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Implicit Pseudo-Runge-Kutta Processes
By

Masaharu NAKASHIMA*

8§ 1. Introduction

The present paper is concerned with the numerical solution of
the initial value problem ;

{y'Zf (z, ¥),
¥(2o) =Y.

Of all computational one step methods for the numerical solution
of this problem, the easiest formula is Euler’s rule.

It is linear and explicit, but it is of low order.

Higher order methods have been achieved by sacrificing the
linearity. These methods were first proposed by Runge [13] and
subsequently developed by Heun [7] and Kutta [8].

Runge-Kutta methods need some functional evaluation at each
step. And one looked for other methods to decrease the functional
evaluation. These works were due to Ceschino, Kuntzman [4], Byrne,
Lambert [1] and Rosen [12].

Now Byrne and Lambert [1] have defined 2-step Runge-Kutta
methods and Costabiles [5] has proposed Pseudo-Runge Kutta me-
thods. In [9], the present author has studied Pseudo-Runge Kutta
methods and has proposed some new ones.

In [1], [5], [9] and [10], the methods are explicit forms, however,
no implicit methods have been proposed as yet.

It is possible to consider implicit Pseudo-Runge Kutta methods,
and in this paper, we shall give implicit Pseudo-Runge Kutta methods
based on the methods developed in [10].

It will be seen that they are equivalent to certain implicit Runge-
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Kutta methods in some special cases.

Their advantage over implicit Runge-Kutta methods lies in the
fact they are of less expensive in terms of the functional evaluations
for given order.

Let m(p) be the highest order which can be attained by a
p-stage method. In [3], Butcher proved, on his method, the following
results

m(p) =2p (p=1, 2, 3,--),
whereas our methods have
m(p) =p+3 (p=2, 3).

In order to apply implicit Runge-Kutta methods, it is necessary,
at each step, to solve non-linear equations by some means. By mak-
ing clear the algorithm of our methods of r-stage, we observe that
the number of non-linear equations is r-1.

Let n(r) be the highest order that can be attained by non-linear
equations of order . Then by our methods

n(r)=r+4 (r=1, 2),
and by Runge-Kutta methods
n(r)=2r (r=1, 2,---).

§2. Derivation of the Methods

We consider p-stage implicit Pseudo-Runge-Kutta methods:
2. 1) Y1 =Y+ Ynoy —30) FAP (Zasy Loy Yuors Yas h),
where

P(Zo-1y Zny Yn-15 Va3 h) = é w; ki,

ko=f(o1s Ya-1)s By =1 (T ),

b= f@,tah, (14005, —bysth 3 bsk),
(1=2, 3,--+, p) (0<a;=1::=2, 3,--+, p).

In the above formula (2.1), the value y, is to be an approxima-
tion to the value y(z,) of the solution of (l.1) for x,=xz,+nh. Coeffi-
cients a;, bt(Z:2’ 35"" P) and bij (Z=2, 35 by j:Os 1’ Tty P) are

real constants to be determined.
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We consider only two and three stage methods obtained by sett-
ing p=2,3 in (2.1). Throughout the paper, the coeflicients are
constrained by

(2.2) a;=b;+ i:o b (i=2, 3,---, p).
o

The functions k;(i=2) are no longer defined by explicitly but
by the set of p—1 implicit equations. The special case v=w,=w =
bi=b,=01in (2.1) is implicit Runge-Kutta method. The derivation
of the method is rather complicated. The treatement is similar as
those in Butcher [3].

Let D be the differential operator defined by

_ 0 0
D——az +f(xn’ yn)a—y,
and put

Dif(xm yn) :T‘(z:l, 2)"': 5)) Dif;(xna yn) :S’(z:l, 29 3)9
(Dfy)? (Zny yu) =P, (DF)*(Zny yx) =Q, Dfyy (Z0s ¥.) =R
f;(l’,,, Va) :f;w f:vy (Zus Yu) :f;/y'

We also introduce an abbreviation,

=2, D=3

£ £=2

We assume that the solutions of the functions % (:1=2) may be
expressed in the form:

5 .
(2. 3) ki:ﬁ'-l_-;l Cith‘I‘O(hs);
and

yu—l :y (xn—l) .

From (2.1), we have the following equation:
Vo1 =Y +HA R, + h2A2T+ h (A, T+A,T? +—h4 (B, T3+B,f,T?
+B,f?T+3B,ST) -L-—hs(C1T4+6CZTSz—|—4C3TZS—|—3C4f”Q

+Cf T +Cfi T+ CfT+ GATS) +-51 1 h* (D, T+ D, TS*

+D,T2S°+D,T*S +D;f,, T*T+D; QR +D7TP+D8fyT4+D9f§T3
+Dyf5 T+ Dy f3 T+ Dy f,y f,Q + Do f, TS+ Dy f3 TS+ Dy f, T7S)
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+O").
The constants {A;}, {B}, {Ci} and {D:} are

v

A= —v+w+ 2w, A2:7~w0+2 a;w;,

+ 2 putis _37) + 2 atw;,
Bl=%~—w0+z alw, B, =%—wo+2 Do,
B, = % —wy+ 2 s, B, ——ZL —wy+ 2 aiprWi,
C = —5v + 2. alw;, C = + 2 aipuw,
G = —5v + 2 appw;,  C= —E)v + 2 phws,
C= —5v + X puwi, Cs =-%71+w0+2 Z3Wis
(o =—:52 +wy+ 2 W, Co=—r 5 U twe+ Y guws,
D=2 —w,+ X afw, D,=10(% —w+ % atpis)
D,= 10<F —wy+ 2, a,pzzwl>, < z —wy+ 23 azpmw,),
D= 10(% —wt X pupz,-wi) ( —w+ X a,-pfiwi>,

D= 15(% —wp+ 2 aiQSiwi>: Dy= 3(@ —w+ 2 P4iwi> +4C;
D, =%—wo+2 8sWi, Dy, =—6——wo+Z T4 Wiy
Dy, :% —wy+ 2 Uuti,

D= 3(% —wy+ 3] hl,-w,) + 10(% —wy+ X phqﬁwi),
D13=16<% —wy+ 2] Q4iZUi>, D14=7(%—w0+2 uz,-wi>,
Dy=4{g —w+ usiw,-),

= G ) (= D b bk (Db 3 b

s =G4 (= D iy pbact (<D bt a b}
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hlj: { ! b10+ 1 bn“’ 41 ZPubu}

. -1 1
g;=@G+D! {ﬁ‘bﬂi 700 +7§ Pi—lebje} )

. —1) )k 1

;=51 { L b10+ b.11+ Z rﬂebe}

uy; =5 {L'bjo—l— 7 b; +F(4Z A482ebse +SZeJ Psebze)}s
u3=5' { B bJo+ 1 b_;1+ Z aépjzebu}

The p-stage method (2.1) has order p+3 (p=2, 3) if
—1)iP 4 (—1)it aj’! L
2.4 (=D i1 +(—D 1), +Z (Z_l)l =G
_yeer bio E1bi, —LI;
D (k—l)‘ +5G E=DT &l
(—1y (—1re
(p+3)! (P-l-?) ! P+2)!
_ (=1 (=1)* pbeo L1
(P | 1)| b]OZ b]l( ( +1)‘ be+ ( l) P' rl_\;zarblr>}w
N S
(»+3)!
(Zzl, 2,:--., P+3, j=2, 3,--., P, k=2, 3,.-., P—I‘l), (aiiaj for
1%7).
The case p=2 in (2.4) gives the following values for the con-
stants in (2.1). It is of order 5,

—

b,
(_1)k 1k|

+ (=1 +Z{

(2.5) vw=77—12, wOZ%(45—7(:), w1=%(33——5c),
=i(2o1 —310), az——(l—l-c), 250( 413 +47¢),
1
bzo 125 (37 36), 21— 250 (139'{'_96), 22_—16(9 _C),

(c=V41).

The case p=3 in (2.4) gives the following values for the con-
stants in (2.1). It is of order 6,
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~(—at+Za+ 1)+

2(5a2 —a, —2)

(0<a,< (14+141)/10)

(2.6) ay=
(et
90508 —a, —) ((1+v41)/10<a,=1),
7 > 9

o (50, +3) (o =) +5Ca+ V(g =)

’ a;(1+as) (a, —as) {(5a,+3) +5a, (2a2+1)} ’

_ {2 _ (.1 __9_> (.1_ _L>_1
v—{a3(1+a3) (a; —az) w; <12a2 20 } 12a2+ 20 )’

_ 5—v—6a;(1+a;)w, 1. 0
= e (a0 Ty T D Law,
w=1—(w+2 w—v),
by = fa;(@;+1)}2— 2a3(2a3+3a3+1)b,3

2a,(2a5+38a,+1)
b;=6(a,(a,+1) by, +a;(1+az) b)) —2a? —3as,
by =i( _bi+2f: a;b;;—a?),
2 =
by =%;2—w2 {1 —v —6w,+6w; (by + by + Sasbs, +-ashs;) —ds}
by =a; — (b;+b;+b;, +b;y) (=2, 3),
where
2
d1=(—az+%az g ) +4(5a3—a,—2) (a3 g, — 1),
5a3 —9a, —4
=1 {as(503— 9,8 —“;—ﬁ%—laﬂagwaﬁn},

=L lat(sa,+2) +§%§(a2 @+1))7}.

§3. Convergence of Our Methods

In order to apply the method (2.1), it is necessary to solve, at
each step, non-linear algebraic equations. We seek a solution by an
inner iterative procedure and prove the convergence of the method

(2.1).

Butcher [3] studied p-stage implicit Runge-Kutta method and

gave the iterations



ImpLICIT PSEUDO-RUNGE-KUTTA PROCESSES 45

r—1 b .
kD = f(x +aih, y~|-h]_§1 bi,-k}N”’kaj; bisk{) (1=1, 2,..., p),

where & denotes the number after N-times iteration for the implicit

non-linear equations of %,. Similary, we set the iteration in (2.1)
by

(3. 1) NV =f(x,+a;h, (1+b1-)y,,~b,-y,,_1—l-hl—§1 bi-k‘-N“)—i—th b;;EN).
7™
j=o j=i

[k

Then we have the following Theorem.

Theorem. The iteration process (3.1) converges provided
hr=1/{L(U;+ Uy},
where L is the Lipshitz constant of f(x, y) with respect to y and

s s

U1=max{i§ IZ3P i; |bai\},
» »

U2=max{Z|biz!, Z!b£3|}-
b} Ea

The proof is done in a similar way as in Butcher [3] and we will
omit it.

§4. Stability Analysis

In this section, we discuss the stability ¢f our methods. We apply
our method (2.1) with p=2 to the test equation y =2y which yields

T/vlyn+1 + szn + Vayn—1 :Oa
1 — A
YG=1—75%9—JM)m

V,= (—76-+12V41) + (—5875. 75+926. 25V41) 4
+(2286. 775 —361. 225V41) A2,
Va=T77—12V41 + (4642. 75—733. 25V41) A
+(11.25—1.75V41)A*  (h=2n).

The condition for the stability is that the roots of characteristic
equation of this difference equation are all of absolute value less
than 1. This yields that, if 2 is negative real, the stability bound is

—2.9<A<0,

if 2 is complex, the stability region shown in Figure (1).
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Let us consider the method (2.1) with p=3. In that case we
have
4. 1) Ynt+1 —Vlyn _vzyn—l =0,
where
Vl =1—v+(ey+w) A ‘i‘eu}li2 +e13]"23:
Vz = —v+ (en —wy) A+ 322}22 =+ e23}23,
en={(1+b)w,+ (1+b5)ws} /L,
1= {(by —bs3 (1 4+b,) +by (1 +b3) ) wy+ (by +bs, (1 +5,)
—by (1+03)) wi} /L,
e13= {(—bybs; +byby) wy+ (—bpby +by03,) wi} /L,
en=— {(byw, +bswy)} /L,
€= {(bao+b3b33 — by303) wy + (bag + byybs —bybyy) wi} / L,
€33 = {( —babs3+by3by) wy+ ( —bybay +baybsy) wi} /L,
L= — {1 =R (by+bs) +h2 (byobs; —bybyy)} .

Let us consider some specific algorithms in the formula (2.6).

If we set
__ W (Zy+ZsZyp)
(4‘ 2) b33_ sza _w325 )
where

— (ay(a,+1))?
' 2a,(2a3+3a,+1)°
7, = (—2a5(2a%+3a;+1)) ,
(2a,(2a%+3a,+1))
Z,= (as(a;+1))* ,
(2a;,(2a5+3a,+1))
Z,=(a3+a3) Z,— (a§+a}) Z,,
Z;={(—2a3—3a3) Z; — (a3 +a3) Z,} w; +
{(—2a, —3a}) Z; —2a; —3a3} w,,
Zs= {(a3+a3) Z,+ (2a;+3a}) Z,} wy — {( —2a,—3a3) Z, +
a2+ag} W,
Z;=(at—1.8a%—0.8a,) Z, +0. 2(3a3+242),
Z,= (at—1.8a2 —0. 8a;) — (@ —1. 8a§a——0. 8a,)a,Z,
2
Zy=(a3—1.8a2—0.8a,) Z;+0. 2(3a3+2a2),

_ V(1 v  w_ >~
Zl°‘zsw2(3o 50 T 5 L) ~Zr

3

Then we have
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€y =0.
If we set, in addition to the condition (4.2),
a,=0. 98,
then we have the following stability bound
—55<h=0.
The stability region is shown in Figure (2).
If we set, in addition to the condition (4.2),
a,=0. 57,
then we have the following stability bound
—67<Ah=0.
The stability region is shown in Figure (3).
Next we consider the case where the coeflicient bs; varies.
a,=1,
by, = {81(8y3 —14.89) —27(503. 29 —272y3 )k —9(2254. 53
(4. 3) —1254. 71y3 ) h? — (352. 83 —334. 8) A%} /{27(33. 11Y3
—65.34) £ +9(937. 2y33 —1861. 86) A2 — (475. 2y3
+118.8) A%,
where
h=a-+bi,
h=sgn (a)ya?+02.
In this case, we have the following characteristic roots:

0,=0.9,

— Sit+ 8t | } { Sty —Sity }
= —{21 22 Loy — +bw
IOZ { tf’i"t% 0 t%_l_tg 0‘ 9

with
55 =(—128430y3) /11 +ey(a?—b%) +ena +ey(a(a® —b%) —2ab?),
Sy =enb+2eyab+e,5(b(a? —b?) +2ab),
ty=1—(bp+bs)a+ (byby —byby,) (@ —b),
ty= — (by+by3) +2 (bybyy —bysbyy)ab.

Similary, we look for the stability region numerically, which is
contained in the region:

D={(a, b) : —280=a=0, |b]|=30}.
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The stability region is shown in Figure (4). In the case (4.3),
we have by——>00 as ~——>0, however the iterations of function &;
are convergent.

The stability intervals for R-K 4, Lawson’s method (explicit R-K
type of order 5) and Huta’s method (explicit R-K type of order 6)
are shown in Table (1). The stability regions for these methods are
shown in Figure (5).

The stability intervals for R-K 4, Lawson’s method and
Huta’s method.

Method interval of stability
R-K4 (-2.7, 0)
Lawson (5.7, 0)
Huta (-3.7, 0)
-3
K
‘o(‘,
.:_E-
2
Unstable :8
Stable _°
g
=5.60 =480 R:ai\?; =320 f):
E
K
£

| 8

Figure (1). Stability region for the method (2.1) with p=2, whose coefficients
are given by (2.5). (Re(2)<0).
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d
20 00

T

16 00

Unstable

" 2w
Imch)

800

N\

—T T T T T T T T T T
. =48.00 =-4000 =-32,00 =-24.00 -16.00 -8.00

Stable

—TT T T
=72.00 =-64.00 ~=56.

Relh

T T T T T T _ 10 T
=12 00 -800 -400 g [000 400

=16.00

Figure (2). Stability region for the method (2.1) with p=3, whose coefficients
are given by (2.6), (4.2) and a,=0.98. (Re(1)=<0).

16 00 20 00

Unstable

T
800 12 00
1 A~

Stable

-4.00 g |0.00 4.00

T T T T T T T T T T T T T T T
=72 00 64.00 -56.00 =4800 =4000 ~-3200 +24.60 600 =800

.Re(h)

1o

-8 00

R=K order4

T
=12 00

~16.00

=20 00

Figure (3). Stability region for the method (2.1) with p=3, whose coefficients
are given by (2.6), (4.2) and a;=0.57. (Re(2)=0).
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m®

Unstable - g

Stable -

P T T T T T—T—T—T
=280.0 =-240.0 -2000 =-1600 ~-1200 ~g0.0 =400 0.
Re(®

g

3

Figure (4). Stability region for the method (2.1) with p=3, whose coefficients
are given by (2.6) and (4.3). (Re(2)=0).

HUTA’ sixthorder formula

=]

[+
LAWSON fifthvorder formula: "
E

o

Unstable [~

Stable
-60 \\ 5 K ¥ -20 10 oo
Redv

Lo

b

(-]

<

7

Figure (5). Stability region for R-K method (order 4), Lawson’s method
(order 5) and Huta’s method (order 6). (Re(2)<0).

§5. Computational Results

In Table I and II, we present numerical results for the following
initial value problems.

L:y'=(y—zy)/z, y(1)=e", y(z) =ze™%,
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II:y'=—3(2e—1), y(0) =1, y(x)=1/(2¢*—x—1),
y=—y+z, y(0) =1, y(@)=(1+x)e™

2= —y—32, 2(0)=0, 2(x) = —ze™*

Yy =—y+32—8x-9, y(0) =6, y(x) =3¢ +e ¥ +zx+2
2 =2(y—2) +4x+7, z(0) =5, 2(x) =2¢* —e *+3zx+4

III:[

IV:{

Computations are done in double precision arithmetic on FACOM
M-200 of Kyushu University.

In Table I, the value y, necessary for the evaluations using the
formula (2.4) is computed by Runge-Kutta methods of order 4 and
in Table II, the value 3 necessary for the evaluations using the
formula (4.1), (4.2) is computed by Huta’s method of order 6.

In order to start the caluculations at (z,, y,), we need to solve
the implicit functions k;(7=2). We first caluculate the predicted
value for the functions by %= f(z,, ¥,).

Table I

Error for the solutions to the Problems I, II, III, and IV. Comparison of
errors incurred by using the implicit Runge-Kutta method of order 4 (Im
R-K 4), Lawson’s method (explicit R-K type of order 5) and the method
(2.1) with the coefficients (2.5) (order 5).

Problem I. 2=1/2¢, M=5 (M : number of iterations),

Lawson’s Method Im R-K 4 method (2.1)
with (2. 5)

x function evaluations/step

6 11(1+2xM) 6(1+1xXM)

2 —0.9970E-10 0. 6963E-08 —0. 1442E-08
5 —0. 7074E-11 0. 6034E-09 —0. 1408E-08
9 0. 7337E-12 0.2277E-10 —0. 6463E-11
13 0.5673E-13 0.2142E-11 —0.2671E-12

Problem II. h=1/2¢, M=5.

x Lawson’s Method Im R-K 4 method (2.1)
with  (2.5)

1 0. 4180E-08 —0. 1528E-07 0. 1082E-07

0. 1169E-09 —0.4188E-10 —0. 2092E-12

8 0. 1375E-11 —0.4188E-10 —0.2092E-12

12 0. 2442E-13 —0.1026E-11 —0.2423E-13
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