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Extending Derivations
By

C. J. K. BATTY*, A. L. CAREY**, D, E. EVANS*¥*,
and Derek W. ROBINSON**

§1. Introduction

If 7 is the action of a compact abelian group G on a C*-algebra
&/, and ¢ is a derivation on & commuting with 7, then there has
been much interest recently in the problem of deciding when ¢ is a
generator, under some conditions on the C*-dynamical system (&,
G, ) and on the restriction of the derivation to the fixed point
algebra, see e.g. [1-6, 8-10, 12]. Here we consider the problem of
deciding when a given derivation on the fixed point algebra extends
to a derivation on & which commutes with the group action. In
particular, let 2 be a *-subalgebra of &, (assumed unital), which
contains a unitary #(y) in each spectral subspace «/°(y), rE€ G, and
such that g, is a densely defined derivation on 2 N&°. Suppose that
there exists a family of traces on & which separate its centre. Then
we show that J; extends to a derivation on @ if and only if both of
the following conditions hold:

(LD u@o(u*()uly))ul(r)* —d () 1is a bounded inner deriva-
tion on . for all 7 in G.
(1.2)  @ld(u () u (12) *u (r) w (7)) w (o) *u () *u (1) w () 1=0
for any trace ¢ on &, 71, 7EG6.
Our technique is to produce a cohomological obstruction to
extending 6, and to show that this obstruction vanishes in the
circumstances of the preceding paragraph. We note further that in
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fact the extension problem for d, is equivalent to a problem on group
extensions.

§2. Preliminaries

If Gis a compact abelian group, an action = of G on a C*-
algebra &/ will be a homomorphism 7 from G into Aut (&), the group
of all *-automorphisms of &/, which is strongly continuous in the sense
that g—7(g) (x) is norm continuous for each = in /. If yEI', the
dual group of G, the spectral subspace corresponding to 7 is

(1) ={z€A 1 7(g) (2) =<1, &z, gEG}.
We write &° for the fixed point algebra. Then
L () A (1) S (nt712), L (D> = (—7).

If o is a C*-algebra, always assumed unital, Z (&) will denote
its centre and &7, its hermitian elements. A derivation on & will be
a linear map 0 defined on a dense *-subalgebra 2 of &, containing
the unit of &, into & satisfying

d(zy) =0(x)y+xd(y)
o(z*) =0(x)*, =z, yEA.

If ¢ is a trace on &, and u, v unitaries in 9, then [13]:

(2. 1) pld (uv) v¥u*]= [0 (u) u*] +¢@[d (v) v*].
Moreover
(2.2) 0 (u*) = —u*é (u) u*.

§3. Extending Derivations

Let (&, G, 7) be a C*-dynamical system where 7 is an action of
a compact abelian group G on a wunital C*-algebra «/, and 9, a
derivation on &/ with domain 2,.

Suppose that there exist unitaries #(y) in «/*(y) for each 7 in I’
such that

3.1 u(0)=1
(3.2) w(p)u(R)u(n+r)*E 20 1, REl
3.3) u(r) Qu(N*C 2, rel.



EXTENDING DERIVATIONS 121

Then
u(Pu(—nED,
and
uN*Dou(r) =u(— [uPDu(—T*Dluu(— Ju(-*
€9,
and so
u(r) 2u(N*=Do=u()*Dou(y).
Moreover
u(*=[u( = ul@)T*u(-7).
Thus
(3.4) 2 =lin{2wu(y) : r€G)

1s a G-invariant *-subalgebra of &/, and 2 NH*=2,.
Consider the following condition on the family {u(y) : yE€1}:

Hypothesis 3.1. For each y in I, there exists a self adjoint b(y)
in &° such that

(3.5 u(d(u()*zu())u(r)* —o(x) =i[b(p), z], €D,
(3.6) b(0) =0.

The following shows that this condition is essentially independent
of the choice of unitaries in the spectral subspaces. Let {v(y) : y€T'}
be another family cf unitaries in &°(y) with c(y) =u(y)v(p)*€ 9,
c(0) =1, so that v satisfies (3.1-3). Then 2=lin{2w(y) : rEl}.
(Equivalently, for each 7y in I', let v(y) be a unitary in 2 NZL*(7),
with v(0) =1).

Lemma 3.2. Let u(-) and v(-) be as above. Then Hypothesis
3.1 holds for {u(y) : y€I'} if and only if it holds for {v(y) : yEI'}.

Proof. For z€ 9, :

w () doLu (7) *xu (7) Ju (1) * —ds (x)
=c(Nv(P)dv(P*c (P *v () v () *xv (P v () *c (D v(P) Jv(n) ¥ (N *
—0y ()
=c(Mv() 86Lv(r) *c () *v () Jo(r) *2v () v () *c (1) v(7)
+o () *c (1) *o (1) Lo (7) ¥z (1) Jo () *c (1) v(7)
+o(p)*c () *v () v () *2o (7)) do[v () *c (P v(r) T v(p) *e () *
"50(17)
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=v(r)d[v(p)*xv () Jo () * —do(x) +[d(7), =]
if
d(r) =c(Nv(r)dlv(r) *c(r) *v() Jo(p)*
= —v(pdlv(N*c(M v Jv(P*c(PN*E LT,

where d(0) =0.
Under the conditions of Hypothesis 3.1, define @=0, : [?—></* by

3.7) @(TD 72) =b(71+7’2) —b(1) —'u(h)b(?’z)u(?’l)*
Fiu(r+72) 0o [u (i +72) ¥ (r) w () Ju(r) ¥u () *

for 11, el

Lemma 3.3. @(y, 1,) is self adjoint and lies in the centre Z (A7)
of &*, for all y, 1, in I.

Proof. That @(y, 1,) is self adjoint follows easily from (2.2).
Then for xE€ 2,, using (3.5):

i[9G, 125 ) =u(ri+12) 06 (u(ri+712) *2u(ri+12) ) u (i +712) * — 00 (2)
—u (1) 0o (u () *2u(ry) ) u () * +0,(x)
—u () u(r) 0o (u (1,) ¥ (r) *zu () w () ) u () *u () *
+u (1) 0w (1) *zu (1) ) u () *
—u(r1+72) 0 (u(r+1) *u(r) u(r)) uly) *ul(n) *x
+xu(n+712) 0o (u(rn+72) *u (1) w(r2)) w () *u () *
=u(n+7) 0 {[u(n+r)*u(r)u(r) ]
o Lu(r) *u(r) *zu(r) u(r,)]
s [u(r) *u(r) *u(n+r) B uln+r)*
—u (1) w(y2) Go[u (r,) *u () *xu () w (7)) Ju () *u () *
—u(r+72) %L (r+12) ¥u(r) u(r) Ju(r,) *u(r) *x
+axu(r+12) 0ol (1 +72) *¥u () u(r) Ju(r) ¥u () *
=0.

Lemma 3.4. @ is a u-twisted 2-cocycle, i.e.,
(3.8) O(ni+7s 13) 901, 12) =9(ry, 12+73) +u(r) (1 ) u(r)*
for all 1, 15 13 in I

Proof.
O(rit7e 1) +0(r, 1) =@, 124+73) —u () @1 72)u(r)*
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=b(r+71+1) —b(n+1) —u(n+r) () u(n+r)*
+iu(rn+r+r) 0wl +r+r) ¥u(rn+r) w(rs) Ju(r) ¥u(n+r) *
+b(7’1+7’2) _b(Tl) _u(Tl)b(Tz)u(Tl)*
+iu(rr+72) Gl (rn+72) ¥u(r) u (7)) Ju () *u () *
—b(n+rt7) Fo(r) Fu(r)b(n+r)u(r)*
—iu(7’1+7’2+7’3)50[u(7’1+7’2+?’3)*u(7’1)u(72+73>]u(72+73)*u (T1>*
—u(r) b(r+r) u(r)* +u(r) o(r) u(n)*
F+u(r) u(r) b () u () ¥u(y) *
—iu (1) w (e +7s) GoLu (ra+73) *u (12) w (s) Ju (1) *u (3) *u (1) *
=u(r)u() [b(rs), u()*u(r) *uly+r) Jul(n+r)*
Fiu(r+r2+7) 0olu(r 47147 ¥u (ri+72) u (1) Ju (r) *u (1 +12) *
+iu (ry+72) G Lue (1 +72) Fu () w (r2) Ju () ¥u () *
—tu (41,47 0[u(n+ra+r) *u(r)ulr+r) Ju (e +r) *u (r)*
—1u (1) w (2 +73) GoLue (12 +75) ¥u () w (1) Ju () ¥ (1) *u (1) *
=1 () u(y2) 0oLu () *u () *u (1 +72) Ju(rn+12) *
—iu () u(rs) u(rs) Ol u (73) ¥u (1) ¥u (r) *u (1 +12) u (1) |
cu(r) *u(n+r)*
Fiu(p+712+79) OoLu (i1 +rs) ¥u(ri+12) w (73) Ju (1) *u (1 +72) *
i (7 +72) GoLue (rr+72) Fu (r) w () Ju () *u () *
—iu (1412 +73) Oolu (11 +141) ¥u (r) w (o +13) Ju (1) *u (D) *
—tu (y) u (7 +713) 0oL u (12 +73) Fu (1) u (13) Ju (rs) *u (1) *u(r)*
= —tu(r)u(r) u(rs)o[u(rs)*u(ye) *u(r) *ulr +r2)u(rs) Ju(rs) *u(r +12)*
Fiu(n+r+r)0lu(n+r+r) *u(n+r)u(r) Ju(r) ¥u(n+r)*
—iu(r1+7+7) 0 {lu (n+r+r)*u () u(+7r) ]
« Lu(ratrs) *w () w (73) 1w () ¥u () ¥ (1) *
=iu(p+7.+7) Solu(rn+r+r) *uln+r) u(rs) Ju () *¥u (n+r) *
—tu(r+r+r) 0 {lu(ntrt+r)*u()u@)u(s)]

o [u(ys) *u (1) ¥u () *u(n +r)ulr) M ul(r) *u(n+r)*
=0.

Lemma 3.5. Suppose

(3.9 O(n, 172) =2z(n+r) —2z(r) —u(r)z(r)ulr)*, 715 nel’

for some self adjoint family {=(y) : y€[} in Z (7)), with z(0) =0.
Let by(7) =b(r) —2(7), y&I'. Then

(3.10)  d(zu(p) =dq(x)u(y) —izb(Nu(y), 1€, 2E D,

defines a derivation § on @ which commutes with G, and extends d,.
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Proof. The map b, : I'—} satisfies
(3.11)  u () do(u(p)*xu(r))u(y)* —o(x) =i[b(r), x], 2E D,

(3.12)  bo(r1+712) =bo(11) +u (1) by (rpu(r)*
—tu(r+72) 0lu(r+72) ¥u(r) ul(ye) Julr) *u(r) *
(8.13) b, (0) =0.
Define 6 by (3.10). Now by (3.12):
(3.14) 0=bo() +u(bo (= u(* —id(u () u(—r))u(—r) *u()*.
Then for z€9,, rel:
olzu(p) I*=0[(u()*z*u(—)*)u(—1]
=0[u () *x*u (=) *Ju( —7) —iu(p)*z*u(—7)*b(—)u(—7)
=0, (u () *x*u(—7)*)u(—7)
—iu(p)*z*u (=) *[—u () *b () u(y)
+iu () *0 (u () u(—r))u( = *lu(—7)
=u(p)*op(z*u( =) *u()*)u(r)u( —7)
+iu(r) *bo(r) 2* —iu () *z*u( =) *u () *b (D u (P u( —7)
+iu(p) *z*u (=) *u(r)*b(Nu(r)u(—7)
Fu(p)*z*u( =) *u(r)*o(u(Pul—7r))
=u(y)*0o(x*) +1u(y) *by () z*
=[0(zu(r))1*
Hence 0 is a *-map. To show that ¢ is a derivation, consider
Zy, BE Do, 1y REL:
0 (zyu (1) 2,u (12) ) —0(xu () ) 2u(r,) —2u(r1) 0 (x2u(y,))
=0(xu(r) Tu(r) u(n+tr)*u(n+r)) —0(@u(n)) xu(r.)
— 21 (71) 0 (x2,u (1))
=020 (1) Zu () u(n+r) *1u(n+r)
—izyu (1) 2o (1) u (+72) *0e (1) w (1 +72)
=0 () u (11) 251 (72) 12160 (11) w (r1) 2% (72)
— 0 (1) 0 (25) u (72) +izyu (71) 200 (72) u (172)
=z {0 [u () 2w () w (n+12) *Tu(n+72)
—iu (1) 2w (1) u (1 +72) *bo () u (n+72)
— 12 (70) 2w (72) w (1 +72) *u (71) bo (r2) w Gr) *u (+72)
—u (71) 22u (12) 80 (u (1 +72) ¥ () w(72) ) w () *u (1) *u (1 +72)
by (r1) u (71) 2w (15) —u (71) 00 (22) 4 (72)
+iu () 200 (1) u (12) }
=z {0 [u () zu () u (n+r) *Ju(n+712)
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+i[bo(11), u(r)zu () u(n+r) *lu(n+r)
Fiu () 2000 (72) s v () u (i +72) *u () Ju ) *u (11 +72)
—u (1) 21 (72) 0o Lue (1 +12) Fue (1) w () Jue () *ue (1) ¥ (11 +12)
—u ()0 (x,) u(r)}
=2 {0 [u (1) 2y (1) w (r+72) * 1w (i +72)
+u (1) G Lo () w (r+12) *u () Ju () *u (i +12)
—0o[u (1) xu () u(n+12) *Ju (i +12)
+u (1) 2w (12) O L w (ry +72) ¥ () w (1) Ju (1) *u (1) *u (1)
—u (1) 20 [u () u (1 +72) % () Ju () *u (1 +712)
—u (1) 2% (72) Go [w (1 +72) * e (r) w (72) Ju () *u () *u (1 +72)
—u (1) 0 (x2) u (1) }
=0.

The following lemma shows that at least all symmetric @ which
we have considered can be decomposed.

Lemma 3.6. Let D be a divisible abelian group and @: I' x '—D
a symmetric 2-cocycle, 1. e.,

(8.15) O(ni+7e 1) +0(, 1) =P, 12+72) +P (1 13), 1:EL.

(3.16) D (1, 0)=0=0(0, 1), ne&rl.

(3.17) P(r72) =P 15 11 REL.

Then there exists 2 : I'—-D such that

(3.18) (i, 1) =2(n+71) —2(r) —2()> 1, RETL
(3.19) z(0) =0.

Proof. Define a new group I'={(7, b): yEI", bE D} with addition

(i, b1) + (72 b,) = (r1+72 bl‘l‘bz‘l‘@(ﬁa 72)).

and inverse: — (73, b)) =(—71, —b,—@(r, —711)). Then I is abelian
because @ is symmetric.

Now [7] if K is a subgroup of a (discrete) abelian group H,
then any homomorphism of K into a divisible abelian group D,
extends to H. Taking H=I, K=D, this means that there exists a
homomorphism 7 : I"—D extending the identity map from D into D.
Taking 2(7) = —7(y, 0), we have the result.
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Remark 3.7. In order to measure the obstruction to @ (defined
by (3.7)) being a coboundary, it will be useful to look at

@ {00 Lae () *ue (72) *u () w (72) Ju () *u () *u (r2) w (1)}

if ¢ is a trace on &. It is useful to note that this expression does
not depend on the choice of family {u(y) : y€I'}. Thus let {u(y):
7€'} be a family of unitaries satisfying (3. 1-3), such that Hypothesis
3.1 holds. Let v(y) be another family of unitaries in 2 N&*(y). Then
if d(7)=v(N*u(y) € D,:

u(r) *u () *u (r) u(7z)
=d () *[v(r)*d (1) *v () 1o () ¥v (1) *v (1) v (12) ]
s [vG)*d () v () 1d(1s) .

Hence by (2.1),

@90 (2 (1) *u (o) *u () v (72) D we (72) *u () *u () w (1)

=[0:,(d(r)*)d (1) 1+ ¢[0 (v (1) *d (72) *v (1) ) v (1) *d (1) v (1)) ]
+ [0 (v () *v (1) *v (1) v (1) ) v (1) *v (1) *v (1) v (1) ]
+0[0 (v (1) *d (1) v (12) ) v (1) *d (1) *v (12) ]
+o[0(d(12)) d (1) *]

=[0o(d () *)d(r) 1+ e[v(7) ¥ (d (1) *) v (1) v () *d (1) v (1) ]
+ofv(r)*ile(r), dr)*lv(r) v () *d () v ()}
+ [0 (v (1) ¥v (72) *v (1) v (12) ) v (1) *v (1) *v (1) v (71) ]
+o[v(1,)*0(d (1)) v (1) v (1) *d (1) *v (12) ]
+olv(r)*ile(r), ) 1v(r) v () *d (1) *v (7)) ]
+o[0:(d (7)) d (1) *]

= [ (v () *v (1) *v (r) v (12) ) v (72) *v (1) *v () v (71) ]

where we have used
G (v() *zv(r)) —v (1) *0 (2) v (y) =v () *ile(r), x]v(y)

for xr€ 2, and some family e(y) in ;.

Theorem 3.8. Let t be an action of a compact abelian group on
a C*-algebra o, 0, be a derivation on ¢ with domain 2, and
suppose that there exists a family {u(y): yE€I'} of unitaries in 7 (y)
satisfying (3.1-3). Suppose that

(8.20) there exists a family of traces on o, which separates % (7).
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Then ¢, extends to a derivation on
2 =lin{9wu(y) : r€I'}
which commutes with G, if and only if both the following hold :

(8.21) There exists a family {b(y) : yEI'} of self adjoint elements
of &% such that

u (1) 00 (u () *zu (7)) u(p)* =0 (x) =i[b(7), z]
for all x in 9, rEI.

(8.22)  ol0(u (1) *u(12) *u () u(ry) ) u (1) ¥ (1) ¥u(r) uw () 1 =0
for any trace ¢ on L, r,1,E1.

If 0, is closable, then so is 0.

Proof. We claim that Z (&%) CZ (&) (cf.[2]). Let u be any
unitary in &/°(y) for some 7 in I'. Then uzu*EZ (&%) for any
2EZ (L), If ¢ is a trace on &/, then ¢(z) =¢(uzu*) and so by
(3.20), z=uzu*, and hence €% ().

We now prove necessity of conditions (3.21) and (8.22). If o
extends dy, then for x€9,, r&I":

u (1) 0o (u (7) *z2u (1) ) u (7) * =0, ()
=u(r) [0(u () ®) xu(y) +u(r)*o(x) u(r) +uly)*xo (u(y)) Ju(r)*
—0y ()
=[—du()un*, x]

noting that by (2.2)

O(u()*) = —u(@)*o(u(r))u@)*

and that d(u(y))u(p)*EL° if 6 commutes with 7. If ¢ is any trace
on «/, then by (2.1), u—¢[d(u)u*] is a homomorphism on the unitary
part of 2. Hence (3.22) holds. Conversely, suppose (3.21) and
(3.22) hold. Define @ by 3.7. Then u() P2 1) 4 (7)*=P (12 13)»
1€, because D(r, 1) EZ (L) CZ (&) by Lemma 3.3 and the
above remark. Let ¢ be any trace on &. Then

o (@1, 1)) =0 (b (r+72)) —0(b (7)) —elu(r) b () ulr)*]
— 1oL u(r1+72) 0o (u (71 +72) ¥ () u (1) ) e () ¥ () *
=0(b(n+r)) —e®()) —e (1))
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=1 {06 [ (1 +72) *u (1) u (1) w () *u (72) *u (1) u (72) |
= u(712) *u () *u () w (1) w () *u (1) *u (1 +72) }
=0(b(n+1)) —e(bG)) —e (1)
=18 (u (11 +12) *u (1) w (7)) w (1) *u (1) *u (11 +12) 1
— 1[0 (2 (o) *u () *u (r) w (72) ) u () Fu (r) *u (1) u (7)1
=0(b(r+7)) =0 (1)) —¢(b(1,))
=100 (w (ry+72) *u (1) w (1) ) w (1) *u (1) *u (n +12)
=¢(P(r2 11))
where we have used (2.1) and (8.22). But @(pn, 1) EZ (L), by
Lemma 3. 3. Hence @(7y, 72) =9@(73 71) by (3.21). Then by Lemma
3.4 and Lemma 3.6 with 2 =%(%%),, there exists a map 2 :/[—
Z (%) such that 2(0) =0and @(7, 1) =2(n+712) —2() —2(72). Thus
by Lemma 3.5, § extends to a derivation on £ commuting with .
The final remark is clear by uniqueness of Fourier decompositions.

Remark 3.9. The hypotheses ¢f Theorem 3. 8 eliminate the “twist”
from @. Here we explain why this is necessary. The existence of
the family of unitaries {u(y): 7€} leads to an action 7:[ +——
Aut (Z (%)) where

7(1) (B) =u(bu()*, bEX (H7), rEL,
The u-twisted 2-cocycle @ defines a group

Lo={(, b) 1 7€', beZ (L))}
by
(r, O+, B) =G +7, @05 1) +2() (6) +8)

and hence @ determines an element {» of the second cohomology
group HZ(I', % (o£7),) where we use the notation of [11]. Then
(3.9) is equivalent to p being zero. Thus a necessary and sufficient
condition for (3.9) to hold is that the exact sequence
(3.23) 0% (L7, Ty —-0

split (see [11] again). Unfortunately simple criteria for @, as defined
by (8.7), to define a sequence (8.23) which splits do not appear to
exist except when 7 is trivial where we have the necessary and

sufficient condition that @ be symmetric.

Note that H*(I', Z («£7),)=(0) if ['=2Z.
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§4. An Example

Let G=T% I'=2Z% TFor n=(my, n), 17,=(m, n,)EIl, define
[r, 7.]=mun,—myn, and w(n, 1) EC[0, 1] by w(y, 1) (2) =exp it
[Tla 7’2]/2}: tE[O, 1]' Then H{l{w(h, TZ) . TzEF} :C[O, 1], and
(4.1) o1, 1200 +712 73) =0, 12100 73)

for 71, 72 72 in I'. Let K denote the Hilbert space 2(I', L? [0, 1]),
and define unitaries {W(y) : 7€'} on K by
W) ) (r) =o(ry, 1) f(i+71)

for f€K, 7, oI, and where we let C[0, 1] act on L*[0, 1] by
pointwise multiplication. Then by (4.1)
(4.2) W) W(r) =o(r, 172 Win+r.)

for 7, €I, and where we let C[0, 1] act on K through its action
on L2 [0, 1] alone.

Let & denote the C*-algebra generated by {W(y) : y€I'}. Then
by (4.2), #>C[0, 1], and
& =lin {C[0, 11W(y) : yET}.

Define a strongly continuous unitary representation U of G on K by

(UH ) =< &7
fE€K, g€G, y&I'. Then

U W) Uz =<1, &>W(1)
for g€G, yeI'. Hence

7, =Ad(Up,) |4

defines a strongly continuous action of G on & such that W(y) €27 (y)
for each 7y in I'. It is clear from (4.2) that C[0, 1]S°, and in
fact it is easy to see using Pzg 7(g)dg that «/*=CJ[0, 1].
G

Let 2,=C'[0, 1], and 0, denote differentiation on Z,. Then W
satisfies conditions (3.1-3.3). In fact, note that W(7) commutes with
C[0, 1] so that in this case

Cl0, 1l="=Z (&) =Z ().

If ¢ is any state on &%, @oP is a trace on &/, so that (3.22) holds.
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Moreover
W@ o(W)* () W) W(p)* —d,(+) =0
so that one can take &(y) =0. However, if 11, 1,1, and

W=W(@)*W(r)*W(r) W(r) =01, r)e(r, 72)

then W is the function t€[0, 1]—exp(@t[r, 7.1), so that & (W*) W=
i[r, 7.] and (3.22) cannot possibly hold.
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