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A Note on a Theorem of A. Connes on
Radon-Nikodym Cocycles

By

Tetsuya MASUDA*

Abstract

We give an alternative proof of a theorem of A. Connes that every unitary cocycle
(relative to a modular automorphism of a weight ¢,) is a Radon-Nikodym unitary cocycle
(D¢ : Dgyo); for some faithful normal semifinite weight ¢.

§1. Statement of Theorem

We prove the following theorem of A. Connes ([3], Theorem
1.2.4) by a method different from his method.

Theorem. Let ¢, be a faithful normal semifinite weight on a von
Neumann algebra M. Let {u}:cr be a strongly continuous one param-
eter family of unitaries in M satisfying the cocycle condition with
respect to the modular automorphism group {ofo},a associated with
the weight ¢, i.e.

9
(1.1 U =uo,(uy), s, tER.
Then there exists a unique faithful normal semifinite weight ¢ on M
satisfying
(1. 2) (D¢ : Doo)i=u,, tER.

In the construction of L,-spaces ([2], [6]), a generalized version
of this theorem for not necessarily unitary # and not necessarily faithful
weight ¢ plays an important role and is obtained from this theorem,

see Appendix of [2] (see also [4]). The construction of L,-spaces
in [2] and [6] is carried out directly on the relevant von Neumann
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algebra (in contrast to the construction of the same L,-spaces using
the crossed product of the relevant von Neumann algebra by the
modular automorphism group [5]) except for the above theorem,
for which the original proof by A. Connes utilizes the tensor product
of the relevant von Neumann algebra with a type I factor, a pro-
cedure closely related to the crossed product by modular action
through Takesaki duality [8]. This has been a motivation for looking
for the present alternative proof.

Throughout the paper, we use the standard notion of the Tomita-
Takesaki theory (for example, see [7]) and relative modular operators
(for example, see [1]).
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§2. Proof of the Theorem

We prove the theorem in several steps. We introduce a g-weakly
continuous one parameter group cf isometric linear transformations
{ai}icr and automorphisms {8}:cx as follows:

2.1 a,(z) =u,0(z),
(2.2) Bi(z) =uol(z)ul, xEM, tER.

By the equality a,(z)*a;(x) =af’°(x*x), TEM, tER, a; leaves Ny

invariant.

Lemma 2.1. There exists a positive self-adjoint operator T on
Hy, satisfying

2.3) w=Ti45,
(2.4> T”%éo(x) =77¢0(at(x)), xEN¢0, tER.
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Proof. Let T(t) be a strongly continuous one parameter family
of unitaries on Hy defined by

(2.5) T(t) :u,A';;O, tER.

By the cocycle condition (1.1), {T'(#)}icr is a group. Hence there
exists a self-adjoint operator 7 such that 7'(¢) =T by Stone’s theo-
rem and (2.3) follows. The formula (2.4) follows from (2.1) and
(2.5). Q. E. D.

We denote by f\7¢0 the set of all entire analytic elements of Ny,
with respect to {a:}icr. We also denote by M, the set of all entire
analytic elements of Ng NNs with respect to the modular action
{a?“}tex. We denote by N'%N;‘O the set of all C-linear combinations
of the elements zy*, z, yEN¢O. By (2. 1),

(2.6) & (@) *au (y) =07 (z*)
and hence, NZON¢OCM¢O.
Now, we define a mapping 7 : N¢ON;‘0—>H¢O by

2.7 V](g:lxky,j‘) =k§1 25, T4, (90),
where z;, ENy, k=1, -, n.

Lemma 2.2. The formula (2.7) gives a well-defined injective
linear mapping 7 from N%N;‘O to Hy, with a dense range.

Proof. If we show that 7 is well-defined, then the linearity of 7
follows. Suppose kZ_.'l zyyr =0, x4, ykEN%, k=1, ---, n. Then

2.8 I 5 @elag T2, (o) |

=31 3 @iy, T4, (30), @il T4, ()
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where we used J¢0xJ¢077¢0(y) =yJs.04,(x) > 2, yE Ny for the third equal-
ity, N;ON%CM% for the fourth equality and the analytic continua-
tion of a,(2)a*(y) =a(xy), 2EN,, yEM, (¢t —> —i/2) for the
fifth equality. The density of the range follows from T, (y) =
g, (@—ir2(3)) a_,-,Z(N%) =N¢O, the density of %O(N%) in Hy, Jéozl and
the strong density of Ny in M (so that we may take n=1 and ap-
proximate 1 by z,).

Next, we show that 7 is injective. Suppose v(Z zyi) =0, Zi, yr
EN’% By the same calculation as (2.8), we obtaln 0—(7](2 ZiYe)s
n(xy*)) = ( T”sto([Z ziyi 1*x), T”Z%O(y)) for any Jc,stMs0 The
density of T1/27}¢0(N¢) implies T1/27;¢0([Z zyy¥]*x) =0. Because T is
nonsingular and ¢, is faithful, [Z xkyk]*x 0. By taking limit z—1,
we obtain Z xyyr =0. Thus the injectivity of % follows. Q.E.D.

Now, we set %Ozn(ﬁ¢01\~7;‘0) with the following algebraic operations
7(x) () =n(xy), n(x) =n(z*), 4(2)7(x) =7(f-::(2)), 2EC (note that
by(2.1) and (2.2), a;(x)a;(y)*=pB(xy*) and hence the elements
of N¢0N¢ are entire alalytic with respect to the automorphism group
{8t} e and N¢0N¢ is B-invariant due to the a-invariance of N¢O)

Lemma 2. 3.
(1) The mapping 2EC +——> 4(2)& is analytic for §EY,.
(2) (A(z>51; &) = (5, 4(8)§), &, &EYU, zEC.
(3) A1)y, &) = (Eg, %{)) &, &€,

Proof. (1) Let x, yEN¢0. Then

(2.9) A(2)n(xy*) =n(f-u(zy*)) =n(a_. (), (y)*)
=a_, (x) J¢0T(1/2)_27]¢o (y) .

Hence we obtain the analyticity of the mapping z —— 4(2)§, £€E¥U,.
(2) First, we show the unitarity of 4(it), tER. Let xy, ykEN¢O,
k=1, 2. Then
(2.10) 4Gty p(zyi), 43@t)n(x.y3))
= (e, () o, (yD) *), nlai(x) a;(y2)*))
= (a,(zy) J¢0T(1/2)+it77¢0 (yy), a,t(xZ)J¢OT(1/2)+it”¢O(y2))
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= (2,455, T Ty (1) 5 22457 T T* T 14 (32))

= (@ ut T4 (31) 5 220 TV 7 (32))

= (Jy 21Ty 01 g T 15, (31) 5 T w25 205, TV 04, (32))

= (xJ, % TW%O (y1)5 xJ, N T1/27]¢0 (32))

= (p(zwi), 7(2p7)).
By the density of the range and domain of 4(z), 4(it) is unitary.
Hence, we obtain (4(it) &, &) =(§, 4(—it)&,), &, §EU, due to the
group property of {4(2)}.cc. By the analyticity of two functions
z+—> (4(2)&, &) and 2 —— (&, 4(2)&,), (see (1)), we obtain (2),

(3) Let xy, ykEN¢0, k=1, 2. Then

(2.11) A n(xwi), n(xey5))

=(41/2)4(1/2)n(xwyi), 7(x2y5))

= (4(1/2)n(zwi), 4(1/2)n(x5))

= (a-ip(z1) J¢077¢0 (1) a-ipp(z) J¢077¢0(yz))

= (J¢0y1~7¢0%0 (a—ipp (1)), J¢0sz¢07]¢0(a—i/2 (22)))

= (y2J¢0 T1/27]¢0 (25), le¢o Tl/z’?;ﬁo (z1))

= ((25), 7(0x1)),
where we used (2) with 2=1/2 for the second equality, and (2.9)
for the third equality. Hence we obtain (3). Q.E.D.

Lemma 2.4, Equipped with the above structure, Ay is a left Hil-
bert algebra with its left von Neumann algebra M.

Proof. 1t is easy to see that n(x)=0 implies n(zy) =0, 7(yz) =0
and 7(z*) =0 due to the injectivity of » in Lemma 2.2, (§7, {) =
(9, §C) for &, 7, {EW,, the boundedness of the left multiplication
Uy — &nEWU, €YU, the density of U, in Yy (which follows from
the o-weak density cf N¢0 in M). Now, we prove the preclosedness
of £—— & We define &€ — & by 7(z)’ =7(B_;(z*)). Let zs,
61\7%, k=1, 2. Then,

(2.12) ((xyf)"s n(x2y3)) = A(D)p(nxi), n(x:y5))
= (), n(xwyi)) = (@y3)*, n(xyi)),
where we used Lemma 2.3 (3) for the second equality. This shows

the preclosedness of & —— &%
By the o-weak density of N% im M, % 1s a o-weakly dense
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*-subalgebra of M through the left multiplication, hence the corres-
ponding left von Neumann algebra is M. Q.E.D.

Now, we obtain a faithful normal semifinite weight ¢ on M given
by the achieved left Hilbert algebra %, given by the left Hilbert
algebra %, obtained above. By the construction, {8;}:cz is the mod-
ular automorphism group of the weight ¢.

Proof of the Theorem. By the construction of the mapping 7
given by (2.7),
(2.13) 76 (xy*) =1(@, o)y, T 14 (3),
where z, yEN¢0 and I($, @) is the unitary operator identifying the

standard representation spaces H; ——> H;. Hence we obtain,

(2.14) 16 (xy*¥) =Ty TV (), z, yEN,,
It follows that N;“OCNg; and
(2. 15) A2 95, (9) =TY2n4 (), yE Ny,

By construction, 7}¢0(N¢o) is a core for T%% we obtain 4§j DT

Since both sides are self-adjoint, we obtain 435 =T"? and hence we

Obtain Uy = TitA;Oit :-Ag¢od¢70it = (D¢ . D¢0) te Q- E. D.
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