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Central Limits of Product Mappings
between CAR-Algebras

By

Mark FANNES* and Johan QUAEGEBEUR**

Abstract

Product mappings between CAR-algebras are introduced. This notion is used to
state and prove that generalised free completely positive mappings between CAR-al-
gebras arise as central limits of general ones.

§I. Introduction

Generalised free states of CAR- or CCR-algebras have been studied
in great detail. They are even states characterised by the property that
their truncated functions vanish from order three on. Furthermore there
exists a projection from the even states onto the generalised free ones
which associates to an arbitrary even state the generalised free one with
the same two-point function. R. L. Hudson showed, in the case of finite
dimensional CAR-algebras, how the associated generalised free state arises
by considering arbitrarily large products of copies of a general state, a
related result was obtained by D. Mathon and R. F. Streater [1]. His
construction, which is very similar to a central-limit construction in prob-
ability, allows therefore to consider generalised free states as non-com-
mutative analogs of Gaussian probability distributions.

It is widely accepted that completely positive mappings between C*-
algebras generalise states. Such mappings are in general difficult to
treat in great detail. However in the case of CAR- or CCR-algebras
generalised free completely positive mappings have been worked out which

satisfy simple decoupling properties [2,3]. Due to the non-commutativity
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of the range space of completely positive mappings the notion of trun-
cated function is not available and there is, in contrast with the case of
states, no apparent simple way to project a general completely positive
mapping on a generalised free one.

The main motivation of this paper is now to characterise the com-
pletely positive mappings between CAR-algebras which result from a
central-limit type construction. In order to do so we first need a defini-
tion of ‘product’ of completely positive mappings between CAR-algebras.
This is introduced in Section III in a similar way as it was constructed
in [4] for states. Section IV contains the combinatoric arguments which
show that large products of copies of a completely positive mapping be-
tween two CAR-algebras tend to become generalised free (Theorem IV.
3). We finally end up with a family of projections, labelled by states,
mapping even completely positive mappings onto generalised free ones.
In the case of states these projections all coincide with the well known
projection described above.

We can therefore consider generalised free completely positive map-
pings between CAR-algebras as being Gaussian in a generalised sence.
Furthermore we have a definite prescription to approximate general com-
pletely positive mappings by generalised free ones which could be used
in dealing with Markovian dynamical systems of fermions where the time
evolution is described by a group or semigroup of completely positive

mappings on the algebra of observables.

§ II. Preliminaries

In this paper we will always deal with unital C*-algebras. Recall
that a linear mapping 7" from a C*-algebra 4 into a C*-algebra B

is called completely positive if
2 ¥¥T (xfx;) y;=>0
i7=1

for all choices of e, e P and n& N, An equivalent condition
is to impose that for n€ N, T®1, be positive from AR M, into BRM,
where M, is the algebra of n X # matrices with complex entries. Further-

more we will restrict ourselves to unit preserving completely positive
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mappings T (i.e. T maps the unit of J{ into the unit of %) and use
the short-hand notation u.p.c.p. to denote such a mapping.

U.p.c.p. mappings admit a Stinespring decomposition. Let 7T be a
u.p.c.p. mapping from a C*-algebra J into B (4) (the bounded linear
operators on a Hilbert space 4). There exists (up to unitary equiva-

lence) one and only one triplet (X, w, V) such that:

7 is a representation of (4 into the bounded linear operators on
the hilbert space XK,
Vi Y —XK is an isometry,

[r(ADVIH]=K
and
T(x)=V*r(x)V, x&€h (sD.

As we deal in the following pages mostly with CAR-algebras we
briefly recall their definition. Let (H,s) be a real separable Hilbert
space. There exists a unique unital C*-algebra J(H,s), the CAR-
algebra build on (H,s), with the following property: there is an injec-
tive, real-linear mapping B: H—J (H, s) satisfying:

{B(@#), B)}=2s(, N1, ¢, H,

B(p)*=B(), peH

and

the *-algebra generated by {B(J)|¢ = H} is uniformly dense in
J(H, s).

In the following we restrict ourselves to the case where dim H is even

or infinite. A (H,s) is then known to be simple [6].

§ lll. Product Completely Positive Mappings
between CAR-Algebras

We first introduce an invariance notion for u.p.c.p. mappings.

Definition 1. 1. Ler J; (/=1,2) be unital C*-algebras, G a
topological group and o' G—Aut( ) : g—al (i=1,2) homomorph-
isms. A wp.c.p. mapping T: JAi— A, is (&', &) invariant if for all
ged, Toay=ajeT.
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Remark that the notion of (&', @®) invariance is fairly general, in-
deed if T is a state o, it amounts to invariance of ® but if JA;=dAs,
T is an automorphism 4 and a'=a’=«, it covers the notion of commuting

automorphisms

Boay=ayof3.

Recall that, if w is a state of { and if & is a homomorphism from
a (topological) group & into Aut(.4) and if @ is G-invariant (wea, =0,
ge g), there is a unitary representation U: §—Q] (¥,): g—U, where
(Ko, 7o, 22) is the G.N.S. triplet associated to w and where U (H.) is
the group of unitary operators on %, such that for g€ &
T ( (x)) =Um, () UF, xze=d

and

U,2,=8,.
If furthermore g—w(x*a,(y)) is continuous for x, ye A, the represen-

tation U is strongly continuous. (K s, Tu, £, U) is sometimes called the

covariant representation of w.

Proposition 1. 2. Let as in Definition III. 1 T be an (o, &)
invariant w.p.c.p. mapping from a C*-algebra A, into a C*-algebra A,
and let w be a G-invariant staie of A, such that for all x;, vie A
(i=1,2) the mappings

g—o (2T (2 (%)) ¥2)
and

g—w (1'2“; ()

are continuous. Let (H,, 7, £,,U) be the covariant representation
of w and (Kr,wr, V) the Stinespring decomposition of w,oT. There
exists a unique strongly continuous representation W: G—AaI (Kyp):

g—W, satisfying

Trody(x) = Wrr (2) W,, zEdi, 98
and

W Ve=V2U,, g€4.
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Proof. For x, ye,, ¢, I, and g G,

{rr (g (1)) VeUglmr (g () VeUghy =<1 U Fo (T (g (x*9) ) Uphy
=BIUFm, (g (T'(x* ) Uph>
=<plm (T'(z*y)) >
=<mp (x) Ved|mr (v) V).

It follows from this computation that for v, y& f;, @, ¢ K.,
|7er (0 () VeUyp — 71 (g (0)) Ve U |
= |7z (x) Vap —7r (y) V|
and so for x&J; and ¢ &Y, the mapping
(0 Wi Ho—Jlps mp (0) Vigp—1, (g () Ve Uy

is well defined and isometric on [7;( ) VrH ] which is the whole of
Kr. As U, is a unitary operator and & is an automorphism, the range
of W, is dense in Kr and so W, is a unitary operator.

It follows immediately from (1) that W,W,= W,,. Furthermore for
x, yvEA, and ¢, pE Y, the mapping g— <7y (x) V1d| W,z () V¢ is con-
tinuous. This can be seen as follows. By the continuity of g—o (xai(y))
we get the strong continuity of g—U, As <{mp(x) Vidl Wrr(y) Vi)
— IV (2% (1) VeUhy and g—|VEry (z*ab(3) Vel is uniformly
bounded on &, it is sufficient to use the weak continuity of g—V¥n,
(x*ap (M) Ve=m, (T (z*aj(y))). Therefore g—1V, is a weakly and
hence strongly continuous homomorphism of & into Q[ (Ky).

Now for x, yet;, =X, and g€ & we compute
7r (g () ) 7o () Ve =7 (0 () y) Vi
=17 (g (x () ' (3))) Vap
= Wymrr (x (o) 7' () VaUFP
= Wymr () tr ((ag) 7 () Vo U
= Wz () WFEWymr ((ag) 7' (v) Vo U
= Wyrr () WEne (v) Vo

and so
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iz (g (x)) = Wyr () W5 xEA, 9EG .
Finally taking in (1) x=1 yields
W, Ve=V2 U, geg. |

We are now in position to construct products of u.p.c.p. mappings
between CAR-algebras. Recall that on a CAR-algebra A(H,s) the
parity automorphism is the unique automorphism t defined by t(B(J))
- —B(), ¢ H.

Definition III. 3. A wp.c.p. mapping T from a CAR-algebra
A into a CAR-algebra A’ is called even if it is (v,t’) invariant
where T and t' are the parity automorphisms of A and A'. Such
a mapping will be denoted as an e.w.p.c.p. mapping.

Let (Hi,sy) and (Hj, sy) k=1,2,--- be finite or countably infinite
sequences of separable real hilbert spaces (which we always assume to
be even or infinite dimensional) with direct sums (H,s) and (H’,s’).
Denote by A, A% A and A’ the CAR-algebras constructed on those
spaces. Let also T} be an e.u.p.c.p. mapping from 4, into A; for %
=1,2, ... The aim is to show that one can construct the product map-
ping ® T of the T'%’s from I into A’. To do so we need the natural
embeddings 7, and 7, from 4 into A and J into JI’ which are the

homomorphisms defined by

iy (B(¢) ) = B((‘? 61.:, L¢)

and analogously for 7y .

Theorem IIl. 4. With the same notations as above, there is a

unique e.u.p.c.p. mapping @1, from J into A’ which satisfies:
(2) @Tk (il (xl) "'in (xn)) :i; (Tlxl) "'i:L (Tnxn): Xne Jn, nE-ZVO-
Proof. Let w; be an even state of A with G.N.S. triplet (4(%,

T, £2%) and let 0, Ql (H;) be the operator which implements the parity

automorphism t; (0;°=1). Let also T;=nroTy, T% is a u.p.c.p. mapping
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from A, into 7, (Ar) which is cven as T% (vp(x)) =031 (1) 0r, xSy

4

The Stinespring triplet (K, 0%, Vi) of T% admits then by Proposition
III. 2 an operator W, Q] (K.) such that

() wWi=1,
0 (tr (1)) =W () W, zEJs
and
W V= V,0% .
We now consider two product representations;
@i (@ (Hi ) > B(Q I
B(@¢k) =2 0{ R Qb1 Q7% (B()) QLei®-+- R 1La
and

© 0y: J(I@L(Hm sk))e_@(,@ﬂk):

k<n

B(]§n¢k)_)2 Wi®:- Q@ Wi-1 Q0 (B($e)) @Leni®- @1, .
Consider now the following product mapping;

©® Ty: JA( gﬂ(Hk, Sk))_’-@ (k@nj[;) :

k<n

z=>(QVE) (@ 0e(x) (Q Vi) -
k<n k<n k<n

This is clearly an e.u.p.c.p. mapping. Furthermore by (3) it is easily seen
that the range of T is included in the range of ® 7% and since
k<n k<n
this latter is invertible (A(@® (H;, st)) is a simple C*algebra) we
k<n

can define
gnTk: A( k@n (Hy, Sk))ﬁuq(lc@n (Hz, si))
2> (@O m) (@ T (2)) .
k<n E<n

By splitting x,=e(x;) +o(x), £<n, where e(-) and o(-) denote
the even and odd parts of an element with respect to the parity auto-
morphism, and using the implementations of the various parity automor-

phisms, it is straightforwardly checked that
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( @ 7’#) (11 (J‘!) . 'in (f,,) ) = L; (7‘1"‘1) " 'L:, (’I‘n-l-n , e J{Ic ’ k.gn .
k<n

Clearly ® T, can be scen as a mapping from A4 into 4’ with domain
kE<n
the sub C*-algebra Ay .., of A generated by {6,( i), ++, in(An)}. As

U Ag,.m is uniformly dense in A we can find for any x& 1 a sequence
nEN,

{Zn} nen, such that r,eAy,..n and 11m||.7c x| =0. As ( Tk) ()
= (@ T) (x,) for me N and as the mappings (@ T have norm 1 we
can deﬁne a mapping ®7} by

(®T) (x) =lim (k(SD Ti(x).

It is immediate that ® 7} is an e.u.p.c.p. mappings and satisfies (2).

Uniqueness follows also immediately from (2). B

§IV. A Non-Commutative Central Limit Theorem

First we recall the definition of generalised free completely positive

mappings between CAR-algebras.

Definition IV. L ([2]). An w.p.c.p. mapping T from a CAR-
algebra J(H,s) into a CAR-algebra J(H’',s’) is called generalised
Sfree (and denoted by gf.c.p.) if it satisfies;

)=
(4) T(B($)) =B(K¢), ¢ H,

) T (B($) B(¢:)) =T (B($)) T (B($:)) + (81, 62) b1, € H

and
T(B($:) - B(#a)) =2 sgn(P) T (B(¢y,)) - T (B($s,.,.))
X (¢i".gkq’ ¢in‘2k+z) “'t(¢i,..n ¢i,,) ’ ¢1y R ¢'nEH,
where the sum is taken over all partitions of {1,---,n} into sets
{8, =y Gamar}s  {fn—zkss, Tnoskrats o0y {fnmn, o} Such  that 4<dp<lor <dn-gi
o1 <In-zirzr *y Ino1<lny Inzkt1<n-2p+5<C - <Inoy and where sgn (P) is
the signature of the permutation
<1, ey 7z>
iy, ooy dn)
The operator K in (4) is a contraction from H into H' and t: HX H

—C satisfies the real bilinearity,
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Re 2(¢y, s) =5 (b, §:) - 5" (Kehy, Kepa), oy, o 11,
]Im f((bh ¢2)12§(5((/51, ‘151)‘* S’(K¢1, I<¢1)> '(5(¢2,¢z>— SI(K¢23K¢2)), ¢17 ¢z€ H

and

[(¢1» ¢2) = t(¢2, ¢1) 5 ¢1, b H

(i.e. B(¢) B(¢s) —>t(¢1, $,) defines a generalised free state of S (H,
s(, ) —s"(K-, K)) [7]).

The aim of this section is to show that g.f.c.p. arise by considering
increasing sequences of products of copies of an e.u.p.c.p. mapping. The
case of states has been treated in [1].

More precisely let 7" be an e.u.p.c.p. mapping from a CAR algebra
A=A(H,s) into a CAR-algebra A’'=A(H’,s’). For any nEN, we
denote by A™ and A’" the CAR-algebras built on k(—nBl (H, s) and k(—nBl(H’, s")
respectively. Denote by Z{’ the injections of ()4_;/) into A" —given by

the homomorphisms defined by

B(9) —>B<<_;B6k.l¢) , pH”.

Theorem III. 4 allows us then to consider the e.u.p.c. mapping 7" = C::)IT
from A" into A’*. We also need to inject { into A" by the h,;;no-
morphism @" defined by

1 n

Bo ~ L B(@9, seH.
7 k=1

Composing 0" with 7™ we arrive at an e.u.p.c.p. mapping 770" from
A into A" A central limit theorem should tell something about the
limit T™e@™ as n—>oco. In the case of states J'=C(H ={0}) and so
A’"~=C in the general case however the range space of 70" becomes
arbitrarily large and in order to make some statements about lim 7"0@"
one is forced to ‘cut off’ the range spaces. Therefore we need an addi-
tional element in the construction.

Take an even state w of ]’ with GNS triplet (4,7, 2). The

n
n-fold product "= @ w of w is a state of A’® which can be realised
k=1

as a vector state in the following representation:
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and
o™ (x) =L 7" (2) 2>, xeA".
(Note that in general £" will not be cyclic for 7%o®@’"(A’") and so that
(9", 7", 2™ is not the GNS triplet of w"e@'™). As A’™ is simple, 7" is
faithful and we can without loss of generality consider the completely
positive mapping 7”0 T "0 from A into B (4™ . By cutting off T 0"
we then mean that we restrict 7"o7T "o to the invariant subspace [{7"
oT"@"(A), 7@ (A)}"82"] of Y™ where @’" is the injection from A’
into A’" defined by B(¢) ﬁ%B(@(ﬁ), ye H'. This cyclicity condi-
7 k=1
tion will allow us to prove the existence of limit of 7”07 o™ restricted
to [{nnoTnO@(LjZ)’ nnom/n(ﬂl)}ﬂgn].
In order to give a precise meaning to this limit we introduce the
following structure: let H; =H’X H and equip it with the usual real

vector space structure

(‘/’1, ¢1) + (‘/’29 ¢2) = (¢1+ ¢2, ¢1+¢2)

and
l(‘ﬁl, o) = (A, 48y, ¢y, b= H, Py, P H,| lER.

Consider the bilinear form

spHY X H{ — R:sp (s, 61), (@5 62)) =5" (1, $)

+—;—w({B(¢A), T (B(¢2))}) +%w({T (B(41), B(¢2)})

+%w({T(B(¢1)),T(B(¢z))})

which is positive as

st (4, 8), (4, 8)) =0 ((B($) +T(B(4)))") -
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The kernel 71, of s7 is by positivity a lincar subspace of H{ so we can
form the quotient space H,=Fli/I, which becomes a real hilbert space
after completion with respect to s7. Finally let A be the canonical sur-

jection from H7 into H, and ;= (H, s3).

Lemma IV.2. With the same notations as above:

D lim o (@™ (B(())+ T"e0"(B(#)))++ (0™ (B($w) )+ T ™0™ (B($:))))

n—>co

:fk((‘l}l, ¢1)) AR} ((1!}15’ ¢k))

exists for all choices of ;€ H, ;€ H’, kEN,.
i) (P, B0, -+, (e, Be)) depends only on A(pi, i), (i=1, -, k) and
the mapping B(A({y, $1)) - B(A (e, D)) =S (1, 61), -+, (P, $i))  de-

fines a generalised free state w” of A, which satisfies
07 (B(A (W, $1)) B(A (s, $:))) =0 ((B() + T(B($))) (B() + T (B(4))))
¢, e H, ¢, poecH’.

Proof. Let t“’ and ¢'" denote the parity automorphism of J*’ and
A" respectively. As Tmot"=1""T™, 0" "ot =c""™0"’" and w" =0 or’"

one has immediately
" (@™ (B(n)) +T"e0" (B($))) - (@ (B (Pax+1))
4+ T"0"(B(¢w1)))) =0, keEN.
Denoting by 7, the injection of A} into A'® we compute

6 0" (@ (BW)) +T"0"(B(¢:))) (0" (B($) +T"0"(B(4:))))

=L 5 0 @B T BONEBE T BE)))
1 n

2 0((B(g) +T (B(4))) (B() + T (B(4))))

n Jj=1

o ((B) +T (B($0)) (B($o) +T (B($2)))),
b, b EH, 1, po=H’ .

Il

Also
(@D 0" (@ (B)) +T"0"(B($))) (0" (B ($2x)) + T " D" (B(4:)))
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=L = 0" @B +T (B(#))) 15, (B () + T (B4,

AN ey P

¢iEH, ¢iEH’, Z=1, ccty Zk, kENo.

Let P be a partition of {1, -:-,2k} in non-empty sets. By >% we
denote the summation over all j, -+, ju such that j,=j, if and only if p
and g belong to a same element of P. Clearly,

n

2 =2 XF,

1y Fau=1 Pe@

where & is the set of all partitions of {1, ---, 2k} in non-empty sets. As
"™ is an even product state the only possibly non-zero contributions in
(7) arise from partitions P such that all elements of P contain an even
number of elements of {1, ---, 2%}.

Let P be such a partition. Then,

| 2F <P (1l + 1) -+ (el + | Bee ) -

Indeed, n#® is an upper bound for the number of terms in Y%, and
Ul + 18:1) =+ (el + l|@eell) is an upper bound for each of the terms.
As # (P) <k, it follows immediately that for large #z only partitions such
that # (P) =k contribute and those are exactly the partitions of {1, ---, 2k}
in sets of 2 elements.

Let P now be a partition of {1, ---, 2%} in sets of 2 elements. Then,

all terms in >3 are equal to
sgn (P)w ((B(¢s,) +T(B($:,))) (B(d:,) +T(B($:,)))) -+
X0 ((B(uy,.,) + T (B($sy.,))) (Bu,) +T(B(:,)))),

where 2,<2y, -+, fox—1<Zor and 2;<is+-+<Zp;-1, and where sgn(P) is the

1, -, 2k

signature of the permutation < > Also the number of terms in

1,00 Loz

va—%—T)' =nF <1 +0 <%>> , therefore

% is equal to
lim 0" (@ (B@) + T"0"(B@))) -+ 0" (BYus)
+T"0" (B (¢2))))

exists and has the structure of a generalised free mapping.
By (6) and the definition of sz and H,
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lim " (D" (B(py)) 4 T"o@" (B())) - (@ (B())
n—>00

+ T (B(#:)))

depends only on the equivalence classes 4 (¢y, @), -+, 4(¢x, ¢) . Further-

more

Re o ((B(¢) +T (B(¢1))) (B($2) +T (B(¢2)))

=%w({(3(¢h) +T (B($))), (B($) +T (B(¢2)))})

=57 (A <¢19 ¢1), A(¢2, ¢2)>,
Im o ((B(@) + T (B(¢))) (B(¥o) +T (B(¢2)))) |”

=%§w([(B(¢1) +T(B($))), (B($) ~T (B(#)) DI

S%(lw((B(%)) +T (B(4)) (B(¢) + T (B(¢2))) I

+ 1o (B¢ +T (B(¢2)) (BY) +T (B($)))) ")
<s7(A(fy, ¢1), A1, b1)) st (A (P2, $2), A(f, 62))
and
Im o ((B($) +T (B(4:))) (B(¢) + T (B(42))))
=—Imo((B($) +T (B(4:))) (B(¢) + T (B(6))).

So ™ defines a generalised free state of /. Fa

Theorem 1V. 3. With the same notations as in Lemma IV. 2

there exists a unique g.f.c.p. mapping T from A into A, such that

®)  lim " (@™ (B) +T70"(B($:))) -+ (@™ (B(¢y)
+T"e0"(B($;))) T"o0" (x) (0" (B(§1))
+T7e0"(B(7:))) - (@ (B(§x)) + T"0" (B(7:))))
=" (B, $1)) - B (g5 $)) T (x) BAE, 7)) -+
B(AEx 7)),

i, &€ H; e H; j,kEN; xe /.
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This mapping T satisfies:

T (B(t)) =B(4(0,x))
and
T=(B(t) B(2)) = B(A(0, x1)) B(A(0, %)) + £~ (1, %)
where

70, x2) =0 (T (B(t) B(x))) —o (T (B(u) T(B(x2))) > %, € H.

Proof. Suppose that there exists a mapping 7°: JA—A,; satisfying
(8). Then it is unique. Indeed let 7’ be another one. Then from (8)

(VT (x)2) =0 (V*T~' (2)2) y,z€H, xEA.

Therefore o”(v*(T"(x) =T (x))2) =0 for all y,z& A, and as A, is
simple T (x) — T~ (x) =0.

Now we prove the existence of T'". By continuity and linearity we
can limit ourselves to the case where x=B() - B, uc H, (€N, is
a monomial. We first compute the limit in the case where £ is 1 or 2.
Next we will prove that the general case can be reduced to this situation.

If x=B(x), then by Lemma IV. 2 the limit in (8) exists and
T (B(u)) =B(A4(0,x)).

In order to calculate the case x=B(X) B(x.) we need a few preliminary
results.

Let z€ A’ and let a sequence (Z.)sen, be given such that z,e A"
and || x,||<C for all ne N, Then

©) lim =0

n—>0

20" @ ( i () — 0" (@) )

n i

(where #; is the usual injection from A’ into A'™).

Indeed

ENCHOMACHETYENIIO

— 0w (B aE) ~0@))|

<Co"((L (=) ~06) ) (£ (it E) —0@))
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—Cc L et —lo@pH®.

w2

If ze A’ is even, then

n

(10) eLAON ST

On the other hand, if 2’ is odd, then

ay S Gae)|=| G aEn G|

<|z*2 = |z].
Finally if 2, and =, are even, then

(12) }[héi;(zl)),i(iiz <zz>>] <2 a1zl
7 k=1 n ¢=1 n

and if 2, is even and 2, is odd, then

(13) l[lo":i;(zo),i(éi; <zz>>] <2zl
n k=1 n =1 n

Let now x=B) B(w), X1, X.H. Then
T"0™ (B () B(x2)
=T 0" (B()) T 0" (B (%))

n

+% 21 (TBU)BU)) =T B))T (B(x2))-

2=1
Because of Lemma IV. 2 we need only to evaluate

I=lim o™ ((@"" (B () +T"0" (B (¢)))+ (0" (B$))+T"0"(B(#,))

. (% gié (T (B(%) B(%2)) —T(B(xl))T(B(xz)))>

(@ (B(ED) +T0"(B(1:))) - (0" (B(r) +T70" (1))

Successive applications of (11) and (13) allow us to shift the term

n

% 25 (TBO)BU) =T (BT (B(x))

=1
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to the right so that

I=lim 0" ((@""(B()) +T"0"(B(#))) -+ (0" () + T"0"(B(1:)))
(S AT B@BW) T BT BG))).

Applying now (9), (10) and Lemma IV. 2 we get
I=w™ (B(A(1, $1)) - B(A(Er, 76) ) 0 (T (B(%) B(%2))
—T(B@))T(B(x)))

and sc
T (B(%) B(%2)) = B(A(0, %)) B(A(0, %2)) + 27 (%1, %2) -

Consider now a general monomial: x= B(y,) ---B(y), 1€ H, L€ N,.
Then

1

0" (B(21) B (%) =, Zn; 15, (B(t)-+25,(B(2).

=1

Let & be the set of all ordered partitions P of {1, ---, £} in non-empty
sets: P={4,, -+, 4.} where 4;= {nj1, -, nj,0,}, 75,402, if u<<v and 7,

<7y <++<ty,. Now we can write

0" (B B@)) =7 X Zn

where Zp=)%7; (B(3:1)) ---i;,(B(%e)) and where Y % denotes the summa-
tion over all j, ---, j, such that j,=j; if and only if » and s belong to a
same element of P. In order to apply 7" we now reorder the terms

of Zp as follows:
Zo= 33 sgn(Pis(Bn, )+ Btn) +in (Bt =+ Bltnys)

n
where 3% means that the summation is restricted to those terms for
sk=1
which s;55s; if 7547 and where sgn (P) is the signature of the permutation
(1 e 4 >
R TNV

By applying 7™ we get

(14 To0" (B (1) - B (1)) =~

nt? PE

sgn(P)Xp

19

where
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(15)  Xp= 33 (T (I B(a))) i (T (I B(a)))

and where

]:[ B(Xa,) =B<an,1> "'B(Xn;,, ) .
a;E4; I

In order to estimate the norm of Xp observe that

k

TF o= 2 (L A=)

Sy, 5 ) Sk i;:%f:il

which shows, by developping the product on the right-hand side, that

27 =2 2l

§ge-Sg Qe
where () is the set of all partitions Q of {1, ---, 4} into non-empty sets:
Q=A{ly, ---, 'y} and X} denotes the summation on the indices si, «-, sk

subject to the condition that s;=s; whenever 7, j& I, for some {1, ---,
g}. Remark that # (Q)<<2k(k—1)/2. Applying this to X, we find

Xp= 33 2o i, (T (I Btad)) i (T (I Ba)))

=Y (@ P) Y,
Qs r=1

where

-

Ye= 3 (I T BGw)))

M
Il
-
g
m
~

wE

and e(Q, P) takes values in {—1, +1} due to the reordering of the factors.
Let for finite 4C N

S =1 if #(4) is even
—1/2 if #(4) is odd.

Then by (10) and (11)

1Y ) <n"eer™ T T [l

T ayESdy

<II 27 T |zl
werl acdy

and
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q

1Xpl=< 25 1L I 27 11 |2, |

=Q r=1 w,&r, Ay, Edy

£
gzk(k—l)/zne(}“)+(1/2)0(P) i];[l ” xi ” ,

where e (P) (o(P)) denote the number of sets in P that contain an even

(odd) number of elements. As e(P) —I—%O(P) _<_—§— and as the equality

only holds in those cases where P is a partition of {1, -+, £} in sets of at
most 2 elements we can restrict ourselves in (14) to such partitions as
n tends to infinity.

Finally let P be a partition of {1, ---,4} in subsets which contain
at most 2 elements, such a partition is of the form {{#}, ---, {Ze-2m},
{Zs—om+1, Lg—amsa}s =" {fe—1, 2y . The corresponding Xp is then of the
form:

Xp= 3 i@ BG))) il (T I, Blre,,))

8y, ---,l‘ m

where 4, is a singleton or a doubleton. Commuting all 7;, of doubleton’s

to the right, Xp can be rewritten as

Xp= 25 4, (T B isy,, (T B, ))) -

S0 Sggm
01y 0m

i, (T (B, ) B, ) v ien (T (B(%,) B(2:,))
where
(16) 1< e <i£—2m: il—2m+1<i¢-—2m+2, Tty i£—1<ily it—2m+1<' . <i4-1 .

Summing over the set P, of all partitions P of {1, ---, £} into subsets

of at most two elements one gets:

Z sgn(P)Xp
1=

=z saP) 3 3 (T Bk, (T B %,,))

1S gm 01y 0m
“ig,(T (B (%iy.yy,.) B(iyy)) — T (B iy, DT (B s,y ,,0))
Toa (T (B (22, ) B(4:)) =T (B, )) T (B (1:)))
where the indices i, :--, 7, satisfy condition (16).

Repeated applications of (9), (11), (13) and Lemma IV. 2 yield
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T=(B@w - B()) = P%_;P sgn (P) B(4(0, x:,)) ---B(4(0, 7:,, )
L (Xi,,,_m,1 > Xi,,_m,z) a2 (Xi,,_x, Xig)

where the indices 17, ---, 7, satisfy (16).

It remains to verify that T is completely positive:
i) L: H>H,: y—A4(0,%) is a contraction as:
s7(A4(0,7), 40, %)) = (T (B(x)) T(B(x)))
<s(% %), rEH.
i) Re £7 (%1, %2) =5 (41, %) —57(4(0, %1), 4(0, %2))
=5 (%1 %2) — 57 (Lgs, Lga), %1, 2 E H.
i) Letx=B(q) +i1AB(%), 1, t.= H, 1eR.
Then by complete positivity of T
T (x*) T (x) <T (z*x)
and so
o(T(x*) T (x)) <o (T (x*x)).
But this is equivalent to
A (5 (Kas %2) — 57 (Lts, Lga) ) + 120 (T (B (%) B(%2))
—T(B(%) B(x)) =T (B (%)) T (B(%2))
+ T (B()) T (B(21))) + (5 (1, %1) — 57 (Lgs, L) ) =0
for all 2& R and so

m 27 (%1, %2) 1°<< (5 Oy %1) — s2 (L, Lgn) ) (5 (%o, %) — 57 (Lige, Lys)) . BB

In Theorem IV. 3 we constructed a g.f.c.p. mapping 7 from
A(H,s) into A (H,, sp) starting form an e.u.p.c.p. mapping 7T  from
A(H, s) into A(H’,s’). In order to end up with a g.f.c.p. mapping
from J(H,s) into JA(H’,s’) we need a natural g.f.c.p. mapping from
J(H,, s2) into J(H’,s’) to compose T ° with. There is now a natural
embedding of A(H’, s") into JA(H,, sp) given by B({)—> B(A(p, 0)), p= H'
and therefore we look for a generalised free conditional expectation I£

from i (H, s¢) onto the subalgebra in Jl(H,, sp) generated by the
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B(4($,0)),peH".

We recall the definition of a conditional expectation. Let . be a
unital C*.algebra and & a unital C*-subalgebra in . A mapping E:
A— B is called a conditional expectation if it satisfies

i) E is a projection onto B,

i) E(x-y)=xE(y), x€ 9B, ye
and

ili) E is completely positive.

It turns out that an arbitrary conditional expectation from a CAR-algebra
J into a CAR sub-algebra of JJ is essentially generalised free as the

following results shows.

Proposition 1V. 4. Let (K,s) be a real hilbert space and K; a
closed linear subspace of K. Denote by j(j') the natural embedding
Srom JA(K,, slg) (A (KL, slkb)) into A(K,s). E isa conditional ex-
pectation from A(K,s) onto j(A(Kiy, slx)) iff
7) E(B(#) - B($,)) =2 sgn(Q) B(P¢y,) ---B(Pgs,)

‘0 (B(Q1—=P)¢y,,) - B(A1—P)¢:,)))

where the summation is taken over all partitions Q of {1, ---,n} in 2
subsets {iy, -+, i} and {ixsy, v, Gy with 3,<oo<bpy L1 <2n and
sgn (Q) is the signature of the permutation

<1’ ey n>

i1y ey in
and where P is the orthogonal projection from K onto K, and o is
a state on j* (A (KE, s|xt).

Proof. i) Let w, be the unique tracial state of A (K, s) and define
a state o of j(A(KY{, s|«t)) by

(18) w(x) =w,(E(x)).
We first show that
(')00E:woij(J(K,,s\KlH@wlj-L(.Jl(K'lL.leiL))

or equivalently



PRODUCT MAPPINGS BETWEEN CAR-ALGEBRAS 489

19) 0, (zE()) = () w(y) for zx&j(A (K, slk))
and yejt (A (KL, slxt)).

We may suppose without loss of generality that y>>0. Consider then the

non-negative functional
x—wy(xE(y)) of j(A(K,, slk))-

Using the tracial property of @, and the facts that any element of a
CAR-algebra can be written as a sum of an even and an odd element
and that w, is even one immediately verifies that z—w,(xE(y)) is tracial
on j(AK,, s|lg)) and therefore a multiple of the unique tracial state of
J(A(K,, slg,)) from which (19) follows.

Consider now a general monomial B(¢,) ---B(@4,) in JA(K,s). Then

B(#y) - B(9s) = (B(P¢y) + B(1—P)¢y)) -+ (B(Pa) + B((1—P)¢s))
=2 sgn(Q) B(P¢;,) ---B(Pps,)
-B((1—P)dy,.,) - B(A—P)¢:,)

where the summation is taken in the same way as it is in the statement

of the proposition. It is then sufficient to check that
(20) E(B((1—=P)¢)--B(A—P)ds))
=0(B(1—P)¢)--B((1—P)ds)).
By (18) and (19)
@, (x(E(B(1—P)¢y) - B((1—P)¢e))
—0(B(A1=P)¢)-B((1-P)¢x)) 1)) =0

for all zej(JA (K, slk)) and as w, is faithful on j(J (K, slg)) (20)
holds.

il) The converse result trivially follows by considering the repre-
sentation of the (product) state w,oE of J (K, s).

We are now in a position to project the g.d.c.p. mapping 77 obtained
in Theorem IV. 3 on a g.fie.p. mapping from A (H,s) into JA(H’,s’).
We choose therefore the conditional expectation F, given by taking in

(17) ® equal to the unique tracial state of j* (A (K{, s|xt)) where
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(K, s)=(H, sp), Ki={A4,0) |y H’} and j and j* have the same

meaning as in Proposition IV. 3. (Note that (K, sf|x,) is isomorphic to

H

’,s")). As the tracial state on a CAR-algebra is generalised free I,

will be a g.f.c.p. mapping. Finally composing 7'” with E, and using the
natural embedding of J (H’,s’) into J (H,, s?) a straightforward com-
putation yields a g.f.c.p. mapping T, from A (H, s) into A (H’, s”) given

by

and

T (B(#)) = B(Kéy)

T..(B($,) B(¢:)) = B(K¢,) B(K¢s) + to. (b1, §2), &1, oEH

where K: H—H’ is the contraction uniquely determined by the form

s'<¢,K¢>=§w<{B<¢>,T<B<¢>>}> on H’'xH

and where

[1]

[2]

[3]

[4]
(51

L (B1, $2) = (5 (b1, ) —5" (Ky, K¢2))
+—;~w(T([(B(¢1), B 1) — [T (B($)), T (B(4) D).
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