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The Cauchy Problem for Effectively
Hyperbolic Equations

(A Standard Type)

By

Nobuhisa IWASAKI*

§0. Introduction

The previous paper [4] by the author discussed the Cauchy
problem for a special type of hyperbolic equations of second order
to prove its (C*”-wellposedness. This paper will show that any
effectively hyperbolic equation of second order has such a special
expression of symbols, namely, that the special type may be regarded
as a standard type of effectively hyperbolic equation of second order.
Once this proposition has been admitted, the combination with the
result of the previous paper could justify, for equations of second
order, the assertion that any effectively hyperbolic equation is strongly
hyperbolic, namely, C*~-wellposed independent of lower terms.

Our discussion starts from the following premise.

The principal part p, of an operator of second order has a form
that
D=8 —f (%0, x,€).
b» is hyperbolic with respect to the direction dx,, that is, f is a
non negative function.
p» is effectively hyperbolic, that is, the fundamental matrix of p,
has real non zero eigenvalues at the singular points of characteristics

of pz.
And [ is strictly positive outside a bounded set of x variable as
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an additional assumption.

Our purpose is to find an infinitely differentiable function 4=
A(xp,%,&) of homogeneous order 1 in § at a neighborhood of each
fixed x, variable such that

[72=Eg_/12—bz,
{6o—A, b} +cb,=0
with another infinitely differentiable ¢(x,,x,&) of homogeneous order
0 in &,
b, >0
and
(0/0x0) A>0

at 4=0 and b,=0, where {, } stands for the Poisson bracket.

The geometric consideration of the assumptions leads us to the
existence of a function 4,=4;(x,x,&) of homogeneous order 1 in &
such that

(&o—dy f—B) =LVf, £:7f, f1  (bilinear in (7f, ))
and
A,=0 and (0/0x,) 4,>0

at Y= {f=0}.

In order to construct the function 4 as a small perturbation of 4,,
it suffices to solve the quasilinear equation of ¢ that

{fo— N+ ¢), /= (h+ )%} +c[f — (4h+9)*]=0.

This equation is rather simple. In fact it seems that the Nash-
Moser implicit function theorem is applicable to solve it. It is,
however, found difficult to give a priori a function ¢ to apply directly
the Nash’s theorem to the equation. This difficulty is caused by the
linear part with the principal part of a singular vector field, while it
is not caused if it suffices to obtain only a finitely differentiable solu-
tion of any order. But it is avoidable by means of some simple
modification of approximate solutions. Therefore our method to find
a solution of the quasilinear equation is merely imitative of the Nash’s
method, though the proof will be given here. We refered the method
to Hérmander [1].
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§1. Preliminary Study

Let ¢! be the canonical two form ) d&§'Adx; on T*R*'. For the
symbol p,, the Hamilton vector field 4 is defined by o'(u, &) =Vp,(u)
and the fundamental (Hamilton) matrix & by ¢'(u, Fv) =0 (u, v),
where Fp, is the differential of p, and Q (u, v) =<u, V’pv)> is a quadratic
form defined by the Hesse matrix. If J; is defined by o'(u, J.f) =
S, then h=JFp, and F =] /*p,, We assume that the Hesse matrix
is extended by the second order derivatives of p, in the fixed canonical
coordinate also outside the singular points of p,. Then h and % may
be defined globally on 7T*R".

According to V. Ya Ivrii and V. M. Petkov [3] or L. Hérmander
[2], the hyperbolicity of p, implies that the fundamental matrix &
has no eigenvalue except for pure real or pure imaginary ones at the
singular points of characteristics of p,. Moreover non zero real
eigenvalues are isolated and they consist of only a pair of eigenvalues,
the absolute values of which are same, if they exist. The assumption
that p, is effectively hyperbolic means, by definition, the existence of
such eigenvalues on the singular points of characteristics. We denote
them by a >0 and —a. Then it is guaranteed that « is extended to
an infinitely differentiable function at a neighborhood of the singular
points of characteristics as @« and —a keep being eigenvalues of &
and real, by virtue of the facts that « and —a are isolated and that
& is a real matrix. Since the fundamental matrix & is independent
of the variable &, a is also independent of the variable & and of
homogeneous order 1 in &. The eigenvector v, corresponding to «
is also chosen as an infinitely differentiable function in (xq x, §) at
a neighborhood of the singular points of characteristics. It may be
normalized as

0, =271(0/0&) +a(d/0x,) +v,(3/0X),
where X=(x,6). Then v, satisfies that
O ey 2> =27
and
a1 S xxyF 1S xx2 = —av,.

We now extend uniformly positive a and v, as infinitely differentiable
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functions on the whole space to put
§o—A=0v,(py)
=& —fa @ —fx02
Then it holds that
(LD (o=, f=M) =LIVS, f:VF, /1.

Remark on Notations. L[X;: X, : ---] means that it is a multi-linear
combination of each component X; with coefficients of infinitely
differentiable functions.

In fact V4, satisfies that
Ay = Y+ frxv2+ LIV S]
=2"'a+L[Vf, f]
and
Jihx =1 x @ 1 fxxvz+ LIV ]
= —au,+L[Vf, f].
Therefore we obtain that
oty fm ) == (A f} —24,
—f+alfr v —Aa+ LTS, £ : 7, f]
=LIVf, f: V], f1
because 4,=L[Vf], {4, f} =<{Jiix, fx> and f, +alfx, vp=ak, by
definition. Moreover it is clear that
(0/0x0) 4, =2"1a>0
at the points such that f=0.

In order to attain our purpose, we shall show the following local
theorem.

Theorem 1. There exist infinitely differentiable functions ¢ and ¢ in
(%0, %,&) such that they satisfy the quasilinear equation
{&o= (bt @), f—(h+$)Y +e[f— (Ah+¢)*]1=0

and the inequality
(0/0x0) (A + $) >0
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at a neighborhood of the zero points X of f and that
A+ 6=0
at 2.

In fact it is extended to a global theorem in (x, §) by means of

an ingenious cut off function annihilating 4=4,+¢ outside a neigh-
borhood of 2.

Corollary. For any fixed x;, there exists an infinitely differentiable
Sunction A in (x0,x,6) of homogeneous order 1 such that
{§o—4, f=2} +c[f—41=0
on IXR™ where I is an open interval including x, and ¢ is also an
infinitely differentiable function, and that
A=0 and (8/0x,) A0
at X,

Proof. Let p be a monotone decreasing and infinitely differentiable
function in a parameter ¢ such that p=1 if t<1, 1>p>0 if 1<¢t<{3
and =0 if t>3. We define p. as

(1.2) e (%0, %,6) =p(f1&]7%7H).

If ¢ is sufficiently small, then the support of p, is included in the
neighborhood £ of 3 where the quasilinear equation holds at Theorem
1. We may assume that f—/4?>0 on the neighborhood £, replacing
it to smaller one if necessary, where 4 is 4 at Theorem 1.

Let us find another function y. such that

[ — (6418 1% |, s =0
and

A&, 1} + A [T+ A =xDef + 21 —2) {4, f}
at a neighborhood of the intersection of the sets {x,=xg}, {/12<
A|E17%2<e/3} and {f|&]7?<3¢},
xe=1 at A2|&|72<e/12 and f|£[72< 3,
21 at £[&|*=e/3
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and suppy. is included in {4?]£]72<e/2}. Such a function y. exists
on I x R*™ if the interval I including x; is sufficiently small.
So we put
A" =yep.A.

Then f—A~? satisfies that

(o= a7, f— A7) oL =471 =0
at the open set of /X R™ that

flé172<e and 4%|¢|~2<¢/3.

On the other hand we conclude that f—A47?>0 at the points that
flE172>e or A*|E|72>¢/3 if e is sufficiently small. Therefore it is
divisible by f—4~% there in the class of infinitely differentiable
functions. We get the conclusion that with another function ¢’,

{§o—A7, [} +'[f=47%1=0
on IXR™ g- e. d.

Since the domain, on which the quasilinear equation should be
solved, is a neighborhood of the zero points of f, we may change the
function f to any form outside it. So we cut off the function f as
follows to make the apparent influence of the outside f to the inside
as small as possible.

Let us define two functions 0(s, t) and O(o, {) as

0(a, t) =0(l/0)

and
O, t) =St 0(o,s)ds
0

with p defined in the previous proof. Moreover let ¢,(xy, x, §) denote
the solution of the equation that
(0/0x0) b — {h, .} =20 ([ 1%, f)4(3/0x0) 14
and
¢,=0 at 4,=0
at a fixed neighborhood of the zero points of f, which includes the

support of #(¢?|£ % f) for a positive &, Then we define 4P and 42,
as
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AP=0(1€1% gy (20)
and
A2y=M =4 (=0).
The modified function f, with a parameter v<e is defined as
So=002 &% )+ 42,
Then it holds that
=4, fo -4
=002 1€1% ) {G—4, f— 43
— {4, 1€1}v*(8/30)O (€% f)
— &=, 0EIEI S}
and that at a neighborhood of the zero points of f
So=f.
There exists a constant C independent of v for j=0, 1 and 2 such
that

g0 €15 f) | <O

and

161727776, | <O on 2
so that

[[E 7227 AP | < CvP,
Therefore

LEI77 (f,— M) | <Cv*
and

1§ 172 {42, A} |<Cv
so that

&7/ A} [<Cy
because

ARy =A— AP,
Hence it holds for j=0, 1 and 2 and for
(1.3) &=1{&%—4, f,— 4}
that

| 1§77 gy | CvP.
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Here we use the fact that
fIP<Crl€l
deduced from the non-negativity of f.

Remark. The index v of f, will be omitted in the rest.

§2. A Quasilinear Equation

The equation, which should be solved, is
0(¢) —c¥(¢) =0,
where

?(¢)=—{&—(L+¢), f—(hi+$)?
=2(M+¢) (8/0x0) (h+ ) —{f, h+¢} —(9/0x0) f

and
V(¢) =f—(h+e)>
The function ¢ can not be given a priori, so that we take the Fréchet

derivative of the equation in ¢ and ¢ under the assumption that ¢

were independent of ¢. Then we get

?(g+v) —(c+D)¥ (p+0)
=0(p) —c¥ ()
+@.(p)v—c¥ () —dV ($)
+@,(0) — (c+d) ¥, (v) —d¥ (),

where
O.(p)v=2(A+¢) (8/0x0)v— {f, v} +2[(9/0x) (‘h+¢) ],
w1(¢)v= ‘2(/11"‘915)”,
D,(v) =20(0/0x,)v

and

U,(v) = -
A right inverse of the linear part
[D:($) —c¥1($)Jv—d¥ ()

should be obtained for the Nash’s method to apply to the quasilinear
equation. The difficulty to obtain it occurs from the fact that the
principal part of the linear operator is a singular vector field. In fact
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it is impossible in general to obtain an exact right inverse as an
operator from infinitely differentiable functions to themselves. The
non negativity of the function f and the positivity of (9/0x,) (4,4 ¢)
ease the difficulty. We are able only to get approximate ones as
follows.

Proposition 2.1. Let m, be a fixed positive integer. If the bounded
norms of &, ¢ and their derivatives of first order are less than sufficiently
small fixed positive constants depending on my and if the functions ¢ satisfy
some restrictive conditions (See Remark), then there exist lwo operators
Ry(@, ¢) and R\(¢, ¢) from the space of infinitely differentiable functions
of homogeneous order 0 to the space of infinitely differentiable functions of
homogeneous order 0 and 1, respectively, such that the equality

[D:($) =¥ ($)IR:(B, ) g—PR (@, ¢)g=g,
holds on a conic neighborhood of the zero points of f independent of ¢ and

¢, where ¢ is a sum of two non negative functions and a positive parameter

K,

d=¢go+ i+ e €
such that ¢, is the solution of the Cauchy problem
—{So— (Ai+9), ¢} —cp=0
and
do=f  at 4,+¢=0,
and that ¢, is also the solution of the equation
- {Eo— (/11+¢), (/11+¢)‘/’1} “6(111+¢)¢1=@(¢) _CW(¢)-
They satisfy the estimates that
@21 IR;(8, e)glln<Caulllglln+IlgllolI@llmir+llelln+¢l+1)1]

Sor any non negative integer m less than a fixed integer m,, and j=0 and
1, with respect to the norms of the spaces of Holder continuous functions.

Moreover if the functions ¢ satisfy the inequality with a constant C~
independent of & that

IE11IFg 12+ [ ?<C~ (f+£ 1,

then the estimates (2.1) hold for any non negative integer m.

Remark. ||¢y|l, should be bounded by a constant independent of ¢



552 NoBuHIsA IWASAKI

in order to keep the estimates (2.1) for any non negative integer. If
function ¢ form as

b =058’
with p;; (=072 defined at Section 1 and with the functions ¢’
satisfying that
1¢/]l. < C00%,
then there exists a constant 6,, which may depend on 4, such that

Proposition 2.1 holds for any ¢ with 6>6,.
We shall apply Proposition 2.1 only to such a type of functions ¢.

Remark on Notations. The Holder continuous functions of order
a>0 mean here the functions g that, for the maximum integer m
such that m<a, the m-th derivatives of g are Hoélder continuous of
order « —m in the usual sense. The norms for them will be extended
in a natural way to the homogeneous functions in the variable § on
any open set (conic in §) of RXT*R" They are here denoted by
[| - |l« and the spaces by H"

Proposition 2.2. Let ¢ be a solution of the equation
—{&—4, AP} —cdp=g,
where
A=4+¢.

If ||$llz and |lc|l, are uniformly bounded, then for any non negative a, it
satisfies the estimate

Nl <C. gl +ilel (Il + 1) +llgloUlell.+1))  if a>1
and
91, <Clllgll.  if 0<a<l,

on a neighborhood of the zero points of f independent of ¢ such that |||,
is sufficiently small.

We now show how to construct asymptotic solutions of ¢ and e.
We start from

¢o=0
and
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¢, =0.
So we denote
hy=2(0).

Iy is divided into two parts such that

ho=h§” +hi®.
We shall later show how to divide it. Let us put

ha=0(¢,) —c.¥ ($n)
assuming that ¢, and ¢, are already given. Then it holds that

hus1=h,
+ @ (g w; —e,¥1($)wy
—d [V ($.) +¥1($)w; + ¥, (w;)]
+ 0, (w;) —¢, ¥, (wy),

where
B =030; G=n, n+1),
¢;+1= ¢;+wm
w; =|035wn

and

Cpi1=Cpt+d,
We now assume that w, is a solution of the equation
0,(¢)w,— ;¥ ($7) wn—dopn=gu
where

B = 03S6(6-+m) Pr

and

C; = SG(6+n)cn-

Remark on Notations. S, is a so-called smoothing operator.

explanation about its properties will be given later.

According to Proposition 2.1, w, may be given by

w, =R, (&7, ¢7)&x
if d, is defined by

d, =Ry (87, ¢7)8x

553
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and if ¢, is ¢ with t=r,=60"%(0+n)'"® at Proposition 2.1. Then
we have that
hn+1:hn+gn+en+fn+l_fm
where ¢, and f, are defined as follows. ¢, is also divided into the
sum of three terms.
0, =L + PP + £,

S« and e, are defined as

fi=H8,

fn+1 =fn+dn¢'511) —@1(525;) (1 _pSE)wn

and
en=[0:(8,) —0:(4;) Jw; + P, (w;)
~Cui[ (¥1(6,) =¥ (97 w; + T, (w;)]
—(ea—c7 +d) ¥ (97 wy
—d[¥($,) =V (47) +T (¢7) =42 —r.].
It is put as

en=e;) —d,[¥V($7) —¢7]

to be convenient to proof. If n>1, then we define

PP = (4 )62+ (20, —$2) 4
by using the solution ¢ of the equation

==+ 6D, (ht+d)P2} —ci (ht+67) 4P =~/

From the above definitions, we get

hui1= 250 &+ Lo i TSt o=/
Our purpose needs to show that the limit of #,,, exists as z» tends to

infinity and vanishes at a neighborhood of the zero points of f. So
we put

fo :hél),
&= — th(()O),
E,=0,

E,.n=2%¢;

and

8ni1= — (So@snsy =Ss0+m) (B +E.) —So@sns1n
Then we get
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h71+1: (1 —S6(0+n)) (hé()) +En) +en+fn
=e" +f

by defining
e;(zl) = (1 _S6(6+n)) (héO) +En) 'I'en-
Here it will be shown at the later proof that ¢” tends to zero and
the limit of f, vanishes at the neighborhood of the zero points of f.
In order to estimate
9=V =4,
we get it found that it is written as
&P = ()P + (9:0)°

by the solution ¢ of the equation

— &=+ 90), (h+o7)d0} —er (di+¢7)9

—, D,
=€pl1 €y,

where

ep(zZ) :@(¢n) _@(¢;) —[CHW(SZY),,) —C,‘;W(Q,:)].

We prepare three lemmas for the smoothing operator S, and the
Heolder spaces. (For example, see Hormander [1].)

Lemma 2.1. The smoothing operator S; has the following properties
Sfor a and b such that 0<a(b, resp.) <M. (0>1)

D ISeulls <Cullull, if b<a.
2)  ISeulls <Cut*~°llull, if a<b.
3 Mu—Seully <Cullull, if b<a.
9 1[(d/d0) Seulls < Cu b~ lul],.

Lemma 2.2. u; are infinitely differentiable functions with a parameter
0 belonging to [0, +00). Let a(j) and b(j) (j=0 and 1) satisfy that

a(0)<<a(l)
and
b(0)<<0<b(1).

We assume the relations between a, 4, a(j) and b(j) as
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(0) + (1=2)b(1) =0
and
a=4a(0) + (1 =Da(l).
If it holds for u, that
|[utg) |5y < M ;621

with respect to the norms of H*P and if the constant a is not integer,
then the integral

+oo
u =S uyd@

0
exists in H® and satisfies that

|l < C,MEMT?.

Lemma 2.3. Let u; be functions belonging to H*®? (1=0, ---, I and
J=0, -, D. If we define
a(®) =20 a(i, N4
by 2; such that 0<A;<1 and 33; 2;=1, then the functions u; belong to H*®
and satisfy the estimate

I o luillaey SC X foo TH ol |uillag -

We check the convergence of the approximate solutions g, at (1.3),
namely, h, is also L(Pf, f: Vf, f) at a neighborhood of the zero points
of f as well as (1.1). Let us define A{” as

héO)'—"pahO
by means of p, at (1.2) with e=6% Then it holds that
1A, < Cat

for a and 6 such that 0<a<m<+4+o0 and 60>6, if 6, is a sufficiently
large constant but independent of m. And AP =0 if f[&[72<67
Proposition 2.1 for ¢=0 implies that

Hwoll, < C.0%7"

We shall prove the following lemma.

Lemma 2.4. There exists a consiant 6 such that for any non negative
integer j and for 0<a<m (integer),
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llw;ll, and ||d;l|, <6 o0 45) !
if a>2 and 2a+1<m, and if 0 is sufficiently large after a and m are fixed.

Proof. We prove it by induction in n>0. We assume that it
holds for j<n except for j=0 and that « is not integer.

¢ =245 w;
satisfies it for 0<k<n-+1 that
@< (8o~ +C,) 074,
Houll. < (0(@a—a) 1 4C,) 0t (0+k)** if m>a>a
and
lplla < (CO4C,) 07

by Lemma 2.2 because « is not integer. Therefore it holds for 0<
k<n+1 that

il < Cyf7+e4(0 + k) Posta—ed g=posta=a)
for 0<a<m, so that
”¢k| Ia S 060a+a—4(0 __,_k) POS(a—a)a—'pos(a—a)
for 0<a<m by virtue of Lemma 2.3 because
sl l. < C 0%
In the same way
c=25504d;
satisfies it for 0<k<n+1 and for 0<a<m that
lleall, < Cy0242=4(0 + k) poste—odg—posta—a)

Remark on Notations. pos(s) =max{s, 0}.

Therefore we conclude it by virtue of Lemma 2.1 that

llg7lls and flegll,
S050a+a—4 (0+k)pos(a—a)0—pos(a—a)

for 0<a<a, and for 0<k<n+1 with any fixed a4, and that
I —¢¢ll. and lley —c7 [l <Cob* =" (0 + k)=~
for 0<a<m and for 0<k<n+1, where, by definition,
B = 03500+ 0 Pr
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and

¢ =Sp@+nCse

Lemma 2.5. 1) For 0<a<m—1 and for 0<k<n, it holds that

el < Cuab= =50+ k) =~
S Cwaa+a—4 (0 +k) a——a—z.

2) For 0<a<m—1 and for 0<k<n, it holds that
1 (97) =2, < Cpl* o2 (0+F) e,
3) For 0<a<m—1 and for 0<k<n, it holds that
lewll, < Cyp 278 (0 + k) =
SO0 4 (0 + k)2,
therefore,
IBuall S G0 4k 1) emsogrmtoms),
where
E.ni=2" ¢
4) For 0<a<m—1 and for 0<k<n, it holds that
e[l < Cp* 4 (0 +k)*~=.
5) For 0<a<m and for 0<k<n, it holds that
He2 ||, < Css*r a3 (0 + k) 212,

Remark. The constant Cj; at the above lemma are independent of

n.

We assume Lemma 2.5. It will be proved after the present proof.
4) of Lemma 2.1, 3) of Lemma 2.5 and the estimate for A{” imply
that, for 0<a<ay,
[ (Se@snr —Sewsnm) (A" +E,) |l

<€ (0+n+ 1) (APl + 1 El o)

S(Co‘l’csg—l) 0a+a—4(0_|_n+l)a—a—1'
Moreover 1) and 2) of Lemma 2.1 and 3) of Lemma 2.5 imply that
for 0<a<a,,

[[Ss6nsnealia <Co* e~ (0+n+1)7072

In fact it suffices to take b=a, in case that a<a, and to put b=a and
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a=a, in case that a>a, at Lemma 2.1. Therefore we obtain that, for
0<a<a,,
|lgneallo <2Co0* *~* (0 +n+ 1)o7,
if @ is taken as
Cs0~<C,.
Proposition 2.1 applies to the case that m=m or m=0, to yield it for

W1 =R (Gri1, €7i1) Gunr

and

dni1=Ro($711, €1) Guins
by virtue of the interpolation theory (Lemma 2.3), that for 0<a<m
[l and [|dyll < (Co+Cof7) 6574 (0+n+1) o7
If 0 is defined as
Cy<0/2
and if the parameter ¢ is chosen as sufficiently large as
Cs071<0/2,

then the conclusion of induction is deduced because the above con-
stant C; is independent of n. We here remark that the bound of
[I¢4ll; should be put less than a small constant given beforehand and
that it is satisfied by taking @ large. q.e.d.

Proof of Lemma 2.5. 1) Let us estimate (9,(¢,) —:.(¢;))wy,
one of the terms of ¢®. For 0<a<m—1, it holds that

[1(@1(¢:) = D1 () willa
<C(1ge = B llanil i llo+11ds — B3 ol [0 1o+
Scﬁﬁa+2a—6(0+k> a—Za’

because we may apply Lemma 2.3 to the first step and the assump-
tion of induction and the estimates for ¢,—¢; in the previous proof
to the second step. The other terms ¢” will be estimated in the same
way. They have rather better estimates than the above.

2) At first, we note that it suffices to get the same type of
estimates for ¢ as for ¢ =¥ (¢;) —¢® by definition. It is obtained

(2

from the ones of the data ¢; —¢” because ¢ is a unique solution

of the equation at Proposition 2.2 put there as ¢=¢;, c¢=c¢; and
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g=¢2,—e?, and because |l¢;]]; is bounded by a constant independent
of @ and k. Therefore we show that ¢, —¢® have the same type of
estimates with another constant Cg independent of 7. We assume 5)
of Lemma 2.5 because it is proved independent of the statement 2).
The data g for ¢ is —ef? so that the estimate holds in this case if
Cy>Cs. Now we also assume them valid for integers not exceeding
k<n so that the statement 2) is valid. Then the statements 3) and
4) are valid for such integers as proved at their own proofs. There-
fore e —e?, is bounded as

lef? =2l < (20 (O+k+1) "+ Cop) 05230+ k+1) 12,
If the constant Cy is given beforehand as

CG6 > 056 ]

then we are able to choose the parameter § as sufficiently large as
Ceoo> (2007 (0+k+1) 7 +Cs)
and this choice is independent of £ and also n. Therefore, for 0<
a<m—1 and for 0<k<n, it holds that
lef22 =P S Cat =20+ K=,
We now apply Proposition 2.2 to get the conclusion.
3) We may assume the statements 1) and 2). Then we obtain
that

N [¥ ($2) =&l
S 0504+2a—7(0 _'_k) a—Za.

Therefore we get the conclusion because ¢, is the sum of
ei’ and —4,[¥ () —¢"].

The estimates for E,.; are obtained by applying Lemma 2.2 to it as
well as the estimates for ¢, and ¢, if the estimates for e¢; hold for
integers j not exceeding £ <n.

4) It is proved by applying 2) and 3) of Lemma 2.1, putting
b=a and a=a, to the results 3) of the present lemma.

5) Since the differences are written as

P(4,) —P(87) =Pi(¢7) (P — $i) + Po( P — 67)
and
¥ () —cc ¥ (47)
= (=D (90) +e V1 (97) O +cl:w'2(¢k—¢;)p
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it is not difficult to get the conclusion according to the estimates for
Gy 05, Gr— 05, € ¢; and ¢, —c;, by virtue of Lemma 2.3. q.e.d.

Lemma 2.4 implies the existence of limits of ¢, and ¢, in HY
which are denoted by ¢ and ¢, respectively. They are estimated as
for 0<a<a

g1l and [lc[l, <C,0%%
The convergences of ¢,, ¢, and ¢’ assure the one of f,, though it
can be estimated directly.

The important fact not clarified yet is that the limit f,. of f;
vanishes at a neighborhood of the zero points of f. The function f,
vanishes at a neighborhood £; of the zero points of f by definition.
We show that the supports of ¢, therefore, ¢;? never fill up the
whole of such a domain £, By the definition of f; as

fozhél):(l_ps)hm 5:0_49
we may put
Qo=1{f1€172<07.

Then the function f; vanishes at £,. On the other hand we consider
spindle-shaped domains £2,(r) such

Q.(x) ={l4+¢7 | +p|X—X"<r},

where (x5,X~)=(x5,x~,€~) is a fixed element in the zero points of
f and |é7|=1. Since it holds that

ol < 255 Hwrll. < G077,
the flows starting from 4,4+ ¢;=0 and difined by the vector fields
L= (0/0x)v— {M+ 7, v}

sweep out the whole of 2,(z) if g is small and if # is sufficiently
large, namely, ||¢;|i; is small. Therefore we can conclude that v, is
identically zero on £,(z) if v, is a solution of the equation

ynvn—cr‘;vn:O on ‘Qn(z.)
and
5,=0  at A+¢r=0.

We now fix a constant g independent of n keeping the above property
and put
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T,=073,
Since Vf vanishes at (x7,X"),
SSCU+ | X—-X"1?)
so that, on £2y(z),
FLCR=C0"5<Co7207,
Therefore f, vanishes at £2,(z,) if 6 is sufficiently large. We put
T =70— 2o @7 o
Then it is bounded below such that
7,=>03—C074=073(1—-C,07") > (2/3) 1,
if @ is also sufficiently large. Moreover the inequality
|[4+¢7 |+ [ X—X"| <z,
implies that
|4+ g+ | X=X~ | <o —|lw;|[o=Tp-1.
Therefore 2,_,(z,_,) includes £,(z,). Since
lI¢7llo<70/3<20/3 <,

if @ is sufficiently large, the point (x7,X~) is included in the interior
of intersection of 2,(z,) for all n.

Lemma 2.6. The error terms f, vanish absolutely on 2,(z,), respec-
tively. Therefore they and their limit f,.. vanish on 2,.(t..), where 7.,
is the limit of =, as n tends to infinity. The point (x57,X~) attaining the
zero of f is included in the interior of £..(t,.).

Proof. f, vanishes on £2,(r;) according to the discussion before
Lemma 2.8. We assume that f, vanishes on 2,(z,). Then (4,+¢;)¢@
vanishes on £,,,(z,.;) because by definition it satisfies the equation

—{&—(h+d0), (bt} —oi (hi+6) 4 = —f

Therefore ¢ vanishes there so that f,.; vanishes on £2,,,(z,.1).
q.e.d.

Proof of Theorem 1. It has almost finished except for differentia-
bility of ¢. Lemma 2.4 shows the existence of finitely differentiable
functions ¢, ¢ and f,.. such that
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—{&—(4+8), f—(L+8)Y —clf = (h+8) 1 =f e
Lemma 2.6 means that f,. vanishes on a neighborhood of the
zero points of f and that 4,4+ ¢ vanishes at the zero points of f. In
fact f—(4,+¢)? is non negative on £2,.(r,.) because it is non
negative at 4,+¢=0. And finite number of such £,.(r,..) cover the
zero points of f such that |§]|=1 because it is compact.

(0/0x,) (h+ ) #0

follows from the fact that ||@|]; is small.

At last we note the regularity of the solution ¢. Once Lemma
2.4 had been obtained, the decay rate —a in it is easily improved
without moving the parameter 6.

We assume the following lemma proved later.

Lemma 2.7. There exists a constant C for the limit ¢ such that

&1 1+ 16 1°<CSf.

By virtue of Lemma 2.4, ¢ —¢; satisfies that
g — e lh<IIg —Sulli+lIg, — B 1ls
<CHH 0+,
so that
(E117 67 17+ 167 < 2CF+2C,07(0-+E)-0""

Therefore it yields the assumption at Proposition 2.1 that

€17 gi P+ I P<CF+r €D
with a constant C independent of k,. Hence we are able to use the
estimates of R; at Proposition 2.1 for any non negative integer m.
The estimates imply the following Lemma 2.8 so that we are able to

assume the convergence of ¢; and d; to ¢ and ¢ in H* for any non
negative a. Therefore ¢ and ¢ are infinitely differentiable. q.e.d.

Lemma 2.8. For any positive B, and for any non negative a, there
exists a constant C,g such that for any non negative integer j

llew;lls and ||d;ll, <Cpe (0 +7) P71

Proof. It suffices to prove that, if it is supposed that the inequality
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holds for a constant 8, then we may replace 8 by B+a—1, where
and S+a—1 are not integers. In fact the inequalities are guaranteed
by Lemma 2.4 in the case B=a. It is possible to take the same
procedure in the present case as at the proof of Lemma 2.4 by
replacing a by B if the influence of the constant € is neglected. So
we get the estimate for ¢, corresponding to one at 3) of Lemma 2.5,
that is,
ledle<C (04 8)
with a constant C independent of .. Moreover it holds that
Bl larp-1 <C
so that
1 (Ss@raen —Soen) (h"+Ep |,
<CO+k+D = (O e gr F (1Bl r)
<CO+k+1)",

Therefore we obtain that for any non negative a,
lgasrl . LC (O +k+1)75,

Proposition 2.1 combines with the above to yield the estimates for
w;., and d,,,; with the rate a—a—8. q.e.d.

Proof of Lemma 2.7. 1t suffices to consider it at a neighborhood
of the zero points of f. Then it holds that @(¢) —c¥ ($) =0. This
implies that

(4i+¢)[2(8/0x0) (M+ ) +c(h+d)1={f, 4+ ¢} + (3/0x) f+¢f.
Since [2(0/0x,) (4,+ @) +c(A,+¢)] does not vanish at the zero points
of f, ¢ is a linear combination of Ff and f. Therefore

(4i+¢)2(0/0x0) = {f, 8} +2(0/0x) (D) =LIVf, f:Vf, f1.
We differentiate it to obtain the equation for (z,Z) =F¢ that
K~ (20, 2) +2(0/0x0) (i + ¢) (20, Z) =LV, 1,
where
K~ (20, 2) = (z/lleZo —fonjza 24,320 —fxxJZ).

The hyperbolicity (See the first part of Section 1 or 3.) yields that
K~ has no non zero real eigenvalue at the zero points of f, so that

K~ +2(8/0x0) (4, + @)
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is invertible at a neighborhood of the zero points of f because (9/0x,) ¢
is small. Therefore we conclude that ¢ is a linear combination of

Vf and f. q.e. d.

§3. Asymptotic Behavior of Characteristic Curves

Let us put a vector field & as follows.
(3.1) Lo=—24{&,—A4, v} + {f— 4, v}
=—24{&, s +{/, 1},
where
A=4,+¢.

We denote the flow starting from (x,X) = (x,,%x,§) of the wvector
field [§]7'¥ on R™1' by F,(x,X). We clarify the asymptotic
behavior of the flow F,(x,, X) and its derivatives in (x, X) as the
parameter ¢ tends to infinity.

u(t, %0, X) = (Frg) (%0, X) =8 (F, (%0, X))
is a solution of the equation
(d/dt)u— €| 2 %u=0
and
ul—o=g.

By definition, (95, Y) = (s, 9,7) =F;(x,,X) is a solution of the differen-
tial equation,

(3.2) (d/dt)yo= =24y, ¥) [7]7,
(d/d)Y =] (8/0X) f(yn, Y) ||~

and
()’o, Y) [ico = (%0, X),

where J is the matrix such that J(y,7)=(y, —y). Hence we have it
for |»| that

(3.3) (d/dt) |7 |*=—=2<(9/0x) f (o, Y), 7> [ |7

so that

| (d/dt) {9 1*1 <28(30, Y) [ 11

where
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Bo=1(9/0x) f11&]7"
This implies that
2P 16 " exp[2{ F2fuds]
and
&< 11 expl2] P uds].
We now consider the variational equation of (3.2) in order to
estimate the derivatives of the flow F,(x;, X) in (x, X).
(d/dt)zo= =2(AIn| ™) 20—2(AIn| ™) xZ+ g
and
(d/dt) Z=J(f., 101" x20+J (fx 917D xZ+ 4.
We put it as
(3.4) (d/dt) (20, Z) =K (20, Z) +G.

We may assume that all components of K are of homogeneous order
0 in 7 because they are unified the order in » by the transformation
Of (ZOsZ’C) to (Z()azs |ﬂi—1c), WhCTC Z: (Z,C)-

Remark. Our following discussion is subject to no restriction
according to such a unification of order because (d/df)|7|? satisfies
(3.3) and only results modulo L[Ff, f] are required.

By definition, it holds that
Axo [77 |—1=0(—1 %%y {77 l—1+fx0X ‘ﬂ I—102+L[¢x07 ¢7Vf5f]
On the other hand also by definition it holds at a neighborhood of
the zero points X of f that
q—yzoxo +fx0XUZ =0(/2
and
Jxe, 0 S xxtp= @ J 0,
Hence K is written as
K=K,+K,,
Ky(20, Z) = (Knnzo+ K Z, Kyzo+KnZ),
Ky=—a", Ky= —2a~Jv;,

K10=JVXVOfM|_1a K11=JV§rf]77|—l
and
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Ky=L[V¢,,7f,f],

where a~=a|yi™, {Ju, Z>={Jv;,(z,|7|7C)> for any Z=(z, {) and
the following notations for F* are used.

Remark on Notations. V* stands for weighted partial differential
operators in the rest of this paper such that

Vtg(x0,%,§)
= ([§[r171aIm1802(5/0x0)* (0/0x) P (0/0€) Q) ey 11581417120
Therefore
Vog=1§17/2(8/0x0) &,
Vxg=(1§17%(9/0x)g, |§1"2(9/08)9),
Vo xg= (|§171(8/0x,) (6/0x) g, (9/0x,) (9/0€)g)

and so on.

Let us transform K, by means of A, that

(3.5) My (20, Z) = (20,0" 0520+ Z).
Then
K= M;K,M,
is that
K (20, 2)

=(—a~zg—2a~Jo5, Zp, (JV%f || +2a"20; ® Jv;) Z).
Therefore @ =M;'(z,,7Z) satisfies that
(d/dt) 0= (K;+K7)O+G~

and
Ki=L[V¢,¢,Vf,f]
because
(d/dt) My=L[V ¢,6,Vf, f1.
Let us put

Ho=—JV5fin|"J —2a"%; Qv;.
H, is non negative at the zero points 2 of f because F’p, is hyper-
bolic. For @=(6,, 0), it holds that

(3.6) (d/dt) 0, = —a~0,—2a~{ Jv5, 05+ L[V &,6,7f, f10+g;
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and
(d/dt)0=JH0+ L[V $,,Vf,f10+gr.
Let us next consider Hy;=H,+20 such that
0<0<H,<(C+20)<C".
Then it holds that
(C+20)'<H;' <67,
The new inner product defined by
(u, v),=(H;'u, v)
has the relation with the canonical one as
(3.7) (C+2) 7 uP<L [uli<o™ uf?
and for any matrix B, its bound is estimated as
[Bu |5<671(C+20)||BI* |u 3
and
| (Bu, u)s| <672(C+206)"%|BI| |u 3.
The equality
Hi'H,=1—-2dHj3!
yields
Re(H,Ju, u)s=20 Re(Ju, u)s.

Therefore if we restrict d as it is less than a fixed constant, then we
obtain

|Re (HoJu, u),|
<20'*(C+20)"*|ul}
<Co'2u 3

On the other hand, the equality
(d/dt) |ul3= (H5'((d/dt) Hy) Hy'u, u)
implies
| (d/de) | u 3] <C(8)B(po, )07 ul}
for u independent of ¢, where
Bxo, X) = [P IE172+F 1€+ (P IE1724 (S [E]7

Therefore the solution w of the equation
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(d/dyw=H,Jw+g,
is estimated as
(d/dt) lw [3<[CO*+C (@) B(ro, V)0 T |w 3+ |wslels
For the solution w,, of the equation
d/dt) wy= — a~wy+2a~{v5 , w>+ g,

it holds that

(d/dt) | w, P< —a™ jwo [P+ C fre |5 lwo |+ i [wo.
Hence it holds for (wg,w) that
(3.8) (d/dt) i w,| < —a |w, | +Clw |, + |g|
and

(d/dt) |w [, <[COV2+C(B) B (o, Y)0 T [w o+ @ils

because (d/dt) |w,| and (d/dt) |w |, are equal to zero almost everywhere
on {|w,| =0} and on {|w|,=0}, respectively. Meanwhile the relation
(3.7) implies that

(3.9) IL[F &, Ff,f101,<CO (0,14 16 i) B(15,Y)
and
|\ LIV $,8,Vf,f10] <C (16,1 + 10]5) B(po,Y).

The combination of (3.8) and (3.9) implies it for the solution @ of
(3.6) that

d/dt) | 6,] < (—a~+CB(p0,Y)) [6p| +Co(1+8(0,Y)) |65+ 185 |
and

(d/dt) | 01,<[C8'*+C (8) B(po,Y) 07111015
+Co7'8 (90, Y) 10, + &7 -

Let us put
7=1(0Y) =[C0"2+C () B(»,Y)07]
with some other large constants ¢ and C(d). Then
= (@/Co) [0y exp [ —C{ 7451
and
w=16], exp[—CS:rds]

satisfy it with another large constant C independent of d that
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d/dt) o, < —ay(1+71)0p+ay(1+p) o+ g
and
(d/d) o< —ro-+ro+g,
where a, iS a constant such that
0<ap<a~,

&= @/Co) g5 lexp[ —C{ 7ds]
and
a=lerls eXp[—Cg:rds].
The following lemma applies to it to yield
an(®) +0(0) <2(0o(0) +0(0) +{ (G+e)ds).

Lemma 3.1. Let u; (j=1, -, v) real valued functions in t be absolutely
continuous and satisfy almost everywhere that

(d/dt)yu; < f;(t,u) +h; (1),
where the functions f; satisfy that
fi(t,u) <0
if
u; () Zu, ()
Jor all k, and where h; are measurable functions in t. Then u; are estimated

as
u; (8) <max, (4 (s)) + Slmaxk(lzk(a))da

for t>s.  Especially if all of u; and h; are non negative, then it holds
Sor t>s that

251 le(t) _<_”[Z.};=1 Uj(f) +S:Z?=1 hj(o') da].

Therefore we get
@) [+ 10() [,<C(16,00) | + |0(0)Is)eXp[CS:rdS]

¢ ¢
+{ Cle 1+ 17 1 exp[C{ rdolds.

This concludes for a solution of (3.4) that
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(310)  la(]+ 12| o |
<C® ()] + 120 DexplC] as1+{ 16 lexpLc| rdolds)
with a constant C(d) depending on 4, especially on the minimum of 4.

Since G=0 in the case that (z5,Z) is one of the first derivatives
Z® of (y4,Y) such that

FO=(19 Yo "Wy, |n|="F7y),
the inequality (3.10) gives us
159 (1)) <2,(5) exp[CS;rds].
In general it turns out that
(3.11) 5] <2,(0) (llla+ DexplCal 7451,
for the derivatives £ of order m such that
E = Iy 14776 |71, |y1=77),

where £, is some constant, which may depend on d but is independent
of ¢. This fact is proved by induction in m and by means of Lemma

2.3.
We assume that the statement (3.11) is valid if £k<m —1. The
inhomogeneous term G, (&%) of (3.4) is described as

Gn(8) =X A, T3y 500,
where Y%, 1(j)<m—1 and A4, are linear functions of (V@) (y,Y)
(j<v), which satisfy, therefore,
41 <C (gl +1).

Hence each monomial is estimated by the inequalities (3.11) provided
by the assumption as

|4, TIz_, 596 |
<C 4| T2, (596 |
t
<C (gl +1) I (1l + 1D €7 exp [ngords]-
Lemma 2 applies to this in the case that

Ah=w—=1)/(n—-1)

and
4= () =1)/(m—=1),
where ['(j) are integers such that [(j) <I'(j) and X}3,1(j) =m, and
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that a(i, j) =m if i=j and a(i, j)=1 if ixj. Then
Zico4=1,
a(t) =>%,a(i, ))ij=v if i=0,
and
a()=lU'(e) if i>1.
We obtain

1811, T15-1 @l <Cll@lls 51 1]l
<Cligllall gl

According to the uniform boundedness of ||¢]|;, G, is bounded as
t
(3.12) 1ol <Lulgll+ D explCal 7]

Inserting (3.12) to (3.10), we obtain (3.11) for £,

We next treat the estimates of |7 |™*W™[g(9,Y)] (m>1) for an
infinitely differentiable homogeneous function g(z,X) of order [
71" W™[g(ps, Y)] consists of polynomials in E® (1<k<m) with
coeflicients which are linear in (F*g) (9,,Y) (1<k<m), namely, the
type of its monomials is

7 1*27H(758) (o, Y) Ty 5497,
where 1<k<m and Y%_,k(j) =m. Since 5%*Y are bounded by
Q0Igl+DexplC| 7ds],
it must be estimated as
|17 |¥271 (%) (3o, Y) 1L}, B¢V |
<Cllglh T gy + DexplC ras].
Lemma 2 applies again to these so that they have a common bound
C llglntlglloCl1gllns1+ 1)) explC{ 75T
with respect to- £ (1<k<m). It is shown that

g 17" [ G0 Y) T t
<Clglla+1lgloClBllne+1)) explC{ 7ds].

Let us consider another function I'(¢,x,,X) defined by two homo-
geneous functions /'y and I'; of order 0 such that
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I (4,200, X) = I (%0, X) + 11 (%0, X) 8,
and [|ll, (j=0, 1) are uniformly bounded by a constant. In the same
reason as with respect to |7 |™*"W"[g(»,Y)],
2177 1 (=500, (5))ds
J
is bounded by
13 s
CUL N+ I Ta1gllss+1) | (12 =) explC] raalas
where {|I'll; means ||I'|l;4{|[1]];; It may replace to
t
CUL a0l + 1) explCY rds]

because the minimum of 7 is positive. Since the similar argument
may apply to

t

121778 ) expl ={ I =s,30(5), Y () as1],
its bound is given by the superior of
C(ligll+llgllo U+ DI I (M + oGl Pl +10)
xexp[ = (T, —Cpds],
0

where £+ Xl k(j) =m and I',=I"(t—s, po(s),Y (5)).

According to the assumption that ||I'||, is bounded by a constant,
the application of Lemma 2 to them gives again them a common
bound such that

Cllg - lgloCl1glLuss+ 7w+ D Jexpl = (7, =Cpds].

We get the above results into the proposition.

Proposition 3.1. Let (,Y) =F,(x0,X) be the flow defined by (3.2).
Then for any infinitely differentiable homogeneous function g of order [,

(3.13) 217 (g ) expl = I ()ds])
is bounded by
Cmr[HgHm—l_Hg||0<|l¢llm+1+HFHm+l)]exp[_S;([‘t_Crnr)d‘y],

where

7=70Y)
=(0'? (_yO,Y) +C (5) 0! (_yo,Y) ,B ())O:Y) ’
Hy+6>0,
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Bxo, X) = WS IE17 A+ FIEI2+ WIS+ |G 11617
Ly(s)=T"(t—s5,9(5),Y(s))

and
F(taxOrX) :F0<x0,X) +trl(x0,X)

with I'; such that
Il <C.

Remark. At (3.13) taken off the weight |7|™?* or put back to
the usual notation of derivatives (0/0x,)® and (d/0x)* from the one
Ve, all of the above results remain valid by means of replacements of
constants ¢, by other ones according to the estimates (3.3) of the
weights [7| and ||™' and by means of multiplications of the powers
of |§] corresponding to their homogeneous order. Therefore (3.13)
may replace to

les Vyexpl = 1) ds]l.

§4. Construction of Right Inverses

At the previous section, the estimates of functions moved by the
flow F,(xp,X) have been attained by means of the function y consist-
ing of V'f, f, V¢ and ¢. It is not enough outwardly for our purpose,
namely, to prove Proposition 2.1. It requires to make sure of another
property of the flow F,(x,X).

We check Proposition 2.2 before doing it. We consider the equa-
tion
4.1 {&o—4, v} +cv="r,
where ¢ and % are homogeneous of order 0 and / in §, respectively.
It is necessary in our case to clarify the dependence of two type of
solutions on coefficients and data. One is solutions vanishing at 4=0
and the other is the solution equal to f at 4=0 of the homogeneous
equation. The change of variable x, to ¢ by means of the function
t=A(xp,X) transposes (4.1) to the following. (The inverse map is
denoted by x,=pu(t,X).)

(0/0t) w—a(0/0X)w—+c~w=bh~,

where
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a(t, X) =4, (p(t,X), X)) " JAx (1, X), X),

b6, X) =4, (p(6,X),X) 7,

(4, X) = 4, (1, X), X) e (04, X), X)

S, X) =f(p(t,X),X)
and

@, X)=h(p(t,X),X).
If the flow of (9/0t)G= —a(t, G) starting from X at {=s is denoted
by G(i,5,X), then the solution w is given by

w=G* 1,00/~ ) exp[ - G* (t,0)¢" (9)do]
+{ 16 wororOepr-{ 6w @ana,
where
G*(t,5)g(s) =g(s5,G(s,t,X)).

Therefore if we define ¢7 and ¢7 by

g5 =G* (1, 0)f~(0) exp[—S:G* (1,0) 6~ (0)da]
and

o7 = S:G* (t, ts) (bh™) (ts)exp[ —tS:G* (¢, lo)c~ (to)da]ds,
then two types of solutions are given by
wo=¢g
and
w;=tJr.

The converse change of variable of ¢ to x, gives a solution ¢, of (4.1)
such that

o (20, X) = 57 (A (%0, X) , X).
The other one vanishing at 4=0 is given by
0= A (%9, X) 1 (%0, X)
and
&1 (x0, X) =7 (A (x0, X) , X).
If A=4,+¢ and if ||¢|]; and |[¢c|l; have a common bound, then this
process of construction yields the estimates (4.2), for the functions

¢o and ¢,
4.2)  lgill.<Co(llgilla+1gilli U llasa+1) +ligillo(llell.+1)) if 1<a,
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and
Hsbj”aSCangHa lf OSLISI,

where g=f and g =4, because the uniqueness of solution to (4.1)
assures the homogeneity of solutions so that the local estimates in &
are extended to the global one, where the estimate (4.2) is one on a
conic neighborhood of {4,=0}, and ||¢||, is as small as it assures
(0/0x,) A#0 there. Therefore we can conclude Proposition 2.2.

The estimates (4.2) is one for general functions ¢. At the appli-
cation of it to our case, the functions ¢ have a special feature such
that the supports of ¢ concentrate at a neighborhood of the zero
points of f. Especially the solution ¢, of the homogeneous equation
with the initial data f at 4=0 has an advantageous estimate. We
assume that ¢ is a product of two functions p; (¢=0"%) and ¢,

¢:Pae¢’
such that p, is used at Section 2 and ¢’ is estimated as
19|l < C.00%
Then the vector field a(9/0X) is perturbed by ¢ only on the support
of ps. Especially t=4(xy,X) is bounded as |¢/|<C6#~% on the support
of ;. Therefore the both side bounds of Jacobian of the change of
variables and the estimate for (0/0X)G(s,t,X) are bounded by

constants independent of ¢ if 6 is large enough to neglect the effects
of ¢ to the bounds.

Lemma 4.1. Let ¢ be a product of two functions p;, (e=07%) and
8
$= 039",
such that
[16'[] <C 067,

Then two solutions ¢, and ¢, of the equation (4.1) with A=A+ ¢ have
the estimates such that

|l < Co(11f1i2)

and

1l < Chiihily
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if 0 is sufficiently large, where the constants Cy(||fll) and C, are independ-
ent of the parameter 0.

Proof. The proof with respect to ¢; is clear from the discussion
before the lemma. The parts of the estimate of (9/0X)?G(0,,X)
affected by the perturbation ¢ are in the case where the path
G(s,t,X) 0<s5<t touches the support of ps;. ((0/9X)f~) (0,G(0,¢, X))
in this case is bounded by G672 so that

((9/0X)f7) (0,G(0,¢,X)) (8/0X)*G (0,4, X)
is as small as necessary if @ is large. The effect at the change of
variable by ¢ is also on the support of g;. (0/0X)f~(¢,X) and the
difference

(9/0X) 5 (0,X) —(8/9X)¢5 (4, X)

is bounded by C67% on such a point (¢,X). Therefore it is possible
to take the bound of {|¢y|; independent of 0. g. e. d.

Another characteristic of the flow F,(x,,X) is found out in the
behavior of 4(y,,Y) as the parameter ¢ tends to infinity. 4(y,Y)
should decrease in exponential order if the function f were identically
equal to zero. Therefore it is supposed to remain small if f and its
derivatives are small.

Let ¢, and ¢, stand for the following ones.

(4.3) S—L=py+24¢,

and

{6o—4, ¢o} +chy=0.
Then the vector field £ is written as
Fo=—24{&, d} +{/, 0}
=-24 {SO_A:» ?)} + {¢0+2A¢19 Z)} .
Therefore it holds for 4, ¢, and ¢, that
L A= —-24 {Eo_Sbh A} + {¢o, /1} 5
L= —24 {Eo_/la ¢o} +2 {A¢1, S[’o}
=2Acho+-24{¢h, do} +2¢1 {4, ¢}

and

L= —24 {&o—4, i} + ¢, 1) +2¢.{4, ¢.}.
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These imply the inequalities that

ALAL =28 (A = (P | PAD) + [P | 1P A] | 4]

— L <2\ e |+ 214] [P | 17|+ 1| 17 A] 17 |
and

— QL L2 A (I |+ [PA[T L] 1]

+ P[Pl 1| +281 P AL 7y ]
Since the non negativity of the function ¢, implies that V¢, is bounded
as
17 o |2 < ol bl |2

with a2 maximum norm || - |, up to the second derivatives, so it holds
that

ALAL =2( Ay = Vo | [T A] —e [P A|?) A2+ (8e1) 7| ol logPos
—aZL g <2(a |de|+idll) go+a® |V, [P+ (a/2)2 [P A|? |1 |?
and
—Bh L <[3B(|ue, |+ IPAT PP D) + B IF DT ¢ |2
B8 hu |+ (TAL 7y ) A2+ 47 ol logho
for positive numbers ¢, @ and 8. Therefore it is obtained that

AL A—2" aL o~ Ly
S —2</1x0_‘Zo)AZ+ (a [/1(,‘ I +Zl)¢'0+ZZ¢%9

where
Zo= P | IV A +e [PAP+ (@/2)* |7 |?
+(8/2) (s | + P A[ PP ]),
Zy=(5/4+ (8) ) |Igholl
and

Zy=[38( Iy | + (WAL F 1)+ (BIF 1) +27(2/2)* (P A)7].
If ¢ and ||F¢y|| are sufliciently small and if |4]]6|7'<e for some
positive &, then
2(A,,—Zo) 2K |§ >0,
where
K=inf{4, |£]71} >0.
This implies that
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AL N—27 0Ly — B Lo,
< —K|E (A —ady—BD) + (a(1dc| =K |E|) +Z1) o
+(Z,—BK &) ¢t

If it is here assumed that
[Ac| —K{§|<—27'K|&]

and that a and B are chosen properly and large (naturally, |[{¢]
should be taken small depending on a and B), then it holds that

ALA=2" 0L P+ g L p < —K | € | (£ —ady—B¢D).
Since it holds by definition that
(d/dt) [(L2 —agy—B¢?) (0, Y) ]

= &7 L[ (L —ad,—E¢D) (5,Y) ]
=[1E17Z (L —agy—B¢D) ] (oY),

it is concluded that there exist positive constants @ and 8 such that
(d/dt) (£ —agy—pt) < —2K (L —ady—pe?)

if [(4e) (9o, Y) |<27K || and [4(po,Y) [<&ln], and if [[Fdn]| are
sufficiently small, where K is given by

K=inf{4, [£]7} >0.
The above inequality means that
(L2 —agy—BgD) (9o, Y) < (A —agy—B¢R) (x0, X) exp[ —2Kt],

so that the following lemma is concluded.

Lemma 4.2. Let ¢, and ¢, defined by (4.3). There exist positive
constant a and B such that

A(30,Y) <agy(90,Y) + B3 (p0,Y) + A (x0, X) exp[ —2Kt]
i
[ (Ae) (3o,Y) | 27K ||
and
1490, Y) | <& 71,
and if |Pguy| are sufficiently small, where K is given by
K=inf{4, [£]7"} >0.

Remark. a, 8 and the bound of ||[F¢y|| are taken uniformly as far
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as K, g, and the bound of [|¢]|, are fixed.

We check that the assumptions of the previous lemma are fulfilled.
One of them is that 4%(9,Y) Iy|™% is as small as A*(x,X) [§]72
This is proved as well as the previous one if the parameter v of f,
introduced at Section 1 is put small. Since

A=4,+¢
and
P A= —24(8/0x)) A+ {f,, 4}
= —24[(8/dx)) A— {Ay, B]—2¢ (A, A} + {f,— 4L, 4},
it holds that

< —28°[(8/0x0) M+ (9/0x0) ¢ — {4, @} 1+Cv |9 [*+ClIg?l |7 |

If £(9,Y) {n]7? remains less than a small positive constant & and if
[1d]l, is small, then

(0/0x0) h=K |7 |

there with a positive constant K. Therefore if |[@||; is restricted as small
as

[(9/0x0) 6 — {4, ¢} |<K][nl/4,
then it holds that
(AL ) (9o, Y) < — (3/2) KA (3o,Y) +Cv 7 [*+|6°l] [ 7 ”.
On the other hand by the definition of the flow F,(x, X),

| (d/dt) [9|72| <217 f, [ In]77
<CUA4TIg [T 9]

Hence if ¢ and ||¢||, are taken as small as
ClAlln|'<K/2,
then it holds that
(d/dt) (£(95,Y) [7]75) < —KA(3o,Y) |7 |2+ Co+||4%],
so that
A(90,Y) 7|72 < A (x0,X) [€]7% exp[ K]+ K7 (Cv+1¢7h)
if 4(30,Y) | 1717 <¢ and if |||, is small. This concludes the follow-
1ng.
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Lemma 4.3. If it holds that

’Al(me) l [E l—lée/‘l',
lo] 1617 <e/4
and
K| g% <e/4
(K=inf| 1, <c/e121 [ (9/0,) A4 1€17D
and if v of f, is sufficiently small, then
1400, Y) | 17171 <e,

where ¢<ey and ||@||, should be restricted as less than some positive con-
stant independent of € and v. Therefore it holds for any ¢ that

| (4e) (o, Y) | 9] '<27K

if 2ellcly<K, that is, if the flow (9,Y) starts from the sufficiently
small neighborhood of 4,=0 and if v of f, is sufficiently small. It also
holds for f, under the same situations that

fu()’O’Y) !7] I_2£25’
because

| =B <G €%

Proposition 4.1. Let ¢ be a product of two functions ps (e=071)
and ¢,

¢ = xo36¢,:
such that
6]l < C 007,

Then there exist positive conslants «, v, 0, and K, and a neighborhood 2
of the zero points of f such that, if 0>6,, it holds on 2 that

S (e,Y) in]7?
<a[ (9 (90,Y) +1 (30, Y)) 9| *+exp(—Kt) ],

where ¢y and ¢, are defined by (4.3).

Proof. By the definition (4.3) of ¢;, it holds that
S<hotgi+ 24,

Therefore it suffices to show the inequality for A*|&|7% This is
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assured by Lemma 4.2. In fact we suppose the results valid. Then
there exist constants a« and K such that

A(90,Y) 7|7
Sa[(‘/fo()’osy) +¢§<}’0>Y)) [7 I_Z+A2(anX) 7 [2 CXP(_QKO]-

Here we know the inequality about |7|™? such that
t
7177 < &1 exp 2] Frpuds].

If a neighborhood 2 of the zero points of f is defined as Lemma 4.3
holds, then

I7172< [§]7% exp (4et).
Therefore we get the conclusion if ¢ is defined as 4e<K.

Next we note that Lemma 4.2 is valid. If the domain £ is taken
as the above, then the conditions for 4(y,Y) are satisfied by virtue of
Lemma 4.3. The assumption for ¢ yields Lemma 4.1. Since [[f.ii
are uniformly bounded when the parameter v tends to zero, [i¢ll, is
bounded independent of v and 4. Therefore the constants a, j and
the bound of [|¢,||; are fixed independent of v. On the other hand
it holds for

h=0(¢) —c¥($)
=0(0) —c¥(0) +2,(0) ¢ —c¥,(0) g+ Pp(p) —c¥,(9)
that [|[@(0) —c¢¥ (0)[], is small as v tends to zero by the discussion at
the end of Section 1 and that the others are small so that there

exists v as [|¢y|]; is less than the bound by virtue of Lemma 4.1.
q.e.d.

Proof of Proposition 2.1. At Proposition 3.1, we put

I'y=2(8/0x0) (4+ @) 16|71 4+2c (4 + ) |§] 7 +o (1 —p,)
and
I''=¢|&|7?=(¢o+¢D) |§1 7+
Then

t
S(Dg=g(y0Y)expl = I'(5)ds]
is a solution of the equation
[(d/dt) — 1§17 L+ T+ 1¢]1S(t) g=0

and
$(0)g=g¢.
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Since a solution of stationary equation is given by integral of S(¢) in
¢t from zero to infinity, we define R;($,c) as
+oo
Ri(g,08=0 SWat(1E[7)

and
Ro(g,0 == 617 st (12170

if they exist. Then they give a right inverse, that is, outside the
support of (1—p,), it means

(@1(8) —c¥1(8)) Ri($,0) g —PRo($,0) g =2.
Therefore it suffices for completing the proof to show that R;(é,c)

are well defined and satisfy the estimates. To be well defined is
assured if

t
expl-{ (7, =Cp)ds]
is integrable in ¢. In fact it is bounded by
CXp[—Q_IICtZ-l—CmSleS]
0

if @ is taken as I';>>0. Since 7 is a bounded function, it is integrable
in t. The more precise considerations are necessary to get the
desirable estimates. We fix an integer m. At first we take d in 7
small at the zero points of f as

F0>Cmr+s
there if the bound of ||@]], is small, and next @ small as
[‘0>Cm‘r+5

on the whole space. This implies that
t
eXP[_S (I')—C,p)ds]<exp(—et).
J

Therefore the constant of the estimate at Proposition 2.1 is independent

of ¢. We now fix w and assume it for ¢ that for a constant Cy,
111717+ [ P<Cs f+r|E ]

This implies that for any non negative m,

Car <Cua(f 16174 5).

Here 0 in y is changed depending on m but @ and the bound of
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[|9ll; keep fixed as
I'y>e>0.
According to Proposition 4.1, this is bounded as
Cut 00Y) Coe[¢ (90,Y) |77 +exp(—K1) ]

on a neighborhood of the zero points of f independent of m. Therefore
it holds that

—St ', —C,nds< —et +C,.
0

This yields the uniform constant of estimate for such ¢ and inde-
pendent of ¢, especially, £ as far as C,” is fixed if the support of p,
is included in such a neighborhood. g.e.d.
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