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The Diffusion Approximation of the Boltzmann
Equation of Maxwellian Molecules'

By

Tadahisa FUNAKI*

31. Introduction

L. D. Landau studied a so-called weakly coupled gas to analyze the
time evolution of a plasma and derived an equation for the one particle
density from the Boltzmann equation of Coulomb molecules (see Balescu
[1] and also Lifshitz and Pitaevskii [12]). Inspired by his work, in
this paper, we shall discuss the diffusion approximation of the Boltzmann
equation of spatially homogeneous Maxwellian molecules by applying prob-
abilistic methods.

Landau saw through the importance of distant encounters for the
charged particles. At large distances, the particles are deflected with only
a slight change in their velocities. This suggests that the collisions ex-
cept for small changes in velocities may be neglected. Accordingly, he
derived a nonlinear diffusion equation which is called the Landau equation
now. An infinite gas of molecules with the rather idealized type of
interaction described above is called a weakly coupled gas. Spohn [17]

discussed these matters from the mathematical view point.

The Boltzmann equation governs the time evolution of the one
particle density «(Z, x), (¢, x) € (0, 00) X R?, of a dilute gas where x is
the velocity of the particle. In the case of spatially homogeneous Max-

wellian molecules, the equation has a simple form:
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@y 2ea- | e, 2% ult, %)
0t 0, m) % (0, 22) X B3
—u(t, ) u(t, v)}Q(d0)d¢dy, (¢, x) € (0, 00) X R?,
where Q is a measure on (0,7) which characterizes the collision of
particles and satisfies JWGQ(CZ@)<00. The two values z* and y* stand
for the velocities of palliticles after collision and are given by the follow-

ing formula:

.0 1

i] . )
*=xcos’—+ ysin’—+—e z—vy|sin 0
x* =z cos 2 y 2t @ | ]

1.2)

y*=xsin2-g—+ycosz—g——-%e(¢)|x—y!sin0 ,

(z,9,0,0) eR*xXR*x (0, 7) X (0, 2m),

where e(9) =e(p; x,v) €R®, ¢ (0,27), are unit vectors which are per-

pendicular to x—1y and satisfy that
2= 525 (§) = (z— ) X ()
de

(=outer product of z—y and e(4)), < (0,27).

We consider, instead of (1.1), its weak version:
@3 L u),
dt

= G(z, y, 0:9) AdO)u(t, dx)u(t, dy), € C7 (R'), t=0,

0, z) x R3x B3

where Cp (R®) is the space of real valued C”-functions on R® with com-

pact supports,

Gz, 9,0:) = [ {9(=*) —p(2)} s

and <z (t), ) represents the integral of ¢ with respect to a probability
measure solution #(Z) =u(¢, dx). Denote by &, the space of probability
distributions f on R® satisfying j |z|*f(dx) <co. Then probabilistic
methods guarantee the solvability ofathe equatien (1.3) with an initial
value fe P, (see Section 2 and Tanaka [20], [21]). The solution = (%)

=T,f defines a nonlinear semigroup on the space &,. The operator T}
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is determined by the measure Q so that we denote it by T3(Q).

After the idea of Landau, for ¢; 0<{e<{1, we consider transformations
of the time # and the measure Q: t—¢&¢™?¢ and Q—Q,, where Q. is a
measure on (0,7) defined by Q:.(B) =Q('Bn (0,7)) for every Borel
subset B of (0,7). According to the transformation, we have a non-
linear semigroup {7°%; £==0} on the space &, defined by T§=Te2 (Qc)
and the Boltzmann equation turns into

1.4) —57<ue<t>,¢>=e-2j G(z, v,050)

(0, z) x R3x R3
X Qe (d0) u(t,dx)u’ (¢, dy), p=CF (R, =0,

where #°(2) =T{f. We note that, as €0, the collisions per unit time
interval increase, but, on the other hand, the change of the velocity of
a particle in a collision becomes small. The problem is to determine
an equation which governs the time evolution of the limit: lim Tif,
fe P.. i

We now introduce the Landau equation of spatially homogeneous

Maxwellian molecules:

0u _1
(1.5) 5 BO)= 2

02
i,j=1 axiaxj

{ai;(z, u (D)) u (2, 2)}

.0

a {bi(‘r’ u (Z))u(t, .’L')}, (ty x) € (0: 00) XRs, x = ('ri 3:1,
i=1 Z;

where # (%) is a probability distribution on R® with density # (%, x) relative

to the Lebesgue measure dx and where

alz, u) = {as; (2, W}y sm= [ a(e—)u@y),
a(x) ={ai; (2}, 2= {a 0] z* — 2z ;) } i 51,
b(z, 1) = ez, W} = [ b@—9)u@y),

b(z) = {bs(2) o= — 20z, (z, u) SR X Py,

with some positive . This is a kind of nonlinear diffusion equation

and its weak version is given by

(1.6) ;it@ ©), 6> =<u(2), Auotd, $=C3 (RY), 120,
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where
3

2 3
uzlu=—1— 2 a;(z, u)"—a + 22 bi(x, u) —a—’”egbz-
2 i=1 0x0x; i=1 0x;

Similarly to the case of the Boltzmann equation, we can solve the equation
(1.6) with an initial value f& P, by using probabilistic methods. The
solution #(#) =U,f defines a nonlinear semigroup on the space &P,.

The main object of this paper is to show that U,f=1im T';f holds
for f& P, where {U,} is the nonlinear semigroup defined ]:e);o (1.6) with

a=%j 0°0Q(df). To prove this, we construct a jump type Markov pro-
(]

cess {X°(#)} on R® associated with (1.4) and also a diffusion process
{X(¢)} on R® associated with (1.6). We show that X°(-) converges
weakly to X (-) as ¢ tends to 0 which implies the convergence of the
nonlinear semigroup immediately. This kind of limit theorem for Markov
processes was studied well in the cases with linear infinitesimal generators
by several authors (see, e.g., Kurtz [10] and Skorohod [16]). Our
limit theorem is a nonlinear analogue of a part of these results.

In Section 2, we summarize known results about associated Markov
processes with the Boltzmann equation and the Landau equation. Section
3 is devoted to giving estimates on the function G(xz, vy, 6; ¢) and solutions
of stochastic differential equations with respect to Poisson point processes.
The proof of the limit theorem will be given in Section 4. The scaling
law for the measure Q will be generalized when the initial distribution f
satisfies J\ 3|.2:|1’f(al.z:)<c>o with some p>2. Properties of the diffusion
process asslf)ciated with the Landau equation will be discussed in Section
5. Finally in Section 6, we refer to similar problems about the one-
dimensional analogous model.

The author wishes to express his thanks to Professor H. Tanaka

for valuable comments.

§ 2. Notations, Associated Markov Processes and

Statement of the Main Result

In this section we first fix notations to be used throughout this paper

and then summarize known results about an associated Markov process
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with the Boltzmann equation. We also investigate briefly an associated
diffusion process with the Landau equation. Finally, we state the main

result of the present paper.

(1) Notations. () For R’-valued two random variables X and
Y on possibly different probability spaces, we mean by X~ Y the equiva-
lence in law. We also denote by X~ when the probability distribution
of X on R’ is given by f.

(ii) Let C=C([0, o), R*) and D=D([0, o), R*) be the space of
R*-valued continuous functions on [0, co) and that of R*valued right
continuous functions on [0, co) having left limits, respectively. We de-
note by X,=X,(w) the value w(¢) of weD at t&[0, ). We set
B¢ and B¢, 0<t< oo, the smallest 0-fields on the space C generated
by {Xi; 0<s<{oo} and {X;; 0<s<t}, respectively. In a similar way,
o-fields BP and BP, 0<t< oo, are introduced on the space D. In the
spaces C and D, we consider the U-topology, i.e., the topology given by
the uniform convergence on each bounded interval of [0, co) and the
S-topology, i.e., the Skorohod topology (see Billingsley [3]), respectively.
Then it is well-known that C and D are Polish spaces (i.e., completely
metrizable and separable spaces) and B¢ and B? coincide with the topol-
ogical Borel fields of C and D, respectively. Occasionally we also con-
sider the U-topology on the space D so that we sometimes denote D by
Dg or Dy to make its topology precise. We note that the space Dy is
not separable.

(i) Let P,=P,(R*, 2<p< oo, be a family of Borel probability
distributions f on R® which satisfy

1/p
1A={ [ elr @) <eo
The space P, has a metric o, defined by
. R4
p,,(ul,uz)=mf”m|x~ygpu(dxdy)} sy wE P,

where the infimum is taken over all Borel probability measures # on
R® which satisfy 2 (BX R*) =u, (B) and #(R*X B) =u,(B) for every Borel
subset B of R®. When p=2, we denote |||, and 0,(-,-) simply by |||
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and o(-,-), respectively. For fe &P, we set

m(f)={m:;(f)}i.i= Ixf(dx) (=the mean vector of f),

0 = 0u DY orm={ [ =m0 @m0 r@)f, |
(=the covariance matrix of f),

v<f>=§zaﬁ<f>,

i=1
and

e(f)=0"(£, 95,

where ¢, is the Gaussian distribution on R® with mean vector m(f)
and covariance matrix v(f) -I(I=3X 3-identity matrix).

(iv) For probability distributions P, and P, on the space (D, $7?),
we put

Bz (Py, Py) =inf{ [,., s lw@®—w @@ P (dwdw’)} -

DxD 0St<T
p=2,T<co,

where the infimum is taken over all probability measures P on (DX D,
BPx BP) which satisfy P(BXD)=P,(B) and P(DxB)=P,(B) for
every B€ BP. When p=2, we denote 0,7 (-, -) simply by gr(-,-).

(v) Let B([0, ), P,) and C([0, ), L,), 2<p<co, be the
space of P, valued Borel measurable functions «(#) on [0, co) satisfying

sup ||z (2) ||[,<{oo for every T'< oo and that of & ,-valued continuous func-
0<t<T
tions on [0, o0), respectively. For «(-) € B([0, o), £L,) and T'< oo, we

set
Il () llo, z3= sup [lz (£) .
0<t<T

(2) Associated Markov process with the Boltzmann equation.
Let QO be a Borel measure on (0, 7) satisfying j‘xGQ(dﬁ)<00. We set
S=(0,7) x (0, 27) X (0,1), S;= (0, £] XS and a(:;, y,0,0) =x*—x. Let
N=N(dsdfdpda) be a Poisson random measure on (0, co) X.S with in-
tensity measure N =dsQ (df) dpdc.

For fe P,, we consider the following stochastic differential equation:
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X(@) =X+ J a(X(s),Y (s, ),0,4) N(dsdod¢doe),
Sy
X0)~f,

under the condition that {Y (¢, &); £=>0} is a right continuous R*valued
stochastic process defined on a probability space {(0, 1), da} and satisfies

@1 |

Y (¢, -) ~X(¢) for each ¢£Z==0. The following two propositions are due
to Tanaka [20].

Proposition 2.1. (i) On a suitable probability space {2, F, P}
with an increasing family {%,; t=0} of sub-0-fields of ¢ we can
construct an {4.}-adapted Poisson random measure N (i.e., N (B)
is S,-measurable for each t and Borel subset B of S,) with intensity
measure N so that (2.1) has an (Yi-adapted) integrable solution
X (¢), i.e., a solution which satisfies E[osup | X (s)|]<<co for each t=0.

(ii) The uniqueness in the law seiss_set holds for integrable solu-
tions of (2.1), that is, the probability law on D of any integrable
solution of (2.1) is uniquely determined by f.

(iii) The solution X(¢) has the Markov property in the sense
of McKean [13].

We denote by u(¢) =T,f the probability distribution of the integra-
ble solution X (#) of (2.1).

Proposition 2.2. () If the initial distribution f belongs to the
space P,(p=2), then u(-) belongs to the space B([0, o), P,).

(i) The distribution u(t) solves the equation (1.3) and {T,;
t=>0} becomes a nonlinear semigroup on P,.

(ili) For every t=0, we have
m(u(t)) =m(f) and |u(t)|=|f].

(iv) The nonlinear semigroup {T,} on P,is non-expansive with

respect to the metric 0:

o(Tufy, Tef) <o (f1, /), =0, fi, i€ Ps.

(v) As t—oo, e(T.f) decreases to 0.
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The stochastic process X (#) constructed as the integrable solution
of (2.1) is called an associated Markov process with the Boltzmann
equation (1.3). We also consider, for given fe& P, and u(-) € B(]O,

%), P,), the following stochastic differential equation:
X&) =X(0) + L @(X(s),Y (s, 0), 0, ) N (dsdbdgda)
2.2) { Y@, )~u(t), =0,
X©)~f.

A unique integrable solution X (#) of (2.2) exists in a similar sense to
the equation (2.1). The probability distribution on D of X (#) is unique-
ly determined by f, #(-) and Q so that we sometimes denote it by

P(f, (), Q).

(8) Associated diffusion process with the Landau equation. Let
{Au; uc P,} be a family of differential operators introduced in Section
1. For f& P,, we consider the following martingale problem (2.3) with
respect to a probability measure P on (C, 89).

(i) Denoting by % (¢) the distribution of X, under P
(i.e., #(t, B)=P(X,€ B) for every Borel subset B of R®),
% (+) belongs to the space B([O0, ), P,),

(ii) z0)=f,

(iii) For every $&Cy (B, $(X) — [ Auo(X)ds i

\ a martingale relative to (P, {B¢;:=>0}).

(2.3)

The existence of a solution to the martingale problem (2.3) can be shown
by applying the result of Funaki [5]. To prove the uniqueness, let
# (¢) be the distribution of X, under some solution P to the martingale

problem (2.3). Then the condition (iii) proves that

m(#Z(2))=m(f), v(@@E))=v(f),
2.4) yo@@))=v(f) - I+{0(f) —v(f) I}texp(—6bazr),
for every ¢=0.

In fact, (2.4) can be proved by showing that

d d
~_Ef[X/]=0, Z-EP[|X,]*)]=0
2 prixg=0, LEXI=0,



DIFFUSION APPROXIMATION 849

and
%E” [X. () X, (6)] =6a{m:(F)m,;(f)

+0,v(f) —EF[X: (O X; O]}, 1=7, /=3,

where E”[-] means the expectation relative to P and X;(#) is the i-th

component of X;. Noting that

a(z,u)=a(x—m(u)) +3av(u) - I—ao(u),

(2.5)

we see that the functions a (¢, x) =a(x,Z(¢)) and b(¢, x)=b(x, % (1))
are determined only by f. The probability measure P solves the follow-

ing martingale problem:

(i) P(X,eB)=f(B) for every Borel subset B of R®
t
(2.6) { (i) For every ¢peCy(RY),p(X.) — j Ah(X,)ds is a martin-
0
gale relative to (P, {B?¢;t=0}),

where

j;;:‘ a”(s,x) 0’ +Zb (s, x)

=1
2 1 iax_, i=1 al',,

i
Since the nonnegative square root of the matrix a(#, x) is Lipschitz con-
tinuous in x& R® (see Theorem 5.2.3 of Stroock and Varadhan [19]),
the martingale problem (2.6) is well-posed and therefore we see the
uniqueness of the solution to the martingale problem (2.3). Accordingly,

we obtain the following proposition combining with the results of Funaki

[5]-

Proposition 2.3. (i) There exists a unique probability measure
P on (C, B° which solves the martingale problem (2.3).

(ii) The solution P has the Markov property in the sense of
McKean and the distribution % (t) solves the equation (1.6).

(i) If the initial distribution f belongs to the space P, (p=2),
then % (-) belongs to the space C([0, ), P,) and we have ET[ sup
| X:|P]<<oo for each T<oo. =

(iv) For every t=0, we have
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m@@) =m(f) and |7 (@)|=[rf].

The stochastic process X; with the distribution P is called an asso-
ciated diffusion process with the Landau equation (1.6). We also con-
sider, for given f& P, and «(-) €C([0, ), P,), the following (2.7)
called by the name of (f,,-martingale problem.

(i) P(X,eB)=f(B) for every Borel subset B of R’
7
2.7) { (i) For every ¢peCs(RY,p(X,) — f Tuwd (X ds is
0
a martingale relative to (P, {B};=>0}).

This martingale problem determines a unique probability measure P on

(C, B9.

(4) The main result. Let {Qs; 0<e<(1l} be a family of Borel

measures on (0,7) which satisfy the following assumption (I) or (II).

(i) Q.((em, 7)) =0 and r(iQE(daKoo for 0<e<1.
@) (i) There exists a limit c—hm Cey 0<c<{oo,
where c,=&- j 60, (d0).

There exists a Borel measure Q on (0,7) such that
an f 00 (d) <oo and Q,(B)=Q(¢'B(N (0,7)) holds for every
0
€:0<e<{1 and Borel subset B of (0, 7).

If {Q.} satisfies the assumption (II), then it fulfills also the assumption
(I) with ¢= j\” 0°0(d6). As is stated in Section 1, we consider the scal-
ing defined byot—>6_2t and Q—Q.. After the transformation, the Boltz-
mann equation turns into the equation (1.4) and an associated Markov
process X°(z) is given by the solution of the following stochastic differ-

ential equation:

X6(£) =X (0) + L a(X:(s), Yé(s-, @), 0, ¢) No(dsdfdpde)

(2.8) { X)) ~YeC, ),

where N, is a Poisson random measure on (0, o) XS with intensity
measure N,=e"2dsQ. (d0) dpda. We denote by P; the distribution on
the space D of the integrable solution X°®(-) of (2.8) with an initial
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distribution fe& P,.

Remark. The conditions |"00.(df) <eo in (1) and [To0w@n <o

0 0
in (II) are assumed only to use the result of Tanaka [20] which guaran-
tees the solvability of the equation (2.8). But his unpublished result

shows that these assumptions are unnecessary (private communication).
See also Theorem 2 of Tanaka [22].

We also denote by P, the unique solution P to the martingale prob-
lem (2.3) with @=cn/4 extending it on the space (D, B?). Our main

result is formulated as follows.

Theorem 2.1. () For each fe P, (p>2), under the assump-
tion (I) on {Q¢}, the probability measure P} converges weakly to Py
on the space Dg as ¢ tends to 0.

(i) For each f& P,, under the assumption (II) on {Qe}, the prob-
ability measure Pj converges weakly to P, on the space Ds as €

tends to O.

§ 3. Estimates on the Function G(x,y,03¢)
and the Solution of (2.2)

We prepare some estimates on the function G and the solution of
the stochastic differential equation (2.2) to give a proof of Theorem 2.1

in the next section.

(1) Estimates on the function G(x,y,0; ¢). The function G was

introduced in Section 1 by

G, 9,050 = [ 0 —p@)}as,
(z,5,0,0) eR*X R*x (0,7) x C¢ (R).

We sometimes denote x* and e(¢) by z*(x,,0,¢) and e(d; x,v) to
make precise their dependences on (x,y,0,¢) € R*X R*X (0, 7) X (0, 2r)
and (x, y)e R*X R’, respectively. We extend x*(x, v, 0, ¢) and e(d; x, y)
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as functions of ¢ to periodic functions on R' with period 27. Assum-

ing that, for each xR’ ¢(¢; x, x) is also given in such a way that

j—;=z><e for some 2 R®; |z|=1, we define ¢,(x,y;x’,y") [0, 27),

(z,v, ', y') € (R%* so that the following relation holds.
3.1 e(@;x,y) =e(d+do(z, 2, 9);2,5)
for some ¢e[0, ).

We note that the relation (3.1) determines ¢, (x, y; ', y’) uniquely.

Lemma 3.1. For every x,vy,x’,y' €R*, 60 (0, %) and ¢ (0, 27),
we have

[a(x, ) 0) ¢) —a(x', y,, 0, ¢+¢0(1‘, y; .Z", y,))l
<{lz—2'|+ly—9'1}0.

Proof. Since we see that

max |e(d;z, 9)|z—y]—e(@+d(z, v;27, 9757, ¥7) 2" =]

=|e (5+12z—;x, y)lx—yl —e<$+¢o(x, vz, y’)+—g—;x’, y’)lx'—y’ll
=|(x—y)—(x"—y))],

with ¢ appeared in (3.1), the relation

a(2,9,0,6) = (y—2)sin 2+ ~e ($:z, 5) [x—ylsin
proves the desired inequality. Q.E.D.
The function G(x,y,0;¢) has the following estimates.

Lemma 3.2. For each ¢y=C7 (R, there exists a positive con-
stant K=K () such that

@) 1G(x,9,0;¢9) |I=KO{1+ |z"+ [y},

() 1G(x,y,0;9)—G(x', 3, 0; P)ISKOH{1+ [z|*+ [z [P+ [y} x— 2]
We also have that

(i) G(x,3,0;¢)=0 if [z[=3M(), [yI=<M($)/30 and G< (0,
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/2], where M () =inf{M>0; ¢ (x) =0 for |z|=M}.

Proof. (i) For each x,v,0,¢ and ¢, there exists 2°€ R® such that

9 (x*) —¢(z) =Fd(z), z* —x)

+ L o5 0 0y (b (a2,

—2_ i,j=1 axiax,-

where th(x):(g—i, %, g—f> and {-,-> means the inner product of
1 2 3

R®. Noting that

2z
j e(¢)d¢=0 and |x*——x|=|x—y]sin—g—,
0

we get
2z 0
3.2) J‘ (x*—x)d¢=2n‘(y——x)sin2-2—
0
and
2
@.3) [t —2) @F—2) ldp<nle—v1/2, 1<, <3,

respectively. Therefore, we obtain
|G (x, v,0;¢) ]

0% ()

x,@x,—

g%az{]y—xl sup V(x| + .g_ly—xfz sup

L,
i,7,%
(i) For given x,x’,v,0 and ¢, we denote x*(x,v,0,¢) and x*

(x',5,0,0+¢ (x,v; x’,y)) simply by x* and (z’)*, respectively. Then

we get

which implies the estimate (i).

(8.4 G(z,9,0;9) -Gz, v,0;¢)

= [T ey 0@ —s@ +oE1as
= J;z"d¢ £1<V¢(z*(r, #), 2* — (z')*>dry

= [T a8 [ o), z—anar
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= [Tas [woc a0 -roe), o= @) — a2y
+ [Tas [ @oer a0y -roea), o-aar

+ [T as [[roem), 2 — @y -t adar

=I,+L+1I,,

where
2*(r,¢) =r2*+ (A —71) (2)*

and
() =rz+1-7)z’,0=r<1.

To give a bound on I, we derive

(3.5) [2*(r, 8) —=(1)|
=|r{z*—z} + A—71) {(@")*—z'}|

§{Tlx“3’f+(1-T)]:c’—y|}sin—g

=0{l=z|+|z’| + 5]},

and, by Lemma 3.1,

(3.6) 2% — () *—x+ x|
=la(z,5,0,¢) —a(z’,y,0,¢+ ¢ (x,v; 2", ¥)) |
=0Olz—z'].

Two estimates (3.5) and (3.6) show that

0%

xiaxj

@D LIS (el + 12 b ] s T ().

Noting that
j (2* (1, ) —2(r) ) dp=2m {y — = (1) } sin’ %
and

[T1era o -nm) 1,9 -2 m)1ds
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=270"{|z| + |z’ + |¥]}%,

the second term I, can be bounded in a similar manner to show the esti-

mate (i) and accordingly we get

2
(3.8) iIz|§27T02{(lxi+lx’i+lyl) sup 09 (z)
i,j,z @xi@:c,-
| 7] 2 08([) ’
+9(x|+ |z’ +|y])? sup | ————(D)|{ |x—2].
&4,k 2| 0x;0x ;024

As for the third term I,, since
.5 0 ,
I;=27sin 5{</1(x ) —¢(x)},
we have

(3.9) zmggaﬂx—x': sup 7§ () .

Combining the three estimates (3.7)-(3.9) with (3.4), we obtain the
desired estimate (ii).

(ili) Noting the relation |z*—x|=|x*—y|tan %gﬁlx*——yl @ (0,
7/2]), we can easily show that the conditions for x and y in the statement
(iii) implies that |x*|=M () which proves that G(x, 1y, 0;¢) =0.

Q.E.D.

(2) Estimates on the solution of (2.2). Here, we fix a positive
number p=>2. For given f€ &, and u(-) € B([0, o), L,), we consider
the stochastic differential equation (2.2) and derive estimates on the
integrable solution X (#) defined on a complete probability space (£, ¢,
P; {4,;t=0}). We set c= j;wﬁzQ(dﬁ) and denote by % (#) the proba-
bility distribution of X (#) on R

Lemma 3.3. (i) For each T, U and c,>>0, there exists a posi-
tive constant Ki=K,(T, U, ¢, p) such that an inequality

E[ sup |X(0) P]=K:{1+ | FI3}
0=t<T

holds whenever c< (0, ¢;] and ||u(:) |p0n=U.
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(ii) For every s=0, we have
lim E[|X (2) —X(s) |?] =0.
t—>s
Especially, the function % (-) belongs to the space C([0, o), P,).

(ii)) For each T and c¢,>0, there exists a positive constani K,

=K, (T, c,) such that
E[XCENE) —X (AL PIL]SKe{n® + |u () oo} (£—5)
0<s<t<T, n=1,2, -+, P-a.s.,

holds whenever c< (0, ¢,], where £, (w) =inf{t>0; | X (¢; ) | >n}, 0EL,
and ¢t/N\C=min (s {).

Proof. (i) We set M(t)zLa(s,@, 8, @) {N— N} (dsdbdpdar),

A1) = La(s, 0,6, ) N (dsdfdgder), where a(s, 0,6, &) =a(s, 0, 6, a; o)
=a(X(s-)t, Y(s-,),0,¢). Then M(¢) is a 3-dimensional martingale rel-
ative to (P, {<;; £=0}) and therefore Burkholder-Davis-Gundy’s inequal-
ity (see Dellacherie et Meyer [4] or Kazamaki [9]) yields an bound

(3.10) E[ _sup |M(s)P1=C E[I[M]AC) [*]

0=s<EACn

with some positive constant C,=C;(p) where [M](¢)={[M]:(#)}3-; is
defined by

[M1:(2) = L ai(s, 0, 6, @) N (dsdbdgda), 1<i<3

and a; is the 7-th component of the vector a. Since the relation

a(,5,0,8)| = |z —slsin_- implies that

M1 @)= [ (X6 P+ 1Y 6 ) (30N (dsdodgdar),
to bound the right hand side of (3.10), we set

L@ ={ [ 1X6) 10N @sdodsda) | = (Z:0)y
and

Io(t) = { L Y (s-, @) |6°N (dsdbdéda) }” ' {Zu ()},
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It8’s formula (see, e.g., Ikeda and Watanabe [6]) yields that

I,(t) = L [{Z.(s) + | X (s-) |20% 2 — Z, (s) "*] N (dsdOd pdcx)
<» L | X (s) 126°{Z:(s-) + | X (s-) 267 ®P'N (dsdfdpd )
=p2° L {1X () 0°Z1 (s) @D+ | X (5-) |767} N (dsdbd¢d )

<C, j {I,(s-)0*+ | X (s-)|?0%} N (dsdbd¢dc),
Sy
where C, is a positive constant which depends only on p. Hence we get

E[L(ENEH]=C, L OE[Li(s\Cw) + | X (AL IP1N (dsdfdpda)

<oneC, f {EILGAL)T+E[IX AL |71} ds,

which implies, by Gronwall’s lemma,
t
B.11)  E[LEALIS20eC e ['BIX (AL 71ds.

To get an estimate on E[,(¢/\{,) ], we note the following fact, that is,
if X is a Poisson random variable with mean #>>0, then, for each #,>0,
there exists a positive constant Co=C; (4, p) such that E[ X?]<<C;x holds
whenever z& (0, #). This is shown by noting that E[X?] =gE[(X
+1)?7'] holds for every p=1. Since Z,(¢) is Poisson distributed with
mean 27c J:Hu(s) |?ds, we get, for each ¢, and U>0,

(3.12) E[L,ENC)I=SE[L(2)]
<C;2rc, TU?, p/2)2mctU* t<T ,

whenever ce (0, ¢,] and |2 (-) ||p,r7SU. Combining the estimates (3.11)
and (3.12) with (3.10), we see that, for each 7, U and ¢,>0, there

exists a positive constant C, such that

(3.13)  E[ sup ]M(s)lf’]§C4{fE[]X(s/\Cn-)I”]ds+t},

0=s<INLa

Ogth, n=1,2,.- ’

holds whenever ce (0, ¢,] and [u(:)|pm<U. While, noting that the
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2z

relation j ¢(¢)dp =0 implies that
0

A@) = L {Y (s, @) — X (s)} sin? _Z.N (dsdbdgdcr),

we can show a similar bound on A (%), that is, for each 7T, U and ¢, >0,

there exists a positive constant C; such that
t
(3.14) E[ sup IA(S)lp]écs“‘EHX(S/\Cn-)lP]dS+1},
0SS<tAL R 0

0<t<T,n=1,2,,

holds whenever c& (0, ¢] and [[e(-) [, rU. Since X () =X (0) + M(z)
+ A(2), two estimates (3.13) and (3.14) yield an estimate on X () with
some positive constant Ce=Cy (T, U, ¢, p) :

B[ _swp IX@II=CL+ 173+ [EIXGAL) 171as]

0=s<IACR

<C:fi+1slz+ [BL s 1X()i71as ).

0=r<s/A\Cxn

Therefore Gronwall’s lemma shows that

E[ sup IX<S)IPJ§C6{1+”f”:g}ecar’nzl’ 2,""
0<s<TALn

for ¢=(0,c] and [& () |lp,n=U.

Tending 7 to infinity, we get the estimate (i) by Fatou’s lemma.

(i) Burkholder-Davis-Gundy’s inequality shows that
E[|M @) — M(5) "]
< [EUX ) 17dr+ ¢=9)| -0 as [t—5/>0 (O=s=e<T)
with the same constant C, in (3.13). We can also show that
E[JA®) —A®) 7]
<Cic®|t—s" [{ENX 171+ |u () |7} dr
—0 as [t—s|>0 (0<s=<T)

with some positive constant C;=C;(p). Hence we have

(3.15) Jim EIX(5) ~X(5)]2] =0.
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Noting that 0, (# (2), % (s)) <E[|X () — X (s) |?]?, we see that #(-) is
a %,-valued continuous function.

(iii) We observe that
(8.16)  E[IX(ENL) —X(sAC) " F.]
<2{E[IM@&NC) —M(N\C) 1G]
+E[|AENEG) —AGAL) I F1}
=2{I] + I }.

The first term has the following bound:

~ |
I —F [ f la(r,6,4,) |’N (drd@dgéda)lff, |
SN —SsALn A

o]

Len{nt+u () [ori (¢—9), 0<s<<T (P-a.s).

IA

tACn
- H UX ) P+ [ () |3 dr
SACn

While the second term is bounded as follows.

~
N

| _E H JSW"_SW" a(r,0, 6, @) N (drd0dede) rl .C,f,]

—E H fStMn_SW" Y (-, @) —X(r-)}sinz-g— N (drdfdgde) ﬂ F ]

={ew(n+]u() ) =9 /2", 0=s=t<T (P-a.s.).

Hence we get the estimate (iii) combining those on I and I with (3.16).
Q.E.D.

The next task is to give an estimate on P(f, u#(-), Q) with respect
to #(-) where P(f,u(-), Q) is the probability distribution on D intro-
duced by solving the equation (2.2) (see Section 2). Let C'([O, o),
P,) be the space of all u(-) €C(]0, o0), P,), for each of which there
exists a stochastic process Y (¢, ) defined on {(0,1), da} satisfying the
following condition.

(1) Y (@, )~u() for every t=[p, o),

(3.17) { 1
(ii) Itim j; 1Y@, a) =Y (s,a)|’da=0 for every s€[0, o).
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Lemma 3.4. For each T and c,>0, there exists a positive con-
stant Ky=K,(T, ¢c,) such that

5:(P, P <K, j‘pz<u<s>, u' (s))ds, t<T,
0

holds for all u(-) and u’(-)eé([o, 00), P,) whenever ce< (0, c],
where P=P(f,u(-),Q) and PP=P(f,«'(-), Q).

Proof. We fix f& P,. Let 4 be a partition of [0,T]; 0=1¢<4
<++<tp,=T and put 4(s) =t for t<s<tpss (0<Eh<<n), |4l =max{ty,
—ty; 0<k<m}. For u(-) Eé’([O, o0), P,), taking a stochastic process
Y (¢, ) which satisfies the condition (8.17), we define X,(¢) by
X, (8) =X (0) + j 2,(s,0, 6, @) N (dsd0déda),

S,

ad(s’ 07 ¢7 a) :a(XA(A(S>)aY(A(S)’a)70’ ¢)a

where X (0) is an Yy-measurable f-distributed random variable. The prob-

(3.18) {

ability distribution of X,(-) on the space D is determined uniquely by
u(-) and 4 so that we denote it by P(u«(+),d). First we show that

(3.19)  lma(P@(), ), PO u(), D) =0.
To this end, we note that the probability distribution of X,(-) defined by
X,(2) =X (0) + L 2,5, 0, 6, @) N (dsdfdgde),
‘_ZA (S’ 07 ¢, a)
= a(X(A(s)), Y(A(s5), ), 0, ¢+ $(X(s5-), Y (s-, @), X ((A(s)), Y(A(s), @),

is also given by P(u(-),d), where X(#) is the solution of (2.2) with
X(0) and Y (¢, ) given as above. We set

a(s, 0’ ¢’ CK) =CZ(X(S-), Y(S-, Oﬁ), 6’ ¢)a
M0 = [ {ai(s,0,6,0) ~a(s,0,4,0)} (N — ) (dsd0dsda),
A,() = f (@a(s, 0,6, 0) —a(s, 0, 6, )} N (dsddgder)

and

L= [ YU, @ -Y¢0 k.
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Then, by Doob’s inequality and Lemma 3.1, we get

E[ Sup | M, (s) %]
<4 f E[1a4(s, 0,6, @) —a(s, 0, 6, &) 1] N (dsdbdpdc)

<t6me [ {ENX,(U©) =X [T+ L)} ds,

and, by using Schwarz’s inequality, we have

E[ Sup |A,(s)]%]

= E[ sup
0<s<t

[ ®ue-xe+vue,o

—Y (s, @)} sinZ%N’ (dsd6dda) ﬂ

=c'n’t J;L{E[iXA(A(S)) =X 1+1,4()}ds.

Since
Xi(t) —X(¢) = My () + As(2),
setting
L&) =E[ sup |X,() ~X (&)1,
we get

Ly =K [14() + EIXU©) =X O [T+ Lu(}bds, 1=T

where K=K (T,c) =4(16nc+*7°T). Hence Gronwall’s lemma shows
that

L, (T)<Ke"** ﬁT{E[lX(A(S))-—X(S)Iz] +11,4(s)}ds
—0 as |4]-0,

which proves (3.19). Next, we show that, for every 7T and ¢,>0, there

exists a positive constant K; such that
(3.20) 0i(P(u(-), ), P(u’ (), 4)

<K, pr(u (4(5)), u” (4(s)))ds, t<T, c & (0, ],
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for every partition 4 and = (-), ' (-) € B([0, o0), P,). In fact, we take
two processes Y (¢, ) and Y’ (¢, @) on {(0,1),da} in such a way that
() Y@, - )~u@),Y (¢, ) ~u’(2) for every £20,
1
(ii) j Y, a) Y (¢, )|’ da=0*(u(2), u’ () for every =0,
0

and define X,(-) by (3.18) and X,(-) by
X/,(8) = X (0) + L @'y(s, 0, 6, @) N (dsd0dgda),

ay(s,0,4,0) =a(X;(4()), Y (4(9),a),0,9
+ 60 (X4 (4(5)), Y (4(s), ), X4(4(5)), Y (4(s),@))).
Then the probability distributions of X,(-) and X,(-) are P(u(-),d)

and P(«'(-), 4), respectively. In a similar manner to bound I, ,(¢), we

can show an estimate on I; (%) :E[O;lespt 1 X, (5) —X5(s) |*]:

L =K (T, 0) [ 10u(s) +0 @A), o’ UG)}ds, e<T

which implies (3.20) with the help of Gronwall’s lemma. Tending |4]
to 0 in both sides of (3.20), we get the desired estimate by noting
(3.19). Q.E.D.

Now, for the process Y (¢, &) given by (2.2), we set Y7 (&) = sup
o 0<t<T
|Y (¢, @) |, T< oo, and consider a random variable Y;(a) on the proba-

bility space {(0,1), da} satisfying the following two conditions.
(3. 21) ?TN YT .
(3.22) Y, is non-decreasing in ae (0,1).

Let 4={0:}, be a sequence such that w=>0,>0,>:-->0. For such 4,
we set B;= (0;41,0:], S°=B;x (0, 27) X (0,1), £=0,1, --- and

(3.23) 9(a, H)=9(a, 4;0, T, p)
—2r1 2 0?0 (B)) exp {—22TQ(B:) (1—a)},ac (0,1).

Lemma 3.5. () Assume that there exists 0, (0, ] such that
Q([6,,]) =0. Then we have
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E[ sup |X(¢) =X () |"1=<OFE[ sup [X(&)]"]
0<t<T ISt<T

1
+infT j Yi(a)g(a, H)da,
4 0

where the infimum is taken over all sequences 4= {0:}3,.
(ii) The second term in the right hand side of the inequality

1
in (i) is bounded by 277.'07"(9(’,’_2\[v sup |Y (¢ ) |°da.
0 0<t=T

Proof. Let {p(t,w), t=0}={0(, w), ot 0),x(t w)), =0} be
a Poisson point process on S corresponding to the Poisson random meas-
ure N, that is, p(¢) is an SU {0}-valued process such that N(B)
:; 1(2, p(2)) holds for every Borel subset B of (0, o) X .S satisfying

N(B) <{oo, where 0 is an extra point not belonging to S. Since the
assumption on Q implies that P(0(z) <0,) =1, we have

(3.24) sup | X (@) —X()]|?
0<t<T

Il

sup _ [a(X (@), Y (¢, a(2),0@),8())I°

I<t<T,p(t)ES

_ v aten e OO
~ sup X Y(t,a(t))]{sn 2}

OSIST, p()ES

é%’é}lspr IX@ 74 _ sup _(GoAO@) YE(@ (), (P-a.s.).

ISIST, p(HE

For a sequence 4= {0;}7,, the following (3.25)-(3.27) are well-known
(see, e.g., Ikeda and Watanabe [6]).
(3.25) The random variable #n* (@)= 3. 15 (p(¢, )) is Poisson distrib-
W=
uted with mean 277Q(B;) for each 7=0,1, ---.
(8.26) Arranging the times # which satisfy p(#) €S% 0<t<{oo, in an
increasing order; 0<{#<(#i< .--, random variables ai (w)=a (£

(w), ) are uniformly distributed on (0, 1).

(3.27) The random variables 7’ and i, i>>0,2>1, are mutually in-
dependent.

The final term in the right hand side of (8.24) is bounded as follows:

I@)= _sup (B N\O(2)*YE(a(2))

I=<t<T,p()ES
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<3607 sup YR(di(@))

im0  1=k<ni(o)

~ 3107 sup Yk ()

i=0  1Sk<ni(w)

= >107Y2( sup ai(w)).
i=0 1<k<nt (0)

Noting that

P( sup ai(w) eda)=na""'da,0<i, n<loo,
1Sk<n

we get
E[I(T)]
<3100 3 L rTO(BY) exp (—26TQ(BY} [ Yr(@)na-de
i=0  a=0 !l 0

=T f?%(a)g(oz, Hda.

Since this estimate holds for every 4, we obtain the assertion (i)

by (3.24). The assertion (ii) follows immediately from g¢(a, 4)

<27 370°Q(B;) and c=inf 3 G2Q(B)). Q.E.D.
i=0 4 1=0

§4. Proof of the Main Theorem

We now give the proof of Theorem 2.1. Throughout this section,
the family {Q¢} is assumed to satisfy the assumption (I) if fe P, (»>2)
or the assumption (II) if f& P,. We denote by «°(¢), 0<<e<1, and
% (¢) the probability distributions of X, under P; and Py respectively.
For each x€ R’, let P}, 0<e<1, and Py, be the probability distribution
P(0.,,2°(+), e?Q:) of the solution of (2.2) and that on the space C of
the unique solution to Az.,-martingale problem (a=cr/4) with initial
distribution 0., respectively, where 0, is the Dirac’s §-measure with unit
mass at x. We sometimes regard P, as a probability measure on (D,

BP). We show a strong version of Theorem 2. 1.

Theorem 4.1. The probability measures P; and P} . converge

to P; and P;, as €0, respectively, in the following sense:
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lim p,(P%, P;) =0 and lim 07 (P%,s, Py,z) =0 for every T < oo .
el0 elo

Theorem 2.1 follows from Theorem 4.1 immediately since p-conver-
gence implies the weak convergence on the space Dg. The method to
prove Theorem 4.1 is based on the martingale formulation which was
used first by Stroock and Varadhan [18] and also by several authors
(see, e.g., Bensoussan, Lions and Papanicolaou [2] and Papanicolaou, Stroock
and Varadhan [15]) to show the weak convergence of Markov processes.
In the following we set ¢,= 0sup ce<{ oo, where c¢ is the number intro-
duced in Section 2. We note<‘i}<11at ce=c for every 0<e<1 when the
assumption (II) is fulfilled. We first note that the proof of Theorem
4,1 can be reduced to show the following lemma in which we set
P:=P(f,u(-),e?Q:) and P},.=P(0,%(-),eQ:) for 0<e<1l and
e R

Lemma 4.1. The probability measures P; and P}, converge to

P; and P;, as e—0, respectively, in the following sense:

lim ¢, (]3}, P)) =0 and lim p, (P},I, P;.)=0 for every T< oo .
el0 €l0

Proof of Theorem 4.1. Using the triangle inequality for p,, since
2 (-), @(-) eC ([0, ), P,), Lemma 3.4 proves that

0:(Ps, Py <2p:(P5, P)) +20:(P%, P%)

<20%(P5, P,) + 2K, (T, ) j 0 (s), m(s))ds

~ t
<9p3(P%, P,) + 2K (T, c) J 0:(Ps, P)ds, t<T .
0
Gronwall’s lemma yields that

07 (P, Py) <201 (Py, Pp)exp (2T Ko(T, co)} -

Since, by Lemma 4.1, the right hand side tends to 0 as €0, we get

lilm 07(Pj, P)) =0. The convergence of P}, can be shown as follows.
elo

0% (P, Py,.) <20%(P%. ., P;.) +20%(P5,., P5..)

~ T
<20k (B, Py + 2K (T, c0) j 0" (u*(s), @ (s))ds
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é%?(lﬁe,m Pf,z-) +2K3(T, Co) TET(P;', Pf)
—0 as ¢—0. Q.E.D.

As the first step to give a proof of Lemma 4.1, we show the tight-
ness of the family {P;I} To do this we note the following lemma
whose proof is omitted since it is standard. For every n=1,2, ---, define
a mapping 6, of D by 0,(w)=w;,, weD, where w;_ is a stopped path:

w;, (8) =w (AT, t€][0, ),
and

Ta(w) =inf{t>0; |w (¢) |>n} .

Lemma 4.2. Let {P%;0<e<1} be a family of probability meas-
ures on (D, BP). If the family {P%0;'; 0<e<1} is relatively com-
pact for every n=1,2, --- and if

lim sup P (r,<<T) =0

n—ooo 0<e<1

holds for every T< oo, then the family {P°; 0<e<1l} is relatively

compact.
Applying this lemma we get the following.
Lemma 4.3. The family {13},,,.; 0<e<1} is relatively compact.

Proof. We denote Pf-,z simply by P®. For every n=1, 2, ---, Prop-
osition 2.3-(iv) and Lemma 3. 3-(iii) prove that

EPeO [1X,,— X0, |* X, — X, 7]
= EPE [ i Xﬁa/\fn - X‘e/\"n l : iXtR/\fn - 'th/\fn ‘ 2]
SK (T, c) {n* + | FI7 (4= 10)?, 0=t =t,<t,<T .

This estimate implies the relative compactness of the family {Pf00;';
0<e<1} for every n=1,2, --- (Billingsley [3]). While, by Lemma 3. 3-
(i) with p=2, we have

Pe(r,=<T) =P( sup | Xi|>n)
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<n*E?[ sup |X,|*]

0<t<T
=nK:(T, || f], 0, 2) {1+ | 2|7},

which proves that lim sup P°(r,<<T) =0 for each T'<{co. Hence

n—oo 0<eL1
Lemma 4.2 shows the conclusion. Q.E.D.

We give a criterion to prove the p-convergence.

Lemma 4.4. Let {P®;0<e<1} be a family of probability meas-
ures on (D, BP) satisfying the following three conditions:
4.1) P¢ tends weakly to P° on the space Dg as e—0.

(4.2) P(C) =1.
4.3) lim sup EP[ sup |X;|%; sup |Xi|>n]=0, ¢=2.
o=<t<r 0=<i<T

n—ooo 0<e<1

Then we have lim P, (P¢, P) =0.
el0

Proof. By the theorem of Skorohod (see, e.g., Ikeda and Watanabe
[6]), the condition (4.1) shows that there exists a probability space
(8, ¢4, P) and D-valued random variables {X°®(-), 0<e<{1} defined on
2 which satisfy the following two conditions.

4.4) For each €= [0,1), the probability distribution of X°* is P°.
(4.5) X¢ converges to X° in the space Dg as ¢—0 (P-as.).

Since the condition (4.2) implies that P(X°cC) =1, the condition
(4.5) shows the following (see Billingsley [3]).

(4.6) X°¢ converges to X° in the space Dy as e—0 (P-as.).

Now we see that
04,7 (P4, P)Y<E”[ sup |X°(t) —X"(2)|]
0=t<T
<E”[ sup |X*(t) —X"(&)|*/\n]
0t=T
+EF[ sup | X*(£) —X"() % sup |X*(2) —X"(2)|*=7]
=tsT 0=t<T
=i .+ 15, for every n<loo .
The condition (4.6) proves that lim If,=0. We can also show that

&0
lim sup I5,=0 by noting the condition (4.3). Hence we obtain the
n—ooo 0<eL1

conclusion. Q.E.D.
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Lemma 4.5. (1) 7The families {Pj.; 0<e<1} and {P},x; 0<e
<1} satisfy the condition (4.3) for every q=2.

(i) The families {Pj; 0<e<1} and {P}; 0<e<1} satisfy the
condition (4.3) with g=p.

Proof. By Proposition 2.2-(iii) and Lemma 3. 3-(i), we have
4.7 EF [ sup |X,|%; sup |X.|>7]
0<t<T 0St<T
<{EFPI[ sup | XM} {P5.[ sup |X,|>n]}
0<t<T 0<t<T
<{EFo+[ sup | XM} 2 {n~EFI=[ sup | X[}
0<t<T 0<t<T

=n M [K (T, | £l, co, 20) {| 2" + 1} Ki (T, | f1, €0, 4) {| x|+ 1]
=C»*(|z|**+1)—0 as n—oo (uniformly in ¢),

where C=C(T, | f|, ¢, g) is a positive constant. Hence we get the asser-

tion (i) for the family {P}.}. Noting the relation Pj(:)= J P;. () f(dx),
R?

we have, by (4.7) with g=p,

EPI[ sup |X,|7; sup |X,|>n]
0<t<T 0<t<T
<EFPI[ sup |X.|7;|Xo|= 7]
0<t<T
+EPI[ sup |X,|7; sup | X/ >n, | X <v7]
0IStsT =t<T

= EP [ sup |X,|?] F(d=)
ZI=VT 0<t<T

+ EPr[ sup [X,|7; sup |X.|>n]f(dz)
1z1<vV7 0<t<T 0<t<T

=K\(T, | fl, e, 2) &,,gﬁ {lz|?+1} f(dz) + Cn~*? (#n*?*+1)

—0 as n—oco (uniformly in &),

which proves the assertion (ii) for the family {Pf}. In a similar manner,
we can also show the assertions (i) and (ii) for the families {P}"z} and
{ﬁ}}, respectively. Q.E.D.
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For ue &P,, we put

Ty = | () —¢(2)} e~ Qu(d0) ddu(dy), g C3 (RY).

0, 7) x (0,27) X B3

The following lemma can be shown by using Ité’s formula relative to

the Poisson stochastic integrals.

t
Lemma 4.6. For each p=Cs (RY), ¢ (X)) — j (X)) ds, =0,
0
is a martingale relative to (P}, {BP;t=>0}), where Ji=Asws.

We show the uniform boundedness and the equicontinuity of the

functions { A (x); 0<<e<<1/2, t= [0, o0)}.

Lemma 4.7. (i) For each $=C7 (R?, we have
sup | A (x) [ <oo.

(e, t,2)E(0,1/2) X [0, o) X B3
(ii) For each y=Cy (R*), we have
sup | AW (x) — A (z)|

(e, ) E(0,1) x [0, )

=K@ eco{l+ |[z]*+ 12" "+ | £}z — 2],

where K () is the constant appeared in Lemma 3.2.

Proof. Since

@ = [ G 0:9)eQ@0n ),

(0, e
Proposition 2. 3-(iv) and Lemma 3.2-(i), (ii) show that

(4.8) [ A () |ISK () co{l+ x”+ | £}

and

4.9) | A (x) — A (') [ISK (D) co{1+ |2+ |2 P+ | f |7} [z — 2],

The inequality (4.9) implies the assertion (ii). Lemma 3. 2-(iii) proves,
for e€(0,1/2) and x: |x|=3M=3M () (C0), that

()| = [Te0uao) |

LYISM/30

w(e,dy) [ o]
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<orsup 6 | [ @3 1191>1/361)67°0u(@0)
<18mca] £1"M~ sup [ (=") .

Combining this with (4.8), we get the assertion (i). Q.E.D.
We prove the convergence of the function A (x) as e—O0.

Lemma 4.8. For each uc P,, x&R* and y=C7 (R, the func-
tion A (x) converges to A (x) as e—0, where A, is the operator
defined in Section 1 with a=cr/4.

Proof. We divide the proof into three steps.

Step 1. For each x& R®, we consider a region
K.~ {0, € 0,9 xRl —ylsin L=l + 1],

where M=M()) is the constant defined in Lemma 3.2. The relation
|x—x*| = |x~—y[sin% shows that ¢ (£*) =01if (0, y) € K,. Therefore we

have
G(x,y,0;¢)
13 8%
<V¢(.Z'),b(.l‘,y,0)>-t—— Z aii(‘x’ yae) (.ZI)+R,
2 i7=1 0x;0x;
B 0, y) €K, ,
—21¢(z), 0,y) kK.,
where
27
as (2, 9,00 = [ @t —2) (21 -9, 1=, i3,
0
b(z, y,0) =21(y—z) sinz-g—
and
R=R(zx, v, 0)

-5 i r”i(xo) (zf —z) (zF —z;) (xF —x0) A
6 0 0xiaxjaxk ’

i,7,k=1
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with some x°€ R® which depends on z,y,0,¢ and ¢.

Step 2. We show that
4.10) 1im [ w2, v,0)|s7Qu(d0) u(dy) =0, 1<, <3,

and

(4.11) lim L b(z, v, 0) |e-0.(d0) u(dy) =0.

By noting (3. 3), the equality (4.10) is proved in the following manner:

[ 1au e, 3, 0)167Qu(@0) (@)
<Z L{I@le—ylze‘@a(d@) u(dy)

< Y"zgl (z, 6)c*Q, (d6)
0

<c¢o sup gi(x, 0) =c9:(x, emr) >0 (¢—>0),
<lb<erm

where

g:(z, 0) ==

| REIRCR
2 Jiy1>z1+ M) {sin(8/2)}-1

and the probability measure #, is defined by u,(B) =u(B+x) for every
Borel subset B of R®. The equality (4.11) is shown by

[ 163,00 e70u(@0) (@)
<z Lﬁw y—z|e~'0,(d0) u(dy)

<co{ng:(x, er) /2} *—>0 (e—0).
The next task is to show that
(4.12) lim Lﬁe-ZQe(dG) u(dy) =0
and

4.19) lim | IR, 5,000 4 (@3)=0 (K=, )X R'~K,).
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To prove these equalities, we note that the following two equalities hold

for every ve P,.

(4.14) lim #*v (x| >n) =0,
(4.15) limL1 f |z|*v (dz) =0
n—c0 72 lzI<n

To show (4.12), we see that

Lﬁs‘zQe(dﬁ) u(dy)
= J;” uz<{y ;| v|sin %g[:ﬂ +M}> e7%Q:(d0)

- j " 0:(x, 0) 0% ~*Q, (d0)

<c, sup ¢:(x,0),
0<0<er

where
., .0
0:(z, 0) =0 u3<{y;|y[smgglx]+M}>.

Since (4.14) yields that lim sup ¢.(x,0) =0, we obtain (4.12). To
el 0<o<erm

prove (4.13), noting that the relation |z*—x]| :]x—y}sin—g— shows

0% '

R|<4K0|z— ", K= 0,
|R[= |z—y| sup S0z (x)

i, 1, k%

we have

[, IR, 5,0) 167, (@0) (@)
<4K [ olo—yleQud0)u(@y)
K¢

<4K j"efgs(x, 0) 620, (d6) <4Kc, sup gs(z, 0),
0 0<0Zen

where
9s(z, 0) =0 _ [y[*u.(dy).
1y1<(z1 +M){sin(6/2)}-1

Since (4.15) implies that lim sup ¢s(x, 0) =0, we obtain (4. 13).
el0 0<o<ern
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Step 3. The four equalities (4.10)-(4.13) show that the proof is

completed if the following two equalities are shown.

(4.16) lim o a; (x,y,0)e7°Q:(d)u(dy) =ai;(x,u), 154, 73,
elo 0,7)x B3

and

(4.17) lim b(x,y,0)e*Q:(d0) u(dy) =b(x, u),

el JO,7)xR3

where a;;(x,u) and b(x,«) are the functions defined in Section 1 (we
take a=cn/4). Since (4.17) is shown easily, we give the proof of
(4.16). First we note that

ai;(x, ¥,0) =21 (yi— ;) (v, — x;) w%

lz— 9|2 . o5 [* - i
+ 4 s 0 €3 (¢)ej(¢>d¢’ 1=l, ]:3 3
0
where ¢;(¢) is an i-th component of the vector e(¢). Therefore we get

(4.18) lim a;;j(x,y,0)e’Q.(dN)u(dy)

elo JO,m) xRS

=< [ te—stu@y) [Tewe g, 1<i,i<s.
4 Jr: 0

The final task is to compute the integral in the right hand side of (4.18).
We have to remind that the function e(¢) depends also on x and y.
We put z= (2:)i-1= (x—y)/|x—y| (assuming z#y) and f($) = (f1(9),
F2(8),f:(@)) = (cos P, sing,0) €R’. By introducing a matrix 7T=
(T%;) 11, j<s defined by

%13, —RZy 2y
(i) T= E—l Z9%3, Z1, Z2, if z= {zf‘*‘ zg}‘ 1/2>O ,

- 22, 0 , RZjg,

and

2z, 0, O
) T'={0, 1, 0} if
0

w
Il
o

b

we see that
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()= X Tuf B+ d), 1SI<3,
with some @y [0, 27). Therefore the equality
[Trwrwas=o,a-s0m 1=i,i<s,
yields that

f”e,.<¢)e,(¢>d¢ = 3 TaTow, [ fu @ Fu )8

ki, kg
2

=7 Y, T T jx, 1<, 7<3.
k=1

Since the right hand side of this equality is given by

2
. 1—=21, —=z12, —21%s
2
( kzl Tilchlc)lgi,jgs =| —21%, 1—23, —2,2; |,

2
—21%;, —2%, 1—2;

we have that

lx—ylzf"ei<¢>e,-<¢>d¢=n{6i,-zx—yV— (zi— ) (z,— v )},
1<i,j;<3.

Substituting this equality into the right hand side of (4.18), we obtain
(4.16) and therefore we get the conclusion. Q.E.D.

We are now ready to prove Lemma 4.1.

Proof of Lemma 4.1. The proof will be given in four steps.

Step 1. To complete the proof, by Lemma 4.4 and Lemma 4.5,
it is sufficient only to show that P} and P}z converge weakly to P, and
P; ., respectively. But the weak convergence of {ﬁ}} follows from that
of {P;,} for every x&R® Since Lemma 4.3 implies that each sub-
sequence {P%.} of {P},} contains a further subsequence {P}.} which
converges weakly to some probability distribution P, it proves the con-
clusion that P=P;,. For simplicity, we denote the subsequence {P ot

by {P%}.

Step 2. Here we show that P(C) =1. To this end, we first prove
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that

(4.19) 11rn I.=lim E** [ sup | X;—X._|*]=0 for every T'<{co .

elo

When p>2 (ie., f€ P, p>2), taking {Y (4, a); t=0} to be a P
distributed stochastic process on {(0,1), da}, Lemma 3.5 gives an esti-

mate:

L= (em)B¥"[ sup |X.”] +2ne,T (em)7E"7[ sup |X.|7].

Since Lemma 3. 3-(i) shows that sup E?* [sup |X:|?] << oo and Proposi-
tion 2, 3-(iii) shows that EPf[supngf:|p]<oo we get (4.19). Now we
prove (4.19) when p=2 (i.e.,(!?éi'ﬂ’z). For a given sequence 4= {0;},
with {B;}%, such that §,=¢em, we introduce a new sequence 4’= {0},

with 6; =¢7'6; and B =e¢™'B;. Then, by the assumption (II), we have

g(a, 4;67%Q,, T, 2)

- fi 2162 °Q,(By) exp {— 20T e*Q.(B:) (1 — )}

u[_\js

1 21(0:)°Q (By) exp{—2aT¢7*Q(B:) (1-a)}

=g(a, 47;0, 7T, 2),

=

where ¢ is the function introduced by (3.23). Hence Lemma 3.5 shows
that

I.<(em)’E®*[ sup |X.|*]+ inf K.(4),
0<t<T 4£0,=1
where

KE(A)_”% 2nTaZQ<B)jY2(a)exp{ 2T e~*0Q(By) (1—a)}da .

We note that Y, (+) is a random variable defined on the probability space

{(0,1), da} with the same distribution as sup |X;| under P, Since the
0<t<T

measure Q satisfies that BZQ(d0)<oo we can take a sequence

={0.}, with {B;} g, whlch satisfies 8, =7 and 2 620 (B;) < 0. Noting
that

oo

210:0(B) ﬁ Ti@da<oo,
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Lebesgue’s dominated convergence theorem proves that lim K.(4) =0 and
elo
accordingly that lim I, =0. Therefore the equality (4.19) has been

elo
proved for every p=2.

Since the function sup |X;(w) —X,_(w)|, we D, is lower semi-con-
0<t<T
tinuous on the space Ds, the set {we D; sup | X, (w) —X,_(w)|>4} is
0<t<T
open in Dy for every A>0. Hence, noting that P° tends weakly to P as

e—>0 on Dg, we obtain that

P(sup |X,—X,_|>2)Zlim P?( sup |X,—X,_|>A)
0<t<T 510 0=<t<T

<lim A7?I,=0 for every T'<(co and 1>0,

510
which proves that P(C) =1.

Step 3. We show the following.

For each ¢eCr(RY), ¢(X,)— f”ﬂa(g)gb(x,)ds, £>0, is a

(4. 20)
martingale relative to (P, {B7;:=>0}).
We set
&
1) =9 X = [ Auop (X0 ds
and

t
70 =X~ [ A yds, 20
To prove (4.20), it is enough to show that
(4.21) E*[7(¢)0] = E"[1(2) 0], #'=¢=0,

for every B7P-measurable @< C,(Ds) where C,(Ds) is the space of real
valued bounded continuous functions on Dg. Since Lemma 4.6 shows

that E?°[7°(¢)0] = E**[7* (£)@], (4.21) follows from

(4.22) lim EP*[7°(£)0] = E*[7(£) @] for every =0 and @< C,(Dy).
elo

To prove (4.22), it is sufficient to show that

(4.23) lim EX*[(X) 0] =E"[(X) 0]
elo

and



DIFFUSION APPROXIMATION 877

(4.24) lim E7*[7°-0] =E[70],
where
e () = j;tuzligb(Xs(w))ds and ¥(w) = L”szb(xs(w))ds, weD.

Since P(C) =1 and P° tends weakly to P on Ds, we see that
lim E**[0] = E?[(]
elo0

for every BP-measurable @ C,(Dy), where C,(Dy) is the space of real
valued bounded continuous functions on Dy. Therefore we get (4.23)
by noting that ¢ (X;) €Cy(Dy). While Lemma 4.7 shows that {¥°(w) ;
0<e<(1/2} is a family of uniformly bounded functions which are equi-
continuous relative to the S-topology at every we D. Lemma 4.8 shows
that ¥ (w) tends to ¥ (w) as e—0 for each we&D. Hence Ascoli-
Arzela’s theorem proves that Z¢ tends to ¥ uniformly on each compact

subset of Dg so that we can show (4.24) in a usual manner and this
concludes the proof of (4. 20).

Step 4. We have shown that the probability distribution P is a
solution to Agz.,-martingale problem on the space (C, $° with initial
distribution 0,. The uniqueness of the solution to the martingale problem

implies that P= P;, which completes the proof. Q.E.D.

As an immediate consequence of Theorem 4.1 and Lemma 4.5, we

obtain the following.

Corollary 4.1. For every T<co and q=>2, we have
lim 0,7 (P}, P;) =0 and lim pg r(P%,s, Py,z) =0.
el0 elo

Let ef (¢, x) =ef (¢, x, ) and e; (¢, x) =es (¢, x, -), 0<le<l, =0, x
€ R?, be probability distributions of X, under P}, and P;,, respectively.
These ef and e, are called transition functions associated with (1.4) and
(1.6), respectively (see Tanaka [20]). Another consequence of Theo-
rem 4.1 is the convergences of the nonlinear semigroup and the transition

function.
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Corollary 4.2. (i) As e—0, »°(-) tends to @w(-) in the space
C([0, ), &,), that is, we have that

lim sup. 0, (2), % (2)) =0 for every T<oo.
el0 0=t

(ii) For every q=2, as ¢—0, ei(-,x) tends to e/(-,x) in the
space C([0, 00), P,), that is, we have that

lim sup 0,(ef(t, x), €;(t, 2)) =0 for every T<oo.
el0 o=t

Proof. Noting that

sup 0, (¢ (8), % (£)) Z0pr (P5, Py)
=<i<T

and
sup 0q(e7 (¢, x), er(2, 2)) S0qr (P2, Pra)
0<I<T
we get the conclusion by Corollary 4. 1. Q.E.D.

§ 5. Properties of Associated Diffusion Process

with Landau Equation

We study (1) the time evolution of moments and (2) the trend to
the equilibrium for the associated diffusion process with Landau equation
(1.6). Let A, uc P, be the differential operator introduced in Section
1 and let P=P; be the unique solution to the martingale problem (2. 3)
with initial distribution f& $,. We denote by #(¢) =U,f the distribu-
tion of X, under P.

1) Time evolution of moments. Ikenberry and Truesdell [7]
studied the time evolution of moments for solutions to Boltzmann equa-
tion of Maxwellian molecules. Their method is available in our case
so that, for each integer 2=>0, we choose 2k-+1 linearly independent
homogeneous harmonic polynomials {£% (x) ; |{|<{k} of degree £in R® (see
Tanaka [20]). We put

$n(x) =12"€c(x) for n=(rk))

Eoo0 (1) =1,
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where r=0,1, -, 2=0, 1, ---, and |/|<<k. The degree of §, is |n|=
+ k. Then every homogeneous polynomial of x with degree 7z can be
expressed by a linear combination of &, (x) with |n|=#zn. We discuss the

time evolution of harmonic moments:
,Un (t) = EP [En (Xl) ] .

Note that (2.4) determines x4, (¢) for |n|=1,2 completely.

Theorem 5.1. If the initial distribution f belongs to the space
P, with p=3, then, for every n; 3<|n|<p, we have

—ﬂn(t) SV Bl () iy () -—‘;—{zml FEE+FD} 2, (D),

with some constants %, ,, independent of o, where ) means the
summation taken over all pairs (my,n,) satisfying |m|+ |n,|=(n| and
n,|=1, 2.

Proof. First we note that (2.4) and (2.5) show that

ay;(x, % (t)) —ay;(x) = {0, (| f1*—2{x, m(f) ) +zim;(f)
+zmi(f) —EF[X(0) X, (D)1}, 1=4, <3,

b(x,u(t)) —b(x) =2am(f).

Hence Azwén(x) —AE,(x) can be expressed as a summation Y «-

B nalln, (£) €4, (x) with some constants (%, ,,, where { is an operator

defined by

3 a(@) 50t 3 b

1
2 1 0x0x; i= x;

Therefore two equalities

(@) = = -2ln| + R+ D} (2)
and

& (8) = E* [ o (X)]
dt n at)Sn t) 1>

prove the conclusion. Q.E.D.
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Remark. In the quantum mechanics (see, e.g., Landau and Lifshitz

[117), the operator of the angular momentum vector is given by

0 0 0 0 )
—Xy—— , Tyg——X1— L1——— Ta— .

= —1 (Iz
axs axz @:CI 3.2:3 axz 0.2:1

The operator ] appeared in the proof of Theorem 5.1 can be represented

in terms of L:

3 3
J=~%§L%—a2 P

>
i=1 0x;

where L; is the Z-th component of L.

(2) Trend to the equilibrium. Let g=g, be the Gaussian distri-
bution on R*® defined as in Section 2-(1).

Lemma 5.1. 7The distribution g is invariant under U,.

Proof. By (2.4) and (2.5), we see that Ay,,= A, for every ¢=0.
But an easy calculation shows that j‘uzlﬁ(x)g(dx) =0 for every ¢&
Cy (R and this proves the conclusion. Q.E.D.

Lemma 5.2. Assume that the distribution f belongs to the space
Po=N P, Then Uf converges weakly to g as t—oo.
=2

Proof. By Theorem 5.1, Lemma 5.1 and (2.4), we can prove that
U, () converges to j‘fn (x) g (dx) exponentially fast as z—oco for every
n (see the corollary to Theorem 8.1 of Tanaka [20]). Therefore we
have the conclusion. Q.E.D.

The following theorem is shown by using results for the Boltzmann

equation of Maxwellian molecules.

Theorem 5.2. () The nonlinear semigroup {U,} on P, is non-

expansive with respect to the metric 0:

0(Ufr, Unfo) S0 (i, f2), t=0, fi,foe P
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(i) As t—oo, e(U,f) decreases to 0, where e is the functional
introduced in Section 2-(1).

Proof. (1) Take a family {Q.; 0<<e<1} of Borel measures on
(0, ) satisfying the assumption (II) of Section 2-(4) with Q; L”(?ZQ (do)
=4a/n. Then, by solving the stochastic differential equation (2.8), we
get a family {{T}; =0} ; 0<<e<{1l} of nonlinear semigroups. Corollary
4.2 shows that lim o(Tif, U.f) =0 for each £=0 and fe P,. While
Proposition 2. 2—(2133) shows that o(Tifi, Tif:) <o0(f1, /) for every e; O
<e<1. Hence we obtain the assertion (i) by using the triangle inequal-
ity for o:

o(U.f1, Uif)
élerﬁl{O(Tffl, Uify) +0(Tify, Tifs) +0(Tifo, Uf)} <0 (f1, f2).

(ii) The decreasing property of e(U,f) in ¢ follows from (i).
For fe P, we get the conclusion by Lemma 5. 2 noting that the family
{Uf; t=0} is L’-uniformly integrable on R®. For general f& P, (v(f)
>0), we can choose fie &P, satisfying that m(f2) =m(f), v(fe) =v(f)
and o(f,fe) <<e. By using (i), we can complete the proof. Q.E.D.

§ 6. One-Dimensional Model

We consider the following one-dimensional analogue of the Boltzmann

equation of Maxwellian molecules:

6.1 Sha= [ {uaute, 30 - e, uct, 0y,

(—mym) X RY
(¢, z) € (0, 00) X R,

x¥=zxcosl—ysinf, y*=xsinf+ 1y cos0,

where Q is a Borel measure on (—7m,7) satisfying fr 1010 (d) < oo.
Kac [8] discussed the equation (6.1) when Q(d0) =d0;57t. We set S
=(—mr)x(0,1), S;=(0,¢] XS and a(x,y,0) =x*—x. Let N=N(ds
dfda) be a Poisson random measure on (0, o0) X .S with intensity measure
dsQ(d0) do defined on a probability space (£, F,P) and let f be a
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probability distribution on R’ satisfying “f“zEJ 1.7czf(d.7c)<o<>, |£1>0.
Similarly to the three-dimensional case, we can assﬁciate a one-dimensional
Markov process X (z) with the weak version of (6.1) by solving the
following stochastic differential equation (see Murata [14]):

X (&) =X (0) + L‘a(X(s-),Y(s-, @), 0) N (dsdfda)
(6.2) X@®)~Y(, ) for every £=0

XO)~f,
where X () ~Y (¢, -) and X(0) ~f mean the equivalence in law.

OQur objective here is to discuss the scaling limit of the equation
(6.1). We define a family {Q.; 0<{e<(1} of Borel measures on (—m,
7) by Q.(B)=Q(E'BN (—mx,w)) for every Borel subset B of (-,
7) and consider the following two types of scalings:

@D t—e7't, O—0..

AD) t—e7%, Q—Q..

Scaling (I). We set b= jﬂr 00Q(df). After the transformation (I),
we have a Markov process X's(t—)1r which is given by the following sto-
chastic differential equation:

Xé(t) =X (0) + j a(X(s-),Y*(s, @), 0) N.(dsdOdc)
6.3) | X*()~Y°(, ) " for each £20

X0)~f,
where N, is a Poisson random measure on (0, o) XS with intensity
measure Ne=¢e"'dsQe(d0)do. We show that, as €—0, X¢(¢) tends to
a stochastic process X (¢) defined by

X () =X (0) + (e~ —1) le f£(dz).

Theorem 6.1. For every T< oo, we have

lim E[ sup {X°(£) —X(£)}*]=0.
0StsT

elo

Proof. We set
M) = L a(Xe(s2), Ye(s-, @), 0) Ny (dsdfder)
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and
Af(t) = f a(Xe(s-),Ye(s-, ), 0) No(dsdbdc),
Sy

where ﬁszNa—Ne. First we show that
(6.4 sup E[ sup {X°()}*]<<co for every T'<{co,

0<e<1 0St<T
In fact, Doob’s inequality shows that
(6.5)  E[ sup {M*()}*]<4E[{M*()}"]

0<s<st

4 L E[a*(Xe(s), Yo (s @), 0) 1 N o (dsd0dar)

<32¢ L 0°0(d0) L’E[{Xﬁ ()} ds .
While we have

(6.6)  E[ sup {4°(s)}7]
0I=sst

I

EH L la(XE(s), Yo (s-, @), 0) iﬁe(dsdﬁda)} Z]

I\

IA

s ["1010@o) [Ereceins.

883

E[ L 10| N .(dsdbdc) L 1014 X(s)] /24 | Y¥Cs-, a)]}zﬁe(dsdﬁda)]

Combining two estimates (6.5) and (6.6) and applying Gronwall’s lem-

ma, we get (6.4). In this procedure, although we do not know in ad-

vance that E[ sup {X®(s)}?]<Cco for each & we can apply Gronwall’s
1=sst

lemma properly by using cut-off technique which was employed in the

proof of Lemma 3.3-(i). Noting that X (#) satisfies an equation:

X () =X (0) —b fE[X(s)]czs,
we get

E[ sup {X(0) +A°(s) =X (5)}]

~E [ { L’ | L 2 (XE(s2), Yo(s-, @), 0) 6-'Qx(d0) dar— BE[X(5)]
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<[ [fix 015 [ row@n+ bErx6-sEIXE] as]

<Cut {(52 + 6e— b KE[{XE(S)}ZJCZS 45 f EL{Xs)— X(s)}ﬂds} :
where

b= j " sin 0 610, (d0)

and C, is a positive constant independent of &. This estimate combined

with (6.5) shows that

E[ Sup {Xe(s) =X (s)}7]

=<C,(e+ |b.—0]% ﬁ TE[{ X(s)2]ds+ Cs J:E [ fsué,{ X)) —X()]ds,

t<T,0<e<1,

with some positive constant C,=C,(T). Hence Gronwall’s lemma yields

that
E[ oségr {X)— X@)P]ZCe® " (e + | b—b]P) LTE[{Xe(s)}ZJ ds,

0<e«<1,
which implies the conclusion noting (6.4) and that lim |6.—&|=0.
elo0

Q.E.D.

Scaling (II). We assume the centering condition: j” 0Q (df) =0 and
set ¢ = NGZQ(dﬁ). After the transformation (II), we have a Markov

process X°(#) which is an integrable solution of the stochastic differential
equation (6.3) with a Poisson random measure N, on (0, o0) X .S whose
intensity measure is now given by e ?dsQ. (df) da. We denote by Pj the
probability distribution on the space D ([0, ), R") of X¢°(-). Let P;
be the probability distribution on the space C([0, o), R") of X () which

is a solution of the following stochastic differential equation:

dX (t) = || f|V cdw(£) —cX(¢) /2dt, =0,

with initial distribution # where w(#) is a one-dimensional Brownian mo-
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tion. We can show the following theorem by applying a similar method
used for the three-dimensional problem with much simplification so that

we omit the prool.

Theorem 6.2. The probability measure P} converges weakly to
P; on the space D(]0, o0), RY) as e—0.

The following one-dimensional analogues of the results in Section 5

can be shown easily.

(i) Conservation of energy holds, that is, we have EP/[{X(#)}?]
= || f|® for every £=0.

(ii) The distribution of X (#) tends to the Gaussian distribution with

mean 0 and variance | f|® as #—oo.
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