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Introduction

Let § be a real hypersurface in a complex manifold M. Then,
Ti/, the holomorphic tangent bundle of M, determines an integrable
subbundle T5:=T3|sN (Ts®C) cTs®C. Modelled on (S, Ts), a CR
manifold (a Cauchy-Riemann manifold) is defined as a pair (X, T%)
consisting of a differentiable manifold X and a subbundle T% of Tx&®C
satisfying the following two conditions:

(1) T%N Tx=0,
(i1) T% is closed under the Poisson bracket
(integrability condition).

Newlander-Nirenberg’s theorem [9] says that a CR manifold is nothing
but a complex manifold if dim X=rankgT% Thus, an interesting
problem arises concerning the realizability, or imbeddability, of CR
manifolds as submanifolds of complex manifolds. Boutet de Monvel
[1] showed that s. p.c. manifolds (cf. Section 1) are holomorphically
imbeddable into some CV, provided that dim X=5. Recently Kuranishi
[7] proved that locally every s. p.c. manifold is imbeddable as a real
hypersurface of the ball in C", provided that dim X>09.
Our result is as follows.

Theorem. Let (X, T%) be a compact s.p.c. manifold of dimension
=5. Then, (X, T%) 15 realizable as a hypersurface of a complex manifold.
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Our proof is quite different from Kuranishi’s argument and based
upon Boutet de Monvel’'s imbedding theorem which assures the
existence of a realization XCC¥ for sufficiently large N. We apply
then Tanaka’s stability theorem in [10] to perform a finite number
of bumps on X and obtain an s.p.c. manifold X which is the
boundary of a complex manifold containing X as a hypersurface.

The author is very grateful to Professor S. Nakano for his interest
in the problem. He also thanks the referee and Professor N. Tanaka

for pointing out mistakes.

1. Preliminaries

We recall briefly Boutet de Monvel’s imbedding theorem and
Tanaka’s stability theorem.

Let (X, T%) be a compact CR manifold of dimension 2n—1, and
let TxRC=T%*DTPDF be a decomposition with F=F.,

Definition 1. (X, T%) 1is called a strongly pseudoconvex CR
manifold, or shortly an s.p.c. manifold, if rank¢c#=1 and for any
local frame {o), -+, v,_,} of T% we can choose a local frame {f} of
F with §=0 such that the (z—1) X (n—1) matrix (¢;) defined by
J—1c;;0=[v;, v;1 (mod TxPT%) is positive definite.

We note that the above condition is satisfied by a real hypersurface
S in a complex manifold M if and only if for any point p&S there
exist a neighbourhood U in M and a C~ function ¢ on U such that
SNU={p=0}, dp+0, and dop>0.

A C-valued function f defined on an open set VCX is said to be
holomorphic if f is of class C~ and df=0 for any section v of Ty over
V. We denote by Oy the sheaf over X of the germs of holomorphic
functions.

Theorem 1. Let (X, T%) be an s. p. c. manifold of dimension 2n—1.
If n=3, there exist an integer N and holomorphic functions fi, i=1, 2,
-+, N, such that the map F:=(f1, -+, fn) gives a C= imbedding of X
into CY.

Proof. See Boutet de Monvel [1].



GLOBAL REALIZATION OF S.P.C. MANIFOLDS 601

Corollary 1. Ecery s.p.c. manifold of dimension =5 is isomorphic
to a CR submanifold of a complex number space.

Proof. Let F: X=——C" be an imbedding by holomorphic functions.
Then, for any point x€X, Fy(Tk.) CTiN.rewN (Tr®C).  Since

rank 7T%=n—1, this inclusion is an equality.

Corollary 2.  Every s.p.c. manifold of dimension =5 1is locally
realizable as a hypersurface.

Proof. Immediate from Corollary 1.

Definition 2. A complex manifold with boundary M is a C~
manifold with boundary of dimension 2» with a system of coordinate
patches

¢'i : Ui: {(Zh ) zn) eCr { ZZ=1 Izk i2<1, ri(Z], ) Zn) 20}9

where 7; is a €~ real valued function on the ball with dr+#0 every-
where, such that ¢;¢;! is holomorphic on ¢, (U;NU;)\ {r;=0}.

We denote by oM the boundary of A and put aM=M\M.
Clearly, dM has a canonical structure of CR-manifold.

Proposition 2. Let XCC¥ be a compact (2n—1)-dimensional C~
submanifold. Suppose X is s. p.c. with respect tc the induced CR structure
and that n=2. Then, there exists a unique analytic subvariety W in CY\X
whose closure W in CV is compact and satisfies W\W=X. Moreover,
Sing W, the set of singular points of W, consists of a finite set of points
and W\Sing W is a complex manifold with boundary.

Proof. The reader is referred to Kuranishi [12], section 2.

In virtue of Hironaka’s desingularization theorem [4], we obtain
from W, by a finite succession of blowing ups, a complex manifold
with boundary M. We shall call M the associated complex manifold
of X.

Let C*?(M) denote the C= (0, ¢)-forms on M and let C39(M):=
{fEC”'q(M);fIaM=0}. We set
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Z%(M) = {feC"(M); 3f=0},
B¢ (M) =0C™(M).
Ho* (3 = 20 (D) / B (A),
Z3UM) = (feZ(M); flx=0}
Byt (M) = 3C5 (M) NC3 (M),
H{* (M) = Z§* (M) /B (M).

Let C*?(X) denote the C™ sections of the bundle /q\T}}“——>X. We set
Z00(X) = [feC(X); <df, =0 for ve NT%},
B*(X)={feC"(X);

f=/q\T’X*—part of dg, for some g=C**(X)},
and
H"(X)=7"(X)/B"(X).

We shall be allowed simply to refer [11] and [2] concerning the
properties of H%?(M), H}*(M), and H*?(X). Namely we have,
under the situation that oM =X,

Pioposition 3 (cf. [2] and [11] Proposition 6.6).
HYye (M) =0, for q=<n—1.

Corollary 3. H"Y (M) =H"(X) if ¢<n—1.
Similarly as in [5], Theorem 3.4.8, we have
Proposition 4. H®'(M)=H“(M), for ¢=1.

Definition 3. A family {X,},c.; of CR manifolds is called a
differentiable family if there exist a CR manifold %, a C* manifold
T and a proper surjective smooth map z: & —T such that (X,, T%)

= (z71(t), TxN (Tn‘l(t)®c)>-

We quote here Tanaka’s stability theorem for holomorphic imbed-
dings.

Theorem 2. Let {X,},cr be a differentiable family of s. p. c. manifolds
satisfying the following conditions.
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(1) dim X,=5
(i) dim H"'(X,) does not depend on t.

Then, for any t, T and holomorphic imbedding Fy: X, ——C", there
exist a neighbourhood T >ty and a C map F :\J X,——C" such that

teT’

97|X10=F0 and that let are holomorphic imbeddings for t<T".

Proof. See [10], Theorem 9.4.

2. Bumping of S.P.C. Manifolds

Let X be an s. p.c. manifold of dimension 2n—1=5, let x€X be
any point, and let B(r) be the ball {(z, -, z,)EC"| X1z, 12<r}.
Then, by Corollary 2, there exist a neighbourhood U=x and an
imbedding F:U=—B(1) by holomorphic functions. F(U) is then
defined by an equation ¢=0 on B(1/2), where ¢ is of class C~, dp+0
and dop>0.

Let o be a nonnegative C” function on B(1/2) such that supppe
cB(1/4) and p=1 on B(1/8). Then, for sufficiently small >0,
we have 90(p—1p) >0 and d(p—tp) #0, for any t=[ —e, e]. Choose
a C= family of imbeddings F: UXx[—e¢, ¢]—>B(l) such that

(*) F(x, )=F(x) for xeF*(B(1)\B(1/4)) and tc[—¢, <].
(**) FUX {t}) NB(1/2) = {p—tp=0}.

Using F, we define a CR structure Ty on & =X X (—¢,¢) as follows:

Let p: XX (—¢, e)—X and 7w: XX (—¢ &)—>(—¢, ¢) be the
projections. We put Ty o n=p*T%, for xX\U, and Ty op=
Frl(Trwoxun.rap) for xeU, where F,=F(, (). Then we have a
differentiable family {X,} of s.p.c. manifolds defined by (&, T%)
and 7: &F——(—¢, ). We shall call it a bumping family of X with
front U. Let M, be a complex manifold with boundary such that
oM,=X,. Then, there exist a neighbourhood WO F(U) in B(l) and
a holomorphic imbedding v: WN {¢<0} GM, such that t=F"! on
F(U). Thus, for sufficiently small ¢>0, we can patch A, and
WnN{p—ip=0} via the identification 7(WN {e=0})=WN {p=0} C
WnN {p—tp<0}, and obtain complex manifolds with boundary M,
such that dM,= X,. On the other hand, for 1<0, M, := M\ {p—tp>0}
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are complex manifolds with boundary, if |¢| is sufficiently small, and
we have dM,= X,, too. Fix ¢ so that we have a family of compact
complex manifolds with boundary {M,} with dM,=X, for |t|<e.

Let A be the maximal compact analytic set of M, then we have
H*(M,, Oy)=H"(4, 0M0|A) for g=1. (cf. Narasimhan [8]). From the
definition of M,, choosing ¢ smaller if necessary we may assume that
the maximal compact analytic sets of M, and their neighbourhoods
are analytically equivalent for all . Hence we can suppose H?(M,,
@MO)EH"(M“ 0Mt) for g=1. Thus, combining Proposition 4 and
Corollary 3 with this fact, we have

Proposition 5. H"'(X,)=H"'(X) for it]|<e.

3. Proof of Theorem

We shall now prove that every compact s.p.c. manifold of
dimension =5 is realizable as a hypersurface of a complex manifold.
Let the notations be as in Section 2. By Theorem | we may assume
that X is a CR submanifold of CY. We take a finite covering
{Vi}r, of X by open sets of CV and systems of affine coordinates
(Zi, *++5 zin) of C¥ so that the projections p;: (2, =+, 2in) — (Zigy **,
Zi,) define holomorphic imbeddings ¢; of V;NX into B(1)cC". We
may assume moreover that \w¢;'(B(1/8)) =X. Let {X,} be a bumping
family of X with front V;NX. Then, by Proposition 5, we can
apply Theorem 2 and obtain a differentiable family of holomorphic
imbeddings @, : 6¥<6Xt———>CN for sufficiently small 6. Thus, there
exist £>0 such that \p,'(B(1/8)) N V:D?:(X,) and that p; are
one-to-one immersions on neighbourhoods in @,(X,) of m
Let {M,} be the corresponding family of complex manifolds with
boundary. Then we have MtlDX. Inductively we can define @,
and obtain a CR manifold X, .., as a member of a bumping family
of X ...,_, with front O (VN @ur (X, o, ). Here, t,>0, a=1, 2,
- k. Let M‘r"fk be the complex manifold with boundary correspon-
ding to X, ..,. Clearly M, .., DX for sufficiently small ¢, -, t,.

Q. E. D.



L1}
£21
[3]
L4]
[5]
[61]
[71
[8]
[91
L10]
[11]
[12]

GLOBAL REALIZATION OF S.P.C. MANIFOLDS 605

References

Boutet de Monvel, L., Intégration des équations de Cauchy-Riemann induites formelles,
Séminaire Goulaouic-Lions-Schwartz 1974-175.
Grauert, H. and Riemenschneider, O., Kiahlersche Mannigfaltigkeiten mit hyper-q-
konvexem Rand, Problems in Analysis, N. J., Princeton Univ. Press 1970. 61-79.
Gunning, R. C. and Rossi, H., dnalytic functions of several complex variables, Englewood
Cliffs, N. J., Prentice Hall Inc., 1965.
Hironaka, H., Resolution of singularities of an algebraic variety over a field of chara-
cteristic zero I, II, Ann. of Math., 79 (1964) 109-326.
Hérmander, L., L? estimates and existence theorems for the 9§ operator, Acta Math.,
113 (1965), 89-152.

, An introduction to complex analysis in several variables, Van Nostrand, Princeton,
N. J., 1966.
Kuranishi, M., Strongly pseudoconvex CR structures over small balls, Part III. An
embedding theorem, Ann. of Math. 116 (1982) 249-330.
Narasimhan R., The Levi problem for complex spaces II, Math. Ann. 146, (1962)
195-216.
Newlander, A. and Nirenberg, L., Complex analytic coordinates in almost-complex
manifolds, Ann. of Math., 65 (1957) 391-404.
Tanaka, N., A differential geometric study on strongly pseudoconvex manifolds, Lectures
in mathematics, Kyoto Univ. 9.
Kohn, J. J. and Rossi, H., On the extension of holomorphic functions from the bound-
ary of a complex manifold, Ann. of Math. 81 (1965) 451-472.
Kuranishi, M., Application of d, to deformation of isolated singularities Proc. of Symp.
in Pure Math., 30 AMS, (1977), 97-106.






