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A Mathematical One-Dimensional One-Phase
Model of Superccoling Solidification
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Ryo KoBAYASHI*

Abstract

This paper gives a mathematical study for the supercooling solidification of materials
consisting of pure elements or compounds. Solidification is a complex phenomenon, and
its process is not yet entirely understood. By simplifying physical characteristics of the
supercooling solidification phenomenon, a mathematical model is derived for the one-
dimensional/one-phase case. This model is given as a new type of moving boundary
problem. The existence and uniqueness theorem is then proved.

§1. Introduction

The Stefan problem is well known as a mathematical model describing
solidification or melting of materials. In the Stefan problem, the phase is deter-
mined by the temperature distribution, and the temperature on the solid/liquid
interface is equal to the equilibrium temperature. In view of these properties,
the Stefan problem cannot describe supercooling solidification, then in order to
deal with such phenomena we need another model in which the physical char-
acteristics of supercooling solidification are taken into consideration.

In various solidification phenomena, the speed of the growth of the solid
phase is determined by several factors, for example, the supercooling temperature
on the solid/liquid interface, the shape of the solid/liquid interface and the
crystalline anisotropy. The most important one is the supercooling temperature
on the solid/liquid interface which gives the driving force of the solidification
(see [5], [6]).

In this paper, we attempt to describe a supercooling solidification under the
hypothesis that the speed of the solid/liquid interface is determined only by the
supercooling temperature on the interface. Under this hypothesis T. Nogi has
proved the existence and uniqueness theorem of the one-dimensional/two-phase
problem (see [3]).

Here we consider the case in which the liquid phase is uniformly supercooled
throughout the process. The temperature distribution on the solid phase and the

Communicated by S. Hitotumatu, June 24, 1982.
* Department of Applied Mathematics and Physics Fuculty of Engineering, Kyoto
University, Kyoto 606.



328 Ryo KoBavasHI

position of the solid/liquid interface are unknown. Hence such process yields
one-phase problem. In the sequel we cofine ourselves to the one-dimensional/
one-phase problem.

We shall solve the equations describing the conservation law of heat energy
and the motion of the interface. The solution is constructed by a difference
scheme in which the time width is variable so that the free boundary consists
of mesh points at each step. Then we will obtain a solution untill the time
when the supercooling on the sSolid/liquid interface vanishes. To prove the
uniqueness theorem, we convert the above equations to an integral equation, and
then apply the fixed point theorem to it.

§2. Mathematical Model

As noted in the introduction, we cofine ourselves to the one dimensional
process of supercooling solidification.

Let the initial position of the solid-liquid interface be at x=/ and ¢(x)
(0=x=/) the temperature distribution on the solid phase at the initial time ¢=0.
Let the position of the interface and the temperature distribution on the solid
phase at time ¢ be denoted by y(f) and u(x, t), respectively. Since we assume
that the liquid phase is uniformly supercooled, the temperature distribution on
it is constant, say zero; accordingly, the equilibrium temperature u. is positive.

Suppose that the relation of the speed of the interface and the supercooling
temperature on it is given by a function F, which is monotone increasing,
Lipschitz continuous with Lipschitz constant K; and F(0)=0. Such restrictions
on F are naturally derived from a physical consideration on solidification (see
[50.

Let the latent heat of the material be L, and let the boundary condition be
given by the Dirichlet data f(¢) at x=0. Then we obtain the following system
of equations.

ui(x, =uzs(x, t) O<x<y), t>0 (2.1.1)
IOL—uly@), D=u(y(), t) t>0  (2.1.2)
@ IO=F(ue—u(y(®), ) t>0  (2.1.3)
u(0, £)=7(t) t=0 (2.1.4)
u(x, 0)=0(x) 0=x=[ (2.1.5)
¥(0)=I. (2.1.6)

Remark 2.2. The temperature and its partial derivative at the boundary
u(y(), t) and u(y(t), t) are understood in the sense of left limits lim wu(x, )

. . =Y (t)-0
and lim u.(x, 1), respectively.
=Y (t)=0

Remark 2.3. For simplicity, we assume that the density, the heat capacity
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and the heat conduction coefficient are all equal to one. The general case can
be reduced to (2.1) by suitably changing the variables.

Assumptions 2.4. The following conditions are imposed :

(2.4.1) wu.<L; (this means that the material is not overly supercooled)
(2.4.2) there exists M>0 such that —M=f()<u,, —M=¢(x)<u, for all ¢, x;
(2.4.3) f and ¢ are Lipschitz continuous with Lipschitz constant K, ;
(2.4.4) f(0)=g(0).

Let us state what we mean by the solution of (2.1).

Definition 2.5. A pair (u, y) is a solution of (2.1) on [0, T] if it satisfies
the following conditions:
(2.5.1) yeCY10, T], y()>0 for [0, T] and y satisfies (2.1.6);

(2.5.2) wu is a continuous function on {(x, #); 0=x=y(t), 0=¢t=<T} which satisfies
(2.1.3), (2.1.4), (2.1.5) and u(x, t)<u.;

(2.5.3) uy;, uz, exist and are continuous on {(x, £); 0<x<y(t), 0<¢<T} and
satisfies (2.1.1);

(2.54.) for almost all 1[0, T, (2.1.2) holds.

§3. Existence of the Solution

In this section, we construct a solution of (2.1) by taking the limit of the
sequence of the solutions of the difference scheme which approximates (2.1).

3.1. Difference Scheme

Let 2 be the uniform space width. In the sequel we take only those A
that makes [/h=] an integer. Let k, be the variable time width; %, is deter-
mined at each step so that the approximated free boundary consists of the mesh

n
points. Denote the discrete coordinates by (x;, t,), where x;=jh and t,= 2] kn;
m=1
u} and y, correspond to u(x;, t,) and y(t,), respectively. We employ the fol-

lowing notations for the usual divided differences:

1
u}‘x=g(u?+1—u3‘) , uhs=——(ul—ul,),

1 1
u?x.i:_hg (Wf—2ul+ulki), uh= (uj—uj™), etc.

ke

In our scheme, the temperature distribution is obtained from an implicit
scheme of the heat conservation law; the free boundary is explicitly obtained
once k, is determined. Our basic scheme is the following:
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uh=ul;  j=1,2, -, J+n—1, n=1,2, - 3.1.1)
T (3.1.2)
3.1) %:F(ue—u’}lk_l) n=1, 2, - (3.1.3)
ul=r" n=0, 1, -- 3.1.4)
uj=g; 7=0,1, -, ] 3.1.5)

where f"=f(t,) and ¢,=¢(x),).

= h e

—

EY

e X

0 1
Fig. 3.2.

If u?7h_1<u, then k, is determined by (3.13.). And then u@, u?, -, u%,
by determined by (3.1.1), (3.1.2) and (3.1.4). So we can find k,, u} (=0, 1, ---,
J+n, n=0, 1, ---, N) which satisfies (3-1) as long as u}.,<u, for n=0, 1, ---,
N—1.

Remark 3.3. It may occur that u%,y=u. In this case we cannot solve
(8.1) any more. It is considered that the supercooling on the free boundary
vanished.

For the solution of (3.1), the following proposition holds.

Propesition 3.4. If u? (=0, 1, ---, J+n, n=0, 1, ---, N) satisfies (3.1) (note
that u%y,<ue for n=0, 1, ---, N—1), ul} cannot attain its maximum or Mminimum
on the inner mesh points; i.e. {(x;, tn); j=1, 2, -+, J+n—1, n=1, 2, ---, N}.

Proof. If u? attain its maximum or minimum at the inner mesh point
(%o tag)y uy=constant for ;j=0, 1, -, J+mn, n=0, 1, ---, n, by the maximum
principle. From (3.1.2) the constant must be L, which contradicts ¢;<u.. I

Corollary 3.5. ul,y<L.

Proof. If u¥.y=L, then uY,y must be the maximum value since u7<u,<L
for any other mesh points on the parabolic boundary. By proposition (3.4),
u¥, y_1<u¥.y must hold, hence u¥ yz>0. On the other hand, u¥, yz=0 provided
ul, y=L from (3.1.2), which is a contradiction. O
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Corollary 3.6. u?=—M for j=0, 1, ---, J4+n, n=0,1, ---, N.
Proof. Since u%,,<L, ul,n,z>0 for n=0, 1, ---, N from (3.1.2). Therefore

u} cannot attain its minimum on {(x;in, ta); n=1, 2, ---, N}. Hence u} attains
its minimum on {(0, ¢,); n=0, 1, ---, N} or {(x,, 0); =0, 1, ---, J}, on which
uf=—M. O

Corollary 3.7. h/k.=<gk for n=1, 2, ---, N where t=K;(u.+M).
Proof. Obvious from (3.6) and Lipschitz continuity of F. |
Next we need an estimate for u}..

Proposition 3.8. There exists a positive constant C;=C,(ty) such that

lu?|=C, for ;=0,1, -, J+n—1, n=0,1, ---, N.

Proof. Set C;=Max{K,(1+1/2), (L+M)/I+Ky(l+kty)/2, e(L+M)}. Fix n,
(=0,1, ---, N) and define L™ (=0, 1, ---, J+n, n=0, 1, ---, n,) by

2
2

2

Clearly, C;‘t mo={"i20 holds. Also, our evaluation on C; gives {}'™=>u7? on the
parabolic boundary. Therefore it can be shown that {¥"=u} for ;=0, 1, ---,
J4+n, n=0,1, .-, n,, by applying the maximum principle to {}'™0—u7.

Since {poi M=y gand {Po o=yl ylO@<{r¢™<(C,. Similarly u7¢=—C,, and
hence we obtain |u® |=<C; for n=0, 1, ---, N. Furthermore, |u);|=C, for j
=0,1, -, J—1 and |u%n-y | =C; for n=1, 2, ---, N. Applying the maximum
principle to u?;, we get the desired conclusion |u7.|=C,. O

n no_fn°+K2(tno )+clxj_

To construct a local solution we consider the variation of the solution of
(3.1) along the free boundary.

Lemma 3.9. Let v? be a function defined on the mesh points {(xs, tn); :=0,
I, n=0, 1, -, N}, where x,=ih, tn=3 kn and r=Ih. If vi=v%.; for
m=1
i=1,2,---,1—1; n=1,2, -, N and |v?}|<B for i=0,1,---,1; n=0,1, -, N,
then the following estimate holds,

(3.10) V2, | gczB[:/ltj log(1+ %)

Y e )

7

1
+
Xi
for i=1,2, -, I—1, n=1,2, ---, N.
Proof. See [3]. B

Proposition 3.11. Let h=1/9. If u? (;=0,1, -, J+n, n=0,1,--, N) isa
solution of (3.1) and t,<Min{l, [?/9}, then there exists a positive constant Cs such



332 Ryo KoBavasHI

that

(3.12) !uyﬂv_‘quléCs\/Z;

Proof. We can easily show 2(Viy+h)<I—h. Put I'= [«/}:N]—l—l and 7’

=I'h, then J~21’=%—2([“/t”]+1)>l—"%‘2—t—”ih—);1 and +/fy<r'<~Ty-+h*

so we can define v?=u?%_,; 445 for 7=0,1, ---, 2I’, n=0,1, ---, N. From (3.8)
|v?| =Cy=C;(1), and from (3.1.1) v*;=v",;. Applying Lemma 3.9 to »? and set-
ting /=I’, we have

[ub_ el =|ul-1 2z

§c1c2[%1og(1+%)+) 1og(1+‘/t”)]

_clcz[ \/~10g(1+ \/tn)—l—%log 2].
Hence
]u:’fv—l'—u?l—l'lénz:: kn lu-/ il
<C1C2U \/ng(pr «/ﬂ)dt—l—(Z tog 22 ].
Since
I, v*l <1+¢—)df<4 1. log(HT)
and

ViySr' Sty +h=Viy+ek, <(1+8)Viy,
there exists a positive number C’ such that ju?_; —u%_; |<C’+/ty. Hence
luliv—ud| S| ulov—uwl p |+ ulp—ud |+ udp—ub|
SCi(r' +rty)+C Vig+Cor' .
The conclusion immediately follows. ]

We next prove the existence of the local solution of the difference scheme
(3.1).

Proposition. 3.13. For all ¢>0 such that ¢()<u.—e, there exist positive
numbers T, h, satisfying the following property: For all h<h, (3.1) has a
solution u} (=0, 1, -, J+n, n=0,1, ---, N), where ty=T and ul.,<u.—ec for
n=0, 1, -+, N.
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Proof. Set T=Min{1/2, 1?/18, (ue—e—¢())/Cs)?/2}, h,=Min{l/9, F(e)T},
and fix A<h, Suppose u?.,<u.—e for n=0,1, -+, N—1 and ¢y-;<7T. Since
F(e)Sh/k, for n=1,2, ---, N, ty=ty-1+ky=<2T, and therefore ¢t y=Min{1, /?/9}
and Viy=(u,—e—¢))/C;. Applying (3.12), |u¥iy—¢()|<u,—e—¢(), hence
u¥,y<u.,—e. Therefore, by solving (3.1) step by step we finally get a solution
u? (j=0,1, -, J+n, n=0,1, -, N) such that {y=T and u%.,<u.—e for
n=0,1, ---, N. O

Proposition 3.14. Let u? (=0, 1, ---, J4+n, n=0,1, ---, N) be a solution
obtained in Proposition (3.13), then there exists a positive constant C, such that

N J+n-1
(3.15) Zlkn 2 h(u%)*=C,.
n= =1
Proof. Let us rewrite the left-hand side of (3.14) as follows:
N J+n-1 N Jtn-1
D kn h(u5)*=2> Ry hu5uT s
n=1 j=1 n=1 j=1
J—— l k n n Ny N Jin-2 n n
‘El n{uJ+n—1 iUT+n-1 x—fz Uoz— ‘720 hu]xiujx}
N N
:nglknu?}-rn—l iUGrn-1 .r_nglknf?ugx
1 ¥  Jtn-2 1
—g Sk 2 M@ @)
N N 1 J7+N-2
= 2 knu..7;+n—1 iUT+n-12— E knf?ugz_'—' < h(u71)2
n=1 n=1 2 =0
+ 25 g £ TS - e S R
2 = Piz 2 = Yoz 2+ " = Yozt
Therefore
N J+n-1 N N
Elkn P h(u’;z)z—_ﬂglknu’hn—l U ino1 z+7§111(1t3+n-1 )’

N 1 J-1 ,
- 2 knf?ugx_f_‘g 2 h(@jx)z
n=1 j=0

=1-+041I+1IV.
Then
|| =K.Cy,
[V | g%K%l.
N
I+1I =7LZ=)I(L—u?+n)F(ue—u?;h_l)(uhn—u?:%_;) .
Define

ﬁ(u)zS:(L—v)F(ue——v)dv ,
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then " -
Fubin)—Fulih-)=(L—ulin)Fue—ulin-)(ulsn—ulih-0) -+ R,

where R,=0(k,).

Hence N »
[ T4+O| S Fulen)—Fu)|+C".

Since ﬁ(u) is bounded on [—M, u.], (3.15) holds. ]

3.2. Construction of the Solution

To construct a solution of (2.1) we need some preliminaries. Let us dencte
the domain of a function f by Dom f. We write
fon—>>f on A
if the sequence of the functions {f,} converges to f uniformly on A. Let D be
an open set in BR™, and let {D,} be a sequence of subsets of the same space. If
for every compact subset K of D there exists a positive integer Nx such that
D,DK for all n=Ng, the sequence {D,} is said to cover D. A sequence of
functions {f.} covers D, if {Dom f,} covers D. Suppose {f.} covers D and f
is a function with domain D. We write

fo—>>f on D
if for all compact subset K of D, {fn}nzv, converges to f uniformly on K.

Lemma 3.16. Suppose {f.} covers D, and for every compact subset K of D,
{fa}nenyg is uniformly bounded and equicontinuous on K. Then there exists a
continuous function f defined on D and a subsequence {g.} of {fn} such that

c
gn—>>f on D.

Proof. This lemma is an easy consequence of the Ascoli-Arzera theorem. []
To extend the solution u? of (2.1) to a continuous function, we linearly
interpolate it according to the triangle partition as Fig. 3.17.
t

(xj-lv t") (xir tn)

Sp

Ty

x (xj-ly tn-1) (JCj, fn—x)

Fig. 3.17.

Let us call the triangle whose vertices are (x,_i, fn-1)(X,, {,-1) and (x,, ta),
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(Xj-1, tn-1)(xj-1, to) and (xj t,), T? and S7, respectively. Then the interpolated
function u(x, ¢) is given by the following formula :

u(x, )=ufdtulfz (x—x;-0)+ulit—1t,-1), (x, HeTy,
=ulttuls(x—x; ) tufait—ta-n),  (x, )ES].

The domain of u is D= \J T»U \J S? The partial derivatives u, and
1 +n

1sjsJ+n-1
N

ul(x, h=ult, (x,)eT?

=uT, (x, 1)EST
ux, H)=u", (x, )eT?
=uly, {(x,1)eSt.

Remark 3.18. Note that u, indicates the partial derivatives of the inter-
polated function u, and u?, u?, . etc. the divided differences of the solution u}
of the difference scheme.

Let us state the existence theorem of the local solution of (2.1).

Theorem 3.19. For all >0 such that ¢(I)<u,—e, there exists a positive T
and a solution (u, y) of (2.1) on [0, T] satisfying u(y(), H)Su.—e for all
te[0, T1.

Before going into the proof, we have to prepare some notations and a
lemma.

To represent the dependence of a solution of (3.1) on A, denote the solution
of (3.1) as u},; similarly we write k%, t2 and y2 etc. Let y,(¢) be a function
obtained by linearly interpolating y2. Take T >0 given by (3.13) and set

Dp={(x,1); 0=x=y,01), 0=Zt<T},
Do={(x, t); 0=x=y,(t)—h, 0<t<T},
Du={(x, 1); 0=x=<ya()—h, E?<t<T}.

By interpolating u};, u%;, and u}?,; in the way previously stated, we get us, us
and #%,. The functions uy, @, and 7, are defined on D, D, and D,, respectively.

Lemma 3.20. Let ul; be the solution of the equation
uﬁ]i:uﬁjzi ’
and let u, be the interpolating function of u¥,. If un is uniformly bounded and

covers an open set D, then the following holds. For each compact subset K of
D, an arbitrarily high order divided dcfference of u?},is uniformly bounded on K.

Proof. This lemma is proved by the similar methed to the one in [4] using
the estimate (3.10). ]
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Proof of Theorem 3.19. In the first step we constract the solution (u, y) as
the limit of the subsequences of {u,} and {y,}, and in the following steps we
show that (u, y) satisfies the conditions of the solution of (2.1).

First step: Since

(3.21) ISy (O=1+£T for all t€[0, T
and
(3.22) [ya(t")—ya()| Zk|t”—1'| for all ¢, t"<[0, T,

¥y is uniformly bounded and equicontinuous on [0, 7]. Therefore, by the
Ascoli-Arzela theorem there exists a subsequence {y..} of {y.} and a continuous
function y on [0, 7] such that

(3.23) yu —>>y on [0, T].

From (3.21), (3.22) and (3.23)

(3.24) ISyt)<I+£T  for all t<[0, T]

and

(3.25) [y@") =y )| =k|t"—1t'] for all ¢, t”<[0, T
Obviously

(3.26) y(0)={.

Set

(3.27) D={(x,1t); 0<x<y(®), 0<t<T},

which is an open set in x—t plane. Clearly {D.}, {D,} and {Dn} cover D.
Since {uz.} is uniformly bounded and covers D, for every compact subset K
of D, {#, } and {#, } is uniformly bounded on K from Lemma (3.20). Therefore
{un} is equicontinuous on K. By applying Lemma (3.16) to {u,.} and D, there
exists a subsequence {u;.} of {us}, and a continuous function # on D such that

Un-—>>u on D.
Similarly there exists a subsequence {#;-} of {#,.}, and a continuous function #
on D such that

— c -—

fpn —>>% on D;
and there exists a subsequence {%,} of {#,-}, and a continuous function # on
D such that

c =
,—>>1% on D.

=i

We thus obtained subsequences {y,}, {u.}, {#} and {@,} of {y.}, {un}, {@n}
and {#&,} such that

(3.28) y»—>>y on [0, T],

(3.29) u, —>>u on D,
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(3.30) i, —>>@ on D,

(3.31) i,—>>% on D.
Second step: In this step we prove

(3.32) u=1%, u,—# and #,=% on D;

which guarantees

(3.33) Us=Uzz oOn D.

Here we show only u,=1%, then other equations are shown by a similar method.
To prove u,=1ii, it is sufficient to show that

(3.34) u(x, t)—utx, 0= a(x, Odt

for all (x, ¢'), (x, t")€D where #'<t”. Let us estimate the difference of u,; and

#,. Since

(3.35) uy=ul: on TEHISKH.

and #, is a linearly interpolated function of u7,

(3.36) sup |uy,—1&,| =Max{|ulz—uliliz|, |ulii—uliz*|, |uliz—uljsl}.
T;'Jusyj

From Lemma (3.20) there exists a positive number Cx such that

(3.37) |uljz:] =Cx and  |ulz|=Cx on K,

where K is a compact subset of D whose interior includes a segment connecting
(x, t") and (x, t”). Therefore

(3.38) luy(x, £)—0,(x, )| =(1+1/F(e)Ckh,

on the segment. Then

(339l )—ulz, )= w0, DA SAFYFEC xR 1],
and by taking the limit as y—co, we obtain (3.34).

Third step: In this step we prove

(3.40) ;ingou(x, H=r@  for >0,

and

(3.41) }i_)r&u(x, H=¢(x) for 0<x<l.

From (3.8), |#,|<C, and consequently

(3.42) luz|=Cs.

Then

(3.43) lulx, D=1 = lulx, H—ulx, )] +Cix+ w0, )—F®)],

and by taking the limit as y—oo, it follows that
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(3.44) lu(x, )—Ff)|=Cix for >0,

which implies (3.40).
In order to prove (3.41) we apply Lemma 3.9 to u%;. Then we get the
following : for x=(0, /) there exists a positive number C(x) such that

(3.45) lu(x, )—ux, 0)| =—C(x)V t log ¢

for sufficiently small ¢{. Then

3.46)  ulx, D—gx)|=lulx, D—ulx, )| —C(x)V t log t-+ulx, 0—¢(x)],
and by taking the limit as y—oo, it follows that

(3.47) lux, ) —@(x)| <—C(x)v/ t log t.

Therefore (3.41) holds.

In view of the Lipschitz continuity of f and ¢, and f(0)=¢(0); u can be
extended to a continuous function on {(x, #); 0=x<y(?), 0=t<T}.

Fourth step: Here we show that lim u(x, ) exists and is a continuous

. . t->y(t)-0
function of ¢ (denote it u(y(t), ¢)), and !

(3.48) IO=F(ue—u(y(t), t))
and
(3.49) u(y@), HSue—c.

The existence of . li{g l)u(x, 1) is immediately follows from (3.42). Put wv(t)
orrl

=u(y(t), t) and v,(t)=u,(v,(t), t), and let us show

(3.50) v,—>>v on (0, T).

Fix ¢>0 and [#’, t”]C(0, T), then for t<[t/, t”]

(3.51) () —v,() | =2Cie+uly(t)—e, )—ulyt)—e, )| +Ci| ) —3,@®)].
Since {(y(t)—e, t); t<[t’, t"]} is a compact subset of D,

(3.52) lu(y(t)—e, H—u(yt)—e, )| =Cie

for sufficiently large v. And

(3.53) (@)=, <e

for sufficiently large v. Therefore, for such v it holds that

(3.54) lv@)—v,(#)| <4Cie  for all te<[t/, t”7].

It means (3.50), which implies the continuity of v(#)=u(y(), t) on (0, T), and
(3.49). Also from (3.12)

(3.55) lu(y@), )—g¢()| £Csv/ & for te[0, T1.

These facts guarantee that u can be extended continuously to {(x, #); 0=x=y(2),
0=t=T}.
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Next we show

(3.56) »@—ye)= Fu—uly), that
for ¢/, t”<(0, T) where t'<t”. From (3.1.3)

(3.57) Z = Flu—v,{t52)

then

(3.58) YN =)= b= 3 Flue—v,(ts-1))

Taking the limit as y—oo, we obtain (3.56) and then (3.48).

Fifth step: In this step we prove

(3.:59) im s, D=30L =100, )
for almost all t<[0, T]. From (3.15),

(3.60) 2 b T k() *=C,,

then ’

3.61) S:dt&:mut(x, t)2dx:S:dtS:mu”(x, 1dx=C, .

By Fubini’s theorem,
(€3]
(3.62) S: P taalx, Pdz<oo  for almost all [0, T,

and for such ¢, u,(x, t) is Holder continuous of order 1/2 in the space variable
x. Therefore lim wu,{x,t) exists for almost every ¢. Put

(3.63) e ogba(t):uz(y(t)—B, t) for small >0,
and

(3.64) X@)=y(L—uly@), t)).

Let us prove the following: for arbitrary [¢/, t”]C(0, T),
(3.65) ¢s—>X in LYt',t"] as o0 —> +0,
which assures the desired result. Set

(3.66) PD=0(y()— s, 1) .

First of all, let us show

(3.67) ¢, —>>X on [t,t"]

From (3.1.2) and (3.1.3),

(3.68) F(ue—v,(th-N(L—0,t0) =@, (th) .

Since v, —>>v on [t/,t"], for arbitrary >0 we can take sufficiently large v
so that
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(3.69) [ §u(t7)—F(ue—v(tn-))(L—v@7) | <e.

Also from the uniform continuity of v on [/, t”],

(3.70) | 4,@5)—Fu,—v)(L—v@)| <2 for telty i, th].
Then, for sufficiently large v, it holds that

(3.71) [g.(tn)—2(t)] <2 for te[ty-y, thlCLt, "]

Since §,(t) is a continuous and piecewise linear function, it follows that
(3.72) |4, )—X@)|<6e  for telt,t"],

which indicates (3.67).
We next estimate the norm of ¢;—¢, in L[4/, t”]. From (3.60)

t Yy -hy
(3.73) S ‘”So #,s(x, 1 dx=C,,

tr

and applying Schwarz inequality, we get

B 1EGO—0, - = 00—y O+0—hI [ autr, 1%

Integrating both sides from ¢’ to ¢”, and using (3.73)

t _
67 | laoo-0, 0-g.01d=C, sup_|7.0—yO+o—h.I.
Taking the limit as y—oo
.
(3.76) [ 195020y rar=ca,
therefore (3.65) holds. O

We have obtained the local solution of (2.1) by Theorem (3.19). Considering
the proof of Theorem (2.1) we can extend the local solution as long as the
temperature at the free boundary is less than u,. Then the global solution (2.1)
is obtained.

Theorem 3.77. There exist a solution (u, y) of (2.1) on [0, T) satisfying (1)
or (2):

(1) T=+oo,
@) T<+oo and lim u(y(t), H=u..

§4. Uniqueness
In this section we prove the following theorem.
Theorem 4.1. The solution of (2.1) is unique.

Before going into the proof, we need several preliminary results. In (2.1),
replace u, ¢ and f by u,—u, u.—¢ and u,—f, respectively. Setting k=L —u,,
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we get
uy(x, )=uzz(x, t) 0<x<y(t), 1>0
IO k+u(y®), )=—u(y), t)
IO=Fu(y(), 1)

(4.2)
u(0, )=1(@) >
u(x, 0)=¢(x) 0=x=

y(O)={.
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4.2.1)
(4.2.2)
(4.2.3)
(4.2.4)
(4.2.5)
(4.2.6)

In order to express the solution to (4.2) in terms of Green’s formula, we put

%2
At
=0 =0

w(x, t)=exp(—

and
gx, t; & =wx—¢, t—o)—w(x+E, t—1).
Then we obtain

ux, = g(x, t; & 0p@Ode+{ getx, £ 0, 7 @de
+" s, 156, s@mte, s@nae
+{ 80x, £3 3@, Duer(e), 2o

—S:ge(x, t; y(o), Duly(o), v)de,

where s(x) is the inverse function of y(#). Also, in view of the boundary con-
ditions (4.2.2) and (4.2.3), the sum of the third and the fourth term is equal to

— gtx, 1 3@, DF (o), dz.

Then, by setting u(y(z), 7)=v(zr), we obtain

@) utx, 0=[g t;¢ Op@de+{ gix, 150, Df@de

— k[ gz, 15 9@, DFO@Id—{ gilx, 15 @), n(Rde.

The following equation must hold in the limit as x—y(#)—0:

@ w0=2 g0, 16 0g@de+2 g, 150, Df@de

_2kS:g(y(t), t; (@), T)F(v(r))dr—ZS:gE(y(t), t; y(), Dv(r)dr,

where y(t):l—l—S:F(v(r))dz'.
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Note that the last term of the right-hand side of (4.3) becomes
1 3
SO~ 2@, t; 5@, D)z,

due to the discontinuity of double-layer potentials.
We wish to solve this integral equation in a suitable Banach space. Let

C[0, o] be the Banach space consisting of all real-valued continuous functions
on [0, ¢] with supremum norm | -], and let C4[0, o] be the closed ball in CT0, o]

of radius A centered at the origin.
For some A, 0>0 we can define an operator

@: CA[O, 0']“>CA[0; 0]
as follows:

4.5) (@U)(t):ZS:g(y(t), t; &, O)¢(€)d5+252g6(3’(t): t:0, 2)f(c)de
_ZkS:g(y(t), t; y(2), r)F(v(r))dr~ZS:g§(y(t), t; (), tu(r)de,

where y(t)zl—)—S:F (v(r))dz. Indeed, take A as

(4.6) A=Max {4 sup |$(x)| +1, M-+uc,
and note that
—é—léy(t)é—g—l for all t<[0, o]
as long as
1
<_ -

4.7 0<o= KA
Then it readily follows that

veClo, o]
and
(4.8) [(Pv)(t)] é‘{)gggl [(x)] +C50§ltlspg [f®)]o+Cea'?

for all veC4[0, ¢] and t<[0, ¢]. Therefore, by taking ¢ small enough to satisfy
(4.7) and
(4.9) Cf,os?p i) o+Cea'?<1,
si<so
we see that @ maps C,[0, ¢] into itself, thereby insuring the validity of the

above definition.
We want to show that @ becomes a contraction by taking the above o even

smaller. Let

y(z>=z+§:F(u(r)>dz and y’(z‘):l—i—S:F(v’(z‘))dz‘,

for v, v CL[0, ¢]. Then
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(Qv)(t)—(Pv")(t)=P,+P,—P;—P,,
where

P=2{ g00), 13 8 Op(@1de—2{ 2@, 15 & 0)g(@NE,
P=2[ g:5(0), 5 0, )f(@)de—2| gely'®), £5 0, Df @)z,
P=2k{ gr(0), 15 9(0), DFGENdT—24( 2(®). 15 3@, DF W)z,

P=2{ gy(t), t; 3@, D=2 g0, 1 @), W'z

Estimating P; (=1, 2, 3, 4) as in [1], we obtain

|Pil <Cy sup | §(0)] o200l
osx=st

| Pl <Cysup | fD)alo—v]
tz0

| Ps| =Coa'*|lv—0"|,

lP4l écmﬂlﬂ“v—vlu .
Hence if ¢ satisfies (4.7), (4.9) and
(4.10) Cgsupl| flo+(C; SUP|¢I+C9+C10)0”2<1 ,

then
|@v—0v' | <G |lv—v’| for all v, v'€CL0, o],

where # denotes the left-hand side of (4.10). Therefore, if we choose such o,
@ is a contraction mapping in C,[0, ¢]. Since C,4[0, o] is closed in C[0, o],
the equation @v=v admits a unique solution in C,[0, ¢].

Proof of Theorem 4.1. If (u, y) is a solution of (4.1) on [0, T, for A
defined in (4-6) and sufficiently small o,

vEC4L0, 6] and @v=v where v(t)=u(y(@®),1?).

By the preceding argument on contraction, such v must be unique, and so is y.
This proves the uniqueness of the solution of (4.1) (make use of the maximum
principle). The same is true of (2.1). M
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