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Spline Solutions for Nonlinear Fourth-Order
Two-Point Boundary Value Problems

By

M. SAKAT* and R. USMANI**

Abstract

Methods of order 2 and 4 are developed for the continuous approximation of the
solution of a nonlinear fourth-order two-point boundary value problem. Numerical results
are briefly summarized to demonstrate the practical usefulness of the methods.

§1. Introduction and Description of Methods

We shall consider smooth approximation of the solution of the following two
point boundary value problem :

(1.1) x®@)=1, x(@), 0=t=1,
x(0) x(1)
x'(0) x’'(1)

1.2) o £(0) +M, (1) =d,
x£®(0) x®(1)

where d is a 4-vector, and M, M, are constant 4X4 matrices. The function
f(t, x) is defined and four times continuously differentiable in a region D of
(¢, x)-space intercepted by two lines ¢t=0 and ¢=1.

The problem of this type arises in the plate deflection theory. Finite dif-
ference methods and collocation methods are developed and analysed for the
restrictive linear case by Papamichael [1] and Usmani [4, 5].

In this paper we shall assume that the problem (1.1)-(1.2) has an isolated
solution #(#) satisfying the internality condition

(1.3 U={{, x): |x—£@)| <0, te[0, 1]}cD  for some 6>0.

The object of this paper is to show the existence and convergence of spline
approximations to the solution of (1.1)-(1.2) on this assumption. The solution
£(t) is isolated if and only if
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(1.4 G=M,90)+M,D(1)=M,+M,D(1)

is nonsingular, where @(t) is the solution of the initial value problem:
0 1 0 O

(1.5 O'= 0 0 10 Q, Q(0)=FE,
0 0 0 1
g 0 0 O

(o(t)=f(, £@¢)) and E is the unit matrix).

Now making use of B-spline Qes(0=(1/m1 3 (Y " )—i)r, we con-
sider a quintic spline function of the form:
(1.6) xh(t)zizzaiQo(t/h—i) (nh=1)
with undetermined coefficients (a5, @-4, -+, @z-1). The above x,(f) will be an
approximate solution to the problem (1.1)-(1.2) if it satisfies
1.7 xP=Pif(t, x:@), 0=t=1,
subject to the same boundary conditions (1.2). Here P; is an operator defined
by (P.g){t)= iZ:)g gi L), where L;(f) is a piecewise linear function with the prop-

erty L;(t;)=6;j, t;=jh. Any two piecewise linear functions coincide with each
other if and only if they coincide at the nodes, therefore we see that equation
(L.7) is equivalent to the following n+1 equations:

1.8) Fi(la)=1/h*)a;-1—4a; s +60;_s—4a; s+ a;s)
—f(t:, (1/120)(cts-14-260t;-5+66a;-5+260t; s+ ai-5)=0,
i=0)n.

The boundary conditions give four equations towards the determination of the

unknowns :
F_y(a) ] (1/120) (14260, -66 03 +-260_ s+ _5)

(1.9) F_(a) Y (1/24h)(a-1+10a_,—10a_,—a_5)
‘ Foa(@) | | (1/6h%)(@-y+2a_,—6a_s+2a_+a_s)
Fra) (1/2h%) @1 —20_y+2a_s—ar_s)

(1/120)(atn-1+260t7 -3 +660tn 3 +260tn s+ ln-5)

1/24h) (et -1+ 100, s— 100, _s— oty -

+1M1(/ Natn-14+10a, -, Qpog—0p_s) —d=0.
(1/6R*)atn-1+200_2—6an 32004+ n_s)
(1/2/13)(an—1_2an—2+2an—4_a’n—s)

The number of undetermined coefficients is n-+5 and the conditions (1.8) - (1.9)
give the requisite number of equations. Corresponding to £(¢), one can determine
uniquely a quintic spline function of the form
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n-1
(L.10) #a()= 3 a:Qult/h—i)
so that
xh(h):ﬁ(tl) ) Zzo(l)n >
(1.11)
EPA)=29®,), i=0,1, n—1, n.

On using consistency relation:

(1.12) (1/120) {52 (t142) F26 2 £ (1321)+-66% 52 (#:)+26 252 (- 1)+ £ 52 (Fi-2)}
=1/h){Zn(tire) —4Zn(tss) F62 1) —4Z n(ti- 1)+ Zn(ti-2)}
we have
EP)=2D(t)+0(hY), =0)n,
from which follows

(1.13) |£fm — 2™ | =max | £™ ) — 2™ )| =0(h*™), m=0(1)4

by the repeated use of Rolle’s theorem. Hence we have the estimate of |F(a)]
of the form

(1.14) |F(a)|=0(n%,

where, for any finite dimensional vector, we shall denote its maximum norm

by |-].
Next we consider a sextic spline function z,() of the form

(1.15) ant)=5 B:Qu(t/h—i)

with undetermined coefficients (8-, B-5, -*-, Ba-1). The above z,(t) will be an
approximate solution if it satisfies

(1.16) ZPM=P S, z2(1)),  0=t=1,

subject to the same boundary conditions (1.2). Here P, is an operator defined by
n-1

(Pg)(t)= 3 1:Qs(t/h—i) s0 that

(Pog)(ts01/2)=1/8)(7s+67i-1F7i-2)=Gis1/2, i=0()n—1,
1.17) (Peg)@0)=(1/2)(7 -1+7-2)=go0,
(Pzg)(tn):(1/2)(Tn—1+rn—2):gn .

Since the coefficient matrix of (1.17) is nonsingular, the operator P, is well-
defined. By a simple calculation, any two quadratic spline functions coincide
with each other if and only if they coincide at the mid points #;11/s, 7=01)n—1
and the end points ¢;, 7=0, n. Since z{() and P,f(t, z»(t)) are quadratic spline
functions, we have the following determining equations G(8)=0 from (1.16):
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G-o(B)/ h=(1/2h*)(B-1—3B-s+2B-s+28-4—3B-s+ -0
_f(tc, (1/720)(,8—1+57‘8—-2+302‘B—3+302‘8—4+57‘8—5+‘3-6)) »
Gi(B)=(1/8h*")(Bi+2Bi-1—17Bs-o+28B:-s—17Bs-s+2P:i-5+ Bi-e)
(1.18) — f(is1s2, (1/46080)(B:+7228:-1-+105438;-5+235488;-5
+105435i—4+722‘31—5+‘81:—6)) ’ i=0()n—1,
Grn-1(B)/ h=(1/2h*)(Br-1—3Bn-2F2Bn-s128n-4—3Bn-5s+Bn-e)
_f(tn: (1/720)(,3n—1+57ﬂn—2+302ﬁn-3+302‘3n—4+57,3n—5+,3n—6))-

The boundary conditions give four equations:

G-«(B) (1/720)(B-1+-57B_s-+3028_5+-3028 - +-57 -5+ B-o)
w19y |G- |y | (/120RXB-17250 408408 ~256.—f-
' Gn(B) " (1/24h*)(B1-+98s—108-s—108_+98-5+ o)

Gra(B) (1/6A°)(B-1+B-2—8B-5+88-s—f-5s—F-¢)
(1/720)(Br-1+57Bn-2+3028,-5+30284-4+578n-5+ Br-6)
(1/120h)(Brn-1+25B7-214087-5—4087-4—2587-5— Br-s)

N (1/241%)(B-1+9B5-2—10B5-s— 1085+ 9Bn-sF Br-o)
(1/6}13)(‘871—1+‘Bn-—2_8‘81;—3+8‘8n—4—‘8n—5_‘3n-6)
The number of undetermined coefficients is n+6 and the conditions (1.18)-(1.19)

precisely give the requisite number of equations. Corresponding to £(¢), one™can
determine a sextic spline function 2,(t) of the form

(1.20) aa(0)="%, B:Qut/h—i)
so that

2n(tivrse)=%(tis12) i=0)n—1,
(1.21)

212 (tis)=£CWu1e), =012, n—3(1)n—1.

Since £()=C?[0, 1] due to the assumption that f(¢, x)=C# (D), it is valid that

2121 =P W) +OMRY),  i=0)n—1,
(1.22)

lgm—2m|=0("™),  m=0)4.

Here we shall consider the above sextic interpolation errors. By the consistency
relation of the sextic spline function:

(1.23) (1/46080) {252 Fi47/0)+T2225 (ti45/2)+ 10543255 (£145/2)
+2345825 (£441/2)+ 1054322 (t-1/0) +T2220 (1 3/2) 250 (ts-512)}
=(1/8h*) {20 i4012) + 221 ir512)— 1721 (Es1872)+ 2827t i 41/2)
—172,(tio1/2)+220(Fims/0)F 20t ioss2)}
we have

(1.24) 22 (ta) =29 i)+ ORY),  i=0Dn—1.
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By the means of the consistency relation at the end point:

(2/3)2P(t0)= {16924 (¢1/2)—64721(ts/2) +89821(t5/2) — 50224 (£1/2)
+532(te/2) +2924(t11/2)} / B*—(1/5760) {— 1519125 (¢1/2)
4197833259 (t5/5)+6308982 58 (t5/5) +3021382 5 (£7/2)
+209332£ (g/2) +292f°(t11/2)}

(this relation can be proved by substituting the terms: 1, ¢, ---, % ({—£)%, ((—12)%,
-, (t—1t5)5%), we have

(1.25) 2P(t)=2®(t)+0h%).
Similarly we have
(1.26) 2 ) =29 (t,)+O0(h?).
On combining (1.24) - (1.26), we consider the estimation of [2f°?—£®|. Since
EPD) =P =3P ) —Po(Z)t) +T—Pp)£@(2), let us treat 25()—Py(£®)(#) and
(I—P5)Z2®(t), separately. First, we have
£~ PEO) D=2 1:Qult/h—i)
so that

(1/2)(7 17 -2) =25 () — Po(£©)(t)=O0(h%) ,
(1/8) (TH—GTL 1 FTioe) =2 D (tir1r2)—Po(£ )t i412)=0(h*), i=01)n—1,
(1/2) (7 n-1+7n-2)=0(h%.

Hence we have
(1.27) 1252 —Py(£)|=0(h%) .

Next we shall consider the error of the quadratic spline interpolation. Let s(¢)
=P,(#*)(t), then we have

(1/16)(5s7)2+53)2)=(1/2h*)(25,—351/2+53/2)
=(1/2h*) {22® (t) =32 (t1/0) + 29 te2)}
(1/8)(s¥_1/a+65741/2+5718/2) =(1/ B {E D Fi-1/2) =28 @ (Fi4112)
+ED i)}, =11n—-2,
(1/16)(5s7 -1/t S7-312)=(1/2R*) {22 D (#3) =32 Fn-1/2) + 29 E-s12)},

from which follows
$7r1e= %O (t141/2)+O0(R), i=0)n—1.
Since s”(¢) is constant on [#;, £;4+,], by Taylor series expansion we have
”S”_ﬁ(” “Ui. ti+1]:0(hf) .
By the means of Rolle’s theorem, we have

(1.28) [T=PE2®]=[s—2®[|=0(h%.
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Combining (1.27) and (1.28) yields

(1.29) 252 — 2@ =0(R%) .

By the repeated use of Rolle’s theorem, we have

(1.30) |25 —£™||=0(h"™), m=0(1)4.

This completes the proof of (1.22). Hence we have the estimate of HG(B)H of
the form

(1.31) IGBI=0(hY.

Here we remark that the preceding argument can be also applicable to the
general fourth order differential equations:

(1.32) x®W=r¢ =@, =’@®), x"@), x2@), 0=i=1,

subject to the boundary conditions (1.2).

§2. Existence and Convergence of Spline Approximations

In this section we shall consider the case using the quintic spline function,
since the similar analysis can be applicable to the method using the sextic spline.
Let J(a) be the Jacobian matrix of F(a) with respect to a=(a-5, a-4, -,
a,-1). In order to investigate the property of J(&), we consider a linear system :

2.1) J(@)§é=n
where §=(6-5, §-4, -+, €n-1) @and 9=(9-5, 9-1, =+, Nn+s). Corresponding to § and
7, we consider quintic and piecewise linear functions ¢(t) and ¢(), respectively

2.2 0= 3 £Qut/h—i) and gO)=F 7L

From (2.1), we have
O )=0(t:)pl)+ (), 1=0D)n,

#(0) é(1) D-s

#'(0) ¢'(1) N-1
2.3 0 M1 - .
&9 ¢”(0) i ¢”(l) Nn+1

¢(3)(0) ¢(3)(1> Nn+2

Since two piecewise linear functions ¢ (¢) and Pi(o@)(t)+¢(t) coincide at the
nodes t;, z=0(1)n, we have

P (=PlLog]+¢, 0=:<1,
that is,

(2.4) ¢ —op=—I—P)(op)+¢ (I the unit operator).
By using the assumption that the problem (1.1)-(1.2) has the isolated solution.
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there exists the Green function H(z, s) such that
¢ 7-2 0

! _ 1 0

o g T +{ He, 9 ds,

¢” 77n+1 0 O

o® Dnte R(s)

Rt)=—{U—P)(ad)+¢.

Here the Green function H(t, s) is given by

g { ONLE—G M, O(1)]0(s), 0=s=t,
(t, s)=

| e moe-ys), s<t=I,
(E the unit matrix).

(2.5)

(2.6)

From above, we have

2.7 lgl=CLinl+lgl]l  for A<h, ([3D)

provided that h, is sufficiently small, where C is a generic constant independent
of h. Since |¢[|=Cll€l and @I =Clyl, we have

28) IEI=Cllpl  for h<h,.

By (2.1), this inequality implies the nonsingularity of Jj(&) and in addition

2.9) IJ-Xa)=C  for h<h,.

By (1.13), we can choose h; such that [[£,—£[|=0,<8 for h<h(=h,). Let 2,
={a: |a—al=0—d,} and xh(t):iiz_;aiQs(t/h—l.) with a€,,, then (¢, x4(t))ED.

Thus we have, by the means of the mean-value theorem,

(2.10) [ Jle)—JBI=Clla—p|  for a, B4, .
By (1.14), we have already had
(2.11) [F(a)|=0(r%.

Thus all the conditions (2.9), (2.10) and (2.11) of Newton-Kantorovitch’s
theorem are fulfilled. Therefore F(a)=0 has one and only one solution & in the
neighbourhood of & (see Rall [1]). Hence we have

Theorem 1. In a sufficiently small neighbourhood of the isolated solution (1),
there exists the quintic spline approximation of the form

(2.12) Ealt)=3 &Qult/h—)
so that
(2.13) [Zn—2[=0(h?).

For the derivative of the error, we have
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Corollary.
(2.14) 2™ —z™|=0(h?, m=1(1)4.
Proof. Since i (t)=f(;, Zn(t:), we have
252 —2@[=0(h%).
By the means of the well-known inequality :
lg™lI=CLlgll+lg®l]l  for any geC[0, 1],

we have the desired result.
For the sextic spline approximation, we have

Theorem 2. In a sufficiently small neighbourhood of the isolated solution %(t),
there exists the sextic spline approximation:

(2.15) Ea0)= 2 B:Qut/h—)
so that

(i) B=(B-¢ B-s» =+, Bun-1) is the solution of G(B)=0,
(i) [zfm—z™|=0(h*), m=001)4.

The proof of Theorem 2 is quite similar to that of Theorem 1. For this
reason we omit further details.

§3. Numerical Illustration
The following numerical examples are chosen for experimentation.

Example 1.
x®@)+tx(t)=—@8+Tt-+1%)et .
2(0)=x(1)=0, x'0)=1, x'D=-—e.

The exact solution £(¢) is #(1—¢)et.

Example 2.
x®(F)=3x"%(t)+4.5x%(2),

x(0)=4, x)=1, x"(0)=24, x"()=L5.

This problem has two isolated solutions such that £(f)=4/(1--£)® and £(0.5)
==—10.53. We have listed the numerical results for the larger solution £()=
4/(1+12

All the computations were performed in double precision arithmetic in order
to keep the rounding errors to a minimum. The observed maximum errors in
absolute value for Examples 1 and 2 are displayed in Tables 1 and 2. We
remark that by using Richardson’s h®-extrapolation technique the accuracy of
our computed solution can be improved at the knots. In Tables 3 and 4, the

errors mean the absolute values of the followings:
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{4%0,0(1/2)—%4(1/2)} /3—%(1/2) for quintic splines,
{1621,5(1/2)—24(1/2)} /15— %(1/2) for sextic splines.

Table 1 (Example 1)

quintic sextic
h=1/4 0.689-3* 0.380-5
1/8 0.172-3 0.222-6
1/16 0.429-4 0.137-7
1/32 0.107-4 0.854-9
1/64 0.268-5 0.536-10

* We write 0.689x10~% by 0.689-3.

Table 2 (Example 2)

quintic sextic
h=1/4 0.209 0.200-1
1/8 0.478-1 0.144-2
1/16 0.117-1 0.933-4
1/32 0.290-2 0.590-5
1/64 0.724-3 0.369-6

Table 3 (Example 1)

Errors based on Richardson’s extrapolation at t=1/2.

quintic sextic
h=1/4
0.859-6 0.168-7
1/8
0.452-7 0.168-9
1/16
0.269-8 0.177-11
1/32
0.158-9 0.853-13
1/64

Table 4 (Example 2)
Errors based on Richardson’s extrapolation at t=1/2.

quintic sextic

h=1/4
0.569-2 0.201-3

1/8
0.417-3 0.337-5

1/16
0.270-4 0.535-7

1/32
0.170-5 0.858-9

1/64
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