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Introduction

The theory of soliton equations has been one of the most active branches of
mathematical physics in the past 15 years. It deals with a class of non-linear
partial differential equations that admit abundant exact solutions. Recent works
[1]-[21] shed light to their algebraic structure from a group theoretical view-
point. In this paper we shall give a review on these developments, which were
primarily carried out in the Research Institute for Mathematical Sciences.

In the new approach, the soliton equations are schematically described as
follows. We consider an infinite dimensional Lie algebra and its representation
on a function space. The group orbit of the highest weight vector is an infinite

Received March 29, 1983,
* Research Tnstitute for Mathematical Sciences, Kyoto University, Kyoto 606, Japan.



944 MicHio JiMBO AND TETSUII M1wA

dimensional Grassmann manifold. Its defining equations on the function
space, expressed in the form of differential equations, are then nothing other than
the soliton equations. To put it the other way, there is a transitive action of
an infinite dimensional group on the manifold of solutions. This picture has
been first established by M. and Y. Sato [1], [2] in their study of the Kadomtsev-
Petviashvili (KP) hierarchy.

Among the variety of soliton equations, the KP hierarchy is the most basic
one in that the corresponding Lie algebra is gl(oco). The present article thus
begins with a relatively detailed account for this case (§§ 1-2). Throughout the
paper our description follows the line of the series [3]-[12] with emphasis on
representation theoretical aspect. In this connection we refer also to [22]-
[26]. The use of the language of free fermions as adopted in [3]-[12] and here
was originally inspired by previous studies on Holonomic Quantum Fields
[27]-[30]. We find it both natural and expedient, since by considering the
representation of the total fermion algebra, of which gl(co) forms a Lie subal-
gebra, Hirota’s bilinear equations [31] and linear equations of Lax-Zakharov-
Shabat come out in a unified way. In the following Section 3-8 we shall show
how various types of soliton equations are generated by considering suitable
subalgebras of gl(co) and their representations. Included are the infinite
dimensional orthogonal or symplectic Lie algebras (B, C,, D) and the Kac-
Moody Lie algebras of Euclidean type. In Section 9 and Section 10 we treat
two more typical examples of soliton equations, the 2 dimensional Toda lattice
and the chiral field, showing further different aspects of our theory. In the
appendix we gather lists of bilinear equations of lower degree for the hierarchies
mentioned above.

There remain several topics that could not be touched upon in the text:
among others, soliton equations related to free fermions on an elliptic curve
[9] and the transformation theory for the self-dual Yang-Mills equation [14]-
[17], [21]. For these the reader is referred to the original articles.

§1. Fock Representation of gl(0)

Let A be the Clifford algebra over C with generators y,, Y} (ie Z),
satisfying the defining relations"

) [X, Y. = XY+ YX.
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[l//is l//j:|+=05 [lpia l/’;‘g]+ =5ij9 [l/I:ks ‘/’?]+=0

An element of # = (@ Cl[l,)@(@ Cy¥) will be referred to as a free fermion.
The Clifford algebra A has a standard representation given as follows. Put

Wam=(@ CYIO(D CUf), #ou=(@ CY)®(S CY), and consider the left
(resp. rlght) A-module F= A/A"///'a,,,, (resp F *—"///'c,A\A) These are cyclic
A-modules generated by the vectors |vac)=1mod 4%, or {vac|=1 mod-
#..A, respectively, with the properties

(L1) Yilvacy=0 (i<0), Y¥|vacy=0 (i=0),
(vac|y;=0 (i=0), <(vac|yf=0 (i<0).
There is a symmetric bilinear form
F*R F ={vac| A® 4A|vac) — C
{vac|a®b|vac) —— {vac|a-b|vac)={ab)
through which &#* and & are dual vector spaces. Here { ) denotes a linear

form on A, called the (vacuum) expectation value, defined as follows. For
a € C or quadratic in free fermions, set

IH=1,
Yah;>=0, YY) =0,

_ 0; (i=j<0) xpy=( 6; (i=jz0)
<¢i¢7>—{ 0 (otherwise), {0 (otherwise).

For a general product w,---w, of free fermions w,e %, we put

(1.2) <W1"'Wr>={ 0 (r odd)

? sgn 0'<Wa(1)Wa(2)>"'<Wa(r— l)wa'(r)> (r even)

where ¢ runs over the permutations such that ¢(1)<a(2),..., 6(r—1)<o(r) and
o(1)<o(3)<---<o(r—1). The rule (1.2) is known as Wick’s theorem. We call
F, F* the Fock spaces and the representation of 4 on them the Fock repre-
sentations.

Consider the set of finite linear combinations of quadratic elements
g={> aij‘ﬁi‘pf eA| a;e Cl.
Using (1.1) we may verify the commutation relation

(1.3) (X aippb, Z aip71=2 aiphby

L
a;;= % Ayl — % Alxyjs
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and hence g is a Lie algebra. In fact, (1.3) shows that it is isomorphic to the
Lie algebra of infinite matrices (a;;); ;. having finite number of non-zero entries.

As a Lie algebra, g is generated by
(1.4) =y, Vi, fi=vi, hi=v W, —yyf

along with Y. These are analogous to the Chevalley basis in the theory of
finite dimensional Lie algebras. The Dynkin diagram for g is thus an infinite
chain.

o o o O— O~ O~ o o e

Fig. 1. Dynkin diagram for g.

Let us extend the Lie algebra g to include certain infinite linear combinations
of the form

(1.5) X=HZEZ a;;: ‘P:Wf = ‘P,‘ﬁf = ‘//.Wf"'@p:‘ﬁf)

" def

For the moment assume the sum (1.5) to be finite, so that Xeg®C-1. The
commutation relation for X’s then takc the form

(1.6) [(Xa: b, Ya:yypr =2 al;: yyf:i+c-1,
with af; given by (1.3) and

C=i<0;jgo aijaji—l'z_o’j<0 a,-jaji .
The action of X on &#, #* read as
1.7 X -a|vac)=(ad X(a))|vac)+a- X a;pab¥|vac)

iz0>j
{vac|a- X=—<(vac|(ad X(a))+<vac| ¥ a;y%-a.
jz0>i
Here ad X € End(A) is by definition
(1.8) ad X(w, - w)= 3 wy---ad X(w)---w,, w, e W,
i=1

ad X(Wj)= igé wiaij’ ad X(‘//f)= - .';z l/ﬁikaji'
Consider infinite matrices (a;;); ;. satisfying the condition
(1.9) there exists an N such that a;;=0 for |i—j|>N.

Under this condition, the operations (1.6)—(1.8) still make sense. We then
define the Lie algebra gl(co) to be the vector space

gl(0)={ X a;: f¥:|(a;;) satisfies (1.9)} @ C- 1
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equipped with the Lie bracket (1.6), where now 0¥ is regarded as an abstract
symbol, and 1 as a central element. In accordance with the classification theory
of Lie algebras, we shall also use the notation 4, to signify gl(c0). The
considerations above show that g=gl(c0), and that we have a representation
gl(co)—End;(#). The latter is a reducible one, for there exists other than 1
a central element Hy=Y :yaf¥: which acts non-trivially on &#. Since
ad Hy(Y;)=V,;, ad Hy(y¥)=—y¥ and H,|vac)=0={vac|H, we have the
eigenspace decompositions A=®A4,, F=@F, and F*¥=PFF, with the
eigenvalue [ running over the integers. An element a € 4 (resp.ve F or F¥)
is said to have charge | if a € A, (resp. ve F, or £F). In other words, a € A has
charge [ if itis a linear combination of monomials y; -y, Y% --- ¥ withr—s=1,
and similarly for # and #*. Note that #§ and &%, are orthogonal unless
I=1I". The representations

p;: gl(co) — End. (F)

turn out to be irreducible. Put

VoY (1<0) yi--yE (1<0)
(1.10) Pi=(1 (I=0), v¥=(1 (I1=0)
Y-y, (1>0) Yoo (1>0).

Then the vectors {I|={vac|¥F,|l>=Y,|vac) give the highest weight vectors:
e | D=0, hy| =06, for all 1.

We have F¥F={l|Ay, F=A4,|1l> and (l|I>=1. If we introduce an auto-
morphism ¢, of gl(o0) by

(1.11) qW)=vi—,, q¥H=vi,,
we have p, > pgo¢;. Thus p, are all equivalent to each other. We note also that
(1.12) lally =<LI—m|¢ (a)|l'—m)

holds for any I, I'’, m and any a € 4.
For neZ, set
H,,=iEZZ t Y, egl(o0).
We have then the commutation relation
H,, Hd=nd,150-1,
which shows that H, (n#0) and 1 span a Heisenberg subalgebra s# in gl(c0).
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This fact enables us to construct explicit realizations of the abstract settings
above in terms of polynomials in infinitely many variables x=(x,, x5,...). An
element X egl(o0) is called locally nilpotent if for any ve & there exists an
N such that X¥v=0. Suppose n>0. Then H, is locally nilpotent. Moreover,
for any v € & there exists an M such that H,v=0for n>M. Hence we can define
the action of the Hamiltonian

H(X)= 3 x,H,,

and moreover that of e#™ on %#. We remark that, by using H(x)|vac)=0,
it is sometimes useful to write e#™ga|vac) as a(x)|vac), where efFge H

is the formal time evolution of a € A4.

Example.
e = 31 Yoy =i xotpmr + (o 53 o
eHN e~ ) = Z‘/’ﬁ-vpv( x)= 'p*_x1‘#:+1+<—x2+ x1)'ﬁ;+z

where the polynomials p,(x) are defined by the generating function
(1.13) ;0 D)k =exp ( 21 X, k™).

We have thus eH®y, | vac) =¥, +x,¥,)| vac), and so forth.

Theorem 1.1. Let V, denote copies of the polynomial algebra C[x].
Then the following map
(1.14) F=0F— V=0V,
alvac) —— @ | ef®q|vac)

is an isomorphism of vector spaces.

The Fock representation of A also has a realization in the right hand side of
(1.14). Consider the following linear differential operators of infinite order,
called the vertex operators

X(o=exp (3 x,k") exp -
(1.15) n=1

||[V]8 EMS
N I’—' N lr—
)|
%Y
=
&
|
=
~—

X*(k)=exp (— 21 x,k™) exp (
0

The coefficients Xi<x, %), X;"(x, % ) of the expansion X(k)=
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> X; <x, 66 )k‘ X*(k)= Z X *<x, 66 >k“ are well defined linear operators on

ieZ

C[x]. In terms of p(x) i 1n (1 13), we have X;=X(x, 0/0x)= Z p,+i{xX)p(—0)
with 6 =(8,, 8,/2,..., 3,/n,...) and 8,=0/0x,. For example,

1 1 1 1
Xoy= =05, =500+ 50 )+ (%ot 53— 30+ 5 08a— ¢8R+
1.4 1 1 1
+ X3+x1x2+?xl _‘3—63“}"5‘6162—“6"81 + .-
Xy =x, +<x2+—,1)~x%)(—6,) +<x3 +x1x2+%x?)<—%62+%6§>+
Replacing x, by —x, and d, by —0, we obtain expressions for X*,(x, d/0x).
Theorem 1.2. Define X;, X¥ e End(V) by the formulas
0
X Vi Vit S0 = Xof(%, 0 )i,
J\,
RE: Vi Vi S0 = X%, 5 ).

Then X;, X* (i€ Z) generate in End¢(V) a Clifford algebra isomorphic to A,
and (1.14) gives an A-module isomorphism with the identification

(1.16) V=X, ¥¥=
In particular, the representation p;: gl(c0)—End(V)) is realized as
0 .
pl(:wilﬁ;‘:)=zi—l,j—l X, W)‘f“suel(l)

where

0, (D) =Y;- Wi — Yy
1 (if 0<igi-1)
=( —1 (f IZi£-1)
0 (otherwise),

and Zij<x, —(%) is given by the generating function
(1.17)

Z(p, q) =

L (exp (£, r—axexp(- X (=g 55 )-1)

—-q
AV
Z th( , ax>qu

1,152
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Note that the formula (1.17) for p=g gives

5 (n>0)
pO(I_In):== iEZZ Zi i+n<x’ —67.\;>= 0 (rl =0)
-nx_, (n<0).

Example. We write Zij=Zij<x, —(;%) and 5"=-ﬁf—'_

Zo,~1=x, +(=xP) 01+ (= x1x,) ¢, +%x?6% +<—§ng‘{——§—x1x3—%x%)(73

+x%x26162+<—%x‘}—%x1x3+%x§)5§+---

Zo’():xla]‘{‘(—"i—x%'!‘é‘xZ)az‘*‘( % %—é*)cz)@%
(Ll L L), +(Lx3 0,0
Tgxl"" 3x1x2+—3"x3 3'{' 6 — XXy — x3 102

+<—1§gx? +%x1x2 +%—x3>6? +

1 1 1 1
+<§‘—tx‘1L 5 =x3x,— S %1%3 —:,—x%)az
+<24x4+ I x1x2+ S ¥1¥3 = ,1) x%)af

+(-

1
¥+ 18
1 5 1 3 | 1

1 1 2
ToXix, — 3 —Xx3x3 ———gxlx% - %—x1x4 - -3~x2x3>63
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+ ( = TZ—‘fo - %x?xz - %x%x3 + 15§x1x% - —16~x1x4 + —é~x2x3)5§ +

Z0 =(%x% +3, )y +(— TR +é_x3>52 +(—%x? Tt "%x3>6%
e e E)
TN O P 0 o

4 2 4

+<35§x‘}+ l%x%xz +—é—x|x3 ——Tl—zxﬁ-k%x,,)ﬁ? + -

AW =<%xf +%x2> (62 +¢D) +< - ‘é x{ +‘;T~\'3>03 +< “%X% - %Jﬁxz)axaz
+<—-3%x?—-?1z—x,x2—é~x3>6?+
In general we have
Ziy= 2 Wi, WP~ O)p(0) — <Y ¥>

where
0 (j20)
i (i<0, j<0)

W= %
v§0 p\!(_x)pi—j—v(x) (igos .I<0)'

In order to see these correspondences (1.14), (1.15) more explicitly, let us
introduce a convenient basis of C[x]. Let Y be a Young diagram of signature

(fls'--’fm)’ flg"'gfm (Flg 2)'

Y= -
f2 ~ I
|

~

|

Fig. 2. Young diagram of signature ( f3,..., fi)-

The following polynomial is called the Schur function [32] attached to Y:

xy(x)=det (Pf, - i+j(x))1 <i,j<m>
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where p,(x) are given by (1.13). As is well known, the characters of the general
linear group GL(N) (N=m) are given by Schur functions. Namely if py
denotes the irreducible representation corresponding to Y, we have tr py(g)
=yy(x) with g e GL(N) and vx,=trg*. When Y runs over all the diagrams,
the set of Schur functions provides a basis of C[x].

Forj, < <j,<0<i,<---<i,, the following formula is valid:

(1.18) KUeHOYF AT -, | 0>

L O e L M E)

where Y is given by

r i1—s+1
Y= 2
7
4
s d
is .7
1
—jir—1
=Jji~r ,j
,/
rd
,I
AV g

Since the vectors Y¥---y¥ v, -, |0y (i< <j,<0=ig<---<iy) give a basis
of &, the isomorphism (1.14) is evident from this formula.

The action of the vertex operators (1.17) also admits simple description in
terms of Schur polynomials. In what follows, we extend the edges of a Young

diagram as in Fig. 3 and assign to them a numbering by integers:

7

0k T

-4 N

-5
Fig. 3. Numbering of edges of a Young diagram.

By virtue of (1.18), the left multiplication by :y¥: is translated to give the
following rule for the action of Z; j<x—£—c->.
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i=j
xy(x) (iz0 and i is vertical)
Z,-,-(x, %)xy(x)= —xy(x) (i<0 and i is horizontal)
0 (otherwise),
i#]j
(=)""xy(x) (iis horizontal and
Zij(xs %)XY()C)= Jj is vertical)
0 (otherwise).

Here Y’ signifies the diagram obtained by removing (if i< j) or inserting (if

i>j) the hook corresponding to the pair (i, j), and v is the vertical length of the
hook.

] [T Td= [T
(_) o o 1 —-—)(+) 7/7/ v=1
E T2i -—2 0

. . il
Fig. 4. Action of Zi,(x, ﬁ_) .

Note in particular that the action of h; in (1.4) is simultaneously diagonalized

in the basis yy(x). If we introduce the homogeneous degree by

deg x,=v, deg%: -y

then deg yy(x)=#{plaquettes of Y} and deg Z; j(x, %):i— Jj-

It is sometimes useful to consider the generating sums of free fermions
(1.19) V=2, vik', y*(k)= 2, vtk
Their time evolutions take the simple form
(1.20) eH&) Y(k)e B =es k) y(k), eH®) ¥ (k)e H) = e=8(:k) Yr*(k)
Ex, k)= 3 x

n=1

The vertex operators (1.15), (1.17) give their realizations in a suitable completion
of C[x]. Although (1.19) do not belong to A4, the inner product of {I|y(k) or
l|y*(k) with an element of &# does make sense. Using Wick’s theorem,
we can verify the following formulas
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(1.21) Y(k)eE®a|0) = k-1 ] —1]|eH =" g|0)
(I (R)ei®al0y = kI 1+ 1] t+ets=)q]0)

for any a|0) e #, where

(1.22) e (k) =<71€ e ch—)

For example, put /=1 and a=y(p)y*(q). By virtue of (1.20) and Wick’s
theorem, the left hand side of the first equation in (1.21) becomes

eE P =Ex O\ E Y (kW (ph*(9)|0)
= et ~ExDg(k—p)/(p—q)(k—q)
= e8(x=ek™ 0, P~ Ex—ek " DO (PP *(g)|0>
—0leH< (P ()]0)

The realization (1.16) of ¥;, ¥¥ in terms of the vertex operators (1.15) is a con-
sequence of (1.21).

§2. 7 Functions and the KP Hierarchy

We now focus our attention to the representation of the group corresponding
to the Lie algebra in Section 1, and its relation to soliton theory.

Let =@ Cy;, v*=@ CY¥, and consider the multiplicative group in
the Clifford allgegbra *

2.1 G={ged|3g™, gvg~l=v, gv¥g-l=v*}.

The corresponding Lie algebra is nothing but g®C-1. The Fock represen-
tation gives rise to a representation of G on %, We shall be concerned with the
G-orbit of the highest weight vector |I>: M;=G|l)= %, For each ve M,
let ¥, =¥ denote the linear subspace {{ € #"|yv=0}. By the correspondence
v mod C*« ¥}, M,;/C* can be identified with the collection of linear subspaces
{#,} in ¥~, which is a (infinite-dimensional) Grassmann manifold. We remark
that M, is stable under the action of

2.2) g=eXi-..eXe X, ..., X, egl(o0)

provided X s are locally nilpotent.
Now fix an integer /, and consider the realization p, of M as polynomials

(2.3) T(x; ) =<1le"@g|l}, geG.

We call a polynomial 7(x) a t function if it is representable in the form (2.3)



SOLITONS AND LIE ALGEBRAS 955

for some g. (Since p, are all equivalent, this definition is actually independent
of I.) Asis well known, in the finite dimensional case, a Grassmann manifold is
realized as an intersection of quadrics in a projective space. [n the present case,
we may write down an analogue of these quadratic defining equations (the
Pliicker relations).

Theorem 2.1. A polynomial ©(x) is a t function if and only if it satisfies
the bilinear identity

(2.4) %@w *0g(x— € (k=1))u(x' + e(kﬂ))ﬂ: for any x, x’

where e (k=) is given by (1.22),

ix, =3 kx,,

n=1

and the integration is taken along a small contour at k= o0 so that%; dk[2nik=1.

Let us sketch how to derive (2.4). By the definition (2.1), there exist «;; € C
such that gy ;9= 1= 2 Yoy and g~ Wi¥g= Z W¥aj; hold. This implies
2 Vigv®yigr'= 3 gYw®@gyiv e F®F

for any v, v'e #. With the choice v=v"=|I) the right hand side becomes 0,
since either ;| [> =0 or Y} |[>=0. Applying e#®®eH(>") and taking the inner
product with {/+ 1| ®{I—1] we get

0=2 I+1]e"®g | I—1]e" g |l
ieZ
b+ 11emop g1y =11 P Ryg 2K

=besomx 011 Rng 1y 111 et g 152
Here we have used the time evolutions (1.20) for y(k), y*(k). Finally, using the
formula (1.21) we arrive at (2.4).

The bilinear identity can be further rewritten into a series of non-linear
differential equations for ©(x). They are described by Hirota’s bilinear differ-
ential operator ([31])

P95 P(50m oo )G+ D95 = 3D yympem..mo
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where P(D) is a polynomial in D=(D,, D,,...). In fact, with a change of vari-
ables x—>x+y, x'>x—y, (2.4) is brought to the form

@5 (E,p~2)pe D) exp (5, y,D))yeo =0 forany

with D=(D,, D,/2,..., D,/n---). For instance the coefficient of y% in (2.5)
gives an equation

(2.6) (D$+3D3—4D,D3)t-1=0,
2
or in terms of the dependent variable u =2 aaxz logt
1
0%u 0 ( ou ou , Pu )
3 —4 =
2.7 Yoxz Tox; Vo, +6u 7%, + %3 0.

Equation (2.7) (resp. (2.6)) is a most typical example of soliton equations, known
as the Kadomtsev-Petviashvili (KP) equation ([33]) in the ordinary form
(resp. the bilinear form ([34])). The whole system of non-linear equations
(2.5) is termed the (bilinear) KP hierarchy.

More generally, we have similar bilinear identities corresponding to an
arbitrary pair of vertices (I, I') of the Dynkin diagram (Fig. 1):

dk
2ni =0

Caj §ese R g (x— € (s gyl + € (61); 9)
forany x,x’,,I' with I=I.
These are sometimes called the (I—[')-th modified KP hierarchies. The simplest
examples are (I—1'=1)
(Di—=Dt141-1=0
(D?+3D,D,—4D3)74 (-7, =0,
which lead to

dv |, 0% ov \2 |
T 0x, + 0x? +<6x1> +u=0,

0,

3.0%0 g 0 v, 0% 0*v ~6< ov )2 *v _
0x% 0x, 0x?% 0x.0x3  Ox% 0x, /) 0x%
o2

0x?

of higher order are listed in the Appendix 1.

where u=2

logt; and v=logt;,,,/tr;,. Explicit forms of bilinear equations

Originally the KP hierarchy was introduced in connection with an auxiliary
linear system of equations ([2])
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(2.8) —ag~w=B,,<x, —ai—)w (n=1,2,..)

8% 557)=(am )+ 2 ey )

Their integrability condition

0 ) 0 8 \1_ ~
!_ Xm "Bm<Xs axl >, ax" —Bn<X, a—xl‘>jl—0 (m, n=1,2,...)

leads to non-linear equations for the coefficients u,,(x), which constitute the KP
hierarchy in the ordinary form. For example (2.7) follows by the choice m=2,
n=3. Let us show that these linear equations (2.8) also are derived from the
bilinear identity (2.4).

With [ and g fixed, we set (7(x)=1,(x; g))

w(x, k)= <1+ 1]e" @ y(k)g|ly/k'(x)
w*(x, k)={1—1]e"& y*(k)g|IH/k' ~'1(x).

From the proof of Theorem 2.1, we have

2.9) w(x, k)=et®" 1(x — e (k= 1))/t(x)
w¥*(x, k)=e >R 1(x+ e (k= 1))/7(x).

The bilinear identity now reads
(2.10) §>w(x, kw(x', k)ziflr:o for any x, x'.
Theorem 2.2. Suppose we have formal series of the form
wx, K= et 3 w (k1)
WHCx, K=~ €01+ 32 wiGOk™)

that satisfy the identity (2.4). Then the following are valid.

(i) There exists a function 1(x), unique up to a constant multiple, such
that w(x, k) and w*(x, k) are expressed as (2.9).

(ii) t(x) solves the KP hierarchy.

(iii)) w(x, k) and w*(x, k) solve the linear equations
o, _ 0 0 0
0x,, w—B,,(x, 0x, )w, ~ox, w¥ —B,",‘(x, 0x, )w*

where B,,(x, 6—21> is of the form (2.8), and B’}:(x, —5;31):('621 >"+
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n —2
( o, ) u,(x) is its formal adjoint operator.

For explicit computation of B,,(x, a_i”> the following bilinear identity is
1

available:

dk

T _kimVletxh g (v — e (kD) e (x'+ €(k7Y); p)

(<)o (x; p) = §
0= if_m kil Hiesumx by (x— e (k1) p)Tp(x’)  (I2T)

where
v(x; p)=<I+1e¥=Y(p)g|ly/p' =1 (X)w(x; p).

Note that the latter equation is the same as (2.4),,. Hence the pair (v,(x; p),
7(x)) satisfies the modified KP equations for (t;,,(x), 7(x)). Rewriting these
we obtain linear equations for w/(x; p)=v/(x; p)/t(x)

o (B )
0%, w,—( ox? +“6x% log, Jwi

. (B L. o L. & Yo
ax; w"( axt P o8 Trgy 3y log Tt 3 log Ty Jwee

From the viewpoint of soliton theory, the framework of Sections 1-2
provides with a method to construct solutions to the KP hierarchy as well.

Example 1. Using the “Chevalley basis’’ (1.4) we put

2.1D) —r;=exp(e)exp(—f)exp(e)eC.

By virtue of the action rule of Z,-j<x, —(%) on Schur functions, we can verify

that po(r;) adds one plaquette at (i — 1, i)-th corner (Fig. 5):

Polri( i’ ) =

Fig. 5. Action of r;.

It then follows that all the Schur polynomials are t functions (hence solve the
KP hierarchy ([2])).
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Pol(ro)

po(r- n/ \w‘(n)
polr2) po(ry)
po(r-y) po(r2)

, B [T 1]

Fig. 6. Generation of Schur polynomials.

Example 2. Given a polynomial 1(x) € C[x], let
()= crtr(x)

be its expansion in the basis {yy(x)}. Then t(x) solves the KP hierarchy if and
only if the coefficients ¢, are subject to the relation ([2])

e, ) ( iyeei, ) ( iyl e, ) ( Pyt
A . C . . _(' . A . C .
cdetndy Jidr Jodude Ji

.- e
+C( lliulr )C( llf\lr )
Jl'“.]\""]r ]1'“.]‘[‘”]"

forall j,<---<j,<0=Zi,<---<i, and u, v,

il‘

Jr

> -~
- -
.~
~
~—

i
0=c( A'
...’”.

where we have put c<;.1'“j.’>=cy for a Young diagram
Ji
ih+1
Y= )

Up till now we have considered polynomial solutions only. However the
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bilinear identities (2.4), (2.4),, linear equations (2.8) etc. are meaningful for
wider class of solutions, which correspond to considering representations of

suitable completion of Lie algebras.

Example 3. Put
g=cxp (X ab(p)u™(a)).

Then the time evolution (1.20) and Wick’s theorem give the N-soliton solution

([34D

N
(2.12) Tolx; g) =1+ % "+ 3 c;jenit

i<j

! ot
=2 2 Il ciem™ i,
r=0i1<-<i, u<v

where

— _ . 4
M=8(x, p) = £Cx, g0) +1og (a4 - )

e = 2i=P)@i—q;) _ <Y(pIV*(g)V¥(p)V*(g,)>
(pi—q)(gi—p;) b (pIYF@@)(p)YF(g))

In terms of the vertex operator (1.17), we can write (2.12) as

N .
To(x; g)= 11 exp (ai<Z(p,-, )+ p,&qi )) 1.

If we formally let N— oo, we get a “general solution”’

g=exp ([ ato, DWW *(@pdg)

w0)= 3 0y - f et (52 )exp £ (¢ po -2 a0)

!
1 a(pi, 9)dp,---dp,dq,---dq,

,
x 11
i=

depending on an arbitrary function a(p, q) of two variables.

§3. Reduction to AV

In Section 2 we have seen that the group orbit of the highest weight vector
in the Fock representation of A4, represents the totality of polynomial solutions
to the KP hierarchy. In this section we show that this correspondence induces a
similar one between the affine Lie algebra A{" and the hierarchy of the KdV

equation.
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Before going into the subject, we prepare some terminologies of Lie algebras
which are frequently used in this and the later sections.

An integral matrix A=(a;;); j; is called a Cartan matrix, if it satisfies the
following conditions: a;=2 for all iel;a;;<0 if i#j; a;;=0 if and only if
a;=0.

A set of generators {e;, f;, h;} of a Lie algebra . is called a Chevalley basis,
if it satisfies

Le: f;] =5ijhia Lh;, ej] =da;jej, Lh;, f;] == aijfj >

[h;, h;1=0, (ade)'~®je;=0, (adf)'~*f;=0.
For a given Cartan matrix 4, we associate a diagram called the Dynkin diagram
for A as follows: The set of vertices is I ; if a;; # 0 the vertices i and j are connected
by a;;a;; lines; if |a;;| >|a |, an arrow pointing the vertex i is attached to these
lines.

We denote by b the linear span of (h;);;; and by bh* its dual space. The
elements (A4;);;€h* are called fundamental weights if they satisfy A,(h;)=J;;.
An irreducible ¥ module L is called a highest weight module if it is generated
by a vector ve L satisfying ep=0 and hp=A(h)v for Ae @ ZA;. The vector
v is called the highest weight vector and A is called its highestlweight.

Consider the subalgebra A% of A, consisting of those elements whose
adjoint representations on %" commute with ¢,:
Ag:{X EAool [ad Xs 52:”7/=0} .
It contains a Heisenberg subalgebra s, spanned by H, (n: even) and 1, and
splits into the direct sum of @ CH, and an algebra isomorphic to 4{". In

ne2z
fact, we can choose the Chevalley basis for 4{ as follows.

(3.1) ej= M.z lpn—l"ﬁf’
n=j mod 2
fj= __.Z l//nlp:l:—l s
n=j mod 2
hj: nEj%od 2(:W"—1l//f—1: - :%Wf: )+5J'0’ (-l=0’ 1) .

We consider A{V as a subalgebra in 4, in this way.
The highest weight vectors |I) generate highest weight modules for A{V.
If [ is even (resp. odd), the weight of |I) with respect to A{Y is A, (resp. 4,).
Consider 7,(x; g) with X,..., X, in (2.2) belonging to A{’). We abbreviate
7(x; g) to 7(x) when we consider a fixed g. Then the following additional
constraints are imposed on 7,(x):
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(3.2) TI+2(X)=‘[I(X),
3.3 0t (x)[0x,;=0, (j=1,2,3,...).

Below we show the Dynkin diagrams of A, and A}V, which fairly illustrate
(3.2).

(o]
>
o}
]

ADO... O O —QO——— o e o

Fig. 7. Dynkin diagrams for 4. and A{".

Under the conditions (3.2) and (3.3), the KP or the modified KP hierarchies
reduce to a subfamily of equations, called the KdV (or the modified KdV') hier-
archies ([35][36]). These equations are obtained simply by omitting the
derivatives D,, D,,... in the KP hierarchy. Thus the n-th modified KP hier-
archies for n even are reduced to give
(3.4) (D?"‘4D1D3)Tl‘ ‘El=09

(D§—20D3D5—80D%+144D,Ds)1,- 7,=0,
whereas the n-th modified KP hierarchies for n odd yield
(3-5) D%‘[['T,+l=0,

(D3—4D3)1, 14, =0,....
With the aid of the formula

e f(x+y)f(x—y)
(3.6) Y = (x)? exp<

G DY= % D v=(van)s Bl=vitvate,

2y log f>

|v |even>0 v!

we may rewrite the bilinear equations (3.4) in terms of u =202 logt;/0x?. The

results are

ou _ d*u ou :
4= o 6\:3 +6u TT (KdV equation),

6u _ u ou 0%u Au 5 Ou
16 0)&5 +“06x, o + 10u o +30u ox,

(5-th order KdV equation)

and so on. Similarly, using
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e(}',D>g.f _g(x+y)f(x—y) _ e(y,D)f_f ,l’v ,
3.7) g-f g0fx) - f exP<lvl>0},—!5 108(9/f)>

we obtain for u and v=2log (1, ,/1)/0x,

dv

o + 024+ u=0 (Miura transformation [37]),
V1
3
4 oo _ —61)2—?0 + ? l; (modified KdV equation)
0x3 cx; o 0XY

and the like. (Several useful formulas of the type (3.6), (3.7) are listed in the
appendix of [38]).

Let us give some examples of solutions.

Example 1. By the definition, a KP-7 function 1(x)e C[x] solves the KdV
hierarchy if and only if it is independent of x,, x,,.... In order to get homo-
geneous solutions, we put in parallel with (2.11)

—r;=ee fige: (i=0, 1),
where ¢;, f; are Chevalley basis (3.1). These are generators of the Weyl group

of A{V. Successive application to 1 then produces all the Schur functions
independent of x,, x,,... :

po(ro) po(ry) pol(ro) po(ry)

O == = , — o

——
LJ

Example 2. In the definition of the vertex operator (1.17), set p2=gq?2.
Then the variables x,, x,,... drop out automatically, giving x,, Xs,..., 79—_2—1—,
7%"" (for p=gq) and a vertex operator (for p#q) first employed in the re-
alization of basic representations of A4{" ([22]). Correspondingly we get the
N-soliton solutions to the KdV hierarchy in the form (2.12), where

ni=2 % pix,+n

ci;=(pi—p))*/(pi+p;)?

with #9, p; being arbitrary parameters.
Mis Di g

§4. Fermions with 2 Components

In this section we consider an alternative realization of the Fock repre-
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sentation by exploiting free fermions with 2 components.
Consider free fermions Y, y{?* indexed by ne Z and j=1, 2, satisfying

W, Y1, =0, [P, YP*1, =0,
[‘pfnj)a lp;k)*]+ =5jk6mn .

Such fermions are obtainable by renumbering the fermions of a single com-

ponent. For example, the simplest choice is

(4.1) Y =va, U2 =Vau,
Y*=ys,, vP*=yi.,.
Fixing the renumbering (4.1), we identify the Clifford algebra, the Fock
space, the vacuum, etc. for the 2 component fermions with the previous ones.
A significant difference of two theories lies in the time flows. The natural
time flows for the 2 component fermions are induced by the following Hami-
ltonian: We introduce time variables x) =(x{", x$7,...) (j=1, 2) and set

HGx®, x0) = 5 PyPydr.

1,2,...
eZ
j=1,2

N o~

We are going to construct an alternative realization of the Fock space by using
H(x™, x@) instead of H(x). In the previous case we had to consider the inner
products with the vectors {I|e#™*)(le Z) in order to recover a|vac). This is
because the flows induced by ef*) preserves the charge I. In the present case
the charge is preserved componentwise. Therefore, we have to choose repre-
sentative vectors, one from each sector of fixed charges /; and [,. (Here we
denote by [; the charge with respect to the j-th component of fermions.) Our
choice is

4.2) |15, 1,y =Y ¥V |vac),
<y, L1 =<vac] tpgll)*glgzz)*’

where P{/) and P{/'* stand for ¥, and ¥# of (1.10) with v,, ¥* replaced by
Y y*  The following are immediate consequences of (1.21).

Clio I [ D (k) eH =)
=(=)kh=1{], ~1, [, | eHG®—ek=1),x@)
iy L | YO (Rt =)
=klz—1<[1, I,—1 ’ eH(xU),x(z)—E(k'l)),
sy L 1Y O* (k) =)
= (=)l 1, ] eHGOel ),
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Ay, L[y D* (k) et =Dox®)
= k1l I+ 1] eHGOx®reten)

Now we give the 2-component realization of &#. Let V,, ,, (I}, I, € Z) denote
copies of the polynomial ring C[x, x(37]. Then we have an isomorphism

F @ Vllylz
l1,l26Z
w w
a|vac) ® i, 1|5 g vac)
15L2€

The action of ¥ (resp. y*) is realized by X{" (resp. X{/’*) given below
(See §1, Theorem 1.2.):

R 0
Xs.l): I/'11,12 - 1/lt+ 1,15 flxlz(x) - (_)hX"—ll<X(l)’ -6—(17>f1112(X) ’
ROV, Vs fruX) — (—)BEXE ,1+1< o (1)>fz\11(X)

)?512): Vh,lz - Vll,lz+ 1s flﬂz(x) - Xn 12( > W)ﬁxlz(x)s

~ 0
X%V, Vo fuu(x) — Xf_,Hl(x(Z), a—x(z_)>fmz(x).

If we adopt (3.1) with the interpretation (4.1) as the Chevalley basis, the
highest weight vectors are |[I—1, 1) and |I, [ (e Z). This is dependent on
the particular choice of the renumbering. Therefore, it is natural to consider
general vectors |I,, [,> when we define the t functions. Noting that g preserves
the total charge I, +1,, we define

(4.3) T, (XD, x2)
=y, L|eBEDxg |1, —[ 1, +1).

The bilinear identity is valid in the following form. For [,—-[\=1I'—12
I;—1,+2, we have
Z % = — Kl | e xOND(k)g [l =11, 1, +1)
i 2nik
x Iy, 1y | eHED W x @0y (*(kyg |1, =1+ 1, I} +1')=0.

Rewriting this we obtain

(4.4) %2 k( )12+1§kt,-1-I{e.g(xm_xm',k)
Y9

X Tll—l,lz;l+1(x(1) - E(k_l), _x(z))
X Tylq1, ;-1 (XD + € (k71), x7)
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(1)

X Ty, -1, x®—e(k” 1))71, Lr1r (x, x4+ e(k™1)) =0.
In particular, setting /;=1,—2, I3=1,, I'=1+2 and x®=x@) we obtain (2.4)
for ©(x)=1;,-4,,u+1(X, x®). In other words the t function (4.3) for the 2
component theory also solves the single component KP hierarchy.
As an example of (4.4), we have the following bilinear equations for f=

Thigity 9= Tty =i+ a1 A0d gF =Ty oy oyt

(Dygp = Diw)f-g =0,  (Dy»—Diw)g*-f=0,

(D +Di@)f-g=0, (D +Diw)g*.f=0,

Dmex(z)f-f-— 2gg* =0.
Setting x{V = —x =t, x{¥ =x and x{?’=y, we obtain the 2-dimensional non-
linear Schridinger equation (see [39]).

Now we are interested in the reduction to 4{". In terms of y{/, y{)*

the automorphism ¢, reads as
4.5) W) =y, W) =yl
The corresponding 7 functions satisfy
Ty tmtp XD+, B+ a)=(=)rry, , (x D, xP).
In Appendix 2, the lower order Hirota equations are given for this reduced 2
component KP hierarchy.

The following soliton equations are contained in this hierarchy:
The non-linear Schradinger equation [40]

6q 0? q —2g*q*=0

0x, 6x
6q %2
T 0x, toxr ax 2 —27%°¢=0,

where q=G/F, q* =G*/|F.
The non-linear Schrodinger equation with a derivative coupling [41]

oq | 0 g Oq _
o, Tanr "M 5y,
(3q 6’ x, 0g*
Gx + 0 +2q qéx =0

where q=f/F, q*=G*/g*.
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The Heisenberg ferromagnet equation [42]

0S .o S
0x, =iSx ox3’

=(Lr9+9*)  _Sr9—=9*f ['f—g%g
where S_(f*f'l‘g*g’ lf*f‘*'g*g, f*f+g*g>.

We remark that all the results given here have straightforward generali-

S2=1

zations to the N-component case.

§5. Algebras B, and C,

In this section we introduce Lie algebras B, and C,, which are the infinite
dimensional analogues of the classical Lie algebras B, and C;, respectively.
Consider the automorphisms g, (I € Z) of the Clifford algebra 4 given by
(5]) Uz(\bn)=(—)'—"¢f—l.’
oY) =(=)"y,_,.
We define B,, and C,, as subalgebras in A, consisting of those elements which
are fixed by g, and o_,, respectively.
Bm={XEAu_\ | GO(X)=X}*
Coo"—‘{XEAoo]a—-l(X):X} .

Since ¢j'oit;=0,.,; on A, it is general enough to consider ¢, and o_;. We
note also that

") {H,, n:odd.
g, n =
! —H, n:even

Here we give the Dynkin diagrams and the Chevalley basis for B,, and C,,.

C00 O—=0———0—— ¢ o v ¢
Fig. 8. Dynkin diagrams for B.. and C.

The Chevalley basis for B, :

(5.2) eo=/2(W - Y& +o¥?),
ej:‘l’-j—lll’fj'*"//j‘Pfﬂa (jzn,



968 MicHio JiMBO AND TETSUII MIwa

fo=\/_2—(l//o'#f1+‘#1 s

fi=v g%+ 0%, (JzD,

ho=2(¢—1¢f1 —‘hl/’f),

hj=¢—j—1¢fj—1—lp—jll’fj+lpj¢f—'Wj+ll/’;F+l’ (J'gl)-
The Chevalley basis for C,:

(5.3) eo=y _¥§,
=V Yi+v_;-%;,  (zD),
fo=‘//o‘//fx >

fi=t %y, (Jzn,
ho=V W% —¥o¥s,
hj=¢j—11//j'=—1"lpj‘/’f‘*"//—jq‘pfj—f"//—jl//fjs (J'gl)-

The highest weight vectors |I)> generate highest weight modules for B,

and C,. Here we give the table of the correspondence between |I) and its
weight as the highest weight vector of the B, module or the C,, module:

B, C,

1> A (22 4, (=0
24, (1=0,1) A_, (I<0)
A, (I=-1)

As a B, module, & is irreducible. On the other hand, as a C_, module,

7

&, splits into irreducible components. Denoting by £; the C., module
generated by | > we have ([13])

FIZF_ | RF | OF 112OF 144D+ .

Consider 7(x)=1(x; g) of (2.2) with X4,..., X, belonging to B, or C,.
We use the notation X =(x;, —Xx;, X3, —Xg4,...). The g;-invariance (j=0, —1)

of X; (i=1,..., k) implies the following invariance of the respective T functions:

(54 T(X) =1, -(%), for B,
T(x)=1_(X), for C,.

Consider the case of B, and let I=0. Substituting the Taylor expansions
with respect to x5, X4,... (cf. (5.4))

20(%) = fo(hode) + X.f1(Yoad) + 533 F2(50i) + X f3(odd)

T1(%) = fo(Xoaa) = X2.f1(¥oaa) + %x%f 2(X0aa) = X4 f3(Xoaa) + -
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into the modified KP hierarchy, we obtain
Difo-fo+2fo-f1=0
(D§—20D3D;—80D3+ 144D, Ds) fo - fo +30(4D, D3 —D?}) f; - fo=0.

(Using the KP and the modified KP hierarchies, higher order terms f,, fs,...
are solved in terms of f; and f;.) We thus get the BKP equation

_ Pu . Pu 0 (_ < Pu . 0u du
(5.5 [=0 96x16x5 50x§+6x1\ 0x30x; ~ 0x; 0Ox;

du ou 0%u ou \3\ _
+ 0x3 +15 0x, 0x3 +15<6’x1 ) >_0’

0
u= ax log To(x) |x2—x4= =0

Equations corresponding to other vertices are obtained in a similar manner.
For instance, the case = —1 reads

_ *u _0*u , 0 ( o OPu . Ou Ou |, Ou
I=-1 96x16x5 56x§+6x1\ 56x%5x3 1 0x, 0x3 0x3
Ou J3u Ou \*_ 45/ 0*u\*\_45 dv 0%
+155% X, axi‘ +15<6x1> +74_(6x%>> 2 0x; 0x3°
ov O ou Ov 0% ., O*u _
7 Vx, 24, T S e T3 T g =0

0 0
u= 6x IOg T- l(x)lxz—X4=“'=0 > U =EZ—— IOg T—l(x)|x2=x4=---0 .

In the case of C,, we have likewise:

j=0 9. Ou _50%u 9 (_s Pu_ _ (5 0u Ou 0%
0x,0x5 0x3  0x;\ =~ 0x30x; 0x, 0x; 0x3

ou 0J%u Ou \3 , 45/ 0%u \*\ _
+156x1 0x3 +15(6x1) +—4_<6x%>>_0’

0
u= axl ].Og To(x)|x2=x4=...o )

I=1 0*u _ 0%u .9 (_5 Pu__ 5 0u Ou  Ou
0x,0x5 0x3  0x;\ ~ 0x3%0x, 0x; 0x3 0x3
ou 0u Ou >3 45/ 0%u \?\_45 dv %
5 ==
5 6x3+15<6x1 +4(ax§>) 2 ox, o3
ov . 0v ou 0Ov 0 ( ,0u
2%, et 6x3 O o, T\ ax,

Ou Pu )\ _
+6<ax1> +“_ax§)"°’

0 0
u =€J71_ ].Og Tl(x)lxz=x4=--~=0 s U =?;; log Tl(x)[x2=x4=---=0 .
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§6. Spin Representation of B,

In this section we construct the spin representation of B, by exploiting
neutral free fermions ¢, (n € Z) satisfying

[¢m’ ¢u] + = ( '_)m(sm.—n .

By the spin representation we mean the representation with the highest weight
Ao. Note that the construction in Section 5 affords us the representation of
B, with the highest weight 24, but not A,.

The charged free fermions introduced in Section 1 split into two sets of
neutral free fermions. Namely, if we set

(6.1) g = VS (\/})m'ﬁf"’ L Gt ¥n (S i/})m‘”'" , (me2),

we have [¢m, ¢n]+ =(—')m6m,—n, [qsnr, $n]+ =(_)m5m,—n and [¢m, 5n]+ =0.
We denote by A’ (resp. A’) the subalgebra of A generated by ¢, (resp. ¢,,)
(me Z), and by F' (resp. #') the A’ (resp. :&') submodule of & generated by
[0>. Note that
$u10>=4,10>=0 (n<0), 0| $,=0| $,=0 (n>0).

We also remark that

<Ol ¢m$n ‘ 0> = <0I (ﬁnqsm ‘ 0> =5m05n0';_ s
(L Gubul 1= = (U Gubul 1= —Onobr0 5

An even element in A’ (resp. A’) can be written as a+ ¢ob (resp. 4+ @ob) with a
and b (resp. 4 and b) not containing ¢, (resp. ¢,). Then we have

(6.2) <01(a+dob) (d+$ob) | 0> =1 ]|(a+dob) (é+dob) | 1)
=<0]a|05>-<0]4]0.
Consider the Lie algebra
B'°°={Zaij: ¢i¢i:{3N’ a,-j':O ]f I’+J|>N}.
This is isomorphic to B,,. We define an automorphism x of A by x({,,) =iy,
k(%)= — ik, or equivalently, K($)=u» K($n)=—@n. Then

B, =, B,
(6.3) w w
X— X+x(X),
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is an isomorphism.
The Chevalley basis of B, translated from (5.2) is as follows.

eo=v/7¢—1¢o, ej=¢—j-1¢j: (jzn,
f0=x/7¢1¢0= fj=¢j+1¢—js (121)’
ho=2¢¢_;+1, hj=(—)j(¢j¢—j+¢j+1¢—j-1), (jz1).

The Lie algebra B, does not belong to A, but its action on & is well-
defined by (1.7). In particular, &' is a B, module. It splits into two
irreducible B, modules. Namely F'=%.,.,®F 4 Where F,, ., (resp. Z.4.)
is generated by the highest weight vector |0) (resp.|1)). Its highest weight is
Ag (resp. 4;). (Note that |1)=.,/2¢,|0>.) Thus we have constructed the spin
representation of B,,~B,, .

Now we construct the realization of #’. Set

x,,dd==(x1. X3, x5....)

and

H’(x,,dd)=é Zh“("')n*-lxlqsn(b—n—l'

=13
Then we have
(6.4) H(x)| xy=xqmem0=H'(X500) + K(H'(X,44)) -
Setting ¢p(k)= Y ¢,k", we have
neZ
(6.5) (01¢(k)gH'(xo“)_\/_<1|eH (xoaa=e’ (k1)

<1|¢(k)eH,(x°“) _f<0 | eH’ (xoaa—e’(k~ l))

ey=(2 2 _2_
where €'(k 1)—(k, 3550 545 ,)
Let V} (i=0, 1) be copies of the polynomial ring C[x,,,]. By using formulas
(6.5), we obtain an isomorphism:
F' = L5 V@V
w w
a0y > (0] ef Foaddg| 0> D (1| el Foaddq|Q) .

We introduce the following vertex operator.

.....

! = 1 n _ e L-n
X'(k) —ﬁexp (n=1§,“3,... x,km) exp( 2 "=123 .
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Then the action of ¢(k) on &' is realized as follows.

o V1 folXeaa) F— X'(k)fo(Xaa) 5
Vi— Vo [f1(Xpaa) F— X' (k) f1(Xpaa) -

Now consider the t function

“(%p0) =<0 ' xeas)g |03,
=(1 et xoang | 1,

where g =eX1.--eXx with locally nilpotent X ,..., X, € B;,. We have
1t o4 (k)g |03 <1 | <104~ K)g |0
2nik g g

1 /
= ?T(xodd)T(xodd) .
By using (6.4) we rewrite this to obtain

(6.6) ng b j( ~2Y040) P j(Zﬁodd) €Xp (z ;M MiDDT(X0aa) - T(X0aa) =0,

where exp lg‘;d kix,= 120 Pi(Xoadk?s Yoaa=(15 V35--5 Yan+1,---) and ﬁndd=(D1’
D;/3,..., Dyt 1/(2n+1),...). The lower order equations are explicitly given in
Appendix 3.

In Section 5 we defined the 7 function t4(x), which corresponds to the high-
est weight 24, and in this section we obtained 7(x,,4), Which corresponds to A,.
Choose the group element g for 74,(x) and g’ for 7(x,,,) so that they correspond
to each other by (6.3). Then, they are actually related to each other by

(6.7 T(Xp40)* =To(X) lxp=xqmr=0 -

This is a consequence of (6.2), (6.3) and (6.4), and implies that the non linear
equations for the variable u(x,,;) = 0% log 1(x,4,)/0x? are the same as (5.5).

§7. Algebras D, and D/,

In this section we introduce the algebras D, and D, which are infinite
dimensional versions of even demensional orthogonal Lie algebras. Actually,
D, and Dj, are isomorphic. The difference is that D}, is appropriate for the
spin representations with the highest weights 4, and A,, and D, is appropriate
for the representations with the highest weights 24, 24, Ao+ 4, and 4;(j>2).

Denote by ¢ an automorphism of the Clifford algebra of the 2 component
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charged free fermion (see Section 4) given by

W) =(—yVD*, WP =(=ve.
Then we define
(7.1) D, ,={XeAd,|c(X)=X}.

We can take the following Chevalley basis.

© } = Ty AL + P ),

1

ey =YY@ *—yQya)x (=1,
€2j+1 =¢52)¢$1+)1* + lp(_lj)_lw(_zj)*,
fo 1 . .
= R TR OGO T ),
1
f2f=lp_(i2)lp5'1)*_l//~(-lj)l/l(—2j)*s (j__>_1),
F2jr1 =YY Py Dy Q)%
ho

. } =,/,(_11)l/,(_11)* _w(ll)lp(ll)* ii(l/lé”lﬂf)l)* _ M)Uw{)z)*)
1

h2j =¢§1)¢§1)* — l/’S'Z)W§-2)* + l/,(_2j)¢(_2j)* — l//(-lj)l//(—lj)*, (jZ 1).
h2j+1 =l//3'2)¢5'2)* - lﬂ§‘+’11//§1+’{" + ‘/’(—lj)—l (—lj)fl - ‘//(—2,) (—Zj)* s

Then the Dynkin diagram for D, is as follows.

Fig. 9. Dynkin diagram for D...

Because of (7.1) the A, module & can be considered as a D, module. It
splits into irreducible components with the following highest weight vectors and
the highest weights:

(7.2) highest weight vectors highest weights
10, 0>, |1, 1> Ag+4,
10, 1)+i|1, 0) 24,
|0, 1>—i|1, 0) 24,

b

4; (=2
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For g=eXt...eXx with locally nilpotent X,,..., X, €D, the 7 functions
Ty 1:(X D, x2) defined in (4.3) satisfy the following symmetry.

T oy f(X 0, XxB)=(=)rldgy oy (D, X)),
where XD =(x{), —x5, x{), —x{,..).
Next, we define D7, in terms of the charged free fermions as follows
Dy={Xap:yyiE: +X by,
+ep TYRFE+d|3N, ap=b;_,=c_;=0 if |j—k|>N}.
In Section 6 we introduced the neutral free fermions ¢, and ¢,, which are related
to ¥, and ¥*, by (6.1).
The algebra D, is equivalently defined as
Di={X ay: ¢;p: +2 by: (Igquki
+3 ;b +d| N, ay=bp=cp=0 if [j+kl>N}.
Note that
(bo+ido)|0>=0, (Po—ido)|0y=4/2]1),
(Po+ido) | 1>=/210), (¢o—icho)|1>=0.

We choose the Chevalley basis for D, so that the vacuums |0> and |[1> are
annihilated by e;’s. For notational simplicity we set

¢o=(¢o—i$o)/\/§, f/’zj—1=¢ja (P2j=¢3j: (j=1,
(P§=(¢o+i$o)/\f2—- 3 -1=(=)o_; ‘Pfj=(_)j‘ﬁ—j’ (j=D.
Then we have
(o 0ds=L0], 081+ =0, [ @ils=0x,
and ¢F annihilates |0>. Our choice of the Chevalley basis is as follows.

eo=0Tog, ej=§0;F(Pj—1’ (j=1),

Jo=0o0, f,-=(,0}k_1(Pj, (j=1),

ho= =010t =@ +1. hj=—0;0f+¢; 0j1,  (j=1).
This choice gives the Dynkin diagram of D{, which is the same as that for D,,.
(See Fig. 9) In fact, by using a similar argument as in Section 6 we can show
that D, is isomorphic to D...

As a Di, module, & splits into two irreducible highest weight modules.
They are generated by |0> and | 1), respectively, and their highest weights arc
Ay and A,, respectively. In this sense we call those representations the spin
representations.
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Let us consider the 7 functions for the spin representations. First, we
consider the time flows x,,,=(x;, X3,...) and X,5,=(%;, £3,...) induced by the
Hamiltonian

H s S =% T (=P xidydopoity T (=110,
& l:odd ~ lEade
We set
(7'3) TO(xmida ’\eodd) = <0| eH‘(xodd!ﬁadd)g | 0> E}

1l(xodd9 '\:‘ad(l):(l l "’H,(xudd"eodd)gl 1> L]

where g=eXi---eXx with locally nilpotent X,,..., X,eDy. As for ¢(k)
=Y ¢,k" we have the following formulas. (See (6.5).)

neZ
(7.4) <0 l (i)(k)eﬂ (¥oad-Rodd) = — - <1 | eH’ (XoddrRoaa—e’ (k™ '))
(1| p(k)eH xodaFoaa) =_7:<()|eﬂ (Xodd,foaa—e’ (k1))
By using (7.3) and (7.4) we obtain the bilinear identities. (For notational sim-
plicity we set ¢O(k)=p(k), p®(k)=P(k) and 0*=1, 1¥=0.)

(75) k; % ik <[( eH'(x0a4, \odd)¢(./)(k)g [[*)

x | ell’ (xou,fodd)(b(.l)(__ k)g |7
=1 =0u)tXpaas Road)Tr(Xpaa> Xoaa)» (L, '=0,1),
(2 pl— 7‘ndd)p/(2Dndd)+(—)§” Z PA 2f’add)ﬁj(250da))

izl
xexp( ¥ yDi+ 20 )‘IDI)TI'TI'
I:0dd l:o0dd
=(1=0y)2 exP(r-%d'leH_r-;w Pty -1 (I, I'=0,1).

The 7 functions corresponding to A,+A4,, 24, 24, and those correspond-
ing to Ay, A, are related as [ollows (cf. (6.7)):
(7.6) 0, 01e"*9g 10, 0>, \=teren=0
=, L e"SDg 1 1, enmteven=0
=(0] ell'xoaa-toan)g’ | 01| eH’ FoaaRoan)g’ |1,
€0, O (Y§U* =i @) e =g (YL +if(P) 10, 0) |+, pu=20ven=0
—<0|€H (Xodds A,_-,.;,q) 10>2
0. O] () * +ir@¥) =g (Y —ih6?) [0, 0) | 1, om0y om0
=(1| el FoaasRosalg [1)2,

Here g and ¢’ should correspond to cach other by the isomorphism D =~D
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Consider the time flows induced by the Hamiltonian H(x)= Y. xy,¥¥,,.
1=1,2,...

&5

neZ

We set
{n|ef®g|0>, n:even.
()=
{nlef®g|1>, n:odd
The following identities are valid.
dk Hex | H ,
(1.7) S n] Mg | 1y ' | *g |17

gl B )g 15 (o' 1Y (g 1

=(1=6y)T,(x)T,(x"), (n=l+1,n'=1'+1 mod 2),
2 P{(—=2))Pjsn-w- 1(5) exp (X ¥iDi)Tw +1(%) - T — (%)
+ X P/2Y)Pjsw—n—1(D) exp (= T y:iD )T, 4 1 (%) - 4 (%)
=(1—0dy) exp (X yiD) T, (x)7,(x) -
For example, (7.7) contains the equations

(2D3—3D1D2+D%)Tn+1 'Tn—1=0
(DZ—D%)Tn-Fl 'Tn+2rn+2"cn—1=0
(4D3—3D{D, —2D3)7y41-T,—6D 1Ty Tp—1=0.

Setting u =10g (7, +1/T4), V="T,+,/T, and v¥=1,_,/7,,; We obtain

Pu 0% . O ((611 )2_ i 0 (o 2u 0
xoxs Soxd 3ok, \\ax, ) T2 ) e\ %%, o,

5 0%u <6u )3* £ Ou 4 Ov 61)*)_
2—_x3 +4 T, 6vv ax, 6v ox, +6U@x1 =0,

ov ., 0% 0% <0u _ 0%u _< Ju )2 * ) ov _( ou
2oxs Somox, "o T\ ax, o \axy ) T ) o \Pax,

2 0%u o 0u Ou ou N> _ 0% _ . 4 Ou 80*) _
T 0x,10x, 0x, 0x, 4<6x1> 26x§ 6v v@xl +606x1 =0

and the equation obtained by the replacement u— —u, vv*, x,— —x,.

§8. Reduction to Kac-Moody Lie Algebras

In Section 3 we have seen that the Kac-Moody Lie algebra A{! is contained
in A, as a subalgebra, and that, correspondingly, the KP hierarchy reduces to
the KdV hierarchy. In this section we list up such reductions for A{», C{»,
D{V, A%, A%, and D%

Wecall X= 3 a;;: y¥: +ce A, Il-reduced if and only if the following

i,jeZ
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conditions (i) and (ii) are satisfied:

(1) Aty j+1=0q s (i,jeZ),
. l.-l .

(i1) ';O a4+ 1=0, (jeZ).

The condition (i) is equivalent to the commutativity [ad X, ¢]=0. Note
that H],——Z Yk o satisfies (i), but not (ii). We call X= 22 >

,v=1,21i,jeZ
aftv): lﬁ“‘)xﬁ(”* +ce A, (I, I,)-reduced if and only if the fo]lowmg conditions

(1)’ and (i)’ are satisfied.

(l), a£+12‘ J+ly _al. JV)a (,u, V=1, 2, l,]GZ) H]
I,—1
(ii)’ ,¢=Z1:2 izo a)i, =0, (JeZ).

The condition (ii)’ is equivalent to the commutativity [ad X, ¢, ;,,]=0, where
6, () =y, and ¢, (PP*) =Y.
The algebras A{V, D{?;, A, C{1, DV and A), are obtained as follows:
AV={XeA,|X: (I+1)-reduced},
D@ ={XeB,|X:2(I+1)reduced} =A%), n B,
AP ={XeB,|X: (2l+1)-reduced} =4’ n B,
~{XeC,|X: (2l+1)-reduced}=A4nC,,
CV={XeC,|X: 2l-reduced} =432, nC,,
D\V={XeD_|X: (2l-2, 2)-reduced},
AR ={XeD,|X: (2l—1, 1)-reduced}.
Remark. The algebra D{) (resp. A%),) is also obtained as (2(I—s), 2s)-
reduction (resp. (2(I —s)—1, 2s+ 1)-reduction) (see [7]).

To be explicit we give the list of the Chevalley basis in Table 1. For no-
tational simplicity we omit h,=[e,, f,].

In the previous sections, we constructed highest weight modules of A, B,
C,, and D, by using the Fock representations and the vectors |n) or |n,, ny).
Those vectors also serve as highest weight vectors of subalgebras. The following
Table 2 gives such highest weight vectors and their weights.

By exploiting the isomorphism B, =~B.,, and D, =~D,, we can construct
highest weight modules corresponding to the spin representations of D{%), 452,
DV and A%3),. We leave it to the reader to make tables of the Chevalley basis
and the highest weight vectors.

In Table 3 we give the extra identities satisfied by the 7 functions of reduced
hierarchies.
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Some examples of the corresponding soliton equations for algebras of lower
rank are tabulated in Table 4. We also refer to the paper [19].

Table 1. The Chevalley basis

yo
e,= ‘gz Yn—-1-a+ ¥+ 1y f;.="§z Yt Wi-1+a+ 1w
(n=0,..., 1)
Di3y = A8,
2(8o+2y) (n=0) V2(fo+51) (n=0)
en={én+1+521+2—u (1=ngl=1)  fi=C fari+fase2-n (1SnZ1-1)
Vlj(él+l+él+2) (n=1) \/§(ﬁ+1+ﬁ+z) (n=1)
AR < Ay
V2@o+e)  (n=0) J2fo+l)  (n=0)
e, {én+1+5’21+1—u (I1=ngl=-1)  fi={ Jov1+ oe1-0 (1SnZ1-1)
€4y (n=1) fz+1 (n=1)
cpeag,
é, (n=0,1) £ (n=0,1)
e"={ 8,4+, (1sn<i-1) f"={ﬁ,+fz,_,, (1=ngi-1)
Dgl)
o b= 3 O Wl R U £ W1,
eu=‘.Ez('p—n-il(l——l)\'lllgn)fﬁ2({—1)\'+'//:1!-)l+2(l—I)v‘//$11+)2*(l——1)\~)7 (2=2ng1-2),

€-1 .
} ZZ 77"((l//~1+1+2(1 it 1'//(21)+2v)lp(—llkk2+2(l—l)v
Ve ‘\

+ ‘Myzﬂu— 1)v('//§-1-)1ﬁ2(1- v+ Clﬁ‘l%-)z*v)) s
fo . .
} = \/— ((W%H—l)v + 7‘//(2))'//(11)f2(1-— vt l//%-)z*(l— 1)v(¢;”—1)v + l'ﬁgzv))) s

.f;l= Z (l:b—n-i'l+2(I—l)\¢-n+”(l—-l)\+lﬁn-‘-”(l l)\l/’ l—1+2(l l)v) (2§"§I‘—2),

veZ

fies
=T s g )
: g

+ Wi g FE” ll//(xi)zv)lﬁgl)ztzu "

1 1I:odd
where 5={ .
i [:even
AR,
e
O} > /-(‘//—H(zz 1)v(‘//(zz 1)\+"//(2)*)+('ﬁ8; J)V—"p(Z))lp )(r l)v)
€y veZ 4
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e,= ZZ l//(—ln)-f 21- l)v]//(—lu)flﬂﬂ— 1)\'+ l/’fx%—)l-f-(ﬂ—- l)vlllglll-)(ﬂ;l —1)w (2§. n é I— 1)
ve

e = Ez‘/’gl'1+(1z—1)v'/’gr)(>§l—1)va
ve

Jo 1 . o

f }= ZZ \/7 ((l/’&%-l)\'“i‘ ’lll(\?))w(—ll)f(ll-"l)\'+‘//(11+)(21— l)v(lljg;ﬁl)v"f "l’VZ)*)) s

1 ve <~

.f;|= ZZ lp(—ln)+1 +(21— 1)\*‘//(—-1")-;?(21— 1)v+‘p§x£r)(21— 1)\‘¢§1l—)1*+(21—1)v s (2§ n § 1 - l)

ve

fi= 27 ‘//H-)(zl— 1)\~‘//§91i(21— D
YEL

Remark. 1In the above list &, and f, denote the Chevalley basis for A4l),.

ALY, A8 and D{), respectively.

Table 2. Highest weight vectors

subalgebra highest weight vector
AP [n>
D{?, [n>
AR >
cfv In>

DV 2y, 20— 1)V, [2v+1, 2(1— v+ 1D
[2v, 2(I—1)v+1)
+il2v+1, 2(1—- 1))
142, j+2(1— 1),
242y, j+1-142(I—1)v)
[T42v, I—142(I—1)v),
242y, [+2(I-1)v)
[142v, [+2(I-1)v)
+e 242y, I—142(I—1)v)
AR v, QI=1Dvy, 14V, 14+Q21=1)v)
lv, 1+21=1Ww) il +v, 2I-1)v)

4y, j+@I— 1),
L4y, 14— 1+QI= 10
L +v, [+Q1—1)p>

weight

A; (n=jmod [+1)
245 (n=0, 1 mod 2(1+1))
A; (n=-—j, j+1 mod 2(I+1))
24, (n=1+1,142 mod 2(/+1))
24, (n=0, 1 mod 2/+1)
A; (n=~j, j+1 mod 2/4+1)
A, (n=1+1mod 21+1)
Ay (n=0mod 21)
A; (n=4jmod 2I)
A, (n=1mod 2/)
Ao+ 4,

24,
{2/11
4; 2<j<L1-2)

A +4,

j 24,4

1 24,

Ag+4,

[ 24,

124,

A; 2<j<i=1)

A
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Table 3. Identities for the reduced hierarchy

AV Tyr1+1(0)=74(%),
0t,(X)[0x 4 1y,=0.

D{?, Tnt 20+ 1)X) =Ty (X)) =14(x),
a’Cn(x)/axz(H 1)v=0 .

A Tyr2+1(X) =T (D) =1,(%),
0t(%)/0% 214 1), =0.

civ Tyt 2(X¥) =T () =7,(x),
01,(x)/0x4;,=0.

D{v Tyt 20- Dwidz + 200X D), X2))

= ()T, Ly (50, £62)
=7, (X, x2),
0T1,,1,2(¥)/0XS0— 1y, + 0T 1y
AR, Tyt 2= wlp (XD, XP)
=(=) gy (8D, X))
=7y, (X", x@),
0T,,1,,2(%)[0x(3) -1y, + 07y, 1,,1(x)/0xP = 0.
AP (the spin representation)
0t(X04a) 0% 21+ 1)(2v+1) =0
A$%) | (the spin representation)
0T i (Xoad) |0X B )= 1)(2v+ 1)+ OTi(X0a0) 0% 1 =0, (=0, 1)

(x)/@xm =

Remark. As for the extra identities for the 7 functions of the spin repre-
sentations of D{?; and D{", we refer the reader to [7].

Table 4. Example of soliton equations

AW ./2 (D1+3DY)f-f=0, f=1q, 14, ;.

2 2 2
304+ T4y 6ul *;+6(§;’>=0, 20
1 1

0x% = Ox% 0x?
(Boussinesq equation (see [31])1)
AP  e=o (D$+144D,Ds)f-f—90D}f-g=0, f=1qls,=x,=-=0>
62
Dif-f+6f-g=0, o=

Ou 0 (0% 0*u 45( >>
9 u3
85+61\6‘1‘+156%+15 + 0,

1) The definition of u here differs from the one in [31] by an additive constant.
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(Kaup equation [43])

o=e (D§+144D D) f-f—30D1f-g=0, f=71ls;=x,="=0>
ot
D%f-f+2f-g=0, g= axl Ixz Xq=+=0"
Ou 0 (0*u 0%*u ) 0?
9 =0
9 aes T A gt Sy +15%)=0, 557 108"
(Sawada-Kotera equation [44])
A (D§+144D,D3)f-f+15D47- =0, F=to|s—ry=-0>
D%f’f_f‘g:'()’ f—‘tllxz x4=+=0>
0t
2 . —4 =—1
le f+2gf O’ g axz Ix;=x4=-~-=0'
g 0u n 0 (0*u _5,,0%u 5 0u Ou
6x5 0x; \ 0x? ox? 0x, 0x?
_ ou \? 2)__ 0
5”<ax1> +u2)=0, u=y7-log (/If).
C{V e=o<«o0 ( (D{-4D.D3)f f+6f-g=0, J=Tolxy=x4=-=0>
021
(D?+2D3)fg=05 g= axolxz xgq=:=0"
Oou ou , OPu ov 0?
_4 3 = =
163+12u6 1+6x1+ o, 0, u o log £,
Ov 6v _ _
a3+6ua 1 6 3""09 U—g/f‘
O0=e@<=0 (D} —4D,Dy)f-f—6g*=0, f=T1lx=x4=-=0>
ot
(D§+2D3)fg=0, g=7x_1—|xz—x4— =0
Ou ou | 0%u oy 2
—d gt a4 e =60 =0, u=rlog
6v ov | 0% _ _
3 X, +6u %, + o3 =0, v=gl/f.
(coupled KdV equation of Hirota-Satsuma [45] ~[47])
0=0<=0 D%ff_fg=03 f=TO|x2=x4=---=Os
~J (D}—4D3)f-f+3D,f-g=0, F=Tilamramemos
0
(D?+2D3).f'g=07 g= a;l Ixz =x4=-=0"
Oou Ou |, Ou 0%v 2
4 —_ = =_—
oLl ek +3557 =0, u o, log(f1f),
Ov ov ou 0v . ,00 | 0% _ _
2 T3 P 3y Ty W e YR =0 V9N
D(32) ®<=0=0 D%f f+2f g—'Oa f=TOIxz=x4=-~-=07
(DD +2D3)f-f—6D,Dsf-g=0, g=om®

g= ax lxz =x4=+=0"



982 MicHIo JIMBO AND TETSUNI MIWA

03u 0 ( Bu Ju  Ou > 0 .
2 3 = =9
0x3 ' T Ox; \0x20x; ~ 0x; Ox; 0, wu 0x, log /.
(Ito equation [48])

O<=®=0 D D;f-f4+4¢%=0, f=TZIx2=.v.;=---=0a
ot
(DID3+2D)ff=3Dig-g=0,  g=5Elmrimrmo-
5 Ou 2_ _ @
5x3 +v*=0, u= 0%, log f,
ov d (5 &% _( ov )2 2 ou >__ _
Uax;, + %, (20 0 o, +3v N =0, v=g/f.
VAR D3f-f+2f-4=0, J=T0lx,mxsmm05
O<=0=0 . 61_'0
D\D3f-f+g*=0, g=§;c;|x2=x4=...=o,
D%ff+g'f—é'f=09 f=TZ|x2=x4="‘=0’
2 ot
Dsf-f+Dyg-f=0, g= axz lxz=x4==0-
Ou Ou 01) % _ _ 0 (7
o, Toox Teay tanr =0 U= lee UID),
ov . 0v J3v du AL
o3 31,a +263+( u/ax1

62 ou
+2(—(7E_u_5}?1—>v =0, v=g/f.

§9. Time Evolutiens with Singularities Other than k = co
— The 2 Dimensional Toda Lattice —

As we have seen, there are two ways for describing free fermions. One is
to deal with discrete indices by considering ,, ¥, and the other is to deal with
continuum parameters by considering ¥(k), ¥*(k). The advantage of the former
is that the creation part and the annihilation part are separated as (1.1), while
the advantage of the latter is that the time evolutions are diagonalized as (1.20).
So far, we mainly adopted the former in order to emphasize the aspect of the
representation theory. In this section, we adopt the latter in order to treat more
general time evolutions other than (1.20). As an example we treat the 2 dimen-
sional Toda lattice.

In terms of Y(k) and y*(k), the vacuum expectation value is given by

O ¥(p)*(q)10> = — <01y *(q)(p)| 0> —ﬂ (r#9).
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The following formulas are also available:

<’ ‘ ‘l’(P1)'"‘//(Pm+1')¢*(111)'"'ﬁ*(qm) I 0>
[T (pi—pi) 1221 (g;—a;7) I]I q;

Pt )

=6, T , (120,
LINFi™4qj
=Y (p) Y (P i)W (q1) - ¥(gm) 107
Oy H (pi—pi) H (‘]j—f]j') Hl)i
— i<i J<j i (lgo)'

ﬂ(l’i"%‘) ’

The time evolution (1.20) is singular at k=00 in the sense that exp &(x, k)
has an essential singularity there. In general, we introduce the following time
evolution which is singular at k=k;:

©.D W) > {(k= ko) exp &(x, )b,
W) > {(k— ko) exp &(x, 2 (o).

For an element a € 4, we denote by a(n, x) the image of a by the automorphism
(9.1). We call a(n, x) the time evolution of a.
The basic formulas (1.21) are valid in the form

02 <Hy(ka(n, x)| 05> =(-)"KI-1]a(n+1, x— e(k—ko))| 0>,
KHy*(k)a(n, )| 0> =(=)"*"1k{l+1]a(n—1, x+ €(k—ko))| 0} .

Now we consider the 7 functions. First we consider the single component
theory with the time evolutions singular at k=00 and k=0:

9.3) Y (k) l—> kretER+e0k"Dy (),
lp*(k) b— k_"e“:(x:k)—f(y,k—l)lp*(k),

and denote by g(n, x, y) the time evolution of g=exp (X a(p)¥*(q;)). Then
the t function l

(%, ¥)=<0{g(n, x, J’)l())

satisfies the bilinear identity in the following form: Choosing a contour C as in
Figure 10, we have

04)  § F2<LIGRO 0 % 210 C—1]EHRR, ¥, ¥)]0)=0.
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Fig. 10. Contour for the integration in (9.4).

Note that if y =0, then 1,(x, y) coincides with {n|g(x)|n)> of (2.3). Formula
(9.4) generalizes (2.4),, where the restriction /=1" is removed by taking into
account the contribution from k=0.

The simplest bilinear equation contained in (9.4) is

%DMD},IT" * 1:n_;’r%_"'-n-%- ltn—l .
Setting
U,= 10g (Tﬁ/1n+ 1Tn— 1) ]
we have the equation of the 2 dimensional Toda lattice ([49], [50]):

0%u

9.5) a7 aZ == ; Apme™""

where £=x,, #=y, and (a,,,) is the Cartan matrix for 4:
2 m=n
Am={ —1 m=n=tl1
0 otherwise
In general the 2 dimensional Toda lattice of type ¥ (¥ =B, C,, A",

etc.) is (9.5) with (a,,,) corresponding to the Dynkin diagram of # (See Fig.).
If we choose g corresponding to B, e.g.

g=exp (é (Y (P *(q) — (=g *(—p)))

then we have the following solution to the 2 dimensional Toda lattice of type
B (cf. (5.4)):

uo=log (14/7,)+log 2,

u,=10g (171 1/Tn+ 27w, (nz1).

Similarly, if we choose g corresponding to C,, e.g.
N
g=¢xp (;;1 (P (P *(a) — ap(— a*(—p)),

then we have the following solution to the 2 dimensional Toda lattice of type
C, (cf. (5.9)):
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up=21log(to/74),
u,,=log(1§/‘c,,+1t,,_1), (n;l)

Likewise, the symmetry relations for t functions listed in Table 3 afford us
the following solutions to the 2 dimensional Toda lattice of type A{, D{?,, AZ
and C{1, respectively:

AV uo=log (z3/t,7),
u,=log (t2/7, 4+ 1Tu-1), (n=1,...,1-1),
u,=log (1}/7,-170) s

g=exp (5 e @), of*1=1.

D{% ug=log(t,/7,)+log2,
n=1og(‘cﬁ+1/tn+21n)’ (n=1""3 l'—l)’
u;=log (14 1/7) +log 2,
N
g=¢xp (i;l (W (p*(w;p) —Y(wip*(py))), wiHD=1.
AP uo=Ilog(t,/t,)+log2,
U, =10g (124 1/Ty+2Tw)s (n=1,...,1-1),
u=21log (7;41/7),
N
g=exp (2 c(W(p*(@ip) —Y(@p)*(p)), wf*'=1.
Ag%) up=21og (to/74),
U, =108 (17/Ty+ 1Tn-1)s (n=1,...,1-1),
u,=log (t;/t;— ) +log 2,
N
g =exp (;21 c(Y(p Y *(@;p) —oy(— oY *(—p)), w+i=1.
c{v uo=21og (7o/74),
u,=10g (t2/Th+1%n-1)s (n=1,...,1-1),
u=2log (v)/t;-1),
N
g=exp (X c(p(p*(@p)—of(—wpY*(=p))), of'=1.

Next, we consider the 2 component theory with the time evolutions singular
at k=oo0 and k=0:

(9.6) lﬁ(j)(k) —s kn(i)eg(x(j),k)+§(y(,-),k_l)lp(j)(k),
l/I(j)*(k) — k—n(.i)e-—é(x(j),k)—g(y(.i),k—-l)‘//(j)*(k).

The t functions are
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Tl,n(l),”(z)(x(l)’ y(l)’ x(2), y(Z))
=, =1|g(n®, xV, yO, n@, x@, y@)|0, 0,

where g(n), x(, y @) xQ@)  y2) is the time evolution of g=exp (X a;-
k
Y (p W Y*(q,)) (iy, jz=1 or 2). They satisfy the following bilinear identity:

dk ;
0= 3§ o <l L = [I@D00) (a0, 3, 0, n®, 3, y®)[0, 0)
X =1, =T |(9*(k)g) (', X0, y0', 0@, 3@, y@)[0, 0.

In particular, we have

(97) %‘Dxfl)Dyfl)Tl,,,(l),n(z) *Tn(1) p ()
=T%,n(1),n(z> =T+ 1,0 * T p() =1 5@ -
Setting
U,= IOg (le,n,n(z)/‘cl,n+ 1,0 T n— 1,)1(2)) s

we have (9.5) again with é=x{1 and n=y{V.

We shall show that the 2 dimensional Toda lattice of type D, is obtained
from (9.7) by the reduction to D,.

We set

. 1 . .

PR =75 GBIk,

20 1 . .

B0 =75 WOR) —pO*(~h),
and denote by k the automorphism of the Clifford algebra generated by y{”,
Y* (je Z, i=1, 2) satisfying

k(D) =D(k), k(GD(K)=—D(k).

Then the group element g satisfying (¢(g)=g) is written as

9=9go-x(go)
where g, belongs to the Clifford algebra generated by ¢ (k) (i=1, 2). We
denote by go(x$Ly, ¥y, x$2;, ¥$2),) the time evolution of g, caused by the time
evolution of free fermions,
PO (k) —> & CLpb+E OBk DGO ().

We denote by n an isomorphism such that n(¢p(k))=¢(k) and n(¢dP(k))
= ¢(k), and define
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= il m(go(xS8ar YSias X0 YN, =0, 1.
We also define
[=40, 01 go(xSis, ySia xSy y2)10, 0>,
F*=240, 0| go(x$s, yiiia xZa, yZPEHE 10, 0.
Then we have to=f—if* and 1, =f+if*. The correct choice of u, is as follows.

uo=log (13/15,1), u;=log(r}/75,1)
un=10g(T%,I/Tn+1,11n—l,1)ﬁ (ngZ),

where 7, =Tomu(x®, yO, x@, y@) with x{) =x{P =+ =y =y = .. =0.
In fact, we have
1
To,1 =5 (3 +7),
Tl,l =TOT1 -
Hence the equation (9.7) implies

.8 %DgDn(Toﬁ) (ToT1)=(t0T1)*— % T2,1(t3+ 1),

where é=x{ and n=x{». On the other hand, we can show that (see (39) in
[6] and (2.4) in [11]V)

(DEDv]—l)f'f*—_-Oa

which is rewritten as

(9.9) (D{D"'—I)(To'ro—rl'T1)=0.
From (9.8) and (9.9) we have
(9.10) (DfDn—]‘)Tl"Ti= —12,13 1=0, 1 .

The equations (9.7) and (9.10) imply (9.5) with (a;;) corresponding to D,.
Reductions to A3, D{1 (see Section 8) afford us the following solutions to
the 2 dimensional Toda lattice of A5, D{V) type, respectively:
AR, ug=log (7§/t,,1) +log2
uy =log (t3/7,,,) +log2
u, =108 (12 1/Ths1,1Tu-1,1)s (n=2,...,1-1)
w=210g (v,,1/71-1,1) s

where 19,; =(t5+1%)/2 and 7,; =707,



988 MicHIO JIMBO AND TETSUII MIwA

g =exp (ig (e DY D*(wp) = D(— 0;p )Y DV*(—py))
+ @O (pH WD *(ip) =Y P (—wpp D*(—pF' ), 0Pt =1.
D{v uo=log(t3/1,,1)+1og 2,
u;=log(t}/t5,1)+1og 2,
u,=10g (v3 1/Tn+1,1%n-1,1)> (n=2,..,1-2)
u;—y=log (t}_1/1-2,1) +log 2,
u;=1og (13/1,-2,1) +1og 2,

where 74 1 =(13+13)/2, 75,1 =TTy,
T-1,1=7-1% and 1 =(tf,+79)/2,
g =exb (X (W OO0~ (=0 D% )
+ (WO (p W D *(wip) =y P(—wpp D (= pP ), Wi 2=1.
The bilinear equations of low degree corresponding to the reduction (4.5)

and the time evolution (9.6) are listed in Appendix 2. A typical example con-
tained in this class is the Pohlmeyer-Lund-Regge equation (see [51]):

Dy(f*-f+g*-9)=0, Dy(f*-f—g*-9)=0,
(D1ﬁ1 ~1f*-g=0, (D151 —Dg*-f=0,
D;Dy(f*-f—g*-9)+2g*g=0.
The considerations in this Section applies also to the case of neutral free
fermions. For example the BKP hierarchy with the time evolution ¢(k)—
¢(k) exp (xk+ yk3+---+tk~1) contains ([11])

(Dy,D,—D3D,+3D%)t-7=0.

When specialized to y=x, this reduces to the model equation for shallow water
waves [52].

§10. Difference Equations
— The Principal Chiral Field —

So far we have discussed various non-linear partial differential equations
arising from representations of infinite dimensional Lie algebras. In this sec-
tion we explain a method for generating their difference analogues by introducing
discrete time evolutions.

To illustrate the idea, let us take the KP hierarchy. Introducing small
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parameters a, b, ¢, we put x=xy,+le(a)+me(b)+ne(c) (I, m,neZ). In
view of the formula

s @k =(1 —gk)~1,

this amounts to considering the time evolution with respect to discrete variables
I, m, n:
Y(k) F— (1 —ak)~ (1 —bk)™"(1—ck)~"e* oDy (k)
Y*(k) —— (1 —ak)!(1—bk)y™(1 —ck)re= o k*(k) .

If we set x—x'= e(a)+ e€(b)+ €(c), then the bilinear identity (2.4) becomes

dk |
% i (T—ak)(1=Bk) (1 =ck) t(x+e(@)+e(d)+e(c)—e(k™))
xt(x+ e(k™1))=0.
Evaluating the residues, we thus get the following difference analogue of the
bilinear KP equation for
(10.1) (lmn)=1(xg+1e(a)+me(b)+ne(c)):
alb—crt(l+1mny(Im+1n+1)+blc—a)t(Im+1n)t(l+1 mn+1)
+cla—b)t(Imn+1)t(I+1 m+1n)=0.

By construction, it is evident that the N-soliton solution (2.12) still solves (10.1)
provided the exponential factors e”: are read as

. 1—ap; )"( 1—bp; )‘"‘( 1—cp; >‘"
Ni — 11 i i
e"i =const. < —ag, T—bq, T—cq, .
In a similar manner we may introduce an arbitrary number of discrete variables

and write down a hierarchy of discrete KP equations, which is equivalent to the
continuous KP hierarchy.

The same procedure is applicable to all the equations discussed in Sections
1-9. Several examples are worked out in [11], including the BKP, KdV, sine-
Gordon, non-linear Schrédinger, Heisenberg ferromagnet and other equations.
Here we shall describe the method by using another example, the principal chiral
field equation [53]:

o /0R _1> 9 <6R e
(10.2) ““‘ax1< k) (R ) 0
det R=1

where R=R(x,, y,) is an N by N matrix function.
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First let us give some preliminary remarks on the wave functions for the
N-component KP theory. As in Section 4, we introduce N copies of free
fermions YW)(k), y*UXk) (j=1,..., N). As the time evolution

YO(k) —> EPWYON(E), Yr(k) — e=EP Wy*0)(k)

we take

(10.3) £ = (k= oy exp (§(x, 72-)),

or more generally the sum of (10.3) with different kjs. Define the matrix of
wave functions W(x, m; k), W*(x, m; k) by
(10.4) W(x, m; k),-j=<0---i;---0|(¢(f)(k)g)(x, m)|0---0>/t(x, m)
W*(x, m; k)ij=<0---—Ti---Ol(n//*(f)(k)g)(x, m)|0---0>/kz(x, m)
with 7(x, m)=1q...o(x, m), where we set in general
(10.5) Tppeay(X m)=<L1y,..., I, | 8(x, m)]0---0>.

(The vector {l,,..., Iy| is defined in the same way as {l,l,]|; see §4.) Writing
W(x, m; k)y=W(x, m; k)E(x, m; k), W*(x, m; k)=W*(x, m; k)E(x, m; k)~ 1
with ECx, m; k), =8, (k— ko) exp(¢<xw, L )) we have

J J k“ko

W(x, m; k)=1+0(k~1), W¥(x, m; k)=1+0(k™) as k—s .
By virtue of the Wick’s theorem, we have further that
(10.6) det W(x, m; k)=1---1|yM(k)-- -y D(k)g(x, m)|0---0)>/z(x, m).

Next we impose on g the condition of reduction ¢(g)=g, where ¢(yV)(k))=
kpUXk) and c(Y*W(k))=k-1p*U) (k). The Lie algebra {XeA,|(X)=X}
is isomorphic to 4{?,. For example:

g=exp (3, 3 U (pur ().

This implies the translational invariance g(x)+xy,..., XM +x4, m®) +m,...,
m®™ + m)=g(x, m). From the formulas (1.21) and (10.6) it follows that
det W(x, m; k)=1.

In terms of Wand W*, the bilinear identity takes the form

%’ ———;ﬁ a() W (x, m; k)Y WHx', m'; k)=0,
Je
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where the contour C encircles k=k, and oo as in Figure 10, and «(k) is any
meromorphic function having poles only at k=k, and co. In particular, the
choice x®)=x0) + e(p—ky), mD=m®’ (i=1,..., N) and a(k)=(k—ky)~1 leads
to the identity

(10.7) W(x', m; p)tW*(x', m; p)=1.
Let a be a small parameter. For a function f(x, m) of (x, m) we adopt the
notation f[x® + e(a), m® +1] to signify f(xM,..., xB + e(a),..., x®, m®, .,

mW+1,..., mM), We shall show that the matrix W satisfies the following
linear difference equation

(10.8) W=<1—— ,‘c’f(zo )W[x(i)+ e(@)],

where A =y®ty*@) js a matrix of rank 1 given by

Flomsufo[mP+11 (=)

(10.9) T’ug'i):{ t[m® +1] (=)

- L g @) iy __ .
[xD + e(a)] u;if(i)={ +To-..-+1----1---o[x. +e(@), m—-11 (iz))
t[x®+ e(a), xH—1] i=j).
To see (10.8), we note first that

Wx® + e(a)]=W[x®+ e(a)](l —E,.+—"“—"°—Ei)E(x, m; k)
k_ko“a

where E;=(8;,0:p)sp=1,..v- Let A(k) be a matrix whose only poles are at k=k,

and 0. Set P=W— A()W[x® + e(a)]<1 —E,-+?%Ei>. The bilinear
iy -

identity ensures that

(10.10) 4%» -Qa—;r]%a(k) V(x, m; k)*W*(x, m; k)=0.
Je

Let us choose A(k) so as to satisfy the conditions

P(x, m: k)=0(1) at k=ko+a and k=co,
=0(k—ky) at k=k,.

These conditions determine A(k) uniquely in the form B+k—Ak~—. Taking
K — Ko
ak)=(k—ky)~" (v=2, 3,...) in (10.10) we then conclude that V=0, or equiva-
lently that W= <B+ kf % )W[x(i)+ €(a)]. Comparing the behavior at k= oo
(8]

we get B=1. Likewise, from the behavior at k=k, we obtain

A= —aWEW[x') + €(a)] ™! lyer, -
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Using (1.21) and (10.7) we arrive at the formula (10.9).
We remark that repeated use of (10.8) gives, for example,

AGH
k—‘ko

W=<1 - >W[x(")+ e(a), xD+eB)] (%))

where A6 =agA® +bAD[x® + e(a)] is of rank two. (Here we have used
AOAD[x® + e(a)]=0.)

Now let us introduce two singular points ko= + | and the time evolutions
attached to them. The corresponding time variables are denoted by (x, m) and
(y, n), respectively. 1In the sequel we fix them so as to satisfy det E(x, m, y, n;
k)=1. Fix i, j arbitrarily, and put W(u, v)=W[x® +ue(a), y)+ve(b)] for
u, ve Z.

From (10.8) we have a linear system of the form

(10.11) W(u, v)=<1———‘—zi;c—(%—l—v)—>W(u+1, V)
=<1—_—___bf;c(i’lv) )W(u, y+1).

The integrability condition leads to the non-linear difference equation
& A+ D - A )

= (Blu+1 )~ B(uv)

=B(uv)A(u v+1)— A(uv)B(+1v).
Setting k=0 in (10.11) and eliminating 4, B in terms of

R(u, v)=W(u, v) lg=o - (L +a)*/N(1 - b)*/N
we obtain the following difference analogue of the principal chiral field equation
(10.2)
(10.12) (1+a)MR(uv)R(u+1v)"*—R(uv+1DR(u+1v+1)"1)
+(1=b)YNRwv)R(u v+1)"1'—R(u+1v)R(p+1v+1)"1H)=0,
det R(uv)=1.

Note that in the limit a, b—0, (10.12) and (10.11) reduce respectively to the chiral

field equation (10.2) and its linearization

o . 4 2 B
ool “

iy T

with x; =x{", y, =y{). With due choice of variables, the expectation values
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(10.4), (10.5) thus provide solutions to both the discrete and the continuous
chiral field equations.

Let us write down the formulas above in the case N=2 more explicitly.
Put x=xM—x@ p=yM—y? m=mD-—m® and n=n®—-n®. The
relevant t functions are

*
I b= coolgtn, . mx1, mio0y
U }=F, 1180y, m1, m)100)
i
§ }=<00|g(x y, m, n£1)|00)
g*
4 }=<¢-1,i1|g(x,y, m, n+1)|00.

Redefining W(x, y, m, n; k) by multiplying
(k=)= m 24 1) 00z exp (= - (E(x0 42, )+

§<y(1)+y(2), k-ll—l ))) so that det W=1 holds, we have

W(uv)=\/1+a< 2(k STy (S, v)+1)>W(u+1v)

=\/1_—B< 2(k+1) G v)+1))W(uv+1)

Here

3 3 ~
S@w)= % 0.Su(w),  Sew)= ¥ 0.8.w)

S(uvr=1, S(w)*=1,
o, are Pauli matrices, and S, (uv) are given by
S*w)g(p+1v)+g* () f(p+1v)
FHu) fu+1v)+g*w)g(u+1v)

S, ()= —iL gt 1 V) =g () f(u+1v)
FH)f(u+1v)+g*w)g(u+1v)
Sy () =SS (1) = gH(u)g(ut+1v)
T f(u+19)+g*uv)gu+1v)
S,(uv) are given by replacing f*(uv), g*(wv), f(u+1v) and g(u+1v) by f*(uwv),
§*(uv), f(uv+1) and §(uv+1), respectively. From the bilinear identity we
have the bilinearization of the discrete chiral field equation

Sq(uv)=
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F¥f+g*g=F*1+d*4,
RS 19+ (1+ 2 )g* g+ 1)

=7+ L0F @)+ (142 )g* )+ 1)
v+ D7) +(1= 2 )g*@ngGev+1)

=74 f v+ 10+ (1= 2 )g@)g(u v+
T 10g00) = (12 )7 *@)a(ue+ 1)+ 5 £ g (u+1 1) =0
S v+ 0g () = (1= 2 )7 @nge v+ D = 2 F*u) g v+ 1 =0.

The equations obtaincd by the simultaneous exchange f«g, f*—g*, fg and
f*eg* are also valid.

Finally we give an example of soliton solutions corresponding to the choice
g=exp (¢, D (p)Y*P(p)+ oy Pq* M (q)):

p? :
1+ DR eitnz e eél?
TR = p—q
qz N+
ellz 1+_(F—q)_2e“ n2 e—-g/z
pq i+

=1 11+12

-7 ¢

where

el L), weel ) ()
¢ Cl(p—l—a p+1-56)° ¢ TA\g-1-a g+1->
et2=(1+a)~*2(1-b)"v/?
in the discrete case,
elll:—_cleg(x’ﬁ)*'é(y'ﬁ), e"2=028_§(x’—‘1_£T)_§(y’71£'—1)

e8/2 — p(E(x,~1)+E(r,1))/2

in the continuous case.

Appendix 1. Bilinear Equations for the (Modified) KP Hierarchies

We give below a list of bilinear differential equations of low degree for the
KP and the modified KP hierarchies, where we count deg D,=v (v=1, 2,...).
For the I-th modified KP hierarchy, the number of linearly independent bilinear
equations of degree n is known to be p(n—[—1), where
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p(v)=#{partitions of v into positive integral parts}.
oy Ioillz‘ E4'5i6§7i8;9510§11‘12
p(v)|1{1|2; E i11 15122;30;42[56 77|

(Note that if P(—D)= — P(D), then P(D)f-f=0 holds for any function f. For
=0, these trivial equations are also included in the counting.) Formulas for

the bilinear equations in terms of determinants are also available ([3]).

KP hierarchy P(D)z,-7,=0 ([1])

l degree 4| D

—4D,D,+3D3 ;

degree 5

(D3+2D;)D,—3D,D,

degree 6

D§—20D3D, —80D2 + 144D, D5 — 45D3D}

D$+4D3D, —32D3—9D?D3+36D,D,

degree 7

(D} +10D2D; +24D4)D, + 5D3D, — 40D, Dy

DD3+(D3+2D3)D,—4D Dy

D%D3D2+D3D4—2D1D6

degree 8

D8 +14D3D, +84D3D s — 504D, D — 120D, D, — 105D3D,D,
! +210D2+420D,Dg

—2D2D3+4D3D+4D3Ds— 12D, D, + D4D3—9D3 + 14D,D,

—6D3D3+4D3Ds —4D;Ds+ 12D, D, + D4 —6D2D,D, — 3D3 +2D,Dg

DgD3 - 16D3D5 - 5D1D3D%+20D2D6

degree 9 '

(D]+35D,D3—21D2D4+90D,)D, +105D,D,
+(35D3—140D;)Dg — 105D, Dg

D3D3+9D,D3D,+6D?D,D, + (4D} +16D3)Dg— 36D, Dy

(3D4D4+12D3D 5 +48D,)D, +(—21D2D, —36D5)D, — 24D, D3D,
3 (2D3-8D3)Dg+24D, D

(3D,D2%+3D3Ds—6D,)D, +3D,D,D%+(6DD5 +9Ds)D,
+('—D%+4D3)D6_21D1D8

(D3 +20D2D4 +22D5)D, + 15D, D3D, +2D,Ds — 60D, Dy
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1st Modified KP hierarchy P(D)t,-7,.,=0 (cf. [1])

degree 2| D?+D,

degree 3| D3—4D;—3D,D,

degree 4| D$+8D,D;+3D?D,—6D3

—D2D,+D}+2D,

degree 5| D3 —16D5+5D,D%—10D,D,

(D}—4D3)D, +3D,D3+6D,D,

D$—4D2D, +3D3D, +6D, D3

degree 6| D§—20D3D; —80D3+ 144D, D5+ (—15D% +60D,D;)D,

(—D4—8D,D,)D,—3D?D}+6D2D,

—D§+16D3D; +3D4D, + 12D}

D3D,+2D3—3D,D,D,+6D,

3D$+192D,Ds +(—35D%— 160D, D5)D, —90D3D3
+180D3D, —120D,D,

degree 7| 11D]—70D%D5 —336D2D + 560D, D3 — 430D,
“+(—=7D3 +490D3D, — 168D5)D, + (210D} +420D,)D3

3D]+112D3Ds — 640D, +(14D5 —224D,)D, + 35D3D3— 70D3D,
~70D,D3+ 140D, D,D,

5D4D, —120D2D5 +40D, D% + 240D, + (D5 +35D3D; + 84D;)D,
+(—5D3—10D;)D3+30D,D}

(—3D$ +48D5)D, +(— 5D} +20D,)D3+(10D3 —40D)D,

+(—35D3—70D,;)D3—105D,D}

3D4D;—56D2Ds +24D, D2+ 80D, +(17D3D5 +28D5)D, + 2D D3
+2D3D,+14D,D3+8D,D,D,

—D3}Ds+4D;+(D3D3—Ds)D,+D3D3+D3Dy+D,D,Dy+4D D
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2nd Modified KP hierarchy P(D)t, - 7,.,=0

degree 3

D3+2D,+3D,D,

degree 4

D4—4D,D,—3D}—6D,

degree 5

D§—10D2D, +24D; +(—5D3+20D,)D,

D$+20D32D, +24D5 — 15D, D3+30D,D,

degree 6

D§+10D3D, —20D3— 36D, D5 + 15D — 60D,

DS —20D3D, —80D2+ 144D, D4 +45D3D3+90D3D,

DS —40D3+24D D +(5D%— 20D, D;)D, + 15D2D3
+30D2D, +15D3+30D,D,

degree 7

(2D]—70D$D5 —252D2D + 140D, D} — 1080D-)
£(42D3 +210D3D, —252D)D,
+(105D3 +210D;)D% — 105D, D3 — 840D, D

(D3 +20D32D, +24D4)D, + (5D} + 10D;)D3 — (10D3 +20D3)D,

(D] +84D3D + 140D, D% — 120D,) + (14D5 + 70D2D, — 84Ds)D,
+(35D3+70D;)D3—210D,D,D,

(3D] —168D3D +480D,) + (14D3 +280D2D, +336D5)D,
+105D3D3—210D3D,

(5D7—70D$D; + 560D, D3 — 1440D,) + (63D — 1008D5)D,

3rd Modified KP hierarchy P(D)t,-7,43=0

degree 4

D%+8D,D;+6D3D, +3D3+6D,

degree 5

3D —48D4+(10D3—40D;)D, — 15D, D3— 30D, D,

degree 6

D$§—40D3D, —96D, D5+ 15D2D3 —90D2D, + 30D3 +60D,D,

D$—8D3D,+ 16D3—9D2D3— 18D3D, + 6D3 + 36D,D,, + 48D,

degree 7

(5D] —70D*D, + 560D, D — 1440D,)
+(—42D% +420D3D, — 1008D5)D,
+(—105D3=210D,)D3 + (—210D3—420D,)D,

(D] +28D%D5 — 56D, D3 —288D,)+(—21D3+84D;)D}

(2D] +35D%D, + 168D2D 5 — 280D, D —240D,)
+(7D3 =70D2D, +163Ds)D,
| +(140D3 —350D3)D,, +105D,D% + 105D, D3 +210D,D,D,
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Appendix 2. Bilinear Equations for the 2 Component Reduced KP Hierarchy

Here are the bilinear equations of low degree for the 7 functions of the 2
component KP hierarchy with the reduction condition (4.5) and the time evolu-
tion (9.6). We set

1"m,n(x9 y)=171,"(1)’"(2)(x(1), y(l)n x(l)’ y(z))
with m=1, n=n® —npW -], x=xM—x2 and y=yW—y@, Tt is related to
Ty 1u(x®, x@) of (4.3) by
Tm,n(x, O)=(—)1(12+1)111,12;l(x(1)’ x(Z))
with m=—1I, n=1,—1,+1 and x=x1 —x),

In the list the equations of low degree among the following t functions are
given:

F=1,5,, G*=7 14+t O=Th41n-1>

* — % —
f =Tyl -15 f—'Tl,,12+1, 9" =Tn+1,0 9=T -1,

S

G x X lz

g x Fx xg*
X x G* L
f*

Fig. The z functions of 2 component reduced KP hierarchy.

We omit those equations which are obtained from the ones in the list by the
symmetry
T, (% ¥) = Ty 1,+0(%5 )

or

Tl;,lz(x, y) — Tll,l—lz(y9 x).
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f*f+g*g—F*=0, f*f—g*g—F2+D,D,F-F=0,

| (DIDI_1)(f*'f—g*'g)+F2=Os D,(f*-f+g*-9)=0,

| D¥Af*-f+g*-g+F-F)=0, D3F-F+2G*G=0,

Dy +DP(f*-f+g*-9)=0, (D,—D})(f*-f—g*-9)=0,

(D,—D»)F-G=0, (D,D,—1)F-G=0,

D,f-g—FG=0, D,f-g—D,F-G=0,

| Dyg*-F—G*f=0, D3g*-F—D;G* f=0, |
D,g*-F—D,G* - f=0, (D,D;—2)g*-F+D,;G*-f=0, *

D,F-f+g*G=0, D3F-f+D,g*-G=0,

| D,F.-f4+D,g*-G=0, D,D,F-f—D,;g*-G=0.

Here D;=D,, and D;=D, .

Appendix 3. Bilinear Equations Related to the Spin Representation of B,

Here we give a list of bilinear differential equations of low degree contained
in (6.6). The number of equations of degree n is known to be

k
#H{(my,...,m)|m;e2Z+1, k=21, 1=m,;<---Smy, Y m;=n}
i=1
k
—#{(my,...,m)|me2Z, k=1, 1=m;<---<my, Y m;=n}.
i=1

The equation of odd degree are all trivial in the sense mentioned in Appendix 1.

BKP hierarchy P(D,40)7(X40) - T(X0q0) =0

degree 6| D$—5D3D;—5D3+9D,Ds

degree 8| D§+7D3D;—35D3D3—21D3Ds—42D,Ds+90D,D,

degree 10| D1°+63D3D5—225D3D, — 175D, D3+ 525D ,Dy— 189D2

6D3D5—5D4D3—15D3D,+ 15D3D,D5—5D, D3
+10D,Dy—15D,D, +9D?

DZD3 _21D%D3D5 +35D1D9— 15D3D7

Appendix 4. Bilinear Equations Related to the Spin Representation of D,

Here we give a list of bilinear differential equations of low degree contained
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in (7.5). We omit those equations which are obtained from the ones in the list by
the symmetry D;<>D;. We also omit equations in the BKP hierarchy (Appendix
3) from the list of the DKP hierarchy.

DKP hierarchy P(D,g, ﬁadd)‘ft(xodd’ Lodd) * T Xoda> Xoaa) =0

~

degree 4| D,(D}—D3)

degree 6| D3D;—D3D,

D,(D3+5D3D;—6Ds)

D3D3+D3D,—2D,D,

modified DKP hierarchy P(D,4,, f),,d,,)‘z:,(xodd, Road)Trs(Xoaas Xoaa)=0

degree 2| D,D,

degree 3| D3—D,

degree 4| D,(D3+2D,)

degree 5| D +5D2D;—6D;
D¥D3—Ds)
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