁyvﬁ@ay)
and N N L
av*(av@)[w:_z gaﬁ(ﬁﬁva@‘uyﬂ—ﬁﬁvy@ua‘l_vﬁvv@aﬂ) ’
hence we have
(5.10) (07207*+40"*:0")D,,,
:_2 gaﬁﬁﬁﬁa¢;w_2 ga‘g([ﬁ#; vﬁ]@aw_[vu; ﬁﬁ]@a,u) .
By using the formula (1.19), we express the right hand side in terms of the

curvatures of the Levi-Civita connection and the anti-self-dual G-connection V.
Then (5.10) is equal to

—3 g VoD~ g R uga @t R P, Do
+|:@aw RV#E]—ReyﬁaQSﬂ—Rsvﬁﬂ@as_[@aﬂ’ Rv"'ﬁ]} )

By the aid of the Rcici curvature tensor R,z of g given by Rap=2 g*"Rsuap
=3 g”*Rsg5,, we can reduce the terms including the components of R to
—> g (R:,P.,—R:,P.,). Notice that the components R¢,z, of R are defined by
LDy, Dglea=2R®p5aé: (see [9D).

Now we assume finally that M is complex two dimensional. Then, under
the assumption that g.;=d.s at a fixed point x, the above quantity is reduced
to —(Rii+Rz)P,,. Since the scalar curvature p is given by p=—23 g*fR;z,,
this is equal to (1/2)p®,..

The terms including RY are also reduced to, under the same assumption that
8a5=0qp at x,

—Ea([@auy Rvﬂd]_[@ay; vad]) .

Since it vanishes for p=y, it suffices to consider only the case of y=1 and v=2.
It is reduced in this case to —[@;,, RV i+R"5;], which vanishes from Proposi-
tion 2.2. Thus, the lemma is obtained by the above argument.

Note. The essential point that M is Kéhler is that the curvature tensor R
of D is an End(T M)-valued form of type (1,1).
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