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Justification of Partially-Multiplicative Averaging
for a Class of Functional-Differential
Equations with Impulses

By

S. D. MILUSHEVA* and D. D. BAINOV**

Summary

The authors obtain a justification of the method of partially-multiplicative averaging
for a class ol functional-differential equations with impulses and a transformed argument,
dependent on the time and the unknown function.

§1. Introduction

The averaging method of Bogoljubov-Mitropol’skii is now recognized
as one of the most efficient mathematical methods in the nonlinear mechan-
ics. A detailed bibliography on this subject is given in [1]-[3].

In connection with some mathematical models arising in the theory
of control systems the averaging method has been justified in [4]-[7]
for certain classes of differential equations with impulse action. The
generalization of the averaging method for asymptotic integration of sys-
tems of differential equations with impulses was substantiated by the {ollo-
wing reasons:

—due to their complex structure, the qualitative investigation of the
above systems is subject to great difficulties, while the averaged system
introduced in the cited papers is without impulse action;

—the solution of the averaged system approximates the solution of the
original system with any prescribed accuracy on an asymptotically large
time-interval.

The present paper presents a justification of the method of partially-
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multiplicative averaging for a class of functional-differential equations
with impulses and a transformed argument dependent on the time and

the unknown function.

§ 2. Statement of the Problem

Let in the (n+41)-dimensional space (¢, x), where x is an #n-dimen-

sional vector, the following hypersurfaces be given
oi:t=t(x), 1=1,2, -,

which for r& DC R" lie in the half-space >0 and satisfy the condition
ti(x) <ty (x), i=1,2, -,

Let a mapping point P, with current coordinates (#, x(#)) move in
the domain {£>0, x& D}. We shall suppose that the motion of the point
P, is governed by a law characterized by:

a) the system of differential equations of a neutral type
1) z(t) =eA(t, x(2), z(4(¢, z(8))), (4(¢, x(£)))) X (4, (),
t>0, t#t(z),
z(t) =p(se), te[-—0,0],
z() =¢(t,e), te[—0,0],

where ¢ is a small parameter, A(¢ x,v,2) = (@ (L, L, ¥,2) ) am> O is a
positive constant, 4(#, x) is a transformed argument satisfying the condi-
tion

@ t—0<4(t, 1) <t

for t=—0 and x& D, and ¢ (¢, ¢) is an initial-value function defined to-
gether with its derivative ¢ (¢, &) with respect to ¢ for t&[—0,0] and
e (0, &1, € =const>0;

b) the set of hypersurfaces 0;, i=1,2, ---;

c) the set of vector-functions L(x), i=1,2, -,
defined in D.

Note that in view of (2) the velocity of the point P, at time ¢ de-
pends on the motion and velocity of P, on the whole preceding interval

[¢—0, ¢].
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The motion itself can be described as follows. Departing from the
point (7,=0, xy,=x(0) =¢(0,2)) the point P, moves along the trajectory
(t, z(¢)), governed by the solution x(z) of (1) until the moment ;>0
at which the trajectory meets the hypersurface 0, at the point (t, x1
=x(t;)). Then the point P, instantly moves from the position (t;, x1)
to the position (¢}, xi = xi +¢el;(x7)) and further on follows the trajectory
(2, £(2)), described by the solution x(#) of system (1) until it meets
the hypersurface ¢, etc.

The relations a), b), c¢) characterizing the motion of point P, are
said to be a system of functional-differential equations (1) with impulses.
The curve described by the motion of point P, is said to be the integral
curve or the trajectory of this system in the space (¢, x).

Thus the solution of the system of functional-differential equations

(1) with impulses is a function satisfying (1) out of the hypersurfaces

0;,2=1,2, --- and having instantaneous jumps
©) xf=zi +eli(zp), i=1,2,-
when meeting the hypersurfaces ¢;, ¢=1,2,.--. Note that the point

(i, zF) does not necessarily belong to the hypersurface 0;,7=1, 2, ---

Let the following limits exist

@ lim _j A0, z, z,0)db = Ay (2)

T—-o0

lim L 3 L) =L().

Tooo | t<tit+T

Then we compare the system of functicnal-differential equations (1)

with impulses to the averaged system of ordinary differential equations
) Z(@) =e[A@@)X(¢,z®))+L(x )]
with initial condition
(6) z(0) =x.
Note that if x= (ay, -+, .t;), A= (di;)am, then by definition

ixll“LZ AR lAH*[ZZ a1,

while by 1, 7 we shall denote the set of positive integers {1,2, ---, n}.
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§ 3. Main Result

The following theorem for proximity between the solutions of the
system of functional-differential equations (1) with impulses and the aver-

aged system (5) with initial condition (6) holds true:

Theorem 1. Let the following assumptions be fulfilled:

1° The functions A(t, x,v,=) and X(¢, x) are continuous in the
domain {i>0,x,ye D, s D, CR"}. The function A(t, x) is continu-
ous and satisfies the condition (2) in the domain {t=0,x=D}. The
Junctions ¢ (¢,€) and ¢ (¢,¢€) are continuous in the domain {t<[—0,0],
e (0, &], € =const>0} and ¢(t,e)eD, ¢(t,e)eD,. The functions
L(x), i=1,2, - are continuous in D. The functions t;(x), i=1,2, ---
are twice continuously differentiable in D.

2° There exist positive constants M, K,C and a function 7(e)

such that

[94:(=) if+ IAG, 2,9,2) |+ X 2) |+ 1.(2) |<M,
o0z |

1Az, y,2) =A@ 2,y &) [<K(z—2" |+ |y =y |+ [2=2"]),

azti (.Z') <C
0z “—

1X (¢, 2) =X @, 2) |+ 1 i(x) —1:(z) [<K]|z— =],

Sforall t>0,x,x',y,y€D, =z, 2’€D,,i=1,2, --- and |¢ (¢, ¢) | <r () for
e (0, &], where lim (7 (€) /&) =const>0 and sup (1 () /&) =const>0.
3° Uniformlye-win t>0 and x=D lhercfE((Oz,xz'st the finite limits
(4) and

lim L > 1=d, d=const>0.

Tooo T t<i;<t+T

4° The functions ay(t, x,y,z) —aQ (x),i=1,n, j=1, m, where a
are the elemenis of the matrix A,(x), do not change sign in the
whole domain {10, x,yve D, z= Dy}, i.e. either ay;(t, x,y, 2) —a¥ (x)
>0 or ai;(¢, x,v, =) —al@(x) <0 in this domain.

5° For each e (0, & the system of functional-diff erential equa-

tions (1) with impulses has a continuous solution x(t) for 10,
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t=£Ty, 1=1,2, .-+ which salisfics the matching conditions x(0+0) =
@ (0,8) =x,, £(0+0) =¢(0,¢).

6° For each e (0, £] the averaged initial value problem (5), (6)
has a solution Z (1), which belongs to the domain D for (>0 together
with its neighbourhood of radius 0=const>0, and satisfies the in-

06E D) 1z (1))<B<0, B=const, t (4, £, t,=inf t;(x),
ax rED

x

Then for each 7>0 and L>0 there exists &,€ (0, &] (=28, L))
such that for e<e the inequality |x (1) —Z (1) |<<n holds for 0<!
<<Le™.

equalities

t{ =sup t;(x), i=1,2, -+, 0 =0, when 0; is a hyperplane.
zep

We shall base the proof of Theorem 1 on the [ollowing lemma.

Lemma 1. Let the conditions of Theorem 1 be fulfilled. Let
T >0 be a sufficiently large and fixed number. Then for each positive
integer p=>1 the following inequality holds

% |z (pT) —z (pT) |
ge@: [1+¢@BM+d) KT [a(T)T +M],

where M = (M +d) (3M+ d) KMT?+ max M; and M, = M;(T, d,, ---, ds)
i=1,p —
are constanis depending on T and on the constants d;>0, j=1, 1.

Proof of Lemma 1. The condition 3° of Theorem 1 guarantees the
caistence of a function «(£), monotonously decreasing towards zero as £
tends to infinity, such that for each /=0 and «x& D the following inequal-

ities hold
©) l\ f”[A 0, x, z,0) — A (2) 1d0||<a(T) T /2Mmn

|2 L@~ L) T|=a(I)T/2.

1<t <t +1

We shall carry out the proof of LLemma 1 by the method of complete
mathematical induction.

First we shall prove the inequality (7) for p=1.
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We consider the system of functional-differential equations (1) with
impulses on the interval [0, T'].
Let d, points lie on the interval (0, T")

(9) tl (xo) =t§0), Tty tdl (xo) =t£¢ol)
in which case 0<%, i=1, (d;—1).
We denote by x{”(¢,0, ;) the sclution of the system
t
Zo+ € J A, (0, (0,0, x0), 2" (47 (6), 0, xo),
0
(0) —
10) 2,0, 20) =1 1040 (g), 0, 2)) X (8, z® (0, 0, z:))d6, +>0.
w(t, E), _6£t£0 b
j’.ﬁm (t’ O’ .230) = ¢ (t9 6) ’ _O‘Stgo )

where 49 (¢) =4(¢, 2 (¢,0, x,)).

Obviously, the solution of (10) coincides with the solution z(z) of
the system of functional-differential equations (1) with impulses until the
moment 7; at which the trajectory (¢, x(#)) of this system meets the
hypersurface ¢y, i.e. x(¢) =x(¢ 0, x,),t[—0,7,].

Let us consider the function
t

ZO (2,0, 20) =0+ ¢ j A (0, 21, o, 0) X (6, 20)d0
0

and estimate in terms of norm the difference
R§O) (ta O’ xo, 8) :x§.0) (ts 07 xﬂ) —“fp) (t, 0’ ‘rﬂ) .

For 0<¢t<T we have
IR® (2,0, z, &) | <¢ LtllA 0,290, 0, z2), 20 (4P (6), 0, ),
0 (40 (0), 0, 20)) X (0, 2 (6, 0, 20)) — A (0, 2o, 20, 0) X (0, ) | 40
=e J;t{”A 0, (0,0, x,), O (40 (0), 0, z0), 2 (4P (0), 0, z))
— A (0, 20, 22, 0) [ - | X (0, 2 (0, 0, z0)) | + | A (0, 20, 0, 0) |
X (0, 20 (6,0, 22)) — X (0, z0) [} dO<e KM ﬁ‘ 2129 6,0, 2) — 2]

+ 217 (4 (0), 0, x0) — | + [ 27 (417 (0, 0, z0) ||} 46
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t g
§232KMJ 0 j JAW, 2,0, 20), z® (49 (D), 0, z2),
0 0
2042 (D),0,z)) || - | X U, 22 (1, 0, zv)) || L

¥ aKM{ j _ llo(4®©), ) ~0(0,e) |46
vef, a0 [0 140,200,020,
20 (40 (1), 0, z0), 0 (40 (1), 0, z)) |- |1 X U, 0 (2, 0, z5)) nau}

wekM{ [ oP©),¢) a0

t
’

e [ 1400 @), 20 U0 ©),0,2),
200 (49 (49 9)), 0, ), 2 (49 (©)), 0, 2)) |- | X (4P 6),

[}
20 (49 (6), 0, z)) |]do} < 2K M* f‘dﬁ f dl
0 0
+er(e) VnKM L_ 149 (0) |6 + 2K M? j;+ 49 (6) 40
+er(e) KM L_ 46+ K M* L+ d0<e*KM°T*

+er(e) @OVr +1) KMj'deJr e K M* red0+ e KM jtdo
(1] 0 0

<3e’KM*T?/2+ ¢y () 0Vn+1)KMT + ! KM*T=0® (¢}, T),
where
Ji UJs= (0, 1],
Ji=10:0 (0,21 N4 (0) €[—0,0]},
Ji.= (0, ] \ Js: .

The obtained estimate shows that the function Z{ (¢, 0, x,) approx-
imates the solution x{® (%, 0,x,) of the system (10) on the interval
(0, T] to a precision of order &

The moment 7;, at which the trajectory (¢, x(Z)) meets the hyper-

surface 0, is a solution of the equation

an t=1(z{(,0,x)).
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Since

(12) (@@, 0,20)) =t(&" (¢, 0, z) + R (£, 0, 0, €))

— by (zot j A (D, 2, 20, 0) X (0, z)d0+ O (%))
0
=1, (z) + satxaﬂ f A0, zo, 70, 0) X (0, ) A0+ O (e9)
T 0
0y 011 (o). j A0, 2o, 20, 0) X (0, z0) d0
0x 0
+ aa_‘la@ f A, z0, 23, 0) X (0, z)dO+O ()
x 1
(O]
0 ¢ Wlaﬂ j A0, 2o, 20, 0) X (0, ) d6
x 0

* Egtla(ﬂ (t—t") A(Z, zo, 22, 0) X (Z, 20) + O (9,
x

F=tO+p(—1t®), 0<pu<l,

then from (11) it follows that 7,=¢t®+e®® 4+ O(e*), where
(0)
G0 :atlaﬁ j A0, 2o, 0, 0) X (0, 21) d0 .
z 0

We shall note that in (12) the values of the constant # in the
different components of the vector A (Z, x, %, 0) X (%, x,) are, generally
speaking, different.

The inequality #®>0 implies that ,>>7, if & is sufficiently small.

Thus

.Z(t) :‘Zg)) (t, 0’ .Z'0> :2‘%0) (t> O’ x(;) +R£0) (t’ 03 Zo, E)

for t,.<t<<t;, =t +e@® + O ().
Henceforth we find

xf =z (v, 0, z) + eI, ( (74, 0, x0) )
ie.

xf =20 (14, 0, o) + eI+ RO (¢4, 0, xo, €)

—zete j"A (0, 2o, z0,0) X (0, o) dO + eI + RO (4, 0, 74, €),
0
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o1
a1
J

where IP=T (x{® (r,, 0, %) ).
We denote by x® (¢, 7, xf) the solution of the system
t
aite [ AP 0,7,20), 20 (40 ©), 7, 2),
Ty

0 .
(A3) 27w 2D =1 4040 (0), 7., 21)) X (0, 20 (0, 70, 2))db, >4,

x%o) (t, O, xg) s 6£t_<_7:1 ,
20, v, ) =20, 0, x), —0<t<t,,

where 4 (£) =4(¢, 22 (¢, 71, 27)).
The solution of (13) coincides with the solution .r(£) of the system
of functional-differential equations (1) with impulses until the moment

Ty, at which the trajectory (¢, x(¢)) meets the hypersurface 0, i.e.
x(t) =20 (¢, Ty, 1) for te[—0,1,].
Let us consider the function

O, 1, ) =t o J *4.(0, z0, 20, 0) X (6, 22)d0
and estimate in terms of norm the difference
RO (¢, vy, xit, &) =20 (2, Ty, xt) — T (¢, T, ).
For 0<r,<t<T we obtain
1RO @, 2, ) <6 [ 140, 200, 7, ), 22 (49 ©0), 7., 2,
2P (45" (0), 1, 1)) X (0, 2 (0, 71, 1)) — A (0, 20, 20, 0) X (0, ) |0
<e Lz{ﬂA 0,220, vy, zi), 20 (4P (0), 7y, zi) , 20 (4 (0), Ty, 2))

— A0, xo, 20, 0) || - [ X (0, 27 (0, 71, ) |+ [ A (0, 20, 0, 0) |
X0, 270, 71, ) — X (0, z0) |} 40

13
_<_€KMj 2012270, Ty, 1) — 20| + |2 (47 (6), T, 21) — 0

120 (49 (0), T, x0)) [} dO<26*K M j{ 14 202,01

NXC zo) AL+ 1] + e 7R (2, 0, 2o, €) |
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6
+ j IAE, 22, 1, xi), 20 (4P (D), Ty, 1), 287 (457 (D), 71, ) ||
T1

XL 20, 7, 7)) udz} o + eKM{ L_

L2t

llo(450), &) —¢(0, &) |40

+ [, 1200 ®),0,m) —aldo+e [, | [(14¢ 22,01
T, T, 0

1,8

NX A zo) AL+ [ IP] + e RO (73, 0, 0, €) |

[())
+ [T 1A A2, 0 WD), 72D,

O (49D, 7, 2N 1XU, 20, 7., 202 do)

T

+ekM{ [ 16P@)Idote [, 140 ©), 2040 ®),0,),

T1y

z” (4 (457 (0)), 0, o), 17 (41” (457 (6)), 0, o) |

X (49 0), 0 (4P (0), 0, 2)) |40
ve [, 1AUP©), 200 O), 52D,

zi¥ (45” (457(0)) , 7, i), 257 (487 (457 (), 71, 21)) |

X UL ©), 20 (49 9), 7., z0)) o] <2 KM [ (Mo-+1)d0
t

+ 26 KM| RO (14, 0, 2o, €) | f d0+ey(e) yn KM L_ |49 (0) |46
1 Tyt

(0)
+ KM L* a6 j"’ PNAE 20,0, 2), 20 (40 (D), 0, o),

0 (40 D), 0,z)) |- 1X (I, =" ¢, 0, zd)) | d!

+
71

+52KM2j (MAP (0) +1)db
+ eKM|RO (24,0, o, ©) | j d0+e7(e) KM j o
R Tt
+e”KM"‘<L1 40 + L+ d0>gazKM(MT+1)2+ e7(e)0vn KMT
Tyt Tyt

+ &K M? L, MAP (0) 6+ 'K M* L+
Tyt

27

(M4 (6) +1)do

+eo® (et TYKM L+ 40+ 2600 (¢2, T) KMT +e7 (e) KM fdo
T, t T1
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t -
+ e KM j d0<eKMMT + 1)+ 27 (c) 0+ D) KMT

LR M j (MO +1)d0+ 3c0® (c2, TY KMT + K M*T

<3e’KM(MT +1)*/2+ey(e) 0Vn+1)KMT
+3e0® (e?, T) KMT + e KM*T =0 (s}, T),
where
Ja Uds, UJE o= (0, 2],
Jo=1{0:0€ (., t] N4 (0) [0, 0]},
Jie={0:0€ (r, t] AN 4P (0) = (0, 7,]},
JEe=(t, 2]\ (Jo, UJz,0).

Therefore, the function ¥ (t, 1, xf) approximates the solution
20 (¢, 7y, xr) of the system (13) on the interval (r;, £] < (0, T'] to a pre-
cision of order &°.

It can be shown that after the moment ©; the trajectory (¢, x(2))
does not again meet the hypersurface 0.

Indeed, solving the equation
t=t (a0 (¢, 0, ),

we obtain its root

=it e 04 1o, 0 e,
0x

Whence, and from the condition 6° of Theorem 1 and the continuity of
the vector-function I, (x) it follews that the inequality Z,<t; is fulfilled for
sufficiently small values of &. Thus, we showed that the trajectory (¢,
x (%)) for £>1, does not again meet the hypersurface 0,.

The moment at which the trajectory (¢, x(#)) meets the hypersur-

face 0, is
Te=20 + 0P + O (%),

where

(0)
O = 9—‘%(—’”—")«[ j”” A (B, 20, 70, 0) X (0, 20)d0+ 1§°>].
T 0
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t9 >t implies that t,>>7r; when ¢ is sufficiently small.
Thus

2(8) =20 (¢, Ty, 21) =20 (¢, 71, x1) + RO (¢, 4, 21, €)
=20 (¢,0, z) + eI® + RO (14, 0, zo, €) + RP (¢, T4, z1, €)
for 7,<t<t,=t® +e0P +0O (e’ and
x5y =z (4, 1, 27F) + el (20 (2, Ty, 21)),
le.
x5 =Z0 (1,0, zo) + € O+ I") + RO (14, 0, x4, &)

+ RO (t3, Ty, x1, &) =0+ € _[rzA (0, xo, 20, 0) X (0, 20)d0
0

+e IO+ IP) + RO (14, 0, o, €) + RO (13, 71, xi', €),
where IP=I,(x{® (ts, 7y, i) ).

In the general case (s=2, (d;+1)) we denote by x% (¢, ts-y, 151)

the solution of the system
(14) .Z"go) (t, T,_l, x;__l)
t
ziate | AQT0 0,7 7i), 20 (40 (0), Ty i),
Ts-1
20 (4P(0), Ts1, 281)) X (0, 0 (0, 751, 251)) 4O, t>75
20y (8, Tsoa, Te), —0<t<t,,
&0 (t Ts—1, xi,) = &0 (t, Ts—z, oy . 0<t<t,., ,
where AQ® () =4(t, 0 (2, T5_1, 1)),

xs 1:-7:3 1<Ts 1y Ts— 2y Is 2) +EIs l(x(O) (fs—l, z's—2, -r;—z))

ooy s—1
—zte j A0, 20, 70, 0) X (0, z)dO+¢ 3 IO
0 i=1

§—1
+ 21 R'§0) (ri: Ti-1, x;—l, 6) s
i=

I(O) =], 1(-Z's 1(Ts 1, Te—2, xi 2)) xi=x.

The solution of (14) coincides with the solution of the system of

functional-differential equations (1) with impulses on the interval [—0,
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T,], where ©; is the moment at which the trajectory (4..c(4)) meets the

hypersurface ..
1
t
O, To g, 7)) =20 ¢ f A0, zo, o, 0) X (8, ) d0
it can be shown, as we did in the cases s=1 and s=2 that the difference
R® (t, Ts—1, 73:—1, e) = z{® (t, Ts—1, x:—l) ~_%§o) (t, Ts—1, ziy)
on the interval 0<{t;_;<¢t<T satisfies the inequality
|R® (2, t5 1, 254, &) | <3EPKMMT +s—1)%/2

S s-1
+e7(e) OVn + 1) KMT +3¢ 3 0 (¢!, T) KMT + *)KM*T
i=1
=0® (e, T).
Therefore, the function Z® (¢, 7, ;) approximates the solution

x(z) of the system of functional-differential equations (1) with impulses

on the interval (t;_y, 2] C (0, 7] to a precision of order &, etc

Since for s=2, (d;+1) we have

I3
EO (L, Ty, ) =zt j A (B, 4, 20, 0) X (0, ) d0
Ts-y s—1
e j A0, 2o, 0, 0) X (0, z)dO+5 3 IO
0 i=1
s—1 13
FSTRO (v, iy, 7, €) 6 j A (D, x4, 70, 0) X (0, 20)d0
i=1 Ts-1
s—1 s—1
= ~§0) (t, O, xo> + e Z I’EO) =+ 2 Rg)) (fi, Ti—-l, x?—l, 5) 5
i=1 i=1

then
s—1
15) z(@) =xP @, vs1, x5 )) =0 (2,0, 20) +¢ D IO
=0

s—1
+ TR (74, Ty i, 8) + RO (¢, T, 23, 0)

for
tO+ 00, +7,,0 (%) =1, <t<1,=t{"+ 0P+ 0 (Y,

where
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(0) s—1
@5o>=ﬁ£sa(x_o>[ j “" A0, 24, 0, 0) X (6, zo) 6+ zzgw],
T 0 =1

=0 =7,=0, I® =R (v, t_y, z*1,€) =0, 7,=1, s=1,d,,
as well as for
tP+e0P +0(e) =1, <t<T, s=d,+1.
Therefore

t
2(T) =291 (T, ta,, 75) =0+ ¢ f A0, 2o, 2, 0) X (0, 2:)d0
0

d, d,
+e ;}J IO+ ;(‘) RO (t;, 4, i, €) + RO (T, T4, x5, €)

Let z(#) be the solution of the averaged system (5) with initial
condition (6). Then for >0

2) =z0ts | TA@O) X0, 7(0) + 1 (0))]d0
and
(1) =zt [ T4@ @) XO,20) + L@ ®)]40.

We shall estimate the difference x(7) —Z (7). For the purpose,

taking into account (8), we write down x(7T') in the form

16)  (T) = o+ eLo(x)) T + 6 Ao (22) j "X (0, o) d0
te f [A (6, 2o, s, 0) — Ao (20) ] X (6, z3) 0

d, a,
+e[ 2 IO ~I(x) T]+ 2 RO (ti, Tos, xiy, €)
i=0 i=0

-+ Rgol)_,_l (T, Td” x&:, 6) .

For each x& D we define the operator B, (»=1,2, ---) in the fol-

lowing way
T
Byz=z+¢cly(2) T + ¢ Ay (2) J” X (0, z)d0 .
(-1HT

From (16), in virtue of (8), the conditions of Theorem 1, the gen-

eralized theorem for the mean values in Integral Calculus, and the Cauchy
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inequality in the discrete case we obtain
a7

12 (T) — Buo| <o .l LT [A (6, o, o, 0) — Ao(20) ] X (6, o) d@l]
el IO~ L) T+ 5 0P (&8, T)
<ea(T)T/2+8] i 1(@) ~ @) T +2 2 U9~ Li(z) |

dy+1
+ 300 T)

4o+

d, 1+
<ea(THYT +e X | ;i (P (t4, Temyy wizy) — L (o) | + D 0@ (e, T)
i=1 i=0

a4, dy+1
<ea(T)T +eK 3 |2 (ts, Tig, xia) — o] + 20 0 (62, T)
i=1 i=0
d, T
=ea(T)T +eK D ||zt e j A (0, x4, 20, 0) X (0, 0)dO
i1 o
i-1 i dy+1
+e 2 I+ 3RO (ty, Tiy, T, &) — x| + 2 0 (€5, T)
= i- i=o
d, i-1
<ea(T)T +KM*Td,+ K X)X | I?]
icii=o

dy i d;+1
+eK 33RO (ty, Tiy, 2y, &) |4+ 20 0 (6%, T
) o

1=11=0 €
dy+1
<ea(T)T + e KMd,(2MT +d,—1) /2+ Y 0P (%, T)
=0

d, i
+eK Y 300, T)<ea(T)T +*M,,
i=11=0
where of® (¢, T) =0, M,=M, (T, d,) is a constant. For £>0,7r< [0, T)
and x&D we have

[

Ao () || =

1 t+T
lim L j A, z, z, O)d()HgM;
T T t

L) |<lim2. S |I(2) | <Md;

Tooo T t<t;<t+T

17 () —z| <e M(M+d)T;
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14s(@) - Ao I=<lim | [ 140,20, 29,0
— A8, 7, 7, 0)]d0 nge (M+d)KMT;
X (5, 2(0)) ~ X (5, ) | <e (M+ ) KMT
i@ (@)~ L@ [<lim LI 3 L@ @) Lo

<ed(M+d)KMT .

Making use of these estimates, we get

m e [ LAz O)X (O, 2O+ 1o(z (6)]d0

(18)  [z(T) - Bz =‘
—z—s1(z) T — s Ao() [ X(6, )0

<s [T {14E0) - A=) | 1X0,20)]

+ [ Ao (o) || [ X (0, Z(0)) — X (0, z0) |
+ | L(Z(0)) —Io(xy) |} dO<*(M+d) BM+d)KMT?,
(17) and (18) yield the inequality
(19)  [z=(T) —z(T) |<|=(T) —Bizo| + |2 (T) — Buzi|
<ea(T)T + &M ,
where M = (M+d) (3M+ d) KMT*+ M,.
Thus we obtained an estimate for |x(7) —Z(7)| and established
the proximity of the points z(7) and Z(T).
Since Z (T') belongs to the domain D with its neighbourhood of radius
0, then (18) and (19) imply that the points Byx, and £(7T") also belong
to the domain D.
Thus inequality (7) is substantiated for p=1.
We introduce the notations
=Ty a it

=D+ — ot — P —1 A
x{ P =Lagtd, tetdpg+i s dy=0, i=1,d,

W=(-DT, f=rT,
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2§ VN =x((r—1DT), ziR=zx0@T), r=1,2,--.
Note that with the notations thus introduced we have
t§ P=ry 2, and x{Pt=z{77, r=2,3,--.

Let us assume that for p=7r, r>2 inequality (7) is fulfilled and we
have results of the type of (15) and (17)-(19), i.e. we have

(@) =z, o, o3 =20 (¢, =D T, z((r =D T))
+e ZI(r v ZR(r D (prD cD) 2D 6)

R(r 1)(t Ts(r l)x(r D+ E)

for
(P 40D 47,0 (8) =t P <t <rl V=D 46070+ 0(e?),
where
07 — 0tg,a, 1s(x((r—1)T))
0x

.[J‘(:yll A, z((r—1DT), z((r—1)T), 0)
X0, z((r—DT))d0+ §I§r_1)]’

LD =rT, O D=1,=0,

Iér—l) = O 2 Rér—l) (fér—l), Tgl_l)’ x(l'l_l)+’ 6) = 0 2 Ts: 1 b S = 1’ dr
as well as for
tiP+e@F P+ O =i V<te<ciR=rT, s=d.+1;

lz(FT) — B,z ((r—1) T) | <ea(T) T + K Md, (2MT +d,—1) /2
dy41 dr i
+ 2 0f P, T)+eK 22 07 (L T)
=0 t=11=0

=eca(T)T + M, ,
where of ™ (&%, T)=0, M,=M,(T,d,, ---,d,) is a constant;
1B,z ((r—1)T) =Bz ((r—1)T)|

<[1+eBM+d)KT] Y [1+¢BM+d) KT [ca(T)T + M1,
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where M = (M+d) (B3M+d)KMT?+ max M;;

i=1, 1)

1B,z ((r—1)T) —z(T) | <e*(M+d) BM+d) KMT?;

lzGT) —z(rT) |<|z(T) = Brz((r—1T)|
+ Bz ((r—DT)=B.Zz((r—DT) | +|B.2z((r—1T) -z (+T)|

giﬁ [1+e(BM+d)KT]) [ea(T)T +¢*M],

where M = (M+d) (3M+d)KMT?*+ max M;.

i=Lr
Let d,., points lie on the interval (+7, (»+1)7T)
bigprrat(T@T))s 0, bagiarsan, E@T)),

in which case

Logosdpti (= (rT)) <td1+""“dr+i+1 (-f (rT) )y i= 1, (dri1— 1)

Then from (7) for p=r and from the continuity of the functions
t;(x),i=1,2, --- it follows that if ¢ is sufficiently small, d,., points lie
on the interval (+7T, (r+1)T)

(20) Laserarn (X (rT)) =t0, .,
t¢1+"'+dr+dr+1 (x<rT)) =t'(irr)u ’
where
<ty , i=1, (drp—1).
The conditions of Lemma 1 and (7) for p=7 imply that if ¢ is
sufficiently small there exists a constant §,&[—pf,0) such that for 7=
1, d.,, the inequality

(21) atd.+»-~+dr51 (z(rT)) Lapsoyaryi(x(rT)) <8.<<0
x

holds.

We shall prove the validity of (7) for p=7r+1.

The solution of the system of functional-differential equations (1)
with impulses, which we accept to be constructed on the intervals
((p—V)T,pT], p=1,7 will be continued onto the next interval (+7T
(r+1)T'], denoting for the sake of brevity x(pT) by .
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Let (¢, 7T, t,;y) be a solution of the system

(22) xl(r) (t7 rTa er)
t
Zrp+ € LA 0, 0, 7T, x:7), 7 (47 (0), T, ,2)),

&0 (49 (0), 7T, 2.0)) X (0, 20 (0, 7T, 2:p))d0 , 7T,

— -1 —1)+ N ~
xR (@, 70, 2870, —0<t<sT,
20, rT, z,0) =270 (2, ¢80, 2870%), —0<i<rT,

where
AP @) =4, P @&, 7T, x,p)).

The solution of (22) coincides with the solution of the system of
functional-differential equations (1) with impulses until the moment t{”

at which the trajectory (%, x(£)) meets the hypersurface 04 s..4q,+1, 1.€.
for

te[—0,t"], @)=z, rT, z.r).

We consider the function
L
206 1T, 5er) = ot & [ A, tor, i, ) X (0, 5200
rT

For »T<t<(r+1)T we have

”Rl(r) (t, T‘T, Zrry 5) “ = ”‘rl(r) (t7 rT’ xTT) —~il(r) (t: rT, xTT) ”
t
<e j 1 A0, 206, 7T, 202), 20 (49 0), 7T, Zr),
rT

" (47 (0), 7T, x,7)) X (0, (" (0, 7T, z,1))
- A(a, Zrry Trr, O)X(a’ xTT) ”dﬁ

2
SE j‘ T{”A(0’ xfr) (0, rT’ er), xl(r) (Al(r) (0>9 TT’ xTT)’

jf‘l(r) (AF) (0)’ rTa er)) - A<0’ ZLrry Lrr, O) ”
: ”X(ﬁa x](r) (09 rT’ xTT)) ” + “A(a, Zrry Trry O) ”
NX 0, 220, 7T, x,7)) — X (0, 240) ||} 40

3
SEKMj 2120, 7T, zrp) = xrg | + || 217 (4 (0), rT, 247)
rT
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—Zr| + |2 (4 (0), 7T, z:2) [} 40

t 0
gZe’“'KMj daf VAW 20U 7T, 20z), 20 (40 (D), 7T, zoz)
rT rT

#0400, 7T, 2:0)) |- |1 X4 20 U, 7T, z,r)) dL

dp+1
+ EKM{;_,; fJ'}- [z~ (40 (6), 67, 2870 — 2oonrll
= Tt

T P Mu]de+0j a0 (7144 20T, 0,
=040, 7T, 200), 20 U9 D), 7T, 2or) |

NX U 20, 7T, 200)) nczz}

dr+1
+eKM {Z ff |26 (4 (0), T80, 2{507) [0
i=1

T,

t )
+ L 120 (49 (0), 7T, zvr) ||d0} £252KM3j dﬁj dl
TT,t rT rT

dp+1 et
+e kM e [ [ 1AG 20, 20, O X, 20 sl

i=1 r—1T

i—1 i-1
+ R I+ e RGO (270, o, 270, e |

4(1')(5)
+ J‘,(:-l) ”A(l x(f 1)([ T(T 1), (T 1)+) .Z'(T 1)(A(T 1)(1) z-é" 11), (T 1)+ ,
i—1

i—-1 >

ZI PP, o3P, 25D - 11 X 282, w50, 2 11”))“071} a0
=+ SKMT[”.ZI,—T “Br-r(r—-l)T“ + ”Brx(r—l)z'_x(r—l)l’“]
dpt1
+52KM*£? (49 (0) —#T)db + eZKM{Z L* 1A (49 (0),
rT,t i=1 rT,t

-,L,’gr—l) (Al(r) (0), T‘ET_‘EI), (r 1)+) .Z(T 1) (A(T 1) (A(r) (0)) fgr 11)’ xi 11)+>

B (A (40 0)), 7, 200 |- 1 X (49 (0),
PO, 7, DN+ [ AUDO), S0 UPO), 1T, 200)
&0 U040 0)), 1T, 2or), 27 (4P (40 0), 7T, %01)) |

X P O), 20 (40 0), 1T, 22)) |0} <K MT*
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+eKMIE [ (M40 (0) ~ (~DT]+ G-1)}d0

=1
dr+1 fi~1
e KM (z 0§D (e, T)) Li d8) + S KMT [a(T)T + e,
i=1 j=0 rT,t

¢ dpt1
+M(M+d)T]+ezKM3j (6—rT)d6+szKM3<T: - do
rT

i=1 JJrr,e

+ L d@)geZKM3T2+ K M? j (M[0— (r—1)T] +d,}d0
TT,t rT

dr
+eKMT > 0§ P, T)+ e KMT [a(T)T + M,
i=o
+MM+3)YT] + KM T?/2+ K M*T <3e?KM*T*/2
+ e KM*T CMT +d.) + EKM*T*(M+d)
+ & KMT [a(T)T +eM, ]+ KMT
dr
+ e KMT Y ofE, T)=0"E,T),
1=0
where
dprl -
(L_Ji Jir,) Ui, o= (T, t],
re=1{0:0€ T, QN4 (0) € (¢f5°, <"1}, i=1, (d.+1),
o drtl
:T,t: (TT, t] \ ( '!1 J;T,t),
(W=ci, i=0,d;, Do=T).

Therefore, the function Z{ (¢, 77T, x,r) approximates the solution of
(22) on the interval (7T, (r+1)7T] to a precision of order &

For the root t{? of the equation
t=tgpsa (@@, 7T, x,1))
we obtain
(23) TP =t + 0"+ 0 (e,

where

. (r)
00 = Obaiovarnn (Xrr) j A0, Ly T, 0)X (0, 101)d0 |
rT

0x
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(20) and (23) imply that for & sufficiently small the inequality
™ >rT holds.
Thus

@)=z, rT, z,7) =20 (@, 7T, x,7) + RO (¢, rT, x,p, €)

for rT<t<<t{".

Further on we obtain
0=z (¢, v T, ) + €luy s iayn (20 (20, 7T, 2,1))

= ~1(r) (fl(r), TT, er) + EII(T) =+ Rfr) (Tl(r), TT, Zrr, E)
o

=gt € j A, Zr, 1, 0) X (0, 2110
T

+ el + R (¢, 7T, z,1, €),

where If?=1, . ...q,:1 (2 (e, 7T, z,7))

In the general case s=2, (d,.,+1) we denote by x{ (¢, v, 0%

the solution of the system

249) =0, 8y 20F
t
{ .ngr_)f +¢é j\r(r) A(@, x;(r) (6, z.§7'_)1’ xé?f),
5-1

x (4 (0), T2, 221), &7 (457 (0), T3, 220))

‘X (0, P (0, T8, xPH))AO, >0y,

0 (2, T8, 205), —0<e<t®,,
0 (2, oy, 20F) =20, (¢, 70, 207),  —d<t=<ely,
where
A9 @) =4, z{ (¢, vy, 0F))
and

xy_);' =x§?1(f§r_)1, Tér_)z, xgr_);) + sId,+~--+llr+s—1 (x§’21 (fs(r_)l, Tg?z, xg_);))

'g-)x
—zrpte | A, 2, 2rp, 0) X (0, 2rp)d0

T
§—1 s--1
e AP+ 2R (0, 7, 20, €,
i= i=

Z14

I§?151dl+.-.+d,+s—1 (P (e, fgr—)z, 0.
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The solution of (24) coincides with the solution of the system ol

functional-differential equations (1) with impulses on the interval [—0,
.

We consider the function
t
EO (s, 70, 20F) = 20F + ¢ j A, g, 20, X (0, 2,)d
s—1

It can be shown that on the interval »T<t{;<¢t<(r+1)T the fol-

lowing estimate holds
(25)  |RO (4,7, 208, ) |
=[x (¢, T2y 220 — 20 (¢, T, 220) |
<3PKM[MT + (s—1)1*/2+ KM*T (2MT +d,)
+ KM T*(M+d) + e KMT [a(T)T + e M,]

dy
+ & KMT + e KMT >} of V(e T)
=0

s—1
+3eKMT Y 0P (3, T)=0 (), T).
i=1
Since

t
zgr) (ts z-.«:(r—)l; xs(‘?f) Zer+ e J\ r A(a’ Zrry Lrr,s O)X(ag er)da
T
s—1 s—1
+o D IP+ 3RO (0, T, 207, )
i= i=

s—1 s—1
=z, rT, z,p) +e 2 I+ 2 RP (0, vy, 204, 8),
i=1 =1
then we obtain
(26) zx(@) =z, 0, 200 =20, 7T, xrp)
§—1 s—1 p
+ € 2 I§T) + 2 Rg-) (Tir), Tér—)ly xng, 8) —i—R.gr) (t, fsr—)l, xg?r, 8)
i=0 i=0
for
O 40D, +7,,0(e) =10, <<t + 00 + 0 (&?),

where

(r)
0 = @‘d‘+'--+5r+‘ (Zrz) [ j A6, Zrg, Zrpy 0) X (0, 2r7) d0
x r
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§s—1
+ DI, do=rT, 6P =1=0, 100,
=0
RP (e, 0, 20, ¢) =0, 1,=1, s=1,d,,1,
as well as for
19,4600, +0(e) =t <<t u=(T+DT,
S=d7+1+1 .
We work out x((r+1)T) and Z((r+1)T)

2(r+1D)T) =20, o (r+ )T, 9, z0F

(r+1)T dpey
—zpte j A, Zrp, Ter, )X (0, 2er) A0+ 3 I

T

dpeg +1
+ 20 RP (P, e, 21, &) =z, o+ elo(r2) T
=0
(r+nHT
+aAo(x,T)j X (0, z,7)d0
rT

T+1)T
e [T LA, 2er, 201, 0) — An(2e) 1X (0, 21)d0

rT

drey dypey+1
re[ D10 —L(z) T+ 2 RP (v, 1, 224, €),
= i=

f(<r+1>T>=xo+eﬁ"“’T[Aoo—c(e))Xw,f<0>>+Io(z<0>>]de

(
rT

=J—c(rT)+ef””T[Ao(z(a))X(e,z(a))+L,(f(o>)]da,

Taking into consideration the definition of the operator B.,, and the

results for x((r+1)T) and Z((r+1)7) we can write
@) |z(r+DT) —z(r+ D)D) ||z ((r+1)T) — Braszer |
+Briszer — By i (¢T) | + | BronZ (P T) —Z ((r+1)T) |

Dealing in a similar way as in (17), for the first addend on the
right-hand side of (27) we get

@28) |x((r+1)T) —Bri1x,r|

<ea(T)T + e KMd, . (2MT +dyii—1) /2

dpyy+1 Arey &
+ 2 0f (&, T)+eK X 3 ol T)
=0 i=1 1=0
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= €CK(T) T -+ 821\’[7‘_‘ 1,
where o’ (¢%, T) =0, M,..=M,.. (T, d,,

.-+, d,.;) is a constant.
For the second addend on the right-hand side of (27) we have

29)  |Brnter—BraZ )| = |2er+ L) T
sedi(an) [ X0, 20 d0-26T) ~eL@ECTHT
wea@eT) [T X 0,260 <207 (T
T L(r) ~Io@ T+ AoCrr) = 4@ T .
[T 1x @, 2100
el AT [ X 020 =X 0, 2(°T)) a8
<[1+e@BM+)KT]|zrr—z(rT)|
<[1+c¢(BM +d)KT] gﬂ [1+¢(BM+d)KT]
Nea(T)T + M].
where M = (M~ d) (3M~+d) KMT?+max M,

i=17

Since for ¢t (T, (r+1) 7] the inequality

=@ -z < [ [I4@O)]-1X0,z0)]

+L@E@)) |]di<e(M+d)MT ,

holds, then for the third addend on the right-hand side of (27) we obtain

B0 Bz T) ~2(r+ DT =||26T) +eL@CTHT
+edi@CT) [ X0,20T))a0- 2 (T)
e [T A 0) X 0,70) + 1z 0140 |
<s|a@ e [T 1X0,26T) - X 0,70)) 140

te ﬁwn Ay(Z(rT)) — Az (0) |+ X (0, 2(0)) || 6

75
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se [T CT) ~ 1@ @) 14

<cBM+dK L(;H)Tl[f(rT) _z(60)||d6
<e'(M+d) BM+d)KMT®.
(27) — (30) imply the inequality
lz((r+1)T) —z((r+1)T)|
< ; [1+¢c(BM+d)KT] [ea(T)T + M1,

where ~ M=(M+d)BM +d)KMT*+ max M,
i=1,+1)

The last inequality shows that (7) is fulfilled for p=7+1 and that
x((r+1)7T) belongs to the domain D.

Thus Lemma 1 is proved.

Proof of Theorem 1. By virtue of the condition 3° of Theorem
there exists a constant C(7') < oo such that for each i=1,2, --- the in-
equality &;<C(T) holds. Hence, there also exists a constant M,(T)
< oo such that

3D M=(M+d)BM+d)KMT + max M<My(T).

Let g be equal to the whole part of the number L/e7T. Then for
each pe1,q, by virtue of (31) and Lemma 1, we have

|z (pT) —z(»T)|
ge’g [1+4e(BM+d) KTV [a(T)T + s My(T)]
<[@(T)T +eMy(T)][1+e(BM+d)KT]?/ BM~d) KT
<[e®+0%E L O(e)][a(T) T + e My(T)]/ BM+) KT .
We choose T sufficiently large, so that
cHOKL Y (T /(3M +d) K<1/4
and then we choose ¢ sufficiently small, so that

{0@E) [a(T)T +eMy(T)] + e DEEM(T)} /(BM+d)KT <79/4.
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7]
)
ol

Then for each p=1.q the following inequality will hold

(32)

o (pT)  x(pT)||-Zn/2.

Further on we estimate [Z(¢) —Z((p—1)T)| and [x(2)—
x((p—1)T)| on the interval (p—1)T<<t<pT.
We have

(33) |

Z()—z((2-DT)|

=e fp_l)rnAo(f (@)X (6, x(6)) +I,(z(6))]d6

<e(M+d)MT,

B [xz@ —z((—DD)|=]zF ¢t 2277 —z((p—1)T) |

s—1
=Ze 0, (p—1T, 2popr) +& 2 IFD
=0

[

o
-1 -1 -1 -1 -1 - -
+ 2 RED (e, oY, 2270, &) + REV (2, vV, 2E107, €)

12

1]
o

—z((p—1DT)|

13
< \f( | A8, xp-12, Tp-nr, 0) || X (0, Z(p-nr) |0

p-1)T
s—1 s-1

+e 2 TP+ 2 IR (s, T, 22707, 6) |
=0 i=0

+ | RED (2, t8717, z&07, &) | <eM[MT + (s—1)]

+ § 0@ (&%, TY<e M[MT +C(T)] + &' My(T) =¥ (¢, T)

We see that for T chosen as it was, if ¢ is sufficiently small, we
shall have

(35)

(e, T)<n/2.

It follows from (32)-(35) that for 7' chosen as it was, if ¢ is

sufficiently small, for p=1, 2, ---, ¢ on the interval (p—1)T<t<<pT the

following inequality will hold

lz@® -z @) |<|z@) —z((r—DD)|

+z(-DT)-z((2 -DD) [ +z((p—DT) -z ()| <7.
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Therefore, for T chosen as it was, if ¢ is sufficiently small (0<{e

<&<<&), the inequality |x(¢) —Z (2) | <% will hold on the whole interval
0<<t<<Le™.

[11
[2]

[3]

[4]

[5]
[6]

[71

Thus Theorem 1 is proved.
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