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Microlocal Analysis

By

Masaki KASHIWARA™) and Takahiro KAwaIr®®)

Since much of the development of microlocal analysis was achieved at
Research Institute for Mathematical Sciences, Kyoto University, we want to
present a survey on microlocal analysis in celebration of the twentieth birthday
of the Institute. As several expositions on microfunctions are now available
([18], [8], [26]), we want to minimize the explanation on microfunctions and
concentrate our attention primarily on the theory of microdifferential equations,
in particular, on the theory of holonomic systems.**)

In this article we restrict our attention to the microlocal analysis in analytic
category, and concerning the microlocal analysis in C®-category, we refer the
reader to [10], [S], [11] and [27]. We also refer the reader to [20] and the
references cited there for the interrelation between the microlocal analysis in
C®-category and that in C®-category.
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§1. Microfunctions

In order to fix the notations used in later sections, we first recall the defi-
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**) In the early stage of the development, another terminology “maximally overdetermined
system” was used to mean a holonomic system. As it will be explained later, the old
terminology manifests the character of the system in question. However, it is somewhat
too lengthy, and the new one, which indicates its relation to integrable connections, is
now more commonly used in literature.
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nition and some basic properties of the sheaf ¥ of microfunctions. See S-K-K
[24] and [18] for the details. Note, however, that the sheaf ¢ defined in
S-K-K [24] corresponds to the sheaf y,% in the notations used here.

In general, for a real analytic manifold N and its submanifold M, let THN
and ;f\ﬁ *(=(N—M)|IT#N) denote the conormal bundle supported by M and
the comonoidal transform of N with center M, respectively. (Cf. S-K-K [24],
Chap. I, §1.2.) We denote by = the canonical projection from 1"‘7\7 *to N or
its restriction to T§N. To define the sheaf %), of microfunctions, we choose a
complexification X of M as N. In this case, T3 X is canonically isomorphic
to /—1T*M. Now, %, is, by definition, #%%x(n~105x)*®wyx where n
denotes dim M, 0y denotes the sheaf of holomophic functions on X, a denotes
the antipodal mapping, i.e., a(x, \/—1&)=(x, —/—1¢), and wyx denotes the
orientation sheaf of M in X, i.e., #%(Cy). Here we note that s#4% x(1~105)=0
holds for j#n. In what follows, we denote T*M — TH M by T*M and 7| 5.y
by #. We also denote by y the projection from \/—1T*M to \/—1S*M, the
pure imaginary co-spherical bundle of M.

We now list up some basic properties of the sheaf &,.

(1. € vl = P> the sheaf of hyperfunctions.
(1.2) Cul =1 =77 176(Cuel =150 -
(1.3) For any point (xo, / —1&) in /= 1T*M there exists a canonical

surjective homomorphism
SP: Bitxo — Crt,(xo/"120) -

(1.4) The following sequence is exact:
0 — Ay —> By — o Cul =185m) — 0 -
Here o, denotes the sheaf of real analytic functions on M.

The exact sequence (1.4) means that the sheaf %y =75+, describes the detailed
structure of singularities of a hyperfunction by dispersing it over the (pure
imaginary) cotangent bundle. This fact is really the starting point of microlocal
analysis, namely, local analysis on the cotangent bundle.

As we scarcely need any further concrete expression for a section of the sheaf
of microfunctions in later sections, at least in an explicit manner, we do not
discuss it here. See [18] and [8] for it.
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§2. Microdifferential Operators

Let M be a real analytic manifold of dimension n and X its complexification.
Then the sheaf 2% of linear differential operators on X is, by definition,
n (Q:M), where Ay denotes the diagonal subset of X x X and Q{7 denotes
the sheaf of n-forms in the second variable. It immediately follows from the
definition that 2% acts upon the sheaf %,, of hyperfunctions. It is then natural
to consider the sheaf %), defined by #9=rimxm(Cuxu & vy) so that
we may find a sheaf acting upon the sheaf %,, of mlcrofunchﬂ:)}vrrls Here vy,
denotes the sheaf of volume element on the second factor of M x M. One can
verify that %, is really a left #,,~-Module, and this sheaf .%#,,, called the sheaf
of microlocal operators, plays an important role in the study of (non-)solvability
of linear partial differential equations (e.g. S-K-K [24], Chap. 111, § 2.3). How-
ever, the sheaf %, is too large and not amenable to algebraic manipulations.
Hence we introduce another sheaf &% of operators much smaller than %,
and amenable to algebraic manipulations. Actually we can associate the so-
called symbol sequence to each section of &% and important operations on
sections of £% such as the composition can be expressed in terms of the as-
sociated symbol sequences. (See (2.6) and (2.7) below.)
To define €%, we introduce a complex analogue ¥,y of the sheaf &, for
a pair (X, Y) of a complex manifold X and its complex submanifold Y. Let d
denote the (complex) codimension of Yin X. Then, in parallel with § 1, we find
Hpx(n=10x)=0 for j#d and define €%y by #4:x(n"105)*. Here n denotes
the projection from ;3('* to X. A section of ¥y is called a real holomorphic
microfunction ) supported by Y.***¥) Let us now consider the sheaf &% of
integral operators whose kernel functions are sections of %%, x.x, that is,
ER=F8 1xxx ® Q;m, where Ay is the diagonal set of XxX and n=
dimX. A sectlon of &% is called a holomorphic microlocal operator. Note
that &%|rxx=2% holds. It is also easy to see that, if X is a complexification
of a real analytic manifold M, then there exists an injection from &%|;xx to
Zy. Hence a holomorphic microlocal operator defines a microlocal operator.
A recent result of Aoki [1], [2] enables us to do the symbol calculus for holo-
morphic microlocal operators. Although his result is important and interesting,

&) Although this terminology is not very euphonious, we want to keep the terminology
“holomorphic microfunction” for a section of the sheaf ¢y introduced later ((2.2)).
tex) “Supported by T#X “might be more appropriate.
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here we discuss the symbol calculus only for a more restricted class of operators,
that is, microdifferential operators. To define it we introduce the cotangential
projective bundle P*X =(T*X —T%X)/C*. We denote by y. the projection
from T*X (=T*X—-T%X) to P*X. Then the sheaf &% of the required
operators — which we call microdifferential operators (of infinite order) — is

given by

tx 5ve Ve (EXlfx)

@ [ (a) &3

(b) és?|r§x({—gf‘°@§]ﬁx( =2%).

As we will need it later, we define, in parallel with the definition of &%,
the sheaf ¥y of holomorphic microfunctions supported by a submanifold Y
of X by

2.2) {(a) CFixl#5x =7V ex (€T x| 53x)

(b) g(11/°|x|y>;,r§x = ?‘}{mlh;r?x s

where 7y, denotes the projection from TiX (=TiX—-Y xT%X) to PiX=
X
Tsx|C*.
The sheaf €% thus defined satisfies

(2.3) RWEL > DD

if dimX>1. (If dimX=1, 2% is a subsheaf of #,£%.) This means that
23 is dispersed over T*X, that is, £% is the microlocalization of 2%, and hence
we call it the sheaf of microdifferential operators of infinite order. Here we note
that S-K-K [24] uses another symbol £, to denote £¥ and calls it the sheaf
of pseudo-differential operators. Actually, the correspondence between a
microdifferential operator and a symbol sequence stated below shows that,
essentially speaking, a section of &% determines an analytic pseudo-differential
operator. (Cf. [3], [4])

In order to define the notion of the symbol sequence of a microdifferential
operator, we consider a conic®) open subset Q of T*X and suppose that a
coordinate system (x, ¢) is given there. A sequence {p(x, &)} .z of holomorphic
functions defined on @ is called a symbol sequence (of a microdifferential oper-
ators) if it satisfies the following conditions (2.4.a) ~(2.4.c):

&) A subset 2 of T*X is called conic if it is stable under the action of multiplying cotangent
vectors by a non-zero complex number. For a subset of a real cotangent bundle T*M,
multiplication of strictly positive real number is used to define the notion “conic™.
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(@) pix, <) is homogeneous of degree j with respect to ¢, that is,

> &5 ) < jpx, €) holds.

(b) For every ¢>0 and every compact subset K of £, there exists a
constant C,  such that

(2.4) sup Ipix, OIS C, xé/j! (jz0)
holds.
(¢) For every compact subset K of @, there exists a constant Rg such
that

sg(plp,-(x, OIZREI(=N!  (j<0)

holds.

The most important property of a symbol sequence is that there exists a one-
to-one correspondence between the spaces of symbol sequences and the space of
sections of &% over Q. Although the way of assigning a microdifferential
operator to a symbol sequence is not unique, we usually assign the Wick product
P(x, D)=:3 pi(x, {): (the notation used in [2] after the notation used in
literature injphysics) to a symbol sequence {p,(x, {)}, namely, all the multi-
plication operators appear to the left of all the differential operators in P(x, D,).
The notation 3 p(x, D,) is also used to denote :3° pi(x, £):. This assignment
of a microdiﬁ‘ejrential operator is consistent with thle assignment (2.5) below of a
microlocal operator #” to a symbol sequence. Note also that, if Q contains a
point (x, &)=(x, 0), (2.4.2) entails p;=0 for j<0. This fact corresponds to
(2.1.b).
We now list up some basic properties of symbol sequences.

(2.5) Let &(z) (v#£0, —1, —2,...) denote I'(v)/(—z)", where its branch is
chosen so that div(—l) I'(v) and define &_,(z) (m=0,1,2,...) by
—z"(log(—z)— Z 1/j+7)/m!, where y=0.57721.-- denotes the Euler
constant. Let Q be a conic complex neighborhood of a point (x,,
J=1&) in /=1 T*M and define a multi-valued holomorphic function
K(z, w,{) by 3 pfz, P, ({z—w, D) for each symbol sequence
{p;}jez on Q. Lét K(x, y, £) denote the microfunction obtained by taking
the boundary value of K(z, w, {) from the domain Re {z—w, {><0.
(See S-K-K [24], Chap. I, § 1 or [18], Chap. 2 for the precise meaning

of “taking the boundary value’’.) Then



1008

(2.6)

2.7

(2.8)
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o | ([ K6y, 9@y

determines a microlocal operator ¢ in a neighborhood of (x,, ./ —1&).
Here

(&)= 2 (= DF1EAE Ao AdE_ AdE, (A AdE,

Note that the origin of the above representation is the celebrated result
of John [12] on the plane wave decomposition of the J-function.

Let P= Z pi(x, £): and Q= Z qi(x, &): be microdifferential operators
defined m a neighborhood of (xo, &y). Then their composite PoQ is a
well-defined microdifferential operator and it has the form :Y r(x, &),
where {r;},.z is the symbol sequence defined by l

s 9= % SrDwpx OD O,
where a=(y,..., ) € Z1™, al=a,!---a,), |a| =a; + - +a,

DE=011/0&51---0&2n, etc.

Let P be a microdifferential operator and {p;(x, £)},.z the corresponding
symbol sequence in a coordinate system (x). Let (X) be another
coordinate system and denote by (%, &) the corresponding coordinate
system on T*X, i.e., EJ-= él (0x/0% )&, Let {pi(%, 5)}1-52 be the symbol
sequence corresponding to P in the coordinate system (%, £). Then we
have

ﬁk(ia 5)=; m<g’ D:I£>"'<E5 D;vi>D0§lpj(x, é),

where I={(j,v,0q,..., 0, 0)EZXZ, X(Z)' X Z%; |otglse..s |0,] =2,

k=j+v—|oy|—--—la,] and a=a,+--+a,}. Here <& DEXx) is, by

definition, f 3 jDﬁ:E 4+ In particular, if p/(x, £)=0 (j>m), then we have
ji=1

ﬁ_}(ia E)=0 (]>m)5 ﬁm(x’ E)=pm(x é) and ﬁm—l(ia E)
=Pm-1(x, f)‘i‘ Z &, ai g_; a¢, 65 5 A7 Pm(X, ) .

It follows from (2.7) that the property (F,,) “a microdifferential operator
P has the form : Y p{x, £):” is independent of the choice of a local
jiZm

) We denote by Z, the set of non-negative integers.
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coordinate system. We denote by &x(m) the subsheaf of £% consisting
of sections satisfying the property (F,). A section of &x(m) is called a
microdifferential operator of order (at most) m. The union U &x(m) is
called the sheaf of microdifferential operators of finite order andmwe denote
it by &x. We also denote &x|rtx (resp., &x(m)lrix) by Zx (resp.,
94(m)). For a microdifferential operator P of order at most m, p,(x, &)
is well-defined by (2.7) (i.e., independent of the choice of a local coordinate
system) and we call it the principal symbol of P. We denote it by o,,(P).
By assigning ¢,(P) to P in &x(m), we obtain an isomorphism between
Ex(m)|Ex(m—1) and Orxy(m), the sheaf of holomorphic functions on
T*X which are homogeneous of degree m with respect to the fiber co-
ordinate &.

(2.9) If Pin &x(m)(x, z, satisfies
O.m(P)(x05 éO)#Oa

then there exists its inverse P~1 in &x(—m) .z -

§3. Quantized Contact Transformation

Egorov [6] observed that one can associate a transformation of pseudo-
differential operators to each homogeneous canonical transformation so that the
commutation relations and orders of pseudo-differential operators may be pre-
served and that their principal symbols may be transformed according to the
homogeneous canonical transformations. To formulate his observation in our
context, we employ holonomic systems of microdifferential equations. In
S-K-K [24], such a transformation of operators is called a quantized contact
transformation. Its counterpart in C®-category is the theory of Fourier
integral operators which Hormander [10] developed.

Before beginning the discussion on the quantized contact transformation,
we review some elementary facts about the sheaf of microdifferential operators
and systems of microdifferential equations.

(3.1) The sheaf &y is Notherian (from the left and the right), namely,
(a) &y is coherent as a left £x-Module and as a right £x-Module.
(b) The stalk &y, is a left (and right) Notherian ring for each point
xin X,
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(¢) For each open subset U of X, a sum of left (and right) coherent
&x|y-1deals is also coherent.

(3.2) 24 and &x(0) are Notherian in the above sense.
(3.3) &y is flat over &x(0) and it is flat also over 7~ 19y.
(3.4) ¢€3(2%, 9y, resp.) is faithfully flat over & (Dy, 0Oy, resp.).
(3.5) Let
(3.5.2) ML s M

be a complex of coherent &y-Modules defined on an open subset of
T*X. Let 4}, #, and .#} be coherent sub-&x(0)-Modules of .#’,
.# and .#" which generate them as &x-Modules respectively, and suppose
that @(.#g) is contained in .#, and that Y(.#,) is contained in .#§.
Define the associated symbol sequence

(3.5.b) M2 A"
by denoting by .Z (resp., .#' and .#Z") the Or.x-Module #,/Ex(—1)4,

(resp., Mo/Ex(— DAy and #F/E(—1)Ag). If the symbol sequence
(3.5.b) is exact, then (3.5.a) is exact. Furthermore,

(3.5.¢) My — My — MG
is then also exact.

These algebraic properties of the sheaf &y etc. are basic in our treatment of
systems of (micro)differential equations.

In what follows, a system of microdifferential (resp., linear differential)
equations of finite order™ means, by definition, a left®**) coherent &x-Module
(resp., 2y-Module) .#. The support of &x-Module .# (or &y ”_%X n~ il if
A is a Dy-Module) is called the characteristic variety of .# and denoted by
Ch(.#). A very important and fundamental result on the geometric structure

of Ch(.2) is:

(3.6) Ch(#) is an involutory subvariety of T*X. (S-K-K [24], Chap. II,
§ 5.3. See also [9], [21] and [7].)

) In this article we do not discuss general systems of (micro)diflerential equations of
infinite order, but restrict ourselves to the study of the so-called admissible system, i.e.,
an £%-Module of the form 6% ® « for some left coherent &x-Module ..

%) If there is no fear of confusmn We omit the adjective “left”.
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It immediately follows from (3.6) that
3.7 codim Ch (#)<dim X .

If the equality in (3.7) holds (and hence Ch (.#) is Lagrangian), we call .# a
holonomic system (or a maximally overdetermined system). One important
property of a holonomic system is that its solution space is finite-dimensional
even locally. ([13], [15]) This suggests that one might study the structure of a
function by the holonomic system that it satisfies, if such a system exists. This
viewpoint was first advocated by Sato in 1960 (and probably also by Gel’fand
around the same time). In later sections we show some typical examples where
such “holonomic approach’ is successful.

We first prepare some terminologies: Let .# be a system with one
unknown function, namely .# =&yu for a generator u with a defining relation
Su=00%, Then, the symbol Ideal'**).# is, by definition, the coherent Ideal
O (£ N E0)F N E(—1)) of Orxy. When £ is reduced, we say that .7 is
simple, and we call u a non-degenerate section of the simple system /7.

Now, using the notion of a simple holonomic system, we obtain the following

Theorem3.1. Let X and Y are complex manifolds of the same dimension

and let A be a locally closed non-singular homogeneous Lagrangian sub-
manifold of T*(X xY). Suppose that

(3.8) ANXXT*Y)=An(T*X x Y)=¢

and that the natural projections p: A—»T*X and q: A->T*Y are open
embedding. Let .# =8&x,yK be a simple holonomic system whose characteri-
stic variety is A. Then, by assigning PK (resp., QK) to P (resp., Q) for P in
&% (resp., Q in &%), we find an isomorphism from &% to pu«(E¥xy ® A)
xxy

&
(resp. from &5 to q(EXxy ® A)). Furthermore, if we denote by ¢ the map
é

XxXY

(g1 )o(pl A~ p(A) — q(A4),

we find an anti-isomorphism @ from the C-Algebra ¢~ (&Y |,4y) to the C-
Algebra &% |,4) by assigning P(x, D) in &% |,y to Q(y, D)) in &7 |y S0
that P(x, D,)K(x, y)=Q(y, D,)K(x, y) may hold. This anti-isomorphism
preserves the order of microdifferential operators, namely, ®(¢p~1&y(m)|y4))

) That is, £ =&Ex/.F.
&+ Using (2.9) we can easily verify that the characteristic variety of the system .# coincides
with the set of zeros of the symbol Ideal .#.



1012 MaASAKI KASHIWARA AND TAKAHIRO KAWAIL

coincides with &x(m)|,4, for every integer m. In particular, ®(¢~ 8|, 4))
coincides with &x |-

Since @ in Theorem 3.1 is anti-isomorphism (i.e., #(Q,0,)=®(Q)9(Q5)),
we make a composition of ¢ with another special anti-isomorphism * defined
below so that we may find a C-Algebra isomorphism. To define the anti-
isomorphism *, we assume that X is an open subset of C” and choose

Ex X/(lg (Ex x x(X1— YD) + Ex x x(0/0x,;+ 0/0y,))

as .# in Theorem 3.1. In this case the map ¢ reduces to the antipodal map
a, i.e., o(x, &)=(x, —&). In this situation @(Q) is denoted by Q*, and Q* is
called the adjoint operator of Q.

Now, returning to the general situation discussed in Theorem 3.1, we define
Y by acgp and ¥: Yy~ U(EF la-1404) > EX Ipay by Po *. Then it is clear that ¢
is a homogeneous canonical transformation and ¥ is a C-Algebra isomorphism.
We call ¥ (or the pair (), ¥)) a quantized contact transformation (with kernel
function K). Note that, for Q in &(m), 0, (¥(Q))=0,(0Q)¥ holds, namely,
¥ preserves the principal symbol. We can further prove the following

Theorem 3.2. For any homogeneous canonical transformation 1\, we can

locally find a quantized contact transform (Y, V).

We have so far discussed the quantized contact transformation in the
complex domain. If we further suppose that X (resp., Y) is a complexification
of a real analytic manifold M (resp., N) and that A is real, then making use of a
microfunction solution K(x, y) of the system .#, we can define an integral
transformation J": (V| =13+y) 1 €x— €y by SK(x, yu(y)dy. This transfor-
mation " is an isomorphism if K(x, y) never vanishes on 4 n,/—1T*M x N).
Therefore we obtain

Theorem 3.3. For any real homogeneous canonical transformation ¥,
we can locally find a quantized contact transformation (Y, ¥) and an isomor-
phism A : (V| /=13+m) " €n— € s0 that

A (Qu)=¥(Q) (o' (w))

holds for Q in £% and u in €y.
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§4. Simple Holonomic Systems

Before beginning the discussion on general holonomic systems, we study
the structure of simple holonomic systems. Let us first fix a non-degenerate
section u of a simple holonomic system .# =&x/.# and denote Ch(.#) by A.
We will first define some invariants associated with the section u on the generic
points of A, so that they may determine the structure of &x-Module .# there.
Since we consider the problem microlocally, we assume from the first that A
is non-singular. An important invariant o ,(u) of u, called the principal symbol
of u along A, is defined as follows:

For P=:3 pj(x, &): in &(m) satisfying p,|,=0, let L§"~V, or L, for short,
denotes the foliowing first order linear differential operator on A:

=1

@.1) Lﬂ,’"““:Hpm(x, §)+(Pm_1(x, 6)_%<1i %))

Here H, denotes the Hamiltonian vector field associated with p,, that is,

H, (f)={pm f}= 121 g’% —%;7— %%) In what follows, let Q%'/2
(resp., Q¥1/2QQ¥(-1/2)) denote a line bundle L such that L®? is isomorphic
to Q4 (resp., 2,@Q%1), where Q, and Q4 denote the sheaf of n-forms on A
and X, respectively. As such a line bundle does not exist globally in general,
all the equations among the sections of Q%1/2 or Q%1/2@Q¥(~1/2) are understood

up to a constant multiple. Now, let us define Lp: Q®1/2-0Q®1/2 by

2) Lis) ==L +os (s€Q§"?),

n 2
where v=H, , 0=Dp-1 _]7<1§1 ailpa'gl ) and L,(s?) denotes the Lii derivative
of s2? along the vector field v. If we fix a non-vanishing section \/ 4 of Q%1/2,

the action of L, is explicitly given by
(43) LD =(on)+ 5 LB ror )7,

Using the simplicity assumption on .#, we can then prove that the system of
differential equations

(4.4) Lps=0 (PeJs)

locally admits one and exactly one non-zero solution s, in Q%'/2, up to a constant
multiple. The principal symbol ¢ ,(u) of u is, by definition, s,®./dx~1( e Q%'/?
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®QFYP).  The factor \/dx~! is to make the notion of principal symbol in-
dependent of the choice of the local coordinate system in X. The principal
symbol of u thus defined is homogeneous with respect to the fiber coordinate &.
The homogeneous degree is called the order of u and denoted by ord, (u).
Here we note that the order is dependent on the choice of a generator u of ./Z.
Actually, ord, (u) may be shifted by an integer if we change u to another non-
degenerate section of .#. See Theorem 4.1 below. Although the definition of
ord, (u) requires to know the principal symbol, it can be readily calculated ac-
cording to the formula (4.5) below, if we can find® P=: -21 p;: in £ such that
e

dpy= 3 Edx, mod FQL.+#
=1

45) ord o () =(po(x, L (3, THLBE))| |

1=1 A

Now, the following Theorem 4.1 shows how the order of a non-degenerate
section of a simple holonomic &y-Module .# determines the structure of .# at
a generic point of Ch (.#).

Theorem 4.1. Let A be a connected and homogeneous Lagrangian sub-
manifold (i.e., without singularities) of T*X.
(i) Let &xu and &xv denote simple holonomic systems with the same

characteristic variety A. Then

0 if ord,uzord,v mod Z

4.6 Hoom Exlt, Ex E{
(4.6) ox (&t Ex0) C, if ordju=ord,v mod Z.

That is, &u and &xv are locally isomorphic if and only if ord,u—ord, v is
an integer.

(ii) Let &u be a simple holonomic system with support A and let v be another
non-degenerate section of &xu. Then the difference m of ord, v and ord, u is
an integer and there exists an invertible microdifferential operator P of order
m such that v=Pu holds.

(iii) Let &xu be a simple holonomic system with support A. Then, through
a quantized contact transformation, &u is locally isomorphic to E¢nf, where
f satisfies the following system of differential equations considered near
(0; dx,)e T*C".

) A general theory tells us that such an operator P really exists.
k%) Here ' denotes the sheaf of holomorphic 1-forms on T*X.
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(i +(a+))r=0

0 .
T){';=0 (_[=2,..., n).

%))

Here o denotes ord 4 u.

Remark 4.2. As the canonical form (4.7) in the above indicates, the order
of u describes, so to speak, the “microlocal monodromic structure”’.

Thus the microlocal structure of a simple holonomic system is fairly simple
at non-singular points of its characteristic variety. On the other hand, a
Hartogs’ type result for systems of microdifferential equations ([17], Chap. I,
§ 2) entails that the structure of a holonomic system .# is determined by
M| chay-z> if codimey ) Z22. In particular, if Ch (.#) has the form 4, U 4,
with Lagrangian submanifolds 4, and 4, such that codim,, (4, n4,)22 (j=
1, 2), then there exist holonomic systems .#; (j=1, 2) such that Ch(#;)=4;
(j=1, 2) and that .# is isomorphic to the direct sum .#, ®.#,. Hence it is an
important and interesting problem to study the structure of a holonomic system
# whose characteristic variety is reducible and some of whose irreducible com-
ponents intersect along subvarieties of codimension 1 in Ch(.#). We have a
satisfactory answer to this problem when .# satisfies the following condition
4.8).

(4.8) .« is a simple holonomic system and Ch (.#) has the form 4, U 4, with
Lagrangian submanifolds 4; (j=1, 2) of T*X, where A, n A4, is also a
(non-singular) manifold with dim (4; nA4,) being equal to dim X—1
and T,(4, N A,)=T,A4; n T,A,™® holds for every point p in 4, N 4,.

When condition (4.8) is satisfied, a suitable quantized contact transfor-
mation (¢, P) brings .# to the form &¢.f with f satisfying the following system
of equations considered near (0; dx,)e T*C":

(s (e e

4.9) <x2?%+(a1—az+%>>f=0
6(?;— =0 (j=3,..., n).

Here Otj=0rdAJ.u (_]-':1, 2) Wlth (p(/ll)={x1=0, 52=--.=€n=0} and ()O(AZ)

) Here T,(4;N 4,) etc. denote the tangent space of 4, N 4, etc. at p.
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={x;=x,=0, {3="--=¢,=0}.
Using the above canonical form (4.9), we can prove the following

Theorem 4.3. Let .# and A;(j=1, 2) be as above. Then the following

three conditions are mutually equivalent:

(4.10) There exists a non-zero coherent &x-sub-Module #, of .# which is
supported by A,.

(4.11) There exists a coherent &-Module #, supported by A, and an &x-
homomorphism ¢: .4 —.4#, that is surjective.

(4.12) Bt~ e Z, (={0,1,2,..})

This theorem is most effectively used in calculating b-functions for a relative
invariant of a prehomogeneous vector space. See [25] for details.

§5. Operations on Systems

As we have emphasized in § 3, we want to analyze a function by studying
the structure of the holonomic system that it solves. It is then important to
know how such an operation as restriction etc. is defined for a holonomic system.
We formulate them as some functorial properties associated with a holomorphic
map f: Y->X. We present the formulation for the general case, that is, without
restricting ourselves to holonomic systems. The formulation is based on some
auxiliary sheaves &%, y etc., which will be defined below.

Let us first suppose that Y is a submanifold of X with codimension d and
that f is the imbedding map. Let us denote by I the defining Ideal of Y. Then

lim&erl, (Ox/I, Ox)=0  (j#d)

holds, and the remaining cohomology group lim &=¢4, (Ox/I, Ox) can be
endowed with a natural structure of left @X-Modlvﬂe. We denote it by Zyx.
There exists a canonical injective @y-homomorphism from Q,® Q%! to
PBy|x, which we denote by ¢. Let dyx denote ¢(dy®(dxdy)~1). If )g ?s an open
subset of C" and Y is defined by {x € X « C"*; x, =---=x,=0}, then we can verify
that dy|x is the modulo class [1] (up to a non-vanishing constant multiple) of the
left 94-Module

d n
‘QX/(Z QXXJ-+ . 2 Qxa/axj).
j=1 j=d+1
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Furthermore we find
(5.1) gcyolx=éa§)5ylx.

In view of the relation (5.1), we define another sheaf €y,y by &xdyx-
Now, using these sheaves ¥y and @y y, we define the required sheaves
&5 1, x etc. First let us identify Y with the graph 4 , of fin Y% X, and, accordingly
T¥(Yx X) with Y>< T*X. Then &%+, x and £3Ly are, by definition, sheaves
on Y>< T*X given by %Aflyxx®s2x=‘£y,yxxg>§)(9,( and g"””xa®ygyz
E¥vx X®Qy, respectively. Note that &%y is nothing but £§. In exactly
the same manner we define €y, x and &y Ly by using %yyxx in place of
¥)yxx- In what follows, we often abbreviate £5x etc. to £, etc. We
also use the notation 1y or, symbolically, 6(x —f(y))dy to denote (64, yxx)dy-
Now, denoting by p, and w, ™ the projections from T§(Yx X) to T*Y
and T*X, respectively, we find that the sheaf £%.5 is (p~ 1Y, w~1£%)-bi-
Module, and that the sheaf &% y is a (w~1€%, p~1€Y)-bi-Module. In parti-
cular, when Y is a submanifold of X C" defined by {xe C"; x;=---=x,=0},
then £9-y is 1somorphlc to &%/( Z x;£%) as a right £¥-Module, and %,y is
isomorphic to &%/( Z ERX;) as a left £%-Module. These properties hold
without any change 1f we replace £¥..x etc. by £y.x etc. Using these notions,
we formulate the non-characteristic condition as follows:

(5.2) Let .# be a coherent £-Module defined on an open subset U of T*X
and let W be an open subset of T*Y. If p, restricted to w7*(Supp .#)
N p7Y(W) is a finite map, i.e., a proper map with finite fiber, then f is
said to be non-characteristic with respect to .# (over W).

If f is non-characteristic with respect to .# over W, then
(5.3)  Tor? X (Eyox, WTIM) =T 0P ¥ (EF Ly, BTUHEF R M))=0 (i#0)
€x

holds on p~1(W).

The surviving object pu(&y_x ® w~1.#) is a coherent &-Module on
W, and it is denoted by f*.#. Furthermore &y ® f*.4 is isomorphic to
p*(é"y_,xm_@g?w“l(é"? J®X.//l)). When Yis a submamfold of X and f is the
imbedding, we sometimes denote f*.# by .#y and call it a tangential system of
4 (along Y). When .# is a coherent right &x-Module, f*.# is defined by

() If there is no fear of confusions, we omit the suffix f.
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replacing &y.x®@w™ 1.4 etc. by w14 Ry y etc.
In parallel with the above definition, we define f*.4#" for a coherent right
&y-Module 4 by w.(p~ N @ &y.yx). It is a coherent &-Module on
—1¢
UcT*X if o
(5.4) @/ restricted to p7*(Supp #7) N w;}(U) is a finite map.

The condition (5.4) is a reasonable and convenient one outside the zero-
section T§X. It is, however, too restrictive at the zero-section in that the
finiteness assumption is seldom satisfied there. The following result resolves
this trouble:

(5.5) Let . be a coherent 2y,-Module. Suppose that f is projective and
that there exists a coherent ¢y-sub-Module .4, of #° which generates
N as a 9y-Module. Then

L
(5.5.a) S./V é=fR"f £(Dyy ® A) is a coherent 2y-Module for every i,
e 2y

and
i

(55.b) Ch (g ./V')cwp‘ 1(Ch ).

In application, the conditions in (5.5) are usually easy to verify.
Using the notion of induced systems, we obtain the following

Theorem 5.1. Let X be C" and let .# and A be coherent £x-Modules
whose characteristic varieties are contained in {(x, £)e T*X; ¢, =0}. Then
we have the following isomorphism for every j:

(5.6) Eatl (M, é’fgﬂ)lyzé’diy(v//y, ¥ ®Ay),
X Y

where Y={xe X ; x;=0}.

We want to emphasize that the use of microdifferential operators of infinite
order is crucial in Theorem 5.1; similar results cannot be expected if only oper-
ators of finite order are used.

We note that the involutory character of Ch(.#) (see (3.6)) immediately
follows from Theorem 5.1.

Now, the classical theory of Jacobi tells us that an involutory manifold can
be microlocally brought to a simple canonical form by a contact transformation.
With the aid of this classical result, Theorem 5.1 entails the following decisive
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result on the structure of systems of microdifferential equations:

Theorem 5.2. Let # be a coherent &x-Module satisfying the following
conditions:

(5.7) Eath (M, E)=0 for j#d.

(5.8) Ch(#) is regular at p in Ch(.#), that is,
(5.8.a) Ch () is non-singular near p
and
(5.8.b) (@]cneey) (p)#0 for the canonical 1-form w.

Then, through a quantized contact transformation (¢, ), €% ®./l is
isomorphic to a direct summand of a direct sum of finite copies of partlal de
Rham system .//0=@'°Cn/<]§1 é’cnwj—> with o(p)=(0;0,...,0, )e T*C". In
particular, A is isomorphic to ®(My)" at generic points of Ch(4), where m

is a non-negative integer.

Note that (5.8.b) implies d<dim X, thus eliminating the possibility that
Ch (#) is Lagrangian. This is one of the reasons why the study of holonomic
systems requires special attention.

We end this section by presenting the rule how the order behaves when we
apply the functors f* and f,.

Theorem 5.3. Let f: Y- X be a holomorphic map. Let .# be a simple
holonomic system with characteristic variety A=T*X and let u be a non-
degenerate section of #. Assume that p is transversal to A and @ |,-14, is an
imbedding. Then f*.# is a simple holonomic &y-Module, and 1y_,x®u is

a non-degenerate section of f*.#, and its order is equal to the order of u.

Theorem 5.4. Let f: Y->X be a holomorphic map. Let & be a right
holonomic &,-Module with characteristic variety AcT*Y, and let u be a
non-degenerate section of #°. Assume that w is transversal to A and that
Plo-14) is an imbedding. Then f, A" is a simple holonomic &y-Module,
and (dx)"'@u®ly.x is a non-degenerate section of foN". Its order is
ord ((dy)’1®u)—-—;—(dim Y—dim X).®®

) Here dx and dy denote the nowhere vanishing section of Q2yZQ4™% and 2,087,
respectively. The factors (dy)~! and (dx)™! make (dy)"'@u etc. a section of a left-
Module, anti-isomorphic to the corresponding right-Module.
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§6. Regular Holonomic Systems

As indicated by the canonical form (4.7), a simple holonomic system con-
sidered at a generic point of its characteristic variety is, essentially speaking, an
ordinary differential equation with regular singularites. In view of the fact that
linear ordinary differential equations with regular singularities was one of the
central subjects in classical analysis, establishing a solid basis of the theory of
holonomic systems with regular singularities is crucially important for making
use of holonomic systems in application. This is done most neatly in the
framework of microlocal analysis. We refer the reader to [17] for the details
of the subject given here. Although we have used the terminology ‘“holonomic
systems with R.S.”” in [17], we use in this article another terminology “regular
holonomic systems (or &x-Modules or 2y-Modules, if we need to specify)”.
In order to define the notion of regular holonomic systems, we first introduce the
notion of a system with regular singularities along an involutory subvariety V
of T*X. We do not assume that V is non-singular, but we assume that V is
homogeneous with respect to the fiber coordinate of T*X. Let I, denote the
sheaf of holomorphic functions on T*X which vanish on V, and I(m) denote
I, N O3:x(m). Defining £, by {Pe &(1); o,(P)e (1)}, we define &, by the
sub-Algebra of & generated by .#,. We denote by &,(m) the sheaf &, &x(m)
(=&x(m)é&y). Tt is then easy to verify that &, is Notherian (in the sense of
(3.1)). Using the sheaf &,, we introduce the following

Definition 6.1. ([19], [17]). Let V be an involutory subvariety of 7*X and
let .# be a coherent &4x-Module defined on an open subset Q of T*X. Then
A is said to be with regular singularities along V if .# satisfies one of the fol-
lowing three mutually equivalent conditions:

(6.1) For each point p in Q, there exist an open neighborhood U of p and an
&y-sub-Module .#, of .# which is defined on U so that the following
two conditions are satisfied:

(6.1.a) 4, is &£(0)-coherent,
(6.1.b) A =&ExM, holds on U.

(6.2) For every open subset U of Q and every coherent £(0)-sub-Module %
of .# that is defined on U, &,.% is &£(0)-coherent.

(6.3) For every open subset U of Q and every coherent &,-sub-Module ./ of
# that is defined on U, 4" is &(0)-coherent.
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Definition 6.2. (i) Let .# be a holonomic &x-Module defined on an open
subset Q of T*X. Then .# is said to be a regular holonomic &-Module, or,
for short, a regular holonomic system, if the following condition is satisfied:
(6.4) .« is with regular singularities along Ch (.#).

(ii) For a holonomic 9y-Module .#, we call .# a regular holonomic system
if &x® . is a regular holonomic &x-Module on T*X.

Note that [17] starts with the definition that .# is a regular holonomic
system if it satisfies the following condition:
(6.5) There exists an open subset Q' of Q such that Q' n Ch(.#) is dense in

Ch (#) and that .# is with regular singularities along Ch (.#) in @',

and later proves that it satisfies the stronger condition (6.4). Although the
reasoning of [17] is highly transcendental, we can prove the equivalence of (6.4)
and (6.5) in a more algebraic way by using the argument in [7]. Hence, here
we have presented the definition in a simpler form as above.

We know ([17], Chap. V) that f*.# and f,.# are regular holonomic
systems, if so is .# and if f satisﬁes condition (5.2) and (5.4), respectively.

Also, in parallel with (5.5), S " is a regular holonomic 25-Module for every
i, if f: Y>X is a projective map and 4" is a regular holonomic Z,-Module.
(In this case the existence of ¢y-sub-Module .4 follows from the assumption
that 4 is a regular holonomic system.)

Thus the notion of regular holonomic systems enjoys nice functorial pro-
perties. The following comparison theorem guarantees that this notion is
exactly what we want to have as the generalization to the higher dimension of

the notion of linear ordinary differential equations with regular singularities:

Theorem 6.3. ([17], Chap. V1.) Let .# and 4" be regular holonomic &x-
Modules. Then we have

Rl g (M, N)=RHoomy, (M, EF g?( H)
and
Rtoom g, (My N)=RHom g, (M, Ex ® N,
where &x= }1_rr_1 &x | Ex (k).
k

The relation of the notion of regular holonomic systems to the classical
theory of ordinary differential equations with regular singularities may become
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clearer by the following

Theorem 6.4. ([17], Chap. VI.) Let .# be a holonomic 9x-Module.
Then the following two conditions are equivalent:

(6.6) . is a regular holonomic system.
(6.7) Ext}, (A, Oy ) SExt), (4, Ox)

holds for every j and for every x in X. Here @Ax,x=1‘i£1_(9x,x/mk, where

3
m denotes the maximal ideal of the ring Ox . of germs of holomorphic

functions at x.

Now, an important result proved in [17] is Theorem 6.6 to be stated below.
It may be regarded as a counterpart of Theorem 5.2 for holonomic systems.
In order to state the theorem, we first introduce the following

Definition 6.5. Let .# be a holonomic &x-Module defined on an open
subset Q of T*X. We then define the (pre-)sheaf .4,,, by assigning .4, (U)
to each open subset U of Q as follows:

My (U)={s5€(€% SA) A)(U); for each point p in U, there exist a neigh-
X

borhood W of p and a coherent Ideal .# of &x defined on W so that £s=0
holds and that &x/.# is a regular holonomic system}.

A priori, it is not clear whether .#,,, is a regular holonomic system or
not — actually, even the coherency of .4, is far from obvious. However,
we can show

Theorem 6.6. ([17], Chap. V, Theorem 5.2.1.) Let .# be a holonomic
éx-Module defined on a neighborhood of p, in T*X. Then 4,,, is a regular
holonomic &x-Module, and

E3QM=63@ A,
ex éx

holds on a neighborhood of py.

Furthermore, if there exists a regular holonomic &x-sub-Module " of
X ® M such that ERQ M4 =EF QN holds, then A is isomorphic to M,,,
as afrf &x-Module. o o

Remark 6.7. If Ch(.#) is non-singular near p,, we can discribe .#,,,
concretely as follows:
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In this case, by using a quantized contact transformation, we may assume
from the first

(6'8) Ch('/ﬁ)‘:{(xs é)ET*C"; X1=0, £2="'=(§n=05 lx!<85 51#0}5
(6.9) Po=@0; (1, 0,...,0) e T*C".

Then, #,.,~ @ .#;,,, holds near p,, where .#;, (LeC, me{l,2,})

finite sum

denotes

m 6 a
gc*l/(‘gc"(xl‘a%—l) +é’cn—a;;+ +é"c,.7§> .

Now, let us restrict our consideration to holonomic Zy-Modules so that
we may consider their @y-solutions. Then, through the correspondence be-
tween systems and their solution sheaves, we can find an interesting interrelation
between an analytic object — (regular) holonomic %y-Modules —and a
geometric object — constructible sheaves. Let us first recall the definition of a
constructible sheaf.

Definition 6.8. A sheaf & of C-vector spaces defined on a complex manifold
X is called constructible™, if it satisfies the following condition (6.10).

(6.10) There exists a decreasing family {X;};-.,2,... of closed analytic subsets
of X which satisfy the following two conditions:
(6.10.a) X=X, N X;=9.
(6.10.b) F |y, XHJI is a locally constant sheaf of finite rank, i.e.,
Z |x;-x;., 18 locally isomorphic to C%,_x ., (r<o).

An important result on the structure of solution sheaves of a holonomic
Px-Module .# is that &z¢%, (.4, Ox) is a constructible sheaf for every j ([13]).
Further we know ([17], Chap. [. § 4) that

R.fomc (R.}fa/ﬂyx (.,//', 0){), 0X) = @;’ ® A

2x

holds for every bounded complex .#° of 2y-Modules such that s#i(.#") is
holonomic. Thus we can assign constructible sheaves to a holonomic %y-
Module by considering its solution sheaves, and, at the same time, reconstruct
the system from its solution sheaves, if we employ differential operators of in-
finite order. In order to formulate these correspondences in a more precise way,
we introduce several categories. In what follows, we call a 2%-Module .4 a

) The terminology “finitistic™ is used in [13].
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holonomic 2%-Module if there locally exists a holonomic 2y-Module .# such
that /"= 2% ® # holds. We denote by Mod (2y) (resp., Mod (2%), Mod (X))
the Abelian cil.’;egory of 2x-Modules (resp., 2%-Modules, the sheaves of C-
vector spaces on X). We also denote by D(Zy) (resp., D(2%), D(X)) the
derived category of Mod (Zy) (resp., Mod (2%), Mod (X)). Now the categories
in which we are interested are introduced by the following

Definition 6.9. (i) D},(2y) is, by definition, the full subcategory of
D(2y) which consists of .#* in Ob (D(2y)) such that #/(.#")=0 holds except
for finitely many j’s and that J#/(.#") is a regular holonomic Zx-Module for
every j.

(ii) Di(2%) is, by definition, the full subcategory of D(2%) which consists
of # in Ob(D(2%)) such that s#/(4)=0 holds except for finitely many
Jj’s and that /(™) is a holonomic 2¥-Module for every j.

(iii)) Di(X) is, by definition, the full subcategory of D(X) which consists of
& in Ob (D (X)) such that s#/(F") is zero except for finitely many j’s and that
H#J(F) is a constructible sheaf for every j.

Then we have

Theorem 6.10. ([19], [22].) The three categories D?(2y), DUA2%) and

DA X) are mutually isomorphic.

In application, it is an important question how to characterize an object in
D% X) when the corresponding object .#° in D},(2y) is a single complex.
The answer is given by using & =R#om,, (Ox, A") as follows.

Theorem 6.11. (i) The following two statements are equivalent:
(6.11) HI(M)=0  (j>0)
(6.12) For every integer k, the codimension of each irreducible component of
Supp £ F ") is equal to or greater than k.
(ii) The following two statements are equivalent:

(6.13) #i(a)=0  (j<0)

(6.14) For every integer k, the codimension of each irreducible component of

Supp S=¢k (F°, Cy) is equal to or grater than k.

In what follows, we say that % in Ob(D2(X)) is perverse if it satisfies
conditions (6.12) and (6.14). Theorem 6.11 guarantees that the corresponding
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object .#" in D}, (Zy) is then a single complex.

§7. Local Monodromies and the Asymptotic Expansion of Solutions
of Regular Holonomic Systems

One of the reasons why ordinary differential equations with regular sin-
gularities are important lies in the fact that its local monodromy can be calculated
in an algebraic manner. In this section we discuss how this important property
of ordinary differential equations with regular singularities can be generalized
to regular holonomic systems. Our method is based on the asymptotic
expansion in our sense (Theorem 7.2 below. See also [16].) of the solutions of
equations of a special type (7.4) given below. One important fact is that, for
any section u of any regular holonomic system, we can find an equation of that
type which u satisfies. (Theorem 7.3.)

Let us begin our discussion by recalling how the local monodromy is
calculated for ordinary differential equations with regular singularities. In
order to fix the notations, let us consider the following equation (7.1), which has
the origin as its regular singular point.

m m—1
7.1) ((zgt—) +a1(t)(t—aa—t—> 4o +am(z))u(z)=o.
Let {4,,..., 4,,} be the set of roots of its indicial equation:
(7.2) Am4a (0)Am~14-.- 44, (0)=0.

For the sake of simplicity, we suppose that A;—4, is not an integer if j#k.
Then we know that there exist solutions of (7.1) of the form t* x (holomorphic
function) (j=1,---, m), and hence the local monodromy is the diagonal matrix
with exp (2n\/ —14)) as its eigenvalues.

In order to discuss how this fact can be generalized in the higher dimen-
sional case, we first introduce some notations.

Let X be a complex manifold and Y a submanifold of X. We denote by
Iy the defining Ox-Ideal of Y. Let F¥(2) denote the subsheaf of 9y given by

(7.3) {Pe 9y; Pl{cl§** 9y holds for every j}.
Here and in what follows, I} is, by definition, 0y for j<O0.

Proposition 7.1. F*(2)/F**Y(2) is isomorphic to the sheaf of homo-
geneous differential operators on TyX of degree k. In particular,
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ng.(@)d--:f @ FX(2)/F**1(2) is the sub-Ring of Dr,x.
k

Let 0 be a vector field tangent to Y such that the canonical action of 6 on
Iy/I} equals the identity. Thus vector field 6 is unique modulo F?(2). Note
that, if we take a local coordinate system (x,,---, x,) of X such that Yis given by

x;=--=x,=0, then we can take 3 x; as 0.

=477 0x;
Letting b(1) be a polynomial of degree m and P a section of F1(2) N 24(m),

we shall consider the following equation

(7.4 b(6)u="Pu.
Factorizing b(2) as

N
(7.5) b(1)= ]131 A=2p",
we suppose

Then the local behavior of solutions of (7.4) is described by the following
theorem.

Theorem 7.2. Let X be an open subset of C" and suppose that Y is given by
{(x,, x)eX; x,=+--=x,=0}. Suppose further that (7.6) holds. Then
there exist A;, in F*(2) (j=1,---, N and v=0, 1, 2,---) which have the following
properties (1.7), (7.8) and (7.9).

(7.7) A;,=1  for v=0.
(7.8) [0, 4; 1=v4;,  for j=1,--,N and v=0,1,2,--.

(7.9) Let U be a neighborhood of a point p of Yand let I' and I’ be open cones
in C? with their apices at the origin. Assume that I contains I’ —{0}.
Then we find the following:

(a) For any holomorphic solution u of (7.4) defined on (I'x C"9)n U,
there exists an open neighborhood U’ of p such that u can be ex-
panded on (I'x C*~9) N U’ to a convergent series Z Z u; (x),
where u;, are holomorphic functions defined on (Fx C" HYnU’
satisfying (0—2;—v)"u;,=0 and u; ,=A; u;,.

(b) Conversely, if u;o (j=1,---, N) are holomorphic functions defined
on (I'x C9x U with (6—24;)"u;,=0, then Z Z‘, A; ujo con-
verges on (I’ x C*4)n U’ for some U’ and it t]Jl—Ue;_a holomorphic
solution of (7.4) there.
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Now, using this theorem as an analytic tool, we shall study the local struc-
ture of solutions of a regular holonomic Zy-Module.

Let .# be a coherent 2y-Module. A filtration F(.#) of .# is called a
good filtration with respect to F'(2) if there locally exist sections u; of .# and
integers r; (j=1,---, m) such that

FH)= 3 FEri(@)u;

holds for every k.

Let us denote by # the category of coherent 2y-Modules .# such that
there locally exist a coherent sub-0y-Module & of .# and a polynomial b(1)
of degree m which satisfy

(7.10) b(0)F =(2(m)n F(2)F
and
(7.11) M=DxF.

Then £ is a full abelian subcategory of the category of coherent 2y-Modules.
The importance of the category £ lies in the fact that it is ample enough for our
purpose (Theorem 7.3 below) while any object of £ is amenable to the analysis
based on the asymptotic expansion in the sense of Theorem 7.2.

Theorem 7.3. Any regular holonomic 9y-Module belongs 1o .

Theorem 7.4. Let # be an object of Z. Then we have the following:
(i) There exist a good filtration F- of .# and a non-zero polynomial b(1)
which have the following two properties:

(7.12) b(0— k)Fk < Fk+1

(7.13) The difference of any pair of distinct roots of b(A)=0 is not an integer.
(i) A (not graded) grg.(2)-Module grp..ldff? Fk|F¥*1 does not depend on
the choice of a good filtlation F' which satisfies the condition (7.12) for some
non-zero polynomial b(1) satisfying the condition (7.13).

Thanks to (ii) of Theorem 7.4, we may use the notation gr .# instead of
gry. .#. The local structure of multi-valued holomorphic solutions of .# is
most neatly described by the aid of gr.#. To present the results (Theorem
7.5 and Theorem 7.7 given below), we first introduce the real blowing up X of
X with center at Y, that is, X=X [Ty X as a set with the suitable topology.
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Let j: XGYX be the open embedding and define the sheaf 0 by j(Ox)|ryx-
Then our result is stated as follows:

Theorem 7.5. If a 9x-Module .# belongs to 2, then

Rt om gy (M, O)=RHom g, o) (& M, Or,x)
holds.

Remark 7.6. For a complex & of sheaves on X, let us define vy(%#*) and
u(ZF) by RjF)|r,x and RIpxy(ny}xF )%, respectively. Here ny x denotes
the projection from the comonoidal transform YX* of X to X and a denotes the
antipodal map. Then vy(#) and uy(F°) are related in the following manner:

Let Z be the closed subset {(v, {)e T, X x T$X, (v, )20} of T, X xT}X,
and let p and g denote the projections fromXTyX ;{< T$X onto Ty X ancf( T3X,

respectively. Then we have

(7.14) Uy(F) =RqRI ,(p7vy(F7))
and
(7.15) vy(F) =(RpsRIz(g7 uy(F))?[codimg Y].

Now, let § denote the endomorphism of gr.# given by assigning (0 —k)u
(€F¥) to u in F*. Then @ is clearly gry.(2)-linear. Furthermore we im-
mediately see that b(f)=0 holds for b(1) satisfying (7.12). Hence we can define
a grp(2)-linear automorphism exp (27r\/——-1(§) on gr.#. On the other hand,
for any point v of Ty X, Rtom,, (A, 0) is locally constant on C*v, and hence
we can define the monodromy of Rétosm,, (A, 0). Then Theorem 7.5 entails
the following

Theorem 7.7. For # in %, the monodromy on R#osm g, (A, (5) is given
by Rtomgey.()(€xp 2/ —10), O1,x) on Rfomg,, (o)(8F M, O1,x).

We now microlocalize the discussion given so far. (Cf. [16] and [23].)

Let A be a (non-singular) Lagrangian submanifold of T*X and let &,
denote the sub-Ring of &y introduced at the beginning of §6. As was
stated there, &,(m) denotes the sheaf &,&x(m)(=8&x(m)&,). Let 0=
:0,(x, E)+0y(x, &)+ --: be a section of &x(1) which satisfies the following three

conditions:
(7.16) 0,=0modI,,
(7.17) df, = —w mod I ,Q}.y,
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(7.18) 5-7— 2 mod [ 4.
27

65

Here I, denotes the defining Ideal of 4 and w denotes the canonical 1-form
> &;dx;.  Such an operator 0 exists locally and it is unique modulo &4(—1).
J

Now we have the following

Theorem 7.8. Let .# be a regular holonomic &-Module defined on an
open subset of T*X. Then there exist a coherent sub-&,Module 4, of M
and a non-zero polynomial b(1) which satisfy the following three conditions:

(7.19) «///=éﬁxu[0.

(7.20) bO)My<=#y(—1). Here and in what follows, #y(k) denotes &x(k).A,
for an integer k.

(7.21) The difference of any pair of distinct roots of b(1)=0 is not an integer.
Furthermore, if we denote @ &,(k)/&4k—1) by gr,& and define a gr,(&)-
Module gr, # by @ jo(k)/.j«o(k—l), gr, (A) is independent of the choice of
M, satisfying the agove conditions.

In order to microlocalize Theorem 7.5, we fix a simple holonomic &-
Module # whose support is A. Let gr* ¢, denote the sheaf of homogeneous
functions on A of degree k. Then gr, % is an invertible gr ¢ ,-Module. Using
this system . instead of @, we obtain the following theorem.

Theorem 7.9. Let .# be a regular holonomic &-Module defined on an
open subset of T*X. Then we have

(7.22) Ritom gy (My L) =RHomeg, o (854 M, 8T 4 L)

and

(7.23) RAomg, (M, EF gb LY=RAtomge 0 (8T 4 M, Oy g®0 gr, ).
X 04

Remark 7.10. gr% & is isomorphic to the sheaf of differential operator endo-
morphisms of gr, % which are homogeneous of degree k. Hence, if we denote by
gr* 2, the sheaf of homogeneous differential operators on A of degree k and if
we set gr 9, = @ gr. 9y, gr, & is isomorphic to gr, & ® er 9, ® (gr p)® 1.
Hence & =(gr A,?)‘X’ ' ® gry# is a 94,-Module. Further 1t 1s a regular
holonomic QA-Module.gmﬁsing this 2,-Module &, we can rewrite (7.23) to the
following form:

(7.24) Rtooms g, (M) L) =RHrm, (F, 0.,).
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Here and in what follows, #® denotes £} ® .Z, as usual.
&x

As a special case of Theorem 7.9, we find the following interesting result
(Theorem 7.11 below) for a pair of regular holonomic &x-Modules .# and A4~
defined on an open subset of T*X. In order to obtain the result we choose

THX xX) as A and identify it with T*X by the first projection. Then
QX® gr  (€xx X)®.Q®‘1 is canonically isomorphic to the sheaf Dp., of dif-
ferentlal operators on T*X.

Let us now denote by &(4#, #) the Dp.x-Module defined by
((DT.X®Q® 1) ® gr  (A®N). (See S-K-K [24] p. 418 for the definition of
the product system #4®A.) Then, by choosing Fxixxx as & in Theorem
7.9, we can deduce the following Theorem 7.11 from Theorem 7.9 and Remark
7.10.

Theorem 7.11. (i) (A4, ") is a regular holonomic Dr.x-Module. Its
characteristic variety is given by C(Supp .#, (Supp A4")%), the normal cone of
Supp # along (Supp A7), the antipodal set of Supp /4", if we identify the
tangent bundle and the cotangent bundle of T*X by using the sympletic
structure of T*X.

(ii) @&(A#, &) is an exact functor with respect to the first and the second
variable.

Gii) (AN, H)=D(A, N¥)* and D(N*, M*)=D(M, V)* hold. Here N*
etc. denote the dual system of N etc.

1AV) Rfoms, (N, MR) =RHom g 0y (P(M, /F), Orsx)[dim X].

In particular, Rtom s, (N, M4F)[—dim X] is a perverse complex on T*X.

As an immediate consequence of (iii) and (iv) in the above, we obtain the

following

Corollary 7.12.

RiAtom gy (My NB) =RHoimg RHoom o (N, MF), Crax)[2dim X].

Remark 7.13. Here we have presented Theorem 7.11 restricting ourselves to
the complement of the zero section of the cotangent bundle. However, we can
obtain the same result also at the zero section, if we define &(.#, .#°) using
grp(ARN).
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