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On the I(G)-adic Topology of
the Burnside Ring of Compact Lie Groups

By

Norihiko MINAMI*

Introduction

Let G be a compact Lie group and let A(G) denote tom Dieck’s
Burnside ring [2], [3, 5.5]. As a set, A(G) consists of equivalence
classes of compact G-ENR’s, and as a module, 4(G) is a free abelian
group with basis {G/H}, where H runs over @(G): the set of con-
jugacy classes (H) such that NH/H is finite. Here (H) denotes the
conjugacy class of H in G and NH the normalizer of H.

In [3, 5.12] tom Dieck defined homomorphisms between A4(G) and
A(H);

Res§ : A(G) — A(H)
Ind§, : A(H)— A(G)

where Res$ is 7% and Ind$ is €% in tom Dieck’s notation. Now let e
be the trivial subgroup of G. Then

Resé 1 A(G)—> A(e) =Z (=the ring of integers)

defines the augmentation ideal I(G) as its kernel.

In this paper we shall study the /(G)-adic topology of 4(G). For
this purpose we make use of the particular subgroups of G. Let T
be a maximal torus of G. Since the Weyl group NT/T is finite,
we choose a p-Sylow subgroup F, of NT/T for each prime p dividing
the order of NT/T. We set N,=x"'(F,) where = : NT->NT/T
denotes the canonical projection.

In Section 1 we show that the /(V,)-adic topology is the same as

Communicated by N. Shimada, December 22, 1982.

* Research Institute for Mathematical Sciences, Kyoto University, Kyoto 606, Japan.
Current address : Department of Mathematics, Faculty of Science, Hiroshima University,
Hiroshima 730, Japan.



448 NORIHIKO MINAMI

its p-adic topology. In Section 2 we show that
Indffp 1 A(N,)— AG)

is continuous. In Section 3 we explicitly determine the structure of
A(G)" : the I(G)-adic completion of 4(G).

Recently G. Carlsson solved the Segal conjecture for a finite
group whose weak form asserts that A(G)” is canonically isomorphic
to 7(BG,): the 0-th stable cohomotopy of the classifying space of
G [1]. Therefore one naturally wonders if the Segal conjecture could
be generalized to the case of compact Lie groups. We show however
in Corollary 3.6 that if the action of the Weyl group on the maximal
torus is non-trivial then the generalization of the Segal conjecture
does not hold. Therefore the /(G)-adic topology is not appropriate
when one considers such a problem.

Quite recently, G. Nishida developed a good device to handle
nf (BG.) [7]. Along his line one may solve the Segal conjecture
affirmatively, in the case of a central extention of a finite group by
a torus (this is exactly the case when the action of the Weyl group
on the maximal torus is trivial!). Note that this is the same as
saying that A(G) is Noetherian [2, Proposition 10] [3, 5.10.8].

The author wishes to express his gratitude to Professor Nobuo
Shimada for his heartful encouragement and he also thanks to Pro-
fessors Goro Nishida and Akira Kono for many valuable and heartful

suggestions.

§1. I(N,)-adic Topology of I(N,)

The purpose of this section is to prove the following

Proposition 1.1. If G is an extension of a finite p-group by a torus,
then the I(G)-adic topology of I(G) is the same as its p-adic topology.

First we recall some results of tom Dieck. With a suitable
topology @(G) becomes a countable, totally disconnected, compact
Hausdorff space [3, 5.6.1]. Let C(@(G), Z) denote the ring of
continuous functions of @(G) to Z. For the conjugacy class (H) of
a closed subgroup H of G there is a ring homomorphism

du: AG)—> Z
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which assigns an integer x(X#) to a compact G-ENR X where X¥
denotes the H-stationary subspace of X and y the Euler number.
Then we have the well defined ring homomorphism

61 A(G)—> C($(G), Z)
such that
6 (X) : (H)— ¢y(X).

tom Dieck [3, 5.8.5] characterized this correspondence, generalizing
the result of A. Dress [5, 1.3] as follows.

Theorem A. The ring homomorphism
¢ : A(G)— C(P(G), Z)

is an embedding and z=C(P(G), Z) is contained in PA(G) if and only
if for all (H) €e®(G)

S n(H, K)z(K)=0mod |[NH/H|

where the suinmation is taken over the NH-conjugacy classes (K) such
that K>H and K/H is cyclic, and n(H, K) are the integers defined in
[3, 5.8.4].

Moreover tom Dieck provides us the finiteness property of the
Burnside ring [3, 5.9.9], though it is not Noetherian in general [2,
Proposition 10], [3, 5.10.8].

Theorem B. There exists an integer b such that for each closed
subgroup H of G the index |(NH/H):(NH/H),| is less than b. Here
(NH/H), denotes the identity component of NH/H.

Lemma 1.2. Let G be as in Proposition 1.1. Then for any closed
subgroup H we have

$n=y mod p
as homomorphisms of A(G) to Z.

Proof. Let T be a maximal torus of G. For a compact G-ENR
X, we have

§(X) = 7(X7) = (XY RAHT) = (X*'7) mod p
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and
X(XHI"T) :x( (XHﬂT) T/HﬂT) =X(XT) :x(X)

where the latter half follows from the fact that T/HNT and T are
tori.

Proposition 1.3. Let G be as in Proposition 1.1. Then for any
closed subgroup H of G the index |NH/H : (NH/H),| is a power of p.

T

Proof. Let 1 T G F 1 be the exact sequence.
Then we find immediately that

|NH/H : (NH/H),j=|NHNT/HNT : (NHNT/HNT),|
X |z(NH) |/|x(H) |.
Since NHNT/HNT=(T/HNT)"¥, it suffices to show that the index

[(T/HNT)™® : (T/HNT)™),! is a power of p.
Now recall the canonical isomorphism [8, 1.5.6]

Hz(H), T/HNT)=(T/HNT)™®/( EZMH)G)T/HD T.

Note that the left hand side cohomology is the Tate cohomology [8,
1.4.7]. Since ( X o)T/HNT is connected and H(z(H), T/HNT)

ocen(H)
is |z(H)|-torsion [8, 3.1.6], we have

( 2 T/HNT={T/HNTY"™®),

cen(H)

and consequentely (T/HNT)*®/((T/HNT)*™), is a finite p-group
as desired.

Proof of Progposition 1.1. We have to show that for each natural
number m there are natural numbers n;, 7, such that

(1) PU(G) cI(G)™,
(i)  I(G?cpmI(G).

For the relation (i) we show |NT/T|-I(G)"CI(G)"'. Let x be
an element of I(G)". Then we have

|NT/T |x=(|NT/T|—G/T)x+G/T-x
=(NT/T|—G)T) +x+1Ind$ ResSx
=(|NT/T|—G/T) -x<I(G)-I(G)"=I1(G)"*,
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We turn to the relation (ii). For any compact G-ENR X, we
have
¢ (X —72(X)) = (¢x—x) (X) =0 mod p
by Lemma 1.2, So we find
SI(G) CpC(@(G), 2) N {feC(@(G), 2)|f(T)=0}.
As ¢ is a ring homomorphism,
d(L(G)" Cp*C(P(G), Z) N {feC(D(G), Z)|f(T)=0}.
On the other hand, by Theorem A, Theorem B and Proposition
1.3 there is a natural number s such that
pCOG), 2) N {feC@G), 2)|f(T) =0} Col(G).
Consequently we have
¢ (L(GHY™) Cp™C(P(G), Z) N {feC(D(G), 2)|f(T) =0}
Cpmel(G) =g (p"1(G)).

Since ¢ is injective, we have proved the relation (ii).

§2. Continuity of Indj,

Let G be a compact Lie group and let H and K be arbitrary
closed subgroups of G. Consider G/H XG/K as a compact G-ENR.
Then we have the decomposition

G/HxG/K=U (G/HXG/K)

(&N HE)

into the subspaces of an orbit type. Let (G/HXG/K)
inverse image in (G/H XG/K)
(G/HXG/K) ;1o
Then we have a decomposition

G/HXG/K=}n

(K0 HE).b be the
wone, ©f @ connected component of

/G. So the index b distinguishes the components.

G/KNH®

(KNHE).b

in 4(G).
Now again tom Dieck provides us the double coset formula for
the Burnside ring [3, 5.12.13].

Theorem C. With the above notations, we have

Resg Ind§=%n . o Ind% . Res®  C

KnHE KnHE '€
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where C, is the conjugation by g.

We apply the double coset formula to the case of H=N, and
K=N, where p and ¢ are distinct.

Proposition 2.1. Ifihe N,~conjugacy class of N,N N% belongs to ®(N,),
then N,NN§=T4=T.

Proof. First we show that N,N\N§ is always abelian. Let m:
N,——F, and m;: N5——F% denote the canonical projections. Then
from the exact sequences

l—T —N—F,—1
T NE—2 o ]

we get the following ones :

™

1—TNN§ —N,N N6——m (N, N§) —1 ceel(®)
1——T¢ N N,—>NE N N,——m,(Ns\ N,) —1.
Since (|m(N,NN%)|, |7, (NsNN,)|)=1, we easily find that the fol-
lowing sequences are also exact.

1T A TN, Ne—2 2z (N, 1\ N§) X 1, (N, () N§) —>1
coel(1)

l— T AT—N,N T —m, (N, | N§) —1 e

1—T N T——T N N§ —m,(N,NN§) —1 ... (iiD)

The extensions (ii) and (iii) are central because N,N7¢ and
TNN¢ are abelian. Therefore the extension (i) is also central.
Let a be the element in

H?(z, (N, N§) x (N, N\ N%), TNTe)

which corresponds to the central extension (i). Let i; (=1, 2)
denote the canonical inclusion

ij  w;(NyN N§) ——m (N, N N%) X7 (N, N NF) g=1, 2
and let p; (j=1, 2) denote the canonical projection
p; : m(N,NN§) X7, (N, N§) —=;(N,N\ N§) (=1, 2).
Then we find immediately that

(@ i) a= G X15) (plifa+piifa)
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holds in
H*(z (N, N%), TNT?) @H*(m,(N,NN§), TNT*).
As
i¥ Xif 1 H*(m(N,N N§) xmy(N,NN%), TNT?)
—H*(m,(N,NN%), TNT?) DH*(7,(N,NN%), TNT*
is an isomorphism, we get
a=ptita+tpiia.

Now pfifa corresponds to the extension

1—TNT*——N,NTEX7(N,N N§) ——m, (N, N\ N§) X7, (N, N§) —1
and pjifa corresponds to the extension

1 —TNTt——n (N,NN§) X T N N§——n,(N,N N Xm(N,NN§)——1.

Therefore pfifa and pyifa correspond to the extensions which yield
abelian groups by the exact sequences (i1) and (iii). Hence so does
a by the definition of the Baer multiplication [8, 5.1]. Therefore
N,N N§ is abelian.

Now we proceed further. If 7,(N,NN§) is trivial, N,NN§ is
contained in 7% Then the assertion follows immediately. Therefore
we suppose that 7,(N,N N%) is non-trivial.

Since N,NN§ is abelian, we can set

N,NN§=CODF,
where C is a closed subgroup of N,NN¢§ such that
(p, 1C: G =1

and F is a non trivial finite p-subgroup of N,N MNi.

Then we find that N,NN§/C is a non-trivial p-subgroup of
Ny C/C. By Proposition 1.3 we have (C)&®(N,). It follows that
(T/cnT)"™™? is infinite by an easy argument [4], [3, 5.10.6].
Now consider the following fiber bundle of which the projection

is m (N,N N%) —equivariant.
N.NNNT/CNT—>T/CNT—>T/N,NN§NT

Since the fibre N,NN¢NT/CNT=F, is finite,
T, (N ,NN%)

b

(T/N,AN;NT)

is infinite too. Therefore we get



454 NORIHIKO MINAMI

(N,NN§) €D (N,)

and this proves Proposition 2.1.

As a corollary of the double coset formula we have the following.

Corollary 2.2. Res,%q In gﬁ : I(N,)

and q are distinct.

>[I (N,) is a zero map when p

Proposition 2.3. Indf,p(] F,|"[(N,)) C I(G)"Indz?,pl(Np).

Proof. We shall prove by induction on n. The case n=0 is
trivial. Suppose that the case n—1 is proved. Let y be an element
of Indﬁp(lei"I(Np)). We can set y=|F,|x where x belongs to

I(G)*!Indg,(I(N,)) by the inductive step.
Since the G.C.D. of {| (NT/T)/F,|} .+ is | F,|, there are integers
{n,} 4+, such that

| Fy| = 2wy | (NT/T) /F,|.
Hence it suffices to show that | (NT/T)/F,lx (q+#p) belongs to
1(G)"Ind§; I(N,).
Now we have the equality
| (NT/T)/F,|x=(x(G/NT)x(NT/N,) —G/Nq)x-}—lndf,qResﬁqx
=(x(G/N,) —G/Nq)x—i—lndﬁqResgqx.
Since Resy x=0 by Corollary 2.2, we get
| (NT/T)/F,|x=(x(G/N;) =G/Nx
LG I(G)"Undy I (Ny) =1(G)"Indi I(N))

as required.

>A(G) is continuous. Hence it

Theorem 2.4. Indﬁp D A(N,)
induces fndf\;,P T ANHA >A(G)N.

Proof. This easily follows from Proposition 1.1 and Proposition
2.3.

Remark. Res§ : A(G)——A(H) is always continuous because Res%



BURNSIDE RING OF CoMPACT LIE GROUPS 455

is a ring homomorphism which preserves the augmentations. There-
fore it induces ResS : A(G) ——A(H) .

§3. The Structure of A(G)"

Since the G.C.D. of {| (NT/T)/F,|}, is 1, there are integers
{m,}, such that }m,|(NT/T)/F,|=1.
?

Now define the homomorphisms
Ind : @A(N) "——A(G)"
?
Res: A(G)'——@A(N)"
»

Ind(@x,) = XNm,Ind§, x, , x,EA(NN
; 7
Res(y) = (—Dées,‘ffﬁy, yEAG)N.
?

Lemma 3.1. (1) fnd(l):ZmPG/Np is a umit in AG).
” . . »
(1) Ind(z+Res(w)) =1Ind(z) -w, zE@AN)", wed(G)".
3

Proof. (1) easily follows from
2(G/Ny) =x(G/NT) x(NT/N,) = (NT/T)/F,|.
We turn to the case (ii). It suffices to show that
fnd%p(x-]?esﬁpy) =f71d§,ﬁ(x) oy, xEAN), yeAG)".
Consider the commutative diagram
A(N) XAG) ———A(G)
W, X1 i
AN)AXAG) N A (G)
where in and iz are obvious homomorphisms ; while « and & are
defined as follows ;
a(s, t) =0(=Ind§p(s-Res§f,p(t)) ——Ina’%}p(s) o £)
b(x, ») =fndﬁp(x-1§es,?,p(y)) —jndgp(x) -y
for every s€A(N,), ted(G), x€A(N)", yeA(G)".

Regard the modules of the above diagram as topological spaces of
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I(N,)-adic on A(N,) and A(N,)", and of I(G)-adic on A(G) and
A(GY". Then the above diagram is that of topological spaces and
continuous maps. Since (inxiG) (A(N,) X A(G)) is dense in A(N)"
XA(G)" and A(G)” is Hausdorff, we have
b(AN) "X A(G)™) =b((in,Xic) (A(N,) X A(G))
=b( (v, Xic) (A(N,) X A(G))
=1ica(A(N,) X A(G)) = {0} = {0}.

So the result follows.
As an immediate consequence, we have
Corollary 3.2. Jnd Res is an endomorphism of A(G)".

Remark. This fact essentially shows that one can reduce the
Segal conjecture to the case of an extension of a finite p-group by
a torus (cf. [6]). Though such a result is not so essential as we
shall see later (Corollary 3.6.), our argument vyields a very short
proof of Theorem A of [6] because we can use [5, 1.14] to prove
Theorem 2.4 if G is a finite group.

G . G
Lemma 3.3. Resy, ,IﬂdﬁpI(Np) : IndeI(Np) —I(N,)

and

5, .G . . 7.10G
RESNP |Ind]G\/pI(Np)/\ . IndNPI(NP) A-—)I(Np)/\

are injective.

Proof. We first prove that Resﬁp IndS I(N,) is injective.
p b

Note that Ind§ I(N,) is a free abelian group with basis {G/H—

X(N,/H)G/N,} where H runs over the representatives of (H) €@ (G)
such that one of its conjugates is a proper subgroup of N,. Therefore
for any non-zero element z of IndﬁpI(Np) we can write it down as

zz;an/Hb HACNP, (H,]) E@(G)

where the summation is a finite sum such that one of #; is non
zero. Now choose a maximal subgroup H; such that n, is non zero.
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Then we find
11, () =, NH,/H, | 20,
This implies that Res§ (z) is also non-zero.
We now turn to the case of Resgb'fndﬁpI(Nﬁ) A Since Res is in-

jective, we need only to show that Resﬁqf;zd,‘f,ﬁ is a zero map when

p and ¢ are distinct. But this is evident.

By the second part of Lemma 3.3, we have a topological module
isomorphism

(&)= Ind (DI (N ") = @Resf; Ind§ I(N})"
» »
=@Ind§ I(N,)"
»
where the topology of ResﬁpindﬁpI(Np)’\ is the subspace topology of

I(N," ; since the former is a direct summand of the latter, it is p-
adic topology. Similarly the topology of IAnd.,?,PI(NI,)A is p-adic.

Now for any module M, we denote its p-adic completion by Mj.
Proposition 3.4. indfvpl(Np) Az (I'nd,%PI(N,,) Y

Proof. Since Indf,pI(Nj,) is a free abelian group and f;zd,%pl?esﬁ,p
is an automorphism of f;zdﬁpI(Np) A, each sequence of the following

commutative diagram splits.

0——Ker Ind§, ——I(N,) —>Ind§ I(N,) ——0

>0.

0——Ker [nd§;,——I(N,)"——Ind§, I(N,)"
Applying the p-adic completion functor to this, one gets the follow-
ing one.

0— (Ker Indfi,ﬁ) p——I(N,) A——»(Ind,cvpl(Np))Q—ﬂ

0—— Ker [nd§, ——I(N)"—— Ind§ I(N)" >0.

Note that Ind,GVPResl‘f,ﬁ : Indf,pI(N,,) —wélndl?,pI(Np) is a multiplication

by G/N, which is an automorphism of (Indff,ﬁ[(N,,))Q by Lemma

1.2, Therefore the above diagram is a map of exact sequences which
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commutes with the splittings (Res§ )7 and I?es?vp. This implies that
Ind§, I(Ny) "= (Ind§; 1(Ny)3.

Now we have arrived at our main theorem.

Theorem 3.5. As topological modules we have
AG)"= Z(—D(P-B (lndﬁg[(Np) )5,
1(6) =@ (Ind§,[(N))}.

And Ind,GVPI(NI,) is a free abelian group with basis {G/H —y(N,/H)G/N,}
where H runs over the representatives of (H) €¢(G) such that one of its
conjugates is a proper subgroup of N, — Moreover Indf,PI(NP) is finitely

generated if and only if the action of F, on T is trivial.

Proof. We have only to prove the last part. But this is exactly
the same as Proposition 5.10.8 of [3].

As an application of our main theorem, we shall show that the
augmentation ideal-adic topology is not adequate when one con-
siders the Segal conjecture for compact Lie groups.

Corollary 3.6. If the action of NT/T on T is non-trivial, then as
modules A(G)N=ZPI(G)") and lim z(BG) (=Z@ lim ) (BG™) are

different where X" denotes the n-sk;leton of a CW compZex X.

Proof. 1If the action of NT/T on T is non-trivial, then for some
p the action of F, on T is also non-trivial. In this situation, I(G)"/
pI(GY" is an infinite countable dimensional Z/p-vector space by
Theorem 3.5. We show that

lim z2(BG™) /p lim z3(BG*)

cannot be such a Z/p-vector space.
Let 4, denote N\ Im(n2(BG™)——=d(BG")). Consider the following

m>n

exact sequence of inverse systems.
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0— [Rer (A4,—F>4,)) — 14— (4] — {4,/pA) —0,

Since {4,} is an inverse system of finite groups, all the inverse
systems are those of finite groups. Therefore the sequence

0—lim Ker (A,,——.LA,,) —lim A,,;p—ﬂim 4,—limA,/pA,—0
is exact.
As {4,/pA,} is a surjective inverse system of finite dimensional
Z/p-vector spaces, we have two cases :
(1) There is a natural number N such that

lim dimy,,4,/pA4,=N
(i) lim dimy,,d,/pd,= co.

In the case of {1, hm 4,/pA,= (Z/p)¥. In the case of (ii), hm A,/pA,
—H(Z/p) which is a non countable dimensional Z/p- vector space.

In any case, it can not be an infinite countable dimensional Z/p-
vector space. Since we have

lim 4,/pA,=lim z3(BG™) /p lim z(BG"),

n

the proof is now finished.

Remark. (i) Under the assumption of Corollary 3.6, we easily
see that A(G)" and #l(BG,) are also different to each other as topo-
logical spaces. In fact 7(G)”" is not compact and zJ(BG) is compact.

(i) In many cases, the assumption of Corollary 3.6 is satisfied.
For example, every non abelian compact connected Lie group does.
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