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Transformation Theory for
Anti-Self-Dual Equations

By

Kimio UENO* and Yoshimasa NAKAMURA**

Abstract

An infinite-dimensional Lie algebra acting on solutions to the anti-self-dual equa-
tions on a four-dimensional Euclidean space is derived by means of the Riemann-Hilbert
problem. Three types of Bicklund transformations are considered in the framework of
the Riemann-Hilbert problem.

§1. Introduction

In recent years remarkable progress has been made in studies on
nonlinear field equations, and two possible approaches have been proposed.
The first one is the symmetry theory which includes soliton theory and
Bicklund transformations. The second one has arisen from algebraic
geometry.

In investigations of the symmetries, certain two-dimensional field equa-
tions have been found to admit infinite-dimensional Lie algebras: Kin-
nersley and Chitre [11] revealed that the Kac-Moody algebra 8[(2, R)
QRR[&,&7'] acts on solutions to the stationary axially symmetric gravi-
tational field equations. This Lie algebra originates in certain symmetries
of the field equations. Hauser and Ernst [10] exponentiated all of these
infinitesimal actions and constructed the transformation theory by means
of the Riemann-Hilbert problem. Following their method, recently Ueno
[15] has shown that the Kac-Moody algebras gu(n) QR[, {™*], and 8o (1)
RR[E,&7'] act on solutions to SU(n), SO (n) chiral fields, respectively.
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We think it very important to extend these approaches to four-dimensional
gauge fields.

Apart from these studies on symmetries, a great deal of progress has
been made in the problem to find particular solutions to the gauge field
equations, such as the instanton soluitons. Atiyah and Ward [1, 19] found
that all the informations of SU(2) (anti-) self-dual Yang-Mills fields
can be coded in a certain analytic vector bundle on P®. Their approach
arises from Penrose’s twistor theory, and is closely related to the Riemann-
Hilbert problem.

In the soliton theory, Zakharov et al. [3,21] made use of the Rie-
mann-Hilbert problem to obtain the exact solutions to two-dimensional
field equations. On the other hand, Dolan [7], by making use of the
method of variations, discovered that the hidden symmetry algebras of
chiral fields are the subalgebras g®QRI[{] of Kac-Moody algebras, and
relevant discussions are given by Devchand and Fairlie [6], Chau et
al. [4].

The purpose of this paper is to propose a transformation theory for
the anti-self-dual Yang-Mills fields on a four-dimensional Euclidean space
by means of the Riemann-Hilbert problem. The resulting infinitesimal
transformation group is isomorphic to gl(n, O)®C[{, (7', wy, w,]. Further-
more we will discuss three types of Bicklund transformations as applica-
tions of the Riemann-Hilbert transformations. They are different from
known Bicklund transformations (Prasad et al. [13], and Corrigan et al. [5]).

This paper is organized as follows: In Section 2, we will first review
fundamental results on the anti-self-dual equation. The linear equations
of Zakharov-Shabat’s type associated with this equation will be also dis-
cussed. In Section 3, we will show the transformation theorem by using
the Riemann-Hilbert problem, and will present the infinitesimal Riemann-
Hilbert transformations. Also we will find the infinitesimal transforma-
tion group to be isomorphic to gl (n, C)XC[{, {7, wy, w,]. In the sub-
sequent sections, Bicklund transformations of three types will be con-
sidered as applications of the Riemann-Hilbert transformations. The first
one gives 't Hooft’s instanton solutions (§4). The second one derives
the Atiyah-Ward ansatz (§ 5). The last one keeps the reality of gauge

potentials and generalizes the transformation given by Belavin-Zakharov
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(2] (§6).

In the recent letter [16] we announced the results of the present
paper. Here we will discuss more fully the derivation of those results
and will report further developments.

The authors are deeply grateful to Professor Mikio Sato and Pro-
fessor Masaki Kashiwara for many stimulating discussions and useful sug-
gestions. One of the authors (Y.N.) also wish to thank Professor Mineo

Ikeda for his encouragements.

§ 2. Preliminaries and Linearization Problem

for Anti-Self-Dual Equations

First of all we discuss the anti-self-dual Yang-Mills fields on a four-
dimensional Euclidean space with the coordinates (z', 2°, 2% =*). Let B,
be gauge potentials (2 7 matrices), and F,, gauge field strengths, F,,
=0,B,—0,B,—[B,, B,], for p#,v=1,---,4. The anti-self-dual equations

are a system of nonlinear equations defined by
2.1) *F,=—F,

where the symbol * stands for the Hodge’s star operator in R*. If some
solutions B, are anti-hermitian and trace-free matrices (that is, they be-
long to the Lie algebra 8u(n)), are referred to as 8u(n) gauge poten-
tials. However, in this paper, we should rather think B, to be analytically
continued into the complex space C* where x* are complex. That is,
B, are nXn complex matrices defined on C* Let us now introduce com-

plex variables v, ¥, 2, 2 through

Then the anti-self-dual equations reduce to three independent equations:
(2.2) Fz/z:():FﬂE’

(2.3) Fy | I;=0,

where [7,,=0,8B,—0,B,— [B,, B,] and B,=DB,—iB,, By=DB,+iB, and so
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on. The equations (2.2) can be easily integrated as follows:
2. 4) B,=D"%9,D, By;=D"'9;D,
Bz= D—lazD N B,—,ZEAOED— .
Here D and D are GL (%, C)-matrices. This idea was first presented
by Yang [20]. Furthermore an important observation was made by Pohl-
meyer [12] and Prasad et al. [13]. Let us define a GL (#, C)-matrix
J by
(2.5) J=DD™.
Then the second equation (2.3) leads to a single equation for J.
(2.6) 0y (J10yJ) +0;(J710.J) =0,
or, equivalently,
(2.6)’ 0y (0gJ -J ) +0,(0;J-J 1) =0.

Conversely, for a solution J to (2.6), we can reconstruct gauge potentials
through (2.4) and (2.5). Thus the equation (2.6) is equivalent to the
original equations (2.1). We simply call (2.6) (or(2.6)") the anti-self-
dual equation in this paper. We remark that it is easy to obtain an

SL (7, C)-solution to (2.6), because we have the following lemma.

Lemma 2.1. Suppose J be a solution to (2.6). Then
J=(detJ) " J

is an SL(n, C)-solution to (2.6).

If B, are 8u(n) gauge potentials, we can take D to be (D) ™' for
real x, (T denotes the hermitian conjugate). Then J is a positive definite,
SL (n, C) hermitian matrix.

For a given solution to (2.6), other manners to reconstruct gauge
fields are known. For example, let us consider the case of n=2. For

SL (2, €)-solution J, parametrizing J as

2.7 J~f—1<1 -
en - fg_eg),

we obtain gauge potentials
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where f,=0,f, and so on. The so-called 't Hooft’s ansatz means to set
e=f=g in (2.8) ([14]).

Our transformation theory is established through a system of linear

2.8
B, =f‘1<

differential equations whose compatibility condition gives (2.6) or (2.6)".
The existence of such a system is insured by symmetries of the equation
(2.6), and provides a starting point in our theory. Such a linear system
for (2.6) has been firstly derived by Pohlmeyer [12]. However our
system is a little different from his. First we introduce linear differential
operator D, (£=1,2) through
(2. 9) Dl :C_lag‘l‘ ay 5 Dzzc—laﬁ"‘az s
where & is a complex parameter. Set
(2. 10) AlzaiJ-J_l, AgzagJ'J_l .
Then the anti-self-dual equation (2.6)’ reads
(2.11) 0.A,+0,4,=0,

05 A, —0;A,+ [A,, A,]=0.

Bearing this fact in mind, we have the following proposition.

Proposition 2.2. (A) Suppose Av=Ar(y,5,2,8) (E=1,2) be
nXn matrices. The compatibility condition for the following linear

systent,
(2.12) DY () =CTAY(©), (k=1,2),

gives the anti-self-dual equation (2.11).

(B) If the linear system (2.12) is compatible, and Y ({) =
Y(v,9,<,8:8) is a fundamental solution mairiz to (2.12), and holo-
morphic near £ =0, then a solution J to the anti-self-dual equation

(2.6) is given by
(2.13) J=Y(0) =Y ¥,25;:8) o -



524 K. UENO AND Y. NAKAMURA

This proposition shows us that a transformation on a solution matrix
to (2.12) induces one on a solution to (2.6). This point is crucial in
our theory. In fact, this consideration allows us to achieve the trans-

formation theory by making use of the Riemann-Hilbert problem.

§ 3. Riemann-Hilbert Transformations

After the idea in the previous section, we consider the Riemann-
Hilbert transformations and the infinitesimal Riemann-Hilbert transforma-
tions for the anti-self-dual equation. Let Y ({) be a fundamental solution
matrix to (2.12), and C an analytic curve in the complex {-plane en-
circling the origin such that Y({) is holomorphic in CUC.. Here
C, (C.) denotes the inside (resp. outside) of C.

Consider the Riemann-Hilbert problem to find matrices X. ({) holo-
morphic and invertible in CUC. satisfying

(3.1) X (O=X.©OHO®, ¢=C,

and the normalization condition

(3.2) X_(o0)=1.

Here H({) is defined by

(3.3) HQ=YQuQ)Y®™,

and #({) is a GL(n, C)-matrix analytic on C such that Du({) =0 (&

=1,2). This implies that «({) is a function in &, w,, w, where the

variables <, w, are introduced through
(3.4) w =2y, w=y+{"2.

Also notice that [J#(f) =0, where ] is the four-dimensional Laplacian,
ie. [1=0,0y+0.0;.

We assume that there exists a pair of fundamental solution matrices
X. (€) of the above Riemann-Hilbert problem. We note that, when « ()
is very close to the unit matrix, this problem actually has the solutions.

Let us define

X, ©OY©® in C,,

(3.5) Y@= X_©OY®u®" in C_,
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and
(3.6) A= At 0, (0uX-um),
A= 4,0 (0uX-|umo),
where w=_"!. The reconstruction of the anti-self-dual solution is guaran-

teed by the following theorem.

Theorem 3.1. The matriz Y (&) is a fundamental solution

matrix to the equations
3.7 DY@ =¢AY©) (k=1,2).

Therefore J=Y (0) =Y (v, ¥, 2, %; &) le=o s a new solution to the anti-

self-dual equation.

Proof. Since #({) is annihilated by the operators D, we have
DX, - X7+ ' X, AX =D X_- X'+ X_A X
Set X(€) =X.() in C.. The above equations show us that
DX (@) - X T+IX @ AXO ™

are rational functions in { and have a simple zero at the infinity. Con-

sidering the Laurent expansions at the infinity, we have
DX (@) =CAX Q) —CTX Q) Ar

Thus the theorem is proved. Q.E.D.

Remark. If both J and «(¢) are SL(n, C)-valued, so is J.

Next we give a rough sketch of constructing the representation of
the infinitesimal Riemann-Hilbert transformations. The procedure of the
proofl is almost the same as in the references [10], [15]. See them for
the details.

First we rewrite the problem (3.1), (3.2) into the Fredholm in-
tegral equation ([10], [15])

(3.8 Yo(1—K)=Yu"

where the integral operator K is defined by
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d¢’
;t/

(a;ozx)@—"_j O XY Q)

—u@)YE)TYQu@) T}, CeC.

Solving (3.8) by mean of the Neumann expansion, we see that Y ({)

is approximated as

YO~(Tube@+K)) (&)

_ -1 1 dC' ’ 7\ —1 7 —1
=Y ©u® o [ S @uE) Y @)Y ©

Y ©u®™}, feC.

Substituting «(£) =exp v({) into the above equation, and neglecting the

terms of higher order in v({), we get

dt’
cl’ —

Y (@) v @)Y )Y}, CeC.

TO~Y©-Y©Ov© + L j O

Since the integrand in the above equation is analytic at £’ =, the vari-

able £ can be analytically continued into C,. Then we notice that

d¢’ ac¢’ ’
jc Y(©ov(©) = jc Y (@) v (), CeCs.

To sum up, we obtain
(3.9) Y(<:>~Y<c>+_jdc'Y<c Yo ()G &, L)

_1 dac’

Y e, CeC,,

where G(£’,&) is defined by

GE, 0 =

“1C Y (€)Y (©) —1}.

Let Y™ and G™™ be the coefficients of the Taylor expansions of Y (&)
and G(',0),

}7 (C) — 12) Ir(n)cn’ G(CI’ C) zmﬁz‘loc(m,n)clmcn .
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From (3.9), we sce that, by the Riemann-lilbert transformation Y ({)

>Y (&), the coefficients Y™'s are infinitesimally transformed as follows;
3.10 Y™ SY®™— 3 Y @gye-m
3.10) Py

Y(P).v(lﬁ-q +1)G(Q; n)
0

+

ML

3

where v‘“:EI—_J‘dC"v(C’)C’P_‘. We call (3.10) the infinitesimal
Tl JC

Riemann-Hilbert transformation ([15]).

Furthermore we set

3.1 7 (=YY €)= 370,
G, O=5" - LY EH Y ©)

o
Z (m mgsmen
m,n=0

The following lemma is crucial in our procedure. Since the normaliza-
tion point (the infinity in this case) is different from the one in [10],

[15], we need this lemma.

Lemma 3.2, The coefficients G are infinitesimally transform-

ed by the Riemann-Hilber: transformation Y (§) —>?(C) as follows;

(3.12) GOmGOm — S1GONye-m | 31 GOny @G
=0

,4=0
Proof. By (3.10), we see that Y™ are transformed as follows;

PO (YO - STy @@ 3] y®p@iasnGany -1

p=0 P,q=0

X {Y®™ — i Y ®gte-m i Y @g@ranGamy

p=0 2,4=0

00

Z P).v(P) i p),v(ﬁ+q+1)G(qyn)}
q=

p=0 P,q4=0

Il

x Y™ — ZY‘“?}“’ " 4 Z YmrperanGamy

,9=0
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o~ oo —~ Ld
=Ym_ S Yogw-n Pwrgetatd) gGam)
Py 2 {

pi7=0
_G@vPm) 1 i PoymPm
#=0
Here we have neglected the terms of higher order in v'”. On the other
hand, by the definition (3.11), we have
Gom=Y™ for n=0,
G™m™ =Gm-tm _Gm-t0P®  for  m>1, n=>0.

Thus we obtain the infinitesimal transformation

GO oGOm— Y1 GOnpe-m . 31 GOngEtanGatym
=0 p,94=0

ad — _
-+ G(o; P)U(p)G(o' )

=GOm -~ Y1GOnpe-m 31 GOngetoGen  QE.D,
p=0

p,9=0

Especially let us consider an infinitesimal transformation associated
with v({) =v{™" where v is a constant g[(#, C)-matrix and kis an posi-
tive integer. Following the method developed in [15], from (3.12),
we get the generators for the infinitesimal Riemann-Hilbert transforma-

tions,

PN —~ ~ —~ ko —~
(3 13)k G(m,n)__)G(m,n)+vG<m+k.n)_G(m.n+k)v+ Z G(m,j),vG(k—j,n)

T=1
for k=0, m=0, n=>1,

and
— — —~ —~ k-1
(3 13) —k G(m,n)__)G(m,n) +vG(m—k,n) __G(m,n—k)v+ Eam,jvak—j,n

for k=1, m=0, n=1,

where 0 is Kronecker’s delta. In the right-hand side of (8.13)_,

G™™ with negative indices is defined by
Gm™m™=_G-mm =1 for mz=1,

G™™ =0 for other negative indices.
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o —J

We identify ©&™" with the infinitesimal transformation (3.13), (k€ Z).
In general we can naturally regard an infinitesimal transformation induced
by v(§) =vl *wfwk as a linear combination of (3.13) where v is a

constant matrix and &, &, b, Z, kb, ,,=>0. In other words,

vl Pk
ky ) ks )

holds as an infinitesimal transformation.

Set
g=span of {v *wiwilvegl(n, C),k, b, ks Z, k;, 1,0} .

Then we find g to be equiped with a structure of a graded Lie algebra.

We have the main theorem.

Theorem 3.3. As a graded Lie algebra, g is isomorphic to
(3.14) gl (n, ) QCIL, L7, wy, w,].

That is, the generators v& *wiiwk:, v’ & 7witwit satisfy a commutation

relation
[v€ Fwiwie, v’ wiwit] = [v, v’ ] F Twi rwprt e

Here the bracket in the right-hand side is one of Lie algebra
gl(n, C), and the bracket in the left-hand side is defined for two

infinitesimal transformations.

The Lie algebra (3.14) is more complicated than the ones for the
stationary axially symmetric gravitational field equations, or chiral fields.
In fact, the Lie algebras (the infinitesimal transformation groups) for
these equations are 8ym(2, R) QRI[E, 7], and su(n) QRI[E, '] (see
[10], [11], [15]). Independently of the authors, Chau et al. [4] derived
the infinitesimal transformation group gl(zn, C) QC[{] for the self-dual
equation by use of the method of Dolan [7]. Forgécs et al. also men-
tioned an invariance group for the self-dual equation in [8]. The link
between our Riemann-Hilbert transformations and the method of Dolan

and Chau et al. is discussed in [18].
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§ 4. Construction of ’t Hooft’s N-Instanton Solution

In this section we consider the Riemann-Hilbert transformation (3. 5)

induced by

. N a; bj Cj
(4.1) u(’5>—1+§<c_a,.+c—ﬁ,- +C-Ca->P’

a;=a;/(2—%;), b;=b7/(5—5,,

a;=—5;)/(F—%;), Bi=—(2—2;)/(F—75,).
Here a}, b}, cj, v5, %5, ¥, Z; and &; are complex constants and P is a con-
stant matrix such that P’=0. We assume «; (; and {; to be mutually
distinct and located in C,. It is possible to obtain the solution X. ({)
to the Riemann-Hilbert problem to (3.1) and (3.2) associated with (4.1)
by an elementary operation of linear algebra. We call (4.1) an algebraic
Riemann-Hilbert transformation (Bicklund transformation).

We have the following theorem.

Theorem 4.1. Let Y () be a fundamental solution matrix
to (2.12). Then the solution matrix X. () to the problem (3.1)
and (3.2) with u(€), (4.1), takes the form

Ll R; S T
4.2 X_ =1 7 J 7).
4.2 ©=1+ fg(c—a, gt c—c,->

Here Ry, S; and T; are given by solving linear equations
(4 3) (Rh "',RN, Sl, ...,SN’ Tl, .oy TN)W
=@V, -, anV(aw), bV(B), -,
bV (Bw), et V(&) -, enV(Ew)),
where W= (W) o,.1<s is a 3nN X 3nN matrix and
Viay =Y(ay) PY(a)™

and so on. Each (ij)-minor block (i,j=1, -, N) Wb of W* s

W =B Vay, i+, Wi=1-a,V (@,

i J
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W =2 _V(a,), W= Via,),
Bi—a; i—
we=—bi_v@), wo=_t_v@), ath,
a; ‘_'Bj i Pj
WP =1-b; v B, WHP= bjﬁ_v €,
i My

W =—S1V (), WP=_SV(E),
i ai_C]‘ (f) ij ﬂi'—Cj (j)

WP =5 2V, D), WP=1-e,V (),
1T %]

where V (a) =Y () PY (@) " and so on.

Proof. Since
X, =X_(OH®™

{1+§=;:( TR A — )}Y(C)

L—a; C—8; £-¢;

{ i“<§_a1 + Cijgj + C_céj )P}Y(C)‘l

must be holomorphic in C,, the coefficients of ({—a;) % (£—8;) * and

(€—C,) 7® vanish. So we obtain
(4. 4) R;V(Ctj) :O 5 S]V(Bj) :O ’ ij(cj) :0

Also the residue of X, () Y({) at {=a; must vanish, so that we get

V(e

(4.5) R,(1—a,V(@,)) + i
i%l

j

N

+a 02 T V@) =avi@).
=S\f—a; Ci—a;

Similar equations as above are true for { =0, ;. We observe that, since

P*=0, the first of (4.4) follows from (4.5). Equation (4.3) is equiv-

alent to (4.5). This completes the proof. Q.E.D.

As an application of Theorem 4.1, we construct 't Hooft’s N-in-

stanton solution of SU(2) anti-self-dual equations. We introduce 2X2
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matrices ¢° (£) through

1+490(0) 49D =40 - a;
g9 (&) = 1+¢9(0) 1+¢%9(0) At _q,

0 1

0<i<N-1, where &; and a; are defined as in (4.1), and

¢
(=73 + (z—=y) ’

1<i<N. Obviously D,g®(£) =0 and ¢ (0) =1. Set

0@ =0, =

’ 0 1
4.6 u () =1+_2_p, P=< )
(4.6) © T—a, 0 0
1<<j<<N. For a trivial solution Y® =1, we carry out successive trans-

formations defined by

4.7 Y0 =Y ©e? @,
(4 8) "Y’(j-(—l) (C) — u(jn—l) (;;) oy(j) (C) ,

0<j/<N—1. Here the symbol #Y"Vo denotes the Bicklund transforma-
tion induced by #Y*". The solution Y (&) is obtained by multiplying
Y () into g? ().

We have the following proposition.

Proposition 4. 2. The fundamental solution matrizx Y™ () gives
a solution
J® =Y (0)

\

1 -3 4 )

F(y—9;)(3—3;)+ (z—2)) (—%;)
0 1

Il

Proof. The proof is done by induction. First we calculate Y® (¢).
By Theorem 4.1, the Bicklund transformation induced by #" (&) is

TO@ =XOO) Y Q) ©) ",

where X® (&) =1+ R,/ (€ —a)), and
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0 1
Ri=aY® (@) ( C )Y@ O

% {1 _ alY“” () < g (1) >Y(°) (o) ,1} -1

( 0 1+¢%(ay) )
=a, .
0 0

Hence we obtain

5 1+¢0©) 2 (4D () —4®(0))
Yo = -

0 1

We show that, in general,

(4.9) Y® (&)

1448 Z (¢”’(af) ()

0 1

by induction. Suppose that we have proved the kA-th induction step.
Multiplying Y® (&) into g® (&) gives

144(@) 31— (39 (@;) — 4% (D)
Y& (@)= Fe-ay :

0 1

By Theorem 4.1 and the assumption of induction, the Bicklund trans-

formation induced by «**"({) is
i’r(lcﬂ) (C) = X ®+D (C) yw (C) 2D (C) -1 ,
where X®*P © =1+ Rk+1/ (€ — k1), and

< 0 14g*™ (a,m))
Rlc+1=ak+1 .

0 0

So we obtain

~ 1 2T (1+¢(k+1) (a“l))
Y (g) = C— Qs

0 1
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L) 319 (69 (@) —4* ()

% Rnf—qa;
0 1

1 . Cry1
X C— iy

0 1
1+4E0 Q) 3% (g (@) — 45+ ()

_ = {—a; .
0 1

Thus we have proved (4.9) for any 1<<{A<<N. Substituting {=0 into
(4.9) (k=N), we get J*. Q.E.D.

By a simple transformation

J@ = ja <_ 1 —1>,
1 0

we derive 't Hooft N-instanton solution (see [14]). In the parametriza-

tion (2.7), it is represented as

=f=¢g=—1{1+ 3 a’j _l'
e=f=0=— E(y—y,w—m+<z—z,-><f~ff>}

We observe that this solution has 5N arbitrary parameters.
y P

§ 5. Atiyah-Ward Ansatz

As an application of the Riemann-Hilbert transformation (3.5), we
discuss the Atiyah-Ward ansatz [1], [19] studied by Corrigan et al. [5].
Let Y(£) be a fundamental solution matrix to (2.12) holomorphic
near £=0. For Y({), we consider the Riemann-Hilbert transformation

induced by

0
C >=CE)+C—1E3.

(5.1) 0=, o

00

(10 5 _
Here El—<0 O>’ E2—<O 1
plier matrix X_({) takes the form

>. In this transformation, the resulting multi-
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5.2) N (&) =1+C7'T.
Let Y (©) be the resulting fundamental solution matrix,
(5.3) YO=X©YQOu®".

Denote Y, and Y, be the coefficient of the Taylor expansion of Y (&)

and Y’(C) , respectively,
(. 4) . Y(C) = 1;0 Y., Y,= (.Yn,ij) 1<i,i<2 »
? (C) = ;0 ?ncn, ?n = (Sin, ij) 18, <2 -

Substituting (5.1), (56.2) and (5.4) into (5.3), we have

Y () =C T Y By C (T Y, Ey+ Yoy + Yo Ey+ T (Yo + Yo E)
+ Zl {YaitBa+ Yo B+ T (Y Ei+ Yo E) ™.

The condition that the coefficients of £™% and ™' in the above Laurent

expansion should vanish uniquely determines the matrix 7.

Proposition 3.1. (A): The matrix T is given by

(5 5) T = 1 <yo,1zyo,zz - (yO,lz)Z

' 4 (3’0,22)2 — Yo,12Y0,22/ ’
where
(5.6) A= ,15¥1,20— Y1,120, 22 -

(B): The coefficients ¥,.; are expressed as follows;
(5.7 Vou=47"Y12,
V11 = Y-+ A_lyo, 12 (Yo, 22¥n, 11— Yo, 12¥n,21) »
Vo= A—IS’o.zz >
Voot = Yo-r.m+ 47 V0,00 (Vo 22V 11— Vo, 16V, 21) »
Va—1,10 = Va10 F d—l.\'u, 12 (Vo,22Yn+1,12— Vo,10Yu+1,22) »
Vo100 = Vaa - Y/ T (Yo,20¥n 1,127 Mo, 12V 11,22)

Jor n=1.
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In the next stage, we will apply this proposition to study the Atiyah-
Ward ansatz.

First we review the Atiyah-Ward ansatz. For the construction of
instanton solutions of SU(2) (anti-) self-dual gauge fields, Atiyah and
Ward [1], [19] considered an analytic vector bundle of rank 2 on P’
with a transition matrix
¢ o(f:)>

(5. 8) g(y,y,z,%;C)=<O ¢

Here [/ is an integer larger than 1 and 0(&) =po(y, ¥, 2,%;{) satisfies
Do(¢) =0, (R=1,2). Decomposing ¢ ({) as
(5.9) g =YY ©0,

where Y (&) (Y7 (£)) is a matrix function analytic away from £=0
(resp. £ =00), Atiyah and Ward showed that Y*({) solve the following

linear differential equations
(5.10) DY® () =—(By+{'B) Y (€)

Dzy(i) (C) — (Bz“C_IBy) Y(i)(c) .
The compatibility condition of these equations is equivalent to (2.3).
Atiyah and Ward claimed that the decomposition (5.9) yields /instanton
solutions. The so-called Atiyah-Ward ansatz 4, means the (anti-) self-
dual solution given by the transition matrix g({) with /. It should be

noted that our fundamental solution matrix Y ({) to (2.12) is related
to Y (£) by

(6.11) Y& =Y (c0) 'Y () .

Hence the solution J; to (2.6), corresponding to the ansatz (4, is given

by
(5.12) J =Y (00) IY(0) .

Taking this approach further, Corrigan, Fairlie, Yates and Goddard
[5] succeeded in writing down the (anti-) self-dual solutions of the ansatz

A, by using the expansion

PO = 3 Tl
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Since the condition Do (£) =0 yields 0;T,= —0yTy-1, 05T =0,Tn—1, each 7,

satisfies [Jr,=0. In our notation, their results are following: Let J;

‘ T_1+17°°To
To N
‘L’ 1+2° fo 7-' 1+1° fn
Jl,21=('—)1+1
To TL 2| ,
‘-L-_L...ro
Jiyp= (=)
To Ty ‘
. ‘T—-H—Z"'Tl T_1+1°"To
Jt,zzz(—) : : : :
‘71 Ty To T .

Let us shift the index of J i as

Tmet"** T Tmets1 " Tm
G.14)  Jm=(—) / :

= (J, 1) 14,j<o - Then

T—-L"'T—l
(5. 13) Jt,n:("‘)l : :

T 752

T_1+1""To

To T,

Tm—1"""Tm+i-2 Tm o Tm+io1],
. Tm—1+2"""Tm Tm—1+1"""Tm ‘
Jg'g: (—) 1 : : : .
Tm o Tmti—2 Tn o Tmsi—t1 ‘ 5
oy Tt T ’ ;rm e Tm |
Ji= (=)™ ¢ : :
Tm "'Tm-Hl /Tm 7-1n+l 1
;rm—l+2"'rm4l\‘ Tm—1+1"""Tm ’
(m)__ l . . . . |
Jip=(—)" | : : : |
‘Tml—l "'fm+l> Tm "'fm+l—l1-

Clearly J™ = (Ji%))1<i,j<2 is also a solution to the (anti-) self-dual equa-
tion (2.6) and J®=J,. We call J™ ansatz A{™. Corrigan er al. ob-
tained J; by applying successively simple Bicklund transformations on
([5], §4). We will derive the solution J™ by using the Riemann-
Hilbert transformation induced by #({), (5.1), independently of their
method.
Let Y (&) be a fundamental solution matrix to (2.12) corresponding

to the ansatz A, and set

Y(L+1) (C) =u (C) OY(D (C) ,
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[=0, recursively. Here #({)o means the Riemann-Hilbert transformation
induced by #«({).

We now give the solution Y (&).

Lemma 5.2. ([5]) Let Y®= (y%;)<ij<: be the coefficient of
the Taylor expansion of Y

oo

Y(O) (C) — Z Y;O)Cn .

n=0
Then YO is expressed by using t,’s as

yO=—71_1/t, %=1, yPu=0, for n=2,
3’3?%1=1/fa, y%‘f’m:O, for n=1,

| (
T..1 Tn \ /
yiﬂ’m= [ 7 To, ygs)zzz — Tay1/To .
|

To 7'“n+1 /

(5.15)

This lemma is proved by direct calculation. For the details, the
reader should refer to [5]. In general, the coefficients of the Taylor
expansion of Y can be expressed as ratio of determinants. We have

the main theorem in this section.

Theorem 5.3. Let YV = (y¥:)1<ii<2 be the coefficients of the
Taylor expansion of Y% (),

YO Q= RYve.

Then Y& is written down through t’s as follows:

T Ticpr Timpe1 T To Ty
(5. 16)l yﬁf,)u= (“)HnH :
Tic1Toien—1 Tot—n+1°"" T2 Ty Ta|,
0=n=l+1),

y1(1l,)11=03 (l+2§72),

Ty Tien Ti—n+2 " Tr41

(5- 17)1 y1(1l,)21: (—)l+“

/ ToTy |
I 7, ...sz”

(0=r=D),

T Taueno1 Ta—nrr " Ta
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y;l)m:O, (U+1=mn),

L i e LTO"'fl{
(5.18),  yPu=(—)" P : A

1Ty Ty 7-'2L+n+1 T Ta
™ lty 7y fz+n+1 ’To""fz i
(5.19), yPn= (=) ¢ : .
Tyegte fzz Tzwnq "Tzzl

Set 4,= Vo 123’1 22 quzyozz, then
To Tist / To Ty |
[ Tis1 " Tase Ty " Ta

Before proceeding to the proof, we prepare the following lemmas

(5. 20)[ AL=

in linear algebra.

Lemma 5.4. ([9], p. 31) Let M be an nXn matrix and

A<227> a minor determinant defined by striking out the i,-th, ---, the
ook

i,-th rows and the ki-th,---, the k.-th columns of M. Then

(5.21) IMI-A@)=4</§>"<{>—A<§>A<i>

holds for i<j, k<l
From this lemma, we have

Lemma 3.5. The following identity holds:

At Qu | | A Ay_p t’lzz_n+z"‘dzz+1i

(5. 22)

ﬂu"'(lul A Qu—n  Qu-_n+2 " Qi+

Qi Qur1| | Qo Qo—pn  Aopig Az

-+

Qg Ay Qi Qu_pn  Qu-ai2°tAy

1 Qu-—n  Ql-ny2"* A+t Az Ay

Ay Qu-n Qu-nye " Qui1| Au-apn|,

1<a<I+1.
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Proof of Theorem 5. 3.

is done by induction.

We only show (5.18); and

cause the other equations can be proved in the samec way.

First let us derive (5.20),.
accomplished. Substituting (5.18), and (5.19), into the definition of 4,

we have

E T

ALZ —_

I . .
T T

+

f—l. ..

"L‘l “ee

.-.fl

Ti-1

Ta

‘L'-l . f.z T.l+2 ;

f'z+1"'f.2L T'zz+z
T.L+1 T.l . 'T_z+1
T.2z+2 f.t+1"'f'2z+1

Then by Lemma 5.5, we prove (5.20),. It

general formula

To

can be derived by a similar method.

(5.23) Y80y — Py

@)

Tien

Ti+1 T+ Toltn+1

z‘o...
Ty o

T

T
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(5.20); be-
The proof

Suppose the /-th induction step has been

/ To Ty 2
Ty Ty .

should be noted that a

Next we proceed to the proof of (5.18);.;. By Proposition 5.1,

(1+1)

yo1s’ is given as follows:

@+1) __

! —1,,(
Y12 _y'st-)yl,lz'—dl yé,iz(y

[OINIO]
0,1

i 1
2Ynlte,02 yﬁlz, 123’3, %) .

Substituting (5.18), and (5.23) into the above equation, we get

dyeD=(-)"

1 T.—l' . 'f.l

‘ Ty " Ta+1

To " Tip |

s

Tirn+e /To"'fz :
Tiv1""Ta+1r Tou+n+s Ty Ta .

ToerTarve| | T1 oo

To1''Tict Titn+1 ‘

T

Then by Lemma 5.4, we prove (5.18),4,.

Let us define

J(l) — )7&1) — Y(l) (0) .

Tau

|

Torsn 21

Q.E.D.

Comparing J{™, (5.14), with (5.16),~(5.19),, we see J* is equivalent
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to JI of (5.14). That is to say, our Riemann-Hilbert transformation

(5.1) produces the ansatz A&, from the ansatz AO.

§ 6. Reality Conditions

As we mentioned in Section 2, for 8u(n) gauge potentials, a matrix
J is required to be positive definite SL (n#, C) hermitian on the real sector.
Therefore, it is important to establish solution generating transformations
which keep the reality conditions. In this section, we discuss a degener-
ate Riemann-Hilbert transformation preserving the reality. Belavin and
Zakharov [2] studied such degenerate transformation to construct 't Hooft’s
instanton solutions. Their trans{ormations were formulated in the SL(2, C)
case only. In what follows, we will generalize their approach to the
SL(n, C) case. We remark that our transformations do not necessarily
retain the positivity of solutions.

Let Y(£) be a fundamental solution matrix to (2.12) and J= Y (0)
be hermitian on a real Euclidean space defined by y=3* and z=1<*
(* stands for the complex conjugate). Henceforth we will work in the
real Euclidean space.

The degenerate Riemann-Hilbert transformaion takes the form
(6.1) YO =X©OYO®,

where X(§) =X (v, ¥*, 2,, 2%;{) is rational in { and is required to satisfy

a normalization condition
(6.2) X(o0) =X (y, %, 2, 2*; )0 =1.

This transformation is based upon the idea proposed by Belinsky and
Zakharov [3] to study the gravitational field equations. We have the

following lemma.

Lemma 6.1. Set J=Y (0). If J is hermitian and X()-
JX(—C* N is independent of &, then

(6.3) J=X©)JX(=¢&* N, J=J".

Here T denotes the hermitian conjugalte.
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Proof. From the assumption, we have
X JIX(=8*)'=X(0)JX (o0)".
Since X(o0) =1 and J=X(0)J, we get the first assertion of (6.3).

Similarly we obtain
X JIX(—E*)'=X(0) JX(0)'=J".
This completes the proof. Q.E.D.

Let us consider the degenerate Riemann-Hilbert transformation given

by
6.4 x@©=1+3 K 5 L

=t L— Cj =1 Le¥—y—L2f+y,

N, Mj

=t Ly* +z—Cy§‘+N2—zj+Nz ’

N, ’ N, ’
X@©" 1—1+Z KC* R Cy*+zijy}“—zj
N, M;

+ 2]
ety —Cetw, F Viam,

where {; y; and z; are constants. Let us set

_ Y-y Z—2;4N
Oy=— f;; B;= e j+*’ .
* —27 Y

We assume that £;, —&¥ 7, oy —af™, B and —fF¥"' are mutually dis-
tinct. If X(&)JX(—&* ™)' and

DY @)Y '=DX(©@) - X +LXQ) AXO

are holomorphic at the poles §;, —C¥ 7!, a;, —a¥™, B; and —F¥ ' (or
equivalently, they are independent of ), then the transformation gives
a hermitian solution to the anti-self-dual equation (2.6). Since the res-
idues K;X(£) ™', LiX(ap ™, M;X(By) ™" of X(O)X()™" at {=C; ay By
must vanish, K;, L; and M; are degenerate matrices. We also assume

that these matrices are of rank 1, that is,
(6.5) KjZSj LPj, Lj:Tj tQj, M=U] LRj,

where P;, Q;, R;, S;, T; and U, are n-dimensional column vectors and
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'P; denotes the transposed vector of P, We remark that
(6.6) PN T ="ON(E) T ="RX(E) T =0.

We have the following theorem.

Theorem 6.2. Let us define P;, Q;, Ry, S;, T; and U; by

6.7) ‘Pi="pY ), Q=" Y () T,

‘Ry="r;Y(B) ",
(6. 8) (Syy =+, Sy, Tay oo, Ty, Uy, -, Uy) Z

= (JPF, -+, JP§,, JOF, -+, JOF,, JR¥, ---, JRE).

Here p;, q; and r; are column vectors such that
(6.9) Dy ps= Diwapq;= Drwpr; =0,

Dy, =6710;+0,, Dyy=£6"05;—0,.

Z: (Z(ij))lsi,jga is a 3(N1+N2+N3) X3(N1+J\T2+N3) matri:c u‘hose
(2, ) -block Z? = (Z{?) 1gkgw,r 11y, 15 given by

tP.JP¥ P JOF
6. 10 Za _ I gan W
©.10) S N S e 14
Z — *PyJRF , Z@— *QJ PF ,
B+ (z—2F) (GF " +aw)
70 _ *QrJ R
Kkl — * *—1 >
(z—2f) (aFf '+ an)
70 *QuJ Rf
kKl — * *—1 | )
(z—=2F) BF ' +aw)
ZeD — 'Ry Pf ,
(y—y%.40) (CF 4B
. ‘R.JIQF
(v—yF.e) (@ 4B
Z8 = ‘ReJRE

(y—9%.0) BF+B8)

where P¥ denotes the complex conjugate vector of P;. Then j——-X(O) J
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is a hermitian solution to the anti-self-dual equation.

Proof. To begin with, let us consider the condition that

DX(©) - X&) THETXEQ) AXO T

is holomorphic at £=¢,;. This requirement is equivalent to

(6.11) Dy K- X (C) 7+ KAX () 7=

Notice that, by (6.6),
Dy K+ X () 7' =S8 (Dreey' P X(E) 7"

We see that the sufficient condition for (6.11) is

(6.12) Ducy P+ P A =0 .

On the other hand,

(6.13) Dyepy Y () 7' +E7'Y () TTA=0.

Comparing (6.12) with (6.13), we obtain the first equation in (6.7).
The second and the third equations follow from the regularity at {=ay,
B; of DX - X'+ XA X

Next we consider (6.8). The requirement that X({)JX(—{* )t

is holomorphic at {=—C¥™', —a¥™', —B%! implies
(6.14) Res X JX(—C*H'=X(—-¢FHJK;=0
:_c;!‘—‘

XN(—aF HJLy=X(—BRFHJIM} =

When (6.14) holds, X (§) JX(—C*™")" is consequently holomorphic at &
={;, ay B; because J is hermitian. Since the first equation in (6.14)

yields
JPs= 3 tP ‘P JP} o 1 Q. Pj .
L LFTHG T A (R —2f) (CF T aw)
Ny t *
; R JP% .

(3’ "yNg-;./c) (C* 1+.8k)

and the second and the third ones in (6.14) also derive similar equations
as above, we obtain (6.8) and (6.10). Thus Lemma 6.1 and (6.8)
and (6.10) guarantee that J is hermitian.
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FFinally we show that J is actually o solution to the anti-self-dual

equation, in other words,
DeX(©) - X(©) T HITN(E) AX(©) T =E A,
A=0.J. T, A,=0,d-J".

To this end, we prove the following lemma.

Lemma 6.3. Lel us sel
B () =D X () - X&) "+ X(©O AN T,

k=1,2. Iff B.(&) are holomorphic at =&, «; {; and X(&)-
JX(=&*™N' is holomorphic at &=C;, —&F7', a; —a¥ ™", B, —BF,
then B,({) are holomorphic at {=—C57', —af™', —BF7".

Proof of Lemma. Substituting J =X (&) JX(—&* ) into Be(©), we

get
(6.15),  Bu(Q)J=DiX (&) - JN(—C* ) + &N Q) JeN(—&* )T,
where J;i=0;J and J;=0yJ. On the other hand,
D = DuX(€) - JX(—C*7) 1+ X Q) D - X (—C* 71!
+X @) JDX(—E* D1
Hence we obtain
(6.16),  Bi(O)J =D J — X (&) JX(—C* N1 =N (&) JD X (—C* ",

where J,=0,J, J,= —0,J. From the assumption B,C(C)j is holomorphic
at {=C;, a; B;. We take the hermitian conjugate of (6.16), and replace
£ by —¢*7'. Noting J=J', we see that

D en X (€) - JX(— 51 4 X (€) JyX (—CF )1
is holomorphic at {=—C¥", —a¥™', —BF". Here
Dff ey = (£*7'0,+0p) leno s =CDs .

Hence B,(&)J, (6.15), is holomorphic at &= —C¥, —a¥™!, —pFF .
By the same manner, we can prove the regularity of B, (':)j, (6.15),,

at &= —C57', —af™', —BF'. This completes the proof. Q.E.D.
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By Lemma 6.3, each B,({) has a simple pole at {=0 and takes

the form
B, (¢) =C'A,.

This completes the proof of Theorem 6. 2. Q.E.D.

Finally we discuss the positivity of J for #=2. By Theorem 6.2,
we have

det X (0) = (=) s+ 11,17 ] e = 11 18,17

=1

Due to this, it is seen that det J and detJ are of the same sign when
N,+ N,+ N, is even, but they are not so when N;+N,+ N, is odd.
Thus, as the known Bidcklund transformation [5], [13], the odd trans-
formation (NV;+ N,+ N;: odd) violates the positivity of solutions. The
authors [17] derived a hermitian solution of the SL (2, C) anti-self-dual
equation as an application of the Bicklund transformation (6. 4).

In this paper we have shown that the Riemann-Hilbert problem is
useful to study the (anti)-self-dual gauge fields. We emphasize that it is
a very important and interesting problem in the furture to investigate
other nonlinear equations on four or higher-dimensional spaces by using

the technique of the Riemann-Hilbert problem.
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