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Functional Dependence between the Hamiltonian
and the Modular Operator Associated
with a Faithful Invariant State of
a W*-Dynamical System

By

J. DE CANNIERE®

Abstract

Let H and 4 be the hamiltonian, resp. the modular operator associated with an invariant
faithful normal state w of a W*-dynamical system (4, a). Then 4=f(H) for some decreasing
function f if and only if (roughly speaking)  is 2-passive with respect to a. It follows
that under certain conditions a 3-passive state is an equilibrium (i.e. KMS) state.

§1. Introduction and Basic Definitions

In this paper, as in an earlier one [7], we investigate certain
spectral properties of invariant states of noncommutative dynamical
systems closely related to the KMS condition.

Let &/ be a von Neumann algebra, and a= {a;} ({ER) an ultra
weakly continuous one-parameter group of *-automorphisms of 7.
The action a of R on & can be described by the “spectral resolution”
of & it induces. Let us recall that each closed interval [4, ¢] in R
determines a spectral subspace M[2, z], a generic element z of
which is characterized by the property that Sf(t) a;(x)dt=0 whenever
FELY(R) and the (inverse) Fourier transform f of f is supported in
the complement of [4, ] [3, Definition 2.1 and Remark on p. 225].
Here f is defined by

Ff) = ge“‘f(t) dt (AER).

Communicated by H. Araki, September 25, 1982.
*) On leave from N.F.W. O. and K. U. Leuven, Belgium.
Department of Mathematics, University of California, Berkeley, CA 94720, USA.
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It is also useful to consider the ultraweakly closed linear span R(4, )
of the set of all elements of & of the form gf(t)oz,(y)dt, where
yE«Z, fEL*(R) and the support of # is contained in the open interval
(2, ) [11, Definition 2. 3.2] (clearly R(4, @) € M[4, x]). The
knowledge of the collection of all the M[2, +0), or all the R(4,
+00) (which we call a spectral resolution of &), is equivalent with
the knowledge of a, at least in principle [3, Lemma 2 on p. 233].
In [7, Definition 1. 2] we introduced the notion of spectral passivity:

Definition 1.1. An a-invariant normal state @ of & is said to be
n-spectrally passive (where n is a positive integer) if

Ho(zzf) <l w(zfx;)
i=1 i=1

for all n-tuples zy, ,, ..., x, of elements of & such that z;E R (4,

+00) (i=1,2,...,n) for some n-tuple 4, 2, ..., 4, of real numbers

satisfying i} 2;>0. The term ‘““l-spectral passivity” will be discarded
i=1

in favour of “spectral passivity”.

The interest of this notion lies in its relationship with the concept
of passivity introduced by Pusz and Woronowicz [12; 7, Theorem
3.3], but also appears immediately in view of the following formulation
of the KMS condition, obtained in [7]: o is 8-KMS with respect to
a (where 0<8<+) if and only if it is a-invariant and

(1) TE R, +0)=w(xx*) <e w(z*x)

[7, Theorem 1.1 and Remark 2.1(1)].

It is clear, then, that a 8-KMS state is n-spectrally passive for all
n (i.e. completely spectrally passive [7, Definition 1.1]), whatever
the value of B. Quite remarkably the converse is true as well: a
completely spectrally passive state is in fact a KMS state for some B.
In this form, this was stated and proved in [7], but it already appears
implicitly as Theorem 1.4 in [12]. Recently, Batty provided a truly
elementary procf, with (1) as a starting point [4, Section 2].

The argument developed in [7] retains some interest, however,
for two reasons. On the one hand it was generalized in a significant
way by Batty, who obtained important results concerning the existence
of one-parameter subgroups of arbitrary abelian groups acting on a
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C*-algebra for which a given invariant state is KMS [5, Theorem
3.2]. On the other hand, the constructions of [7, Section 4] can be
used to analyze in detail the mechanism by which complete spectral
passivity forces a state to be KMS. This is the purpose of the
present paper. In particular it will be shown that 2-spectral passivity
(or rather a naturally arising stronger version of it) already imposes
so much structure on the triple (&, a, ) that it implies the existence
of a decreasing real function f(2) on the “energy spectrum” of the
system generalizing, in a certain sense, the Boltzmann factor e .

We shall have to make this statement precise. But at this point
the reader should be warned that the setup is somewhat different
from the one in [7]. Indeed we assume that (&, a) is a W*-dynamical
system rather than a C*-dynamical system. Moreover we suppose
throughout the paper (except in Remark 2.13) that o is a faithful
normal a-invariant state of &/. Consequently we can consider & to
act on a Hilbert space # with cyclic and separating vector £ such
that o(z) = (2, z2) (x€«). We also know that there is a unique
strongly continuous one-parameter group U= {U;} (€ R) of unitaries
implementing « and leaving £ invariant. The hamiltonian of the
system is the self-adjoint operator H on # defined by the equation
U,=e" tER).

As a consequence of our faithfulness assumption the Tomita-
Takesaki theory is available to us [13]. Let 4 be the modular operator
associated with 2. In general, the self-adjoint operators 4 and H
are not related in any particular way, except for the fact that they
commute strongly. On the other hand, as is well known, @ is f-KMS
(with 0<B<+0) if and only if 4=e#”. Suppose more generally
that w is 2-spectrally passive. The main result cf this paper (Theorem
2.8) asserts that, under certain additional hypotheses, there exists a
decreasing positive function f on the spectrum o(H) of H such that
A:f(H)*.) Conversely, the existence cf such a function implies that @
is 2-spectrally passive (Theorem 2.12). If in fact o satisfies the
3-spectral passivity condition, and if moreover ¢(H) =R, then the
function f turns out to be a decreasing exponential, so that o is
KMS (Theorem 3.2).

*)

In fact this still holds, in a somewhat generalized sense, when ® is not faithful. Cf.
Remark 2. 13.
**%) This result was first obtained by H. A. M. Daniéls in [6b]. Cf. Remark 3. 3.



82 J. DE CANNIERE

Having spelled out the principal results in sufficient detail, we
would now like to present a motivation for the stronger form of the
2-spectral passivity condition needed to obtain them. To that end
we consider the simple case where &/=2(9) with §=C% In this
case the dynamical group « is determined by a hermitian operator
h on 9 via the formula a,(z) =eze ™ (zE€L(9H), tER), whereas a
faithful a-invariant state ® is given by a positive invertible operator
0, commuting with 4, such that w(z) =7(px) for all z in £ (9) (here
7 denotes the trace on Z(9)).

Let {¢;}%-; be an orthonormal basis of § in which both %2 and p
are diagonal. Let Ay, Ay ..., A, and py, o3 ..., p, be the correspond-
ing eigenvalues of ~ and p, respectively. It is not difficult to show
that @ is 2-spectrally passive with respect to a if and only if the
following holds [7, Example 4.9]:

whenever h; —h,+h; —h, >0
(2) for some j, %, j, K E{1, 2, ..., g},

one has ;05 < 0400+

In order to determine the implications of the condition (2) on

the modular structure induced by o, we have to identify &/ with &
®1 acting on #=9R, and to put inl 0/%¢; R ¢;. One easily
computes that H=h®1—1®% and that 4=o®p~. Both H and 4
are clearly diagonal in the basis {¢; @ ¢} -1, and the corresponding
eigenvalues are h;—h;, (for H) and p;0;' (for 4). Hence if we
replace (2) with the stronger requirement that

(3) hi—hy+hj —hy 20= 005 < o404,

we can unambiguously define a decreasing function f on ¢(H) by
f(h;—hy) =p;ei?, so that f(H)=4. Clearly this conclusion could not
have been obtained in general without some strengthening of (2).

Passing from (2) to (3) really amounts to replacing the spectral
subspaces R(2, +0) in Definition 1.1 by the larger spaces M[2, 4o0)
corresponding to the closed half lines [4, +o). Hence we are led
to introduce the following definition in the general case:

Definition 1.2. An «a-invariant normal state @ cf & is called
strongly n-spectrally passive if ;€ M[A;, +°°) (i=1,2,..., n) implies
f[ w(z;x¥) Sﬁ o(zfz;) whenever Zn] 2;=>0.
i=1 i=1 i=1
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Is it possible to justify the substitution of strong spectral passivity
for spectral passivity on physical grounds? In the above example of
a “finite spin system” the answer seems to be affirmative, in view of
Lenard’s analysis in [10] ¢f what he calls “structural stability”.
Extrapolating from the finite dimensional case one may conjecture
that strong spectral passivity should result from a combination of
spectral passivity and stability in the sense of Haag, Kastler and
Trych-Pohlmeyer [9]. We give some substance to that claim in
Lemma 2.10 and Remark 2. 11. Another question is, whether strong
spectral passivity implies passivity in the original sense of Pusz and
Woronowicz [12]. This is by no means clear a priori (the converse
is false).

We now return briefly to the case &/=2(9) considered above to
make a different point. In this case strong spectral passivity reduces
to the condition that A;—A,>0 implies p;<p0;, which means exactly
that p is a decreasing function of 4. For general quantum statistical
systems there is no density matrix, of course. However we are able
to derive a formally analogous relation 4=jf(H), with 4 in place cf
p and h replaced by H (the spectrum cf which consists of energy
differences rather than energy levels). Thus our result provides an
illustration of the heuristic principle that the modular operator 4 can
be used as a partial substitute for the density matrix p in the general
case, albeit in a “relative” rather than in an ‘“absolute” sense. In
some of Araki’s papers (e.g. [1, 2]), which inspired us, the same
philosophy is at work.

It is unclear at present what physical meaning (if any) should
be attributed to the relation A:f(H)*. By comparison with the
exponentials e #, the function f(2) can conceivably provide us with a
quantitative measure of the deviation of the state o from equilibrium.
More specifically one might expect log f, or some quantity derived
from it, to have certain entropy-like properties (indeed passivity is
an expression of the second law of thermodynamics [12], which itself
gives rise to the notion of entropy).

Finally it is worthwhile observing that a decreasing dependence

The same type of relation appears in a recent paper by J.S. Cohen, H. A. M. Danigls
and M. Winnink [Commun. Math. Phys., 84, 449-458 (1982)], where it is studied as a
consequence of a modified KMS equation. I am grateful to the authors for pointing
this out to me.
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between passive states and hamiltonians has also been shown to exist

in the framework of classical statistical mechanics [8, Proposition 2 ;
6a, Theorem 1 ; 6b, Theorem 6. 2].

§2. Proof of 4=F(H)

We assume throughout the pape:) that & is a (o-finite) von
Neumann algebra acting on a Hilbert space # with cyclic and
separating vector £. Furthermore {U;} (¢!€R) is a strongly continuous
one-parameter group of unitary operators on 4 satisfying U,2=20
and U/ Ui'=«/. The state of & defined by £ is denoted o, the
restriction of Ad U; to & is called a;, and U,=¢"# tER).

Let P be the unique projection-valued measure such that H=
Slsz- For every z in & we define bounded positive Radon measures

Y and v, on R by their (inverse) Fourier transforms:

o (a*a (@) ={edp (2
(4) and
w(at(x)x*)zgemdux(l) (tER).

Equivalently we have

dy, () =d(z282, Pux)
(5) and
dv,(2) =d(x*2, P_x*9Q).

The following proposition gives a simple but very useful refor-
mulation of the relation 4=f(H) in terms of the measures g, and v..

Proposition 2.1. Let f:R—[0, +] be Borel measurable and
P-almost everywhere finite. Then the following statements are equi-

valent :
(1) d=fH).
(ii) For all z in o, v, is absolutely continuous with respect to
Uy and :ZZ,:Z =f (p—almost everywhere).

*  Except, as pointed out previously,in Remark 2. 13.
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Proof. (1)=(ii). Suppose 4=f(H) and zE. For g in L'(R)
we define y:Sg(t) a;(x)dt. It is easy to see that dy,(2) =18 (2) |*dp.(2)
and dv,(2) =|g(2) |*dv,(2). Using this we have

J16) v =035 by @)
=Ily*Q|P=1 14507
=||f(H)"*Q2I* by hypothesis
={r@an @ by ©
{16 rrovam .

As z2E€dom 4Y?*=dom f(H)'Y? it {ollows that fEL'(y). Hence by
uniform density ¢f L'(R)" in C,(R) we actually obtain

Sh(,i) dv.(2) :Sh(l)f(z) A (2)
for all nonnegative % in C,(R). This yields (ii) by the Lebesgue-
Radon-Nikodym theorem.
dv, =f for all z in .

(ii)=(1). We assume that v, < g, and . =

Since f€L'(y,) by the boundedness cf v, it follows that zQ€&
dom f(H)Y* and

D 2201P =\ (D dpne(2) =\ (D =lJ* 21 P=]| 22201,

As {z2lz€o/} is a core for 4Y% the above equation easily implies
that dom 4Y2Cdom f(H)Y% and that [|42@| = f(H)Y?®|| for all @ in
dom 4Y2. For the remainder of the procf we set f(H) =4, and show
the following:

2.2. Let 4 and A be strongly commuting positive selfadjoint
operators on a Hilbert space # such that dom 4Y2Cdom AY? and

Odc=dom 4V2= ||4V2Q||=||AV?*®||. Then d=A.

First we prove that dom AY2C dom 4% So suppose ¥ E dom AY?,
and let E, be the spectral projection cf 42 corresponding to the interval
[0, n] (rEN). As 4% commutes strongly with AY% one has E, 7€
dom AY? and AY!E Y =E,AY*¥, But on the other hand E, <
dom 4Y?, and
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|| JV2E W — AV2E, W\ =||AV2E, ¥ — AV?E, V|| by assumption,
=|[(E,—E,) AV,
which tends to zero as n, m—oo, As 4% is closed, we conclude that
¥ =lim E,¥ dom 42
f;rjally, take @€dom 4 and ¥Edom AY2 Then @Edom 4'2=
dom AY% and
(AYV2Q, AV = (420, 4720 by polarization
= (40, U).
It follows that AY?’@c=dom AY?% hence @=dom A, and that Ad=
AY2(AV2Q) =4®. Consequently 4CA. By selfadjointness AC4. This
ends the proof of both (2.2) and Proposition 2. 1. O

Next we define the function f that appears in the relation 4=
f(H), as well as an auxiliary function g (these are similar, but not
equal to objects with the same name defined in [7]).

Definition 2.3. For 2 in R we put
f(@) =sup {{lz*Q|]* [|[z2]|?|z € M[4,+ o), z#0}
g() =inf {||z*2|* ||z2|| |z €M (—o0, 2], z+#0},

with the convention that sup ¢=0, inf ¢= 4 oo,

The following lemma will be used to study the properties of the
functions f and g (Lemma 2.5 below), and again in the proofs of
the lemmas 2.7 and 2. 10.

Lemma 2.4, If x€./ and AER, then there exist y and z in
such that

(1) z=y+z, yEM{A), 2ER(R\{4}).
If x€EM[A,+), then z can be chosen in R(A,+). Moreover, if
(1) holds, then one also has

(i) P({A)z@=y2, P({—2})x*2=y*Q,
and

T
(1ii) lTim 2—1T S_Te'“’a) (x*a; () dt =|yQI1%,

: I —iat * Xk Ol12
lim o1\ e @ (@) 2% di=lly* Q)P
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Proof. Let f in L'(R) be such that f(&) =1 if ||, f(&) =
if |[§]=2. For n=1, 2, ..., define f, by

() =e *n " f(n™h) (tER),
ie. £(&) =f(n(£-2) (EER).

Put y,zzgfn(t)at(x)dt and 2,=x—y,. Then y,€ER(A—3n"% 2+3n7})
and 2, EM(R\(A—n"Y, 2+n1)). If x€M[2 + ) then in fact 2,E
M[2+n"Y, 400),

Since |3/l <)1fll llx]l, the ultraweak compactness of the unit ball
of & implies that the sequence {y,}s-: has an ultraweak accumulation
point ¥y, which belongs to M({4}). Since x —y is an accumulation point
of {z,};—, it is an element of R(R\{4}), and even of R(4,+ ) if
xEM[4,4+ o). This concludes the proof of (1).

To show (ii) it is sufficient to observe that yQ&P({4})#, y*2€&
P({—=2)#, 22€P(R\{2})# and *Q€P(R\{—2})s# [7, Lemma
1.4].

Finally, according to the mean ergodic theorem,

lim 1 ST e~y (x*a, (x))dt—ln

5T e~ (xQ2, Uaxf)dt
T>00

g,
and similarly
T T
et ’ * — oAt ( % *
lim TTS (@ (2) %) de =lim —QTS (z*0, U_z*Q)dt
=(z*Q, P({—2})z*Q).
Then (@ii) follows from (ii). ]

We note that the existence of a cyclic and separating vector
1s not required for the validity of (i) above. On the other hand
the decomposition z=y+4z need not be unique. For instance, if
& =L"(R) and « is the group of translations, then the functions
t—> e belong to R(R\{0}) if 2#0, but they tend ultraweakly to
the constant function 1 when 2—0. Hence 1€M({0}) N R(R\{0}).

Lemma 2.5.

(i) fand g are decreasing functions.
(ii) f(=) =g forall 2 in R (with 07'= 400, (+00)"1=(),
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(i) f0)=1, g0)<1.

(iv) f(2) =0 (or, equivalently, g(—2)=-40) if and only if
o(H)C[—24, 2] and £ is not an ezgenvalue of H.

(v) If 2€6(H) then g(2+) <f(2— )

Proof. (i), (ii) and (iii) are obvious. Suppose f(2)=0. By
(i) and (iii), 2>0. The definition of f implies M[2,+o0)={0}. In
particular R (4, +0) = {0}, hence o(H) =sp(a) C(—o0, 2] [7, Remark
1.5]. But since sp(a)= —sp(a), we actually have the inclusion
o(H)C[—4,2]. Furthermore M({2})={0}. As £ is cyclic, Lemma
2.4 implies P({#4}) =0, i.e. =42 is not an eigenvalue of H. Suppose
conversely that ¢(H) C[ —4, 2] and that 2 is not an eigenvalue of
H. I z€M[2,+ ), then as 2 is separating sp(zx) C[—2, 2] N[4,
+o0)={4} [7, Remark 1.5]. But the fact that 2 is not an eigenvalue
of H clearly implies M({4})={0}. Hence MTJ[4,+o)={0} and
f(2) =0. This ends the procf of (iv). To show (v), suppose A€o (H)
and ¢>0. Then we can find a nonzero element x in M[2—e¢, A+e¢].
It follows that g(2+¢) <|[x*2]]? ||z@2|| 2<f(2—e). Taking the limit as
e—0 gives the desired result. O

Next we show how to express the passivity of @ in terms of f

and g.

Lemma 2.6. (i) o is strongly spectrally passive if and only if
f(0) <1 (or equivalently, g(0)=>1).
(i1) o is strongly 2-spectrally passive if and only if f(2) <g(2) (A€ER).

Proof. (i) is obvious (f ® is strongly spectrally passive one
actually has f(0) =g(0)=1, by Lemma 2.5 (ii1)).
(ii) Suppose that @ is strongly 2-spectrally passive, A& R, and f(2) >0,
g(A)<+4o. For every nonzero x in M[4,+ ) and nonzero y in
M(—oc0, 1], Definition 1.2 implies that
o(zz*) 0 (y*y) <o(z*z)o(yy*),

or
o(zz*) o (z*z) <o (yy*) o (y*y)

* gt =lim (), fQ-)=lim ().

O] 22
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It follows that f(2) <g(2). I f(2) =0 or g(1) =-+o0 this inequality
holds trivially.  Conversely, if 0<f(2) <g(A) <+, x&M[2,+0),
2&M[ —2, +00), then

o(xx®) <f(Do(z*z), o(zz*) <g(d) 'o(z*z).
As f(D)g(A) <1 we obtain w(zx*)w(22*) <o(x*z)w(z*z). If £(2) =0

(or g(2) =+00) the same inequality is valid, because x=0 (or 2=0).

U

Lemma 2.7. Suppose that w is strongly 2-spectrally passive, x E s,
1ER.

(i) () =0 if and only if ».({4}) =0.

. v (1) _ 23y =
(i) If p({A) #0, then ,ux({l})_fm =g(4).

Proof. Given 2 and z, choose y in & as in Lemma 2.4. Then
t({2}) = (22, P({2})x2) =||[P({2}) 2| =||y2|? (by (5)), and similarly
v, ({2) =|IP({—2}) 2*Q|?=]|y*2|]* (again by (5)). Hence (i) follows
because £ is separating for &. Moreover, if #,({4})+#0, we have

*QF _ v ({AD)

(2 SH.’V " <f,

ED=yaE = =/

since yEM(—o0, 2] N M[4, +). Then (ii) is a consequence of the

fact that f(2) <g(2) (Lemma 2.6 (ii)). ]

The above lemma, taken together with Proposition 2.1, already
implies that 4=f(H) in case H has a countable spectrum. The idea
of the proof of our main theorem 2.8 is that Lemma 2.7 allows
us to discard arbitrary finite (even countable) subsets of o(H).
Notice that Lemma 2.7 does mot hold if ® is merely 2-spectrally
passive (see Section 1).

Theorem 2.8. As before let o/ be a von Neumann algebra with
cyclic and separating vector 2, and {o,} (ER) a continuous group of
*—automorphisms of & leaving the corresponding state w of o in-
variant. If o is strongly 2-spectrally passive with respect to a, then
there exists a P-almost everywhere finite, decreasing function f:R—
[0, +0c0] such that d=f(H). In fact f is as defined in 2.3.
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Proof. Let 2, be the left endpoint of ¢(H) (possibly —oo). If
A>2,, then g(4) is finite by Lemma 2.5 (iv), hence f(2)<+4o by
Lemma 2.6 (ii). For z in & we first show that v, &<y, on each
bounded open interval (&, &), where £>2,. Suppose AEL'(R) and
supp AC (&, &). Then actually supp AC (E4¢, & —e) for some strictly
positive ¢. Put yzgh(t)at(x)dt, so that yE R (E+e, & —e) CM[E+e,

¢ —¢]. According to Definition 2.3 we have

g(& ) o(y*y) <g(& —e)w(y*y) <wo(yy*)
<[+ o(y*y) <f(E+H)w(y*y).

We rewrite these inequalities as
(6) g(5’~>glﬁ(z) fap @ <150 1752 <) (1R g n.

By an argument of uniform density, the above inequality holds with
|h|? replaced by an arbitrary nonnegative continuous function sup-
ported in (& &). By the Lebesgue-Radon-Nikodym theorem, v, is
absolutely continuous with respect to #, on (&, §). If H is unbounded
this shows at once that v,<y,. I H is bounded, the same conclusion
1s obtained using Lemma 2.7 (1) with A=2,.

We now have to prove that the Radon-Nikodym derivative dv,/dg,
is essentially independent of z, and that actually dv./dy,=f=g p.-
almost everywhere for all . Fix §_>2, and ¢>0. Since 0<f<f(&y)
on (&, +0), there are only finitely many points § in (&, +°)
where f(§—) —f(6+) exceeds a given positive value. Hence we
can find a partition &<(&<see<§,1<E, =40 of (&,+°°) such
that

*)

(7) f&i+) —f(&—)<e for j=1, 2, ..., n.
On the other hand, (6) implies that for g,-almost all 2 in (-4, §;)

F(&—) <g(&—) s%m <F(Et)

(the first inequality follows from Lemma 2.6 (ii)). Since clearly

f& =) Sf) S f(Eia+)
for all 2in (&1, &), (7) yields

®f(6—)=lim f(©).
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| 2 d”x = () —f(2) <e

for p,—almost all 2 in '61(&_1’ ¢;). By Lemma 2.7 (ii) this inequality
actually holds for /z,;a]lrnost all 2in (&, +°0). Since ¢ was arbitrary
we conclude that dv,/dp,=f p.—almost everywhere on (§,,4+ ), hence
t—almost everywhere on R (one has to invoke Lemma 2.7 once
more if H is bounded and 4, is an eigenvalue). Clearly a similar
reasoning proves that dv,/dy,=g. ]

In view of the more immediate physical meaning of passivity as
compared with strong spectral passivity, the following variant of the
previous result may be of interest:

Corollary 2. 9. Adopting the same general assumptions as in
Theorem 2. 8, suppose that the following properties hold for the triple
(A, a, w) :

(1) o is 2-spectrally passive with respect to a.

(i) H has continuous spectrum except at 0 (i.e. 0 is the only
eigenvalue of H, or M({4}) = {0} whenever 130).

(1) For all x in A,

lim QTST o([z%, a,(x)])dt=0.

Then Jd=f(H) for some decreasing, P-essentially finite function f:
R—[0, +o°]. N

This corollary follows from Theorem 2.8 and the following lemma.

Lemma 2.10. If o is n-specirally passive with respect to a, and
the above conditions (ii) and (i) hold, then o is strongly n-spectrally
passive.

Proof. First assume that o is spectrally passive and € M[0, + o).
Writing x =y+2 with yEM({0}) and z€ R(0, +°°) (Lemma 2.4 (1)),
we have |[z*Q|?=||y*2|*+1[z*2|* because y*2 and 2*Q2 are orthogonal.
But (|y*Q|F=|ly2||? by (i) and Lemma 2.4 (iii), and ||z*Q|?<||22Q|?
by assumption. Hence

l2* Q|2 <[y QlP+ (1221 P =1 |22l P
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This shows that  is strongly spectrally passive.
Now it is easy to set up an induction proof. Suppose the lemma

holds for n=m—1, and #EM[2,+%) G=1, 2, ..., m), 3 4>0.
By (ii) and Lemma 2.4 (1), M[2,+%)=R(4,+) except T)gssibly
if 2=0. Hence if 2,70 for all 7, the inequality fllw(xix;") Sﬁw(x;“xi)
follows from the assumption of m-spectral passivity. If 2,=0, say, then
o(z27) <o(zfz,) by the first part of the proof and ﬁw(xix?‘)é
i’_lﬁlzw(xf‘x,-) by the induction hypothesis. Multiplying thesgzinequalities

we conclude that o is strongly m-spectrally passive. ]

Remark 2.11. The condition (iii) in the statement of Corollary
2.9 is easily seen to be equivalent with

£:({0}) =v,({0}) for all zE€,

and is thus a necessary condition for the equality 4=f(H) to hold.
One can say that it amounts to ‘‘the KMS condition at 0 energy”.
This formulation is often used to describe the main direct consequence
of the stability notion due to Haag, Kastler and Trych-Pohlmeyer
(see [9, pp. 177-178]).

Concluding this section, we prove that strong 2-spectral passivity
is not only a sufficient but also a necessary condition for the equation
4=f(H) to hold (with decreasing f).

Theorem 2. 12. If 4=f(H), where f:R—[0, +] is everywhere
decreasing, then o is strongly 2-spectrally passive.

Proof. First we observe that 4=f(H) implies that f(—2) =f(2) "
for P-almost all 2. This follows from the fact that

fH) =471 =J4]=Jf(H)J=f(—H),

where J has the usual meaning (i.e. J4V%x2=x*2 for all z in &),
and the last equality follows from JHJ= —H. In particular f(0)=1.

As before put 2,=inf ¢(H). If o(H)={0} then 4=1 and o is a
trace, so we can suppose 2,<0. If A€ (2, —2,) then 0<f(£2)<4co,
where the first inequality follows from the injectivity of 4. Let us
write f,(—2) for the P-essential supremum of {f(§)|EE[—24, +0)].
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If £> —2, then f(—&)7!'<f(2)! because f is decreasing, hence by
the above observation f(&) <f(2)~! for P-almost all § in [—2, +0).
It follows that f,(—2) <f(2)~. Thus for x in M[4, +) and y in
M[—2, +9) we obtain

o(az)alyy*) =420 P |47y
IGLEGRYGEME
<F(D(a*a)-f.(~Daly*y) because supp s

C[4, +), supp #,C[—4, +°) [7, Lemma 1.6]
<o(z*z) o (y*y).

This shows that o is strongly 2-spectrally passive, at least if H is
unbounded. If H is bounded we also have to consider x in M[ —4,
+) and y in M[2,+)=s/. Then either 42, are eigenvalues
of H, in which case 0<f(+2,)<+0 and the previous reasoning still
goes through (with —2, in place of 2); or +4, are not eigenvalues
cf H, and then M[—2,,+ )= {0}. L

Remark 2.13. Theorem 2.8 can be generalized to deal with a
not necessarily faithful strongly 2-spectrally passive state w. Let &
be represented in the corresponding GNS representation, and let Q
denote the support of , i.e. the projection onto the closure of &'2.
For 2 in R define

fQ) =inf {a>0|w(xx*) <aw(z*z) for all x in M[2, +°)}
g() =sup {p=0|w(zzx*) Zbw(z*z) for all £ in M(—o0, 2]}

(these prescriptions coincide with Definition 2.3 if o is faithful).
We make the following observations :
(1) If f(A) =0 then Q<P(—o0, 2). Indeed, if xEM[4,+ ) and
yE then (y2, z2) =(yx*2,2) =0 because z*2=0. Hence Qzf
=0. Using Lemma 2.4 (1) it follows that QP[4,+ o) =0.
(ii) If g(2)>0 then Q>P(—oo, 4]. To see this, consider z in
M(—o0,2]. Clearly (1 -Q)x&EM(—o0, 2] and z*(1—-Q)2=0. Then
(1-Q)x2=0 Dbecause g(2)>0. Again using Lemma 2.4 (i) we
conclude that (1—@Q)P(—oc0,1]=0.
Now we put g=inf {2|f(2) =0} ERU {+c0}. By (i) Q<P(—oo,
¢], and Q<P(—oo, p) if f(p)=0. The assumption of strong 2-
spectral passivity implies f<g (as in Lemma 2.6). Hence by (ii)
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Q=>P(—oo, p), and Q=P(—oo, pul if f()>0. We conclude that
either Q=P(—o0, p) (f f() =0) or Q=P(—o0, p] (f f(1)>0).
If we define 4 as the direct sum of the usual modular operator
associated to the cyclic and separating vector £ of the von Neumann
algebra Q& Q on Qi and the zero-operator on (1—Q)# (as is
done e.g. in [12, p. 284]), then it is still true that 4=f(H). Notice
also that if o is not faithful (g< o) then H is bounded below (by —p).

§3. Equilibrium and 3-Passivity

If a faithful invariant state w of a W*-dynamical system is known
to be strongly 2-spectrally passive, so that 4=f(H) by Theorem 2.8,
then in order to decide whether w is ~-KMS it is of course sufficient
to check if f(1) =e¢ % for P-almost all 2 (0<B<+0).

Since the KMS condition is known to follow from complete spectral
passivity [7, Theorem 1.3], it is natural, as a first step, to study the
implications ¢f 3-spectral passivity on the properties of f. Since our
final result is obtained under the assumption that ¢(H) =R, we can
restrict our attention at once to the case where H is unbounded.
This is convenient technically because it implies 0<f, g<{+oo.

Lemma 3.1. Let f and g be as in Definition 2.3, and suppose H
is unbounded. Then the following are equivalent :

(1) o is strongly 3-spectrally passive.
(ii) For all 2, ¥ in R,
FOf) <g(242).
(i) For all 2, X' in R,
fQ+2)<g(Dg(X).

Proof. Straightforward, and left to the reader (compare with
Lemma 2.6). L

Next we wish to turn the inequalities (ii) and (iii) above into
equalities. To this end we make the assumption that ¢(H)=R,
which implies that g(2+) <f(A—) for all 2in R (Lemma 2.5 (v)). Let
D be the (finite or countable) set of those points in R where at
least one of the functions f and g is discontinuous. If none of the
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points 2, 2, A2+2 belongs to D, one has, under the assumption of
strong 3-spectral passivity (Lemma 3.1 and 2.5 (v)):
ffX) <g(A+2) <fQA+2)

and

fO+2) <gDg(X) <fQ) FA)
i.e.
(10) FOfA) =f2+2)

provided 2¢D, ¥ &D, 2+ &D.

Let E be the set of all real numbers 2 for which there exists a
number ¢(2) such that f(A+p)f() '=¢(A) for all g outside some
finite or ccuntable subset of R. Clearly E is an additive semigroup and

(D (X) =¢(A+2)

whenever 4, Y€E. Moreover the complement of E is contained in
D by (10), and ¢(2) =f(2) if 2&D. It follows easily that E=R and
that ¢ is Borel measurable (because f is). Consequently ¢(2) =e
for all 4 in R, where 8=0.

It remains to be shown that f(2) =e¢™# for all 2in R. Suppose
f(A) >e™# for some 2. Then there exists a positive number ¢ such
that e #*< f(2) whenever 2—3<pu<2, and hence e < f(p) since f
decreases. But this contradicts the fact that f(u) =¢(y) =e * for all
but at most countably many values of g The possibility that f(2) <
e ® is ruled out in a similar way. As ¢(H) =sp(a) [7] we have shown:

Theorem 3.2. If sp(a) =R, then any faithful, normal, strongly
3-spectrally passive state of (o, a) is B-KMS with respect to a for
some B, 0L B< 400, ]

Remark 3.3. After this work was finished it was pointed out to
the author by H. Danisgls that the result of Theorem 3.2 still holds if
the assumption of strong 3-spectral passivity is replaced by 3-spectral
passivity. This is seen by combining [6b, Theorem 1.23] with [7,
Theorem 3.3]. In fact one can also easily adapt the above proof to
accomodate this more general situation. It is sufficient to redefine f
and g as

J(O) =sup {[|[z*Q|? [|z2]|? |z € R(4,+ ), z+#0}
and g () =inof {||xz*Q||?||z2|| 2|z E R(—o0,2), x+#0}.
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It is still true that 2€6(H) implies g(2+)<f(2—), and exactly as
before one shows that f(A) =e¢ # for some 3. It follows that o is
KMS by [7, Theorem 1.1].

These results should be compared with the counterexample 4.9
in [7] of an n-spectrally passive state that is not (n+1)-spectrally
passive. Let us finally point out that in classical mechanics (under
suitable regularity assumptions) 2-passivity is already sufficient to
ensure equilibrium [8, Theorems 1 and 2 ; 6b, Theorem 3.19].
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