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Time-Orthogonal Unitary Dilations and
Noncommutative Feynman-Kac
Formulae. II”

By

R. L. HUDSON*, P. D. F. IoN** and K. R. PARTHASARATHY***

Abstract

In a previous paper [6] it was shown that a certain two-parameter dilation of a given
strongly continuous self-adjeint contraction semigroup, called the time-orthogonal unitary
dilation, gives rise to noncommutative Feynman-Kac formulae through the mechanism of
Boson second quantisation in Fock space. This paper explores the modifications of this
theory which arise firstly by using Fermion rather than Boson second quantisation, and
secondly by using Boson second quantisation based on extremal universally invariant states
of the CCR algebra. In the second case it is found that the programme is successful if
and only if the infinitesimal generator of the original semigroup is of trace class.

§1. Introduction

In a previous paper [6] a certain two-parameter unitary
evolution, called the time-orthogonal unitary dilation, was constructed for
a given strongly continuous self-adjoint contraction one-parameter
semigroup. Upon passing to second quantisations in Boson Fock
space, one obtains a wunitary evolution possessing properties of
Euclidean covariance and independence which permit the construction
of a non-commutative Feynman-Kac formula [5, 6] for perturbations
of the semigroup which is the second quantisation of the originally
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given contraction semigroup.

The purpose of the present work is to investigate the modifica-
tions of this theory which arise when Fock Boson second quantisation
is replaced, firstly by Fermion second quantisation in Fock space,
and secondly by non-Fock second quantisation based on extremal
universally invariant states of the CCR algebra.

We recall that in [6], a non-commutative Feynman-Kac formula
was associated with the following structure. A reflective covariant
system (N, (N;.), (1), p) consists of a von Neumann algebra N, a
doubly filtering system (N, s>f) of von Neumann subalgebras of
N, and a realisation of the one-dimensional Euclidean group by
automorphisms of N in which for t&R translation through ¢ is
realised by 7, and reflection at the origin by p, satisfying the condi-
tions

(1'1) rr(Ns,t) gNr+s,r+t P

(1.2) pNs,th—t.—s

for r, s, tER, s>t. A reflective covariant reducing map j for such a
system is a strongly continuous linear map from N to the algebra B ()
of bounded operators in a Hilbert space §, satisfying the conditions

(1.3) JA4*) =j(4)*,
(1-4’) j(AlAz) =j(A1)j (Az),
(1.5) Jori=Jjop=]J

for arbitrary AEN, tER and 4,, 4, belonging to subalgebras N .,
Ns,:, for which the time intervals ]t, s;], 1¢5 s5.] are disjoint. An
evolution (U, ,:s>t) is said to be reflectively covariantly adapted to the
system (N, (N,,), (r), p) if each U,,=N,, and for arbitrary r, s,
tER with s>,

rr(Us,t) = UrA—s.rJ—ta p(U?t) = U—t,—s-
Given a reflective covariant reducing map j and a reflectively
covariantly adapted evolution (U,,) for the system (N, (N,,), (7)),
0), the operators j(U,,) form a strongly continuous self-adjoint con-
traction semigroup in Y, called the reduced evolution,

JW.) =eeon.
Moreover, if (U,,) 1is unitary, for each self-adjoint Be N N,,
s>t

invariant under the automorphisms y,, tER and p, there is a unique
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cocycle (M8) for (U,,) satisfying
atM?,t = _A/If.tUs,tBUs—,%: ijt:O

so that in the case when the operators U, ,BU;; ; s>t, all commute

MP,=exp { — S Us,,BUgidr} .
t

The perturbed evolution
Us,=M2U,,

is also reflectively covariantly adapted and the corresponding semi-
group is given by

J.(UE,Q = g~ S-DHTIB)

Thus in the commuting case we obtain the Feynman-Kac formula
gD UHOD = j[exp {(-{v..Us2ar) Us_,].
t

Let (d,:¢>0) be a strongly continuous one parameter self-adjoint
contraction semigroup acting in a Hilbert space Y, and write 4,=
exp(—tH) where H is positive and self-adjoint. Let Y=L*(R ; by,
b=8%@Y and let J:{—>(( 0) be the natural embedding of §, in b,
We recall from [ 6] that there exists a unitary evolution (U,,: s>t)
in Y, the time-orthogonal unitary dilation of (A,), such that the
following properties for arbitrary r, s, tER with s>t.

a)

(1.6) A =J"Us

b) in the decomposition b= HDYy ) DYs,, where b, 4 is the
subspace of B comprising functions with support ¢, s] and By
is its orthogonal complement in Y, U, assumes the form V,, @I
where V,, is a unitary operator in §,@Pby, ;.

c)
(L7 UDSHU,,(IDS,)'=U,ssrss5
(1.8) UDRU:UDR)'=U_, _,

where S, and R are the shift and reflection operators in L*(R ; §,)
S S @) =f(t—r),
Rf()=f(-1).
As shown in [ 6], the second quantisations (I'*(U,,), s>¢) in
Boson Fock space I'*(§) =I""(0) Q1" (h) form a reflectively covar-
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iantly adapted evolution and the map j*: T—I'*(J*)TI'*(J) from
B(I'*(9)) into B(I'* (%)) is a reflective covariant reducing map for
the reflective covariant system (N*, (N;,), (1), p*) where

N*=B™ (b)) =B (b) L (D)),

N;t=B<r+(f)0) ®F+(I)]‘t,s])>®1,

(D =I*ISSHTI" (IDS)H 7,

o (D)=I""(IQR)TT*(IPR)
When the semigroup (4,) in b, is ¢ acting by multiplication in C
the corresponding Feynman-Kac formula is that of the Ornstein-
Uhlenbeck velocity process, [5, 7], the “oscillator” formula of [12].

§2. Fermion Fock Space and Second Quantisation

Let § be a Hilbert space. Let I'"(h) be the Fermion Fock space
over b,

r=(5) = @IRHl.,

n=0 j=

where the n-particle spaces,
f),,=[_®1f)],,, n=0,1,2,...
iz

are the antisymmetric parts of the n-fold Hilbert space tensor
products of § with itself, which we regard as the Hilbert space of

bounded, skew symmetric n-fold-conjugate-linear functionals m: &
=1
—C for which ’

mlf=, 5 Im e fi) 1100,

o
where (f;) is a maximal orthonormal set in § [9].

For f&) the corresponding Fock annihilation operator a(f) is the
bounded operator in I'(§) whose action is

a(f) (moy, myy myy ) = (m(f), 28my(f, ), 3¥my(fy. 005000,
Clearly

@.1) a(f)2=0, feb
where £ or 2(}) is the Fock vacuum vector,
R=(,0,0,...);

also a(f) depends conjugate-linearly on f&b,
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(2.2) a(f+2) =a(f)+a(g), f, g€h, 2C

and together with its adjoint a'(f) satisfies the canonical anticom-
mutation relations (CAR)

(2.3) la(f), a@[=0, 1la(f), a"@[=<f, &1, f, g€D,
where 14, B[ denotes the anticommutator

14, B[=AB+ BA.
It is well known that the family of operators

(2.4) {a(f), a'(f) : fB

is irreducible [ 2] and that the set of vectors

2.5 (@' () oo d ()R :1=0, 1, 2,0\ fis forerrs fu€B}

is total in Fock space, that is the vacuum is cyclic [2]. Conversely,
given a triple (8, a, ) comprising a Hilbert space &, a map a from }
into the bounded operators on & and a unit vector 2 in & such that
(2.1), (2.2) and (2.3) hold and the families (2.4) and (2.5) are
respectively irreducible and cyclic, then there exists a unique Hilbert
space isomorphism from & to Fock space that maps £ to the Fock
vacuum and intertwines each a(f), f€bh, with the corresponding
Fock annihilation operator [ 2].

Now let & be a Z,-graded Hilbert space, that is the internal
Hilbert space direct sum

K=+,

of even and odd Hilbert sub-spaces & and &, The algebra B(8R)
of bounded operators in & is Z,~graded [3] by the rule that
TEB(R) is even if TR, C8R, and TR_C&_, and odd if TR, C8&_ and
TR_C&,. Equivalently, T is even if OT=T6 and odd if OT=
—T6, where O is the parity operator which acts as I on & and —1
on 8.

If & is a second Z,-graded Hilbert space then the tensor product
K" =8 Q& is naturally Z,-graded by the rule

*@z®@; g'@z{;j(mod 2)e

For operators T€B(8®) and 7'=B(8’) having even and odd com-
ponents T, 77, we define an operator T®T' in B®RK) by

TRT=TRT+TORT;,
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where C® D denotes the usual Hilbert space product operator whose
action on product vectors is

(CRD) (f®e =CfRDg
and O is the parity operator on & Then the following rules hold:

(2.6) (TRT) (SR =FTfQT'e
(TRT)SRS)=FTSRT'S

for S, TeB®), §, T'eB(&), f€8, ge& all either even or odd,

where the sign is + unless, in the first case, both 7° and f, and in

the second case, both 7 and S, are odd.

We regard the Fock space I'~ () over h as a Z,-graded Hilbert
space, taking the even and odd subspaces to be the subspaces of
vectors whose n-particle components vanish for n odd and even
respectively. Now let h=h @b, be a direct sum. Then it is easily
seen that the triple comprising the Hilbert space I'~(§) ®I~(h,),
the map

bef=(fir 2 —a(f) ROI+IRa(f)

from 9§ to B(I~(H) R~ (h)) and the unit vector 2(5)R2H,)
satisfies the conditions (2.1), (2.2) and (2.3) together with the irre-
ducibility and totality of the corresponding families (2.4) and (2.5).
Hence there is a unique Hilbert space isomorphism, which we use
to identify the two spaces, from I'"(§) ®I~(h) to I' () mapping
Q(6)®2(,) to 2(5) and intertwining each a(f)QI+IQa(f;) with
a(fy, fz). Thus

2.7) r-6,@b) =I5 I (5,
(2.8) alfy f)=a(HRI+IRa(f), fi€h, j=1, 2,
(2-9) Q(rh@f}z) :‘Q(bl ) @Q(Bz) .

Let C be a contraction from a Hilbert space f) to a second Hilbert
space . The second quantisation I'~(C) of C is the bounded operator
from I'-(§) to I'~(§) which acts on each n-particle space as QZ)C.

i=1

Then the map C—I""(C) is continuous for the respective strong
operator topologies and satisfies the functorial rules

(2.10) I'~()=lI,

(2.1D) I'~(C,C)y=r-cyr-(cy,

(2.12) I'~(C*=I-(C)*.
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Also

(2.13) -2 =20,

and if C is isometric, then for fEh

(2.14) I'~(Qya(f)=a(CNHI' (O,
(2.15) I'=(Q)a'(f) =a'(CfH(O).

Theorem 2.1. If U=U,@QU, is a direct sum of unitary operators
Uj in 5]', ]=1, 2, then

(2.16) I~ =r-(u)r-(,.

Proof. Since the I'"(U;) are even, using (2.6) and (2.8) we have,
for f;€8;, j=1, 2
Ir~(U)RTC-(Ualfy, f)
=T~ (U) QT (U [a(f) QI +I®a(fy)]
=~ (U a(f)RT(U) +I'~(U) QT (Uya(fy)
=a(U,f) T~ (U) QT (U +I'~(U) Qa(Uyf) I~ (Uy)
=[a (U, f) QI+IXa U f) 1T (U QT (U)
=a(U(f, fZ))['_(UI)®[‘—(U2)'
Hence, using (2.14) together with the fact that I'(U)'=I"(U™)

I~ T~ U QI (Ualfy fo)

=T~ (UDaU(fis T WU RT (U

=a(fy TN (WUYRT (U,
that is, the operator I'~(U) ‘T‘(UQ@F‘(UQ commutes with each
a(fi, f2). A similar argument shows that this operator commutes
with each da'(f}, f2), and thus with all elements of the irreducible
family {a(f}, f2), a'(fy, f2) : fi€h;;j=1, 2}. Hence it is a scalar
operator and for some c=C

I~ (U)X~ (U,) =c'~(U).

Comparing the action of F”(UQ@F‘(UZ) and "~ (U) on the vacuum
vector using (2.13) and (2.9) shows that c=1.[]

Finally we show that the second quantisation of an isometric
embedding of one Hilbert space in another characterises the vacuum
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conditional expectation for the algebras on the corresponding Fock
spaces. In this connection, see [ 4 ].

Theorem 2.2. Let Y, be a direct sum, 5, =0@Y and let J be the
isometry &— (&, 0) from %, into B Then the map T—I'~(N*TI'~ ()
Jrom B(I'(8)) to B(I'"(Yy)) is the vacuum conditional expectation given
B(I'~ (b)), that is, for arbitrary TEB(=(9)), I'"()*TI'~(]) is the
unique element of B(I'~ (%)) such that, for arbitrary ¢, yI'~(hy),

(2.17) L, I~ (D*TT=(D>=<¢R@2(), TrR®2(H)>.

Proof. Because of the totality of such vectors in I'"(h) it is
sufficient to establish (2.17) in the case when ¢ and y are of form

g=a"(&,) ...a"(EYQLYy), x=a"(n,) ...a" () 2(Hy)
for &,..., &, 7y..., 7,€0. Then we have using (2.15)

&, T-(D*TL- (D>
=T~ (g, TT- (D>
= (Da'(Ey) .. a'(E)QBY, T (Ja' () ... a' () 2 (B>
=<a"(JE) +..a'(JEV (RGN, Ta'(J7,) ...a'(Jn) [~ (25>
=<a" (&, 0)...a"(&, 0020, Ta (., 0)...a"(p, 00205
=@ (EDRD...(a"(E)RD2(5) ®2(),

T@ () @D .. (@ () QD2 (5) ®2(5) >
=a'(En). .. a'(§)2(B) RL(D), Ta'(n,) ... a (1) 2(5) RLH)>
={PR2(H), TYRL(H)>. [

§ 3. Fermion Feynman-Kac Formulae

Let (4;:t>0) be a strongly continuous self-adjoint contraction
semigroup acting in a Hilbert space 9, and let (U, :s>¢) be its
time-orthogonal unitary dilation in §, =P L*(R ; b,). Let N~ be the
von Neumann algebra B(I'"(h)) and, for s>¢, let N, be the von
Neumann algebra generated by the elements a(§, f), £€b, f<by,
Let 77, tER and p~ be the automorphisms of N~ given by

(D =I"~UPSHTI~UPS)H™
o (D)=~ U®RTI-IDR)"

Then (N7, (N5, (77), p7) is a reflective covariant system. Indeed,
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it is clear that N7, SNy, for ¢, s]CS1r, u], and that N~ is generated
by the N, follows from the fact that it is generated by the a(&, f),
¢eh, feh, that (& f)—a(&, f) is continuous in the strong topology
on b, and the uniform topology in B(/'~ (%)) and that gtf)],_ﬂ is
dense in §. That the inclusions (1.1) and (1.2) are satisfied follows
from (2.14), (2.15) and (2.16).

Now let j~ be map from N~ to B(I'"(%,)) given by

IO =r=(D*Tr=(N.
By Theorem 2.2, j~ is the conditional expectation given B(I'~ () in
N-.

Theorem 3.1. j= is a reflectively covariant reducing map and (I'~ (Us,)
s>t) is a reflectively covariantly adapted evolution for (N—, (Ni.), (77),
07).

Proof. The proof differs essentially from that of the corresponding

result for the Boson case, Theorem 6.1 of [6], only in the argument,
which will now be given, that j satisfies the condition

J(A4B) =j(4)j(B)
whenever A€N,,, BEN,, for disjoint ¢, s], Ju, r]. By our identi-

fication of j as a conditional expectation and Theorem 1.1 of [6] it
is sufficient to show that the corresponding von Neumann subalgebras

N, and N, of B(I'"(§)) generated by the a(f) for which f vanishes

outside ]¢, s] and Ju, 7], respectively, are independent in the vacuum
state, that is, for arbitrary CeN,, DEN,

02, CDR2>y=<82, C2><2, D).
To do this we write
=) =IOy '™ (Br.ip0)
corresponding to the direct sum decomposition
5=01.0 Db,

and note that N, is generated by operators of form

a(YRI=a(fRI

where fi€b; 5, while N, is similarly generated by operators of form

I®a(f) =0 ®a(/f),
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where O is the parity operator in I'~(9,), with f,€8,,,Sb; . Hence
the element C of N, is of form G, X1 for C,B({ (§y.)), while the
element D of N, is of the form IQRD,+60RXD, with D, D,eB(I" (% )).
Since @ maps the vacuum to itself, we have, writing 2,=2(, ),
'-Qz:Q(f)]t.sjf)

{2, CDQ>
=<(2R%2, (C,RQD IRD,+6RD,)2R 2>
=1 R2, C:R(Di+D) 2 R2,)

:<'Ql: CI‘QI> <‘92a (D1+D2)Qz>-

Setting C and D, respectively, equal to the identity shows that

<‘Qa D‘Q>=<‘Q2, (D1+D2>Q2>,
<‘Q9 C“Q>:<‘Ql9 CI‘Q1>'

Hence in general we obtain
R, CD2>=82, C2><2, DY)
as required. []

As in the Boson case, the reduced evolution corresponding to the
reducing map j~ of the evolution I'~(U,,) is the second quantisation

of (4, :

j—<['_(Us,t)) :P_(.])*F—(Us,t)['_(\])
=I~(J*Usi))
=I""(4,.).

In the case when A,=e¢™' acting by multiplication in C, this is the
semigroup I@e! in I'"(C) =C@ C; its infinitesimal generator is thus
the two-level Hamiltonian with eigenvalues 0 and 1. Perturbations
j~(B) for which the I'-(U,,)BI'~(U,,)™! all commute, so that the
Feynman-Kac cocycle takes exponential-integral form, must them-
selves be diagonal so that, at least in the case of time-independent
perturbations, the Feynman-Kac formula which results seems unlikely
to be of value for computations. It bears the same relationship to
the Fermion Ornstein-Uhlenbeck velocity process

A _ A (Ct
a(t) =e"a0®l+\/21®g e~ d4,, >0,
0

where (A4,) is the Fermion Wiener (Brownian motion) process

4, =a(X[o,t]) P t>0
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as does the oscillator process formula of the Boson case to the
Boson canonical Ornstein-Uhlenbeck velocity process of [6, 7].

§4. Extremal Universally Invariant Second Quantisation

Let h be a Hilbert space and let I'*(h) be its Boson Fock space,
with vacuum vector 2% or 2*(h). Denote by IW(f), f€h the Weyl
operators over ) ; these form an irreducible family of unitary opera-
tors in ["*(§) satisfying

1) W(HWQ =exp{—gi Im<f; D} W(f+e),

@, wHey=exp{— L If1F,

moreover the map f—>W(f) is strongly continuous on §.

Now let § be the dual Hilbert space of § and for febh let f
denote the element g—>(f, g> of §. Let K be the natural conjugate
isomorphism f—f from § to § and for T€B(H let T denote the
element K7TK™! of B(h). By identifying the dual of a direct sum
with the direct sum of the duals through the isomorphism

(fb f23"-)_)(j:1, fz,...)

and the dual of a tensor product with the tensor product of the
duals through the isomorphism which extends the map

N1iRR .. -)__)f1®f2®- Oy

we identify the dual of the Fock space I'*(h) with the Fock space
I'*(®) of the dual, in such a way that for any contraction C, the
second quantisations ' (C) and I'*(C) in I'*(}) and I'*(h) =T (h)
satisfy

Now set
r@®=r-Ger-®=r-oobh,
Q=0 =2*H L H) =27 HDH).
If f)=éﬁj is a finite direct sum then by combining the corresponding
=1

isomorphism for the Fock case with the natural permutation isomor-
phism from
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F®=r"Ger e =(Qr6) QR o))
to

@ r+G) QI (6)) =j®:11”(5j),

we obtain an isomorphism from I'(}) to éf(f)j) which we use to
i=1

identify these spaces. Note that in this identification
Q(]_@lbj) =J@1~Q(fb)-
If C is a contraction from § to a Hilbert space §, we write
(4.2) re)=r«er-.

Because of corresponding properties of the Fock second quantisa-
tions, I'(C) is a contraction, C—I"(C) is strongly continuous and the
functorial rules

(4.3) ra=I,
(4.4) I'(CC) =I'(CYI'(Cy,
(4.5) res=ru:

n
are satisfied ; moreover if C=@C; is a finite direct sum then
ji=1

(4.6) I =QrC).
i=
Now let ¢ be a real number >>1, fixed once and for all. Let «
be the positive number such that
o?=cosh2a.

Then it is easily verified that the family of unitary operators W,=
(Wo(f) : f€b) defined by

W,(f) =W (coshaf) ® W (sinhaf)

forms a RCCR over §) (that is, is strongly continuous on finite-
dimensional subspaces of § and satisfies

W.(N) Wole) =exp{—5i Tn<f, S} W(f+8), f,2€).
Moreover

47 O, W@ =exp{—aifIF}.

W, is thus a realisation of the RCCR corresponding to an extremal
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universally invariant state of the CCR algebra in the sense of [10].
Similarly, if

W, (f) = W (sinhaf) ® W (coshaf), fcbh
then W' is an RCCR over § such that

82, W"y(f)9>=€Xp{——%02[[ f||2}.

It can be verified directly that every element W,(f) commutes
with every W;(g). Moreover, since

(4.8) W,(f)W,(@) =W (coshaf+sinhag) @ W (sinhaf+ coshag)
=W (coshaf+sinhag, sinhaf+coshag),

and the real linear map in H@Dh
T,: (f, & —>(coshaf+sinhag, sinhaf-+coshag)

is clearly invertible, we see that the operators W,(f), W,(3), f, ¢€b,
jointly generate the elements of the Fock RCCR over §@P. Since
this is irreducible it follows that the von Neumann algebras generated
by the representations W, and W, are mutually commuting factors
(in fact they are each other’s commutants); we denote them by N,
and N, or N,(h) and N;(h) respectively. £ is cyclic and separating
for both N, and N,.

Let U be a unitary operator in §. From the corresponding
property for the Fock case we see that, for f&b,

(4.9) FOHw,(H W) '=w,WUf),
(4.10) rOHw(HI'WO)=wy(Uf),

thus conjugation by [I'(U) induces automorphisms of N, and N,.
It is important for us to know when these automorphisms are inner,
or equivalently when I'(U) can be factorized in the form

(4.11) ') =4U)4 )

with A4(U) and A'(U) unitary elements of N, and N, respectively.
Because N, and N, are factors it is clear that, if it exists, such a
factorization is non-unique only to the extent that A(U) and A4 (U)
may be replaced by a4(U) and a'A'(U) respectively, where a is
an element of the group T of complex numbers of unit modulus. It
is also clear that the set of unitary operators for which the factorization
(4.11) exists is a group under multiplication, of which the map U—
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TA(U) is a unitary ray representation [ 1]. We recall from [ 1]
that a unitary ray representation G=2g—TU, of a topological group
G is said to be continuous if, for an arbitrary vector ¢ there is a
neighbourhood ! of the neutral element of G such that whenever
ghtef

inf |laUgp —BUs|I<e.

Theorem 4.1. The group %,(9) of unitary operators in § for which
the factorisation (4.11) exists consists precisely of those unitary operators
U for which U—1I is a Hilbert-Schmidt operator. Moreover if U,(9) is
topologised by the metric

o (U, Uy) =||Uy=Ul

where || ||z @s the Hilbert-Schmidt norm, then the map U—>TAWU) is a
continuous unitary ray representation of U,(H).

Proof. Inverting the relation (4.8), we have that for all f, g&b,
(4.12) W(f, & =W,(coshaf—sinhag) W,( —sinhaf+ coshag)

where W(,) is the Fock RCCR over §@Ph. Suppose that I'(U)
admits the factorisation (4.11). Then since A(U) commutes with
each W.(k), k&b and A (U) with each W,(k), heh we have
AW (S, HAWU)
=A(U) W,(coshaf —sinhag) W,( —sinhaf+coshag) A(U) !
=A(U) W,(coshaf —sinhag) A(U) "'W,( —sinhaf+ coshag)
=I"(U) W,(coshaf—sinhag) I (U) "'W,( —sinhaf+coshag)
= W, (coshaUf —sinhaUg) W, ( —sinha f+ coshag)

using (4.9). By (4.12) we can write this as
AW (f, AW *=W(f", &)
where

(4.13) f'= (cosh?aU —sinh? al) f+ (I—U)sinha coshag,
(4.14) g = (U—1I)sinha coshaf+ (cosh’al —sinh’*aU) g.

Suppose, conversely, that there exists a unitary operator A(U) in
I'(9) such that, for all f, g&b,

(4.15) AW, DAY =W (S, &)
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with f', g given by (4.13), (4.14). Replacing f and g by coshaf+
sinhag and sinhaf4coshag in (4.15) we have that, for arbitrary
/> g€,
A(U) W (coshaf+sinhag, sinhaf-+coshag) A(U) !
= W (coshaUf+sinhag, sinhalUf+coshag),

that is, using (4.12), that
AW W (W& AU) =W (U YW, (Q).

Setting f=0 shows that 4(U) commutes with each W;(g¢) and hence
belongs to N, Setting g=0 shows that, for all f&b

AW, (HAU) =W, (Uf)
=I'({UO)W,(HI'U)!
and hence that if
A (U) =AU) U (U)

then A'(U) commutes with all W,(f) and so belongs to N,. Thus
r'u)=4U) 4 )

admits a factorisation of type (4.11).

We have thus shown that I'(U) admits a factorisation of type
(4.11) if and only if there exists a unitary operator (which can be
taken to be A(U)) such that, for arbitrary f, g&b,

AW (f, HA) =W (f', &),

where f', ¢ are given by (4.13), (4.14). But according to Shale’s
theorem [11] on the wunitary implementability of linear canonical
transformations in the Fock RCCR, such a wunitary operator A(U)
exists if and only if the real-linear map L : (f, 9 —(f, §) in the
real Hilbert space got by equipping H@b with the real part of its
original inner product has the property that (L*L)*—I is Hilbert-
Schmidt, or equivalently that

L*L—I=((L*L)*+ 1) ((L*L)*=1)
is Hilbert-Schmidt. Hence to complete the proof of the first statement
of the theorem we need to show that L*L—7 is Hilbert-Schmidt in
the real Hilbert space H@J if and only if U—1I is Hilbert-Schmidt
in b.
To do this we represent the operator L in §@h in matrix form
as
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(4.16) [ coshzaU—sinhzczzl ) cosha s_inha - l_/) K1)
cosha sinhaK(U—1I)  cosh?al —sinh’aU
_ [ I+cosh*aD —cosha sinhaDK™! )
- [ cosha sinhaKD I —sinh’aD

where D=U-—1. After some manipulation using the unitarity condition
U*U=I for U in the form

D+D*+D*D=0
we find that L*L—I is represented by the matrix

[ —cosha sinha(D+D*) (sinh*aD+cosh’aD*) K™}

2 cosh a sinh & [ K(cosh?aD+sinh?aD*) —cosha sinha (D+ D*)

and is thus Hilbert-Schmidt if and only if D=U-I is Hilbert-
Schmidt as required.

From the form (4.16) of the matrix of L it is clear that the
map U—L is continuous from the topological group %,(}) into the
group Z,(9@H) of real-linear transformations in H@PJ differing by
Hilbert-Schmidt operators from the identity, topologised in the same
way as %,(9). Now in [11] it is proved that the unitary operators
implementing unitarily implementable linear-canonical transformations
constitute a continuous unitary-ray representation of the subgroup
of Z,(5@h) consisting of such linear canonical transformations.
Combining this fact with the continuity of the map U—L shows
that U—»TA(U) is a continuous unitary ray representation of %,(})
as claimed. []

§5. Time-Orthogonal Unitary Dilations of Semigroups
with Trace-Class Infinitesimal Generator

Let (U,, acting in §,=5,@Y, where H=L*(R; Y,), be the time-
orthogonal unitary dilation of the strongly continuous self-adjoint

contraction semigroup acting in b,
A,=e¢t
with infinitesimal generator H.

Theorem 5.1. A necessary and sufficient condition that the elements
U,., belong to the group U,(9,) is that the infinitesimal generator H be
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trace-class. If this is the case then the evolution (U,,) 1is continuous in
the sense of the topology of U,(%,).

Proof. As in [ 6], we write U,, in matrix form,

As,t Bs,t }
Cs,t I+Ds,t

where A,,=A,_, and the actions of B,,:H—h, C,,: H—bh and D,,:
h—bh are respectively

Us,t':{

Bs,tf= - (QH) *Sx:!t,s](x) As—xf(x) d'x’
(Cs,tC) (x) =X]t,s](x) Ax—t(QH) +C,
(D, f) (x) = —QSx:t,ﬂm Ya(X)HA,_, f() dy.

If each U,; differs from the identity by a Hilbert-Schmidt
operator then clearly 4, ,=J*U,,J has the same property and thus,
in particular, has a discrete spectral resolution. Hence we may
assume without loss of generality that H has a discrete spectral
resolution, hence that there exists a maximal orthonormal set ({;) of
eigenvectors of H in terms of which H can be expanded as a
strongly convergent sum

H=732%;QE,
where fQg is the rank one operator ¢—<{g, ¢>f. The matrix elements
A:—1, By, Csy, D, of U,;—1 are then given by

—Xj(s—t)

(5.1) A —I=% (e =D&,
7
(5.2) Bs,t: ; Cj ®f§.t, Cs,t: ; gg.f ®Cj)
where
100x) = = () V226 9778,
g (%) =xa.(x) e—l"(x_t)\/Q—ZjC,-,
and
Ds,t = Z D.{,t
J
where

2

Di f(x)= _QSX]t.SJ ) Yoy r () e 1T, SO XCidy.

Identifying the spaces L*(R ;) and L*(R)®Y, by means of the
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isomorphism that extends the map f{—f®{ we see that Di, can be

written
(5.3) D =d, Q& &L
where d, is the integral operator in L*(R)

(5.4) dif(x)= —QSXJt.sJU’) Xis.s1(%) Zie_xj(x_y)f(}’) dy.

Since the ranges of {;®f%, (g,®E)* and DI, are mutually orthog-
onal for different j, the finite or infinite Hilbert-Schmidt norms of
B,,, C,; and D,; are given by

[1Bo =2 16 @LP=2 LA dP=13 (1 —e
G l= 3 llgh ®EIP= X llgh P =2 (1—¢ 5°77)
1D JB= T IDLE= T IddE
=4 3 ({15,000 13,00 2757 2 dxdy
:4§g$y{%W”M@

y

:Z (1 _e—zlj(s-t)) +2 Z Zj(s 0.

—2/1j(s—t)

)

Also from (3.5)
HA”—-IH§=Z (e—lj(s—i)_l)z.
7

Hence A4.,—1, B;,, C,, and D,, and hence also U,,—1I, have finite
Hilbert-Schmidt norm if and only if each of the series

—21]-(s—t)

5 (e—zj(s—t)__l)z’ S(l—e )y 2 Ai(s—t)
7 j j

converges. But convergence of the last of these implies that of the
other two. Hence U,,—I is Hilbert-Schmidt for all s>t if and only
if >} 4; converges, that is H is trace-class.

JIf this is the case then, for r>s>¢ from (5.1),
HA,,,t—AS.t‘[g: ;(e-lj(r—t)_e—lj(s—t)) -0
as r—s, by the monotone convergence theorem, from (5.2)
llBr.:—Bs,¢!|§=Zj]I|fi,¢— s
=3 sz{gs (e—zju—x)_e—xj<s—x))2dx_l_gre—zzj(y—x) dx}
J ¢ s
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s 22t —2(y—s)1j}

=7 {74 — T2 — g™y 11 —e
J
SeZSmax,ij Z (e—ljr_ e—/ljs)2+2(r—s> Z zj
J J
—0 as r—s,
IC,..—Cs. 5= ; gl —g.I1P
=23 ngye—m"(x—n dx
] s
=2 (e
7
—0 as r—s,

while from (5.3), (5.4)
”Dr.t—DS,tHgZJZ Hdi,—-di,}!z

=42 A {S SS P dxdy—l-grgre—zxju—y) dxdy}
J sJt sJy

<4 X XB{r—s5) 5=+ (r—9%
J

—0 as r—s.

—ZRJ-(s—t) —le(r-t)

—e )

v

Hence U, is continuous in s for fixed ¢ A similar argument shows
that U,, is continuous in ¢ for fixed s. []

§6. Factorisation of (I'(U.,))

Let (4,:¢>0) be a strongly continuous self-adjoint contraction
semigroup in the Hilbert space Y having trace-class infinitesimal
generator H. Let (U, : s>t) be the time-orthogonal unitary dilation
of (4,). Combining Theorems 4.1 and 5.1, we have that, for arbitrary
s>t, I'(U,,;,) admits a factorisation

6.1 ', =44,

into unitary operators 4, in N, and 4;, in N, which is non-unique
only to the extent of multiplying 4,, by an arbitrary element of T
and 4;, by its reciprocal. Moreover the unitary ray-valued map
(s, t)>TA,, =4, is separately continuous in its two arguments. It
follows from a theorem of Wigner [l, 13] that the representatives
A, can be chosen in such a way that the map (s, ¢) =>4, is strongly
separately continuous. This choice is clearly non-unique only to the
extent of multiplying 4, by a(s, t) and 4, by a(s, ¢), where a is
a separately continuous 7T-valued function.
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Theorem 6.1. There exists a unique system of representatives A, of
the unitary rays A, s=>t, such that
a) (A,,:s>t) is a (strongly continuous) unitary evolution, that is, for
r>s2>1

(6.2) A, A4, ,=4,,.

b) For arbitrary rER and s>t

(6.3) FI@S) 4. I UDS,) ' =Ayisris
and

(6.4) IR A} IPR) =4, _.

Progf. The proof consists of three stages of which the first two

are lemmas.

Lemma 6.2. There exists a system of representatives A;,, s>t forming
an evolution.  Moreover this system 1is non-unique to the extent of
multiplying each A, by B(s, t), where the T-valued function B is
separately continuous and satisfies the functional equation

(6.5) B(r, £) =B(r, s)B(s, t) (r=s=>t).

Proof of Lemma 6.2. By second quantising the evolution equation
satisfied by (U,,) we obtain, for r>s>t

(6.6) r'u,)=rw,)r'ws,.
For any strongly separately continuous choice of representatives
(4;.,) we have, on the one hand
I'u,,) =4, 4,,
where
A =470 (U,)
while on the other hand, from (6.6)
I'w,) =4, 4, A 4,
=4, A, .4, A,

and 4, 4, and 4 ;, are unitary elements of N, and N, respectively.
Hence, by the non-uniqueness of the factorisation (6.1) for I'(U,,),
for some a(r, s, ) €T we have, for r>s>1,
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(6.7) Ar.t:a(r7 Sy t)Ar.sAs.t-
Clearly the function a is separately continuous in r, s and ¢. By
defining 4, ,=4;! for s<t and extending the domain of definition of
a to all of R® by the convention

a(r, s, )= (a(r, s, t))°
where d is the sign of the permutation (r, s, t)—(r, s', ), we may
assume that (6.7) holds for all r, s, tR. From the associativity
identity

(Ar.sAs,t)At.OzAr,s(As,tAt.O)
we obtain the functional equation for «

a(ry, s, Ha(r, t, 0)=a(r, s, Na(s, t, 0),

that is

a(r, s, 0)a(s, ¢, 0)

a(r, s, )= a(r 7. 0 ,

so that (6.7) can be written
a(r, t} O)Ar.t:a(r, Sa O)Ar.sa(s, t) O)As.!-
Replacing each representative A, by a(s, ¢, 0)4,, we thus obtain
representatives satisfying the evolution equation (6.2). If A,,=
B(s, t)4,, s>t, is another set of such representatives then, compar-
ing (6.2) with the evolution equation for (4,,) in the form
ﬁ(ra ‘S)AY.SAB(SD t)AS.t:[B(T’ t)Ar.t

shows that 8 satisfies (6.5), completing the proof of the lemma.

The general solution of the functional equation (6.5) 1is easily
seen to be

(6.8) B(s, 1) =7(s)/r()
where the function 7 must be taken to be continuous to ensure

separate continuity of $, and is unique if it is required to satisfy

(6.9) 7(0)=1.

Lemma 6.3. There exists a system of representatives A, s>t
Sforming an evolution and in addition satisfying (6.3). Moreover this
system is non-unique to the extent of multiplying each A, by €*¢7P,
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where 2 is a real number.

Proof of Lemma 6.3. Second quantising (1.2) we have, for rER,
s>t

FUADSHITUNTADS) ' =T (Uyasrid)

and hence, choosing representatives of each I'(U,,) in accordance
with Lemma 1

(6.10) T'(U.) =TU@S) T (Uyer,.d TUABS,)
=F<I®Sr) _lAr+s.r+tA;+S,r+t['(I®Sr)
=I'UDS,) Mss it TUDS) T UDS,) Mt IDS,).

Now by (4.9) and (4.10), conjugation by the second quantisation

ru@®S) =ra@s:

is an automorphism of both N, and N, It follows that (6.10) gives

a factorisation of I'(U;,) into unitary operators

/Istzr(I@Sr) _lAr+s.r+tF(I@Sr)’
/I;.t:F(I@Sr) _IA;+s,r+tP(I<‘DSr)
in N, and N, respectively, moreover the representatives A, clearly

inherit strong separate continuity. Moreover, since the original
representatives formed an evolution, we have, for u>s>¢

ju,sjs,t:F(IC'BSr) _lAr+u,r+sF(I@Sr)F<I®S7)—1Ar+s,r+tr(1@sr)

:F(1®Sr) —1A7+u.r+s/1r+s,r4-t['(I@Sr)

'—_F(I®Sr) —lAr+u.r+tF(l®Sr)

:Ju,t’
that is the new representatives also form an evolution. It follows
from Lemma 1, together with the form (6.8), (6.9) of the solutions
to the equation (6.5) that, for each r&R, there is a continuous
function 7, : R— T with 7,(0) =1 such that

FU@S) My LUBS) =T34,

or equivalently

—ol,s) -1
(6-11) Ar+s,r+t - w(r’ t) F(IGBSV) ASIF<I®S;')

where we have set

(6.12) (s, t) =7(t).
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Comparing the two expressions

_ o(r+vo,s) -1
Ar+v+s.r+v+t '—m F(IEBSr-H/) As,tF(IG_)Sr-H/) ’

Ayvorspion = Z—E:—g—jr% FUDS) Ayeese T TDS)

_ o(r,v+s5)o(, s) -1 -1
= o ot Dole D) IFeS)I @S,y A, I (IDS,) ' I'IPS,)

— (1)(7', Z)+S)C!)(U, S) .
= ot vihow L (@S 4L UDS, )

shows that, for arbitrary r, v€R and s>t

o(r+u,s) _ o(r,v+s)o(v,s)
(6.13) 040, o, itDo, O

Setting t=0 in (6.13) and using the fact that o(., 0) =1 gives

(6.14) o(r+u, s)o(r, v) =w(r, v+s)w(v, s)
for arbitrary s>0, while setting s=0 gives

o(r,v+t)e(v, t) =w(r+uv, Ho(r,v)
for arbitrary :<0. Hence o satisfies the multiplier equation (6.14)
for arbitrary 7, v, s€R. In addition (-, 0)=l1. Setting {=0 in
(6.11) shows that w is measurable. Every measurable solution of the
multiplier equation (6.14) is of form

—0(5)a)

(6.15) o(s,t)= (s 11)
for some 0 : R—T with 0(0)=1 ;in particular o is symmetric. From
(6.12) o is continuous in its second argument, hence o is separately
continuous in both arguments. But then, [8], the function 6 can be
chosen to be continuous. Substituting the solution (6.15) into (6.11)
we have

_3(s)d(r 1) .
brsr =5 5005y LA AL UIDS) ™

Hence the system of representatives

7o 0(s)
As.t— 5(t)

As.t

satisfies
A~r-¢—5.r+t =F (I@Sr) /Is.t[‘ ([@ Sr) _1’

which is equivalent to the wvalidity of (6.3). Since J is determined
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by (6.15) non-uniquely to the extent of multiplication by a continuous
solution 7 of the functional equation

() =n(s+1), 2(0)=1,

that is by a function of form

7}('5) zem
for some 2R, it is clear that the new system of representatives is
non-unique to the extent of multiplying each 4,, by ¢*¢~?. This

completes the proof of Lemma 2.

To complete the proof of the theorem we must show that there is
a unique choice of 2 such that, for the system of representatives 4,
of Lemma 2, the system ¢“¢ 94, will satisfy (6.4). By second
quantising the relation (1.3) we have
FrderR U, I'd@R) '=r U -
or equivalently
LUy =T'UDR) ' (U~,-)*I"(IDR)
=I'(IBR) (A, _ A, _)*I' (IPR)
=I"(I@R) A% _A*, I (IDR)
=I"(I@R) 4%, _ A% T (IPR)
:JS,tJ;,t’

where

A,=TU@®R) 4%, I UDR),
L., = U®R) 1% I (I®R)

are elements of N, N, respectively. /4, clearly inherits separate
continuity in s and ¢ from 4,,. Moreover for r>s>1,
/Ir.s/fs.tzr(1®R) —lAfs.—rAit.—sF(I@R)
=["(IPR) A, _A_;, _)*I'(I®R)
=I'(I®R) 4%, _,I'(IDR)
=4,

r.iy
so that the representatives 4,, form an evolution, and for rER,
s>t,
['(I®S7)A~s,tl1(l@sr) -1
=I'UPBS,) [ (I+R)A*, _ T (IBR)T (IPS,)
=I'(IDS,RHA%, _ I IDS,R™H™!
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=I'(IQR'S_)A*, _I"(UPR'S_)!

=I'(IOR) ' UDS-) A%, I UDS-) ' (IDR)

=PRI UDS_) A, L UDS_)1* 'UBR)

=F(1®R) —I[A—r—l.—r—s]*F(IEBR)

=A~r+s,r+t'
Hence the representatives 4., also satisfy (6.3). It follows that there
is a real number g such that, for all s>,

/Is,t:ei#(s_t)/ls.t,
that is
e =T (IPR) 4%, _ ' (IPR).

Setting ¢#=22 we find that the system of representatives ¢*¢ 94,
satisfies (6.4) as required. It is clear that the choice of 2 is unique.

0

§7. The Finite Temperature Boson Feynman-Kac Formula

Let
Ay=e ", >0
be a strongly continuous self-adjoint contraction semigroup acting in
the Hilbert space Y, with trace-class infinitesimal generator H, and

let (Us,;:s>t) be its time-orthogonal unitary dilation acting in
5, =9@Y where H)=L*(R ; §,). Fix ¢>1. For s>t write

[‘(51) :F(Bo@ﬁ]tﬂ) ®F(fﬁfs])

corresponding to the direct sum decomposition

fh = (50@5]:.s]) @E)]'f,s:la

and let

NS,t :No(fJo@f)]t,s]) ®I,
N=N, (51) .

Then, because the map f—W,(f) inherits strong continuity from the
corresponding Fock representation and because U By is dense in
s>t

b, (N;,:s>t) is a double filtration of N. Moreover by (4.9) the
conjugations by I'(/@®S,), reR and by I'(/@R) are automorphisms
7» and p of N, and since S,9yS0y.,.: and RBy SH_, ;5 these
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obey (1.1) and (1.2). Thus (N, (N:.), (7:), o) is a reflective covariant
system.

Next, let j be the vacuum conditional expectation from N into
B(I' (%)), so that, for TEN, j(T) is the unique element of B(I" (%))
such that, for arbitrary ¢, y=I"(§)

g, J(T) 1> =<¢p@2(Y), TxR2(H)>.
In fact j maps N into N,(¥,) ; since finite linear combinations of the

operators W,(&, f), £€h, f€h are strongly dense in N it is sufficient,
to see this, to observe that

JWE, )= W)
as follows from the tensor decomposition
W (&, ) =W,(&) QW,(f)
which in turn follows easily from the corresponding decomposition

property of the Fock Weyl operators. Since for f&by ., g€by,. 1 with
1¢, 51, Ju, r] disjoint

JWol, fY W, ) =exp =i (&, 1), (1, 0 J(W(E+7, [+8) )

02 +
=exp( —3i <& )¢ WL E )

— %2<||fn2+ngnz> W.(&) W, ()
=j(W.(& ))j(W.(n, 2),

a similar density argument shows that j has the property (1.4).
Properties (1.3) and (l1.5) are immediate, hence j is a reflective
covariant reducing map for the system (N, (N;,), (7)), p).

Now let (4, :s=>t) be the system of representatives of Theorem
6.1.

Theorem 7.1. (A, ,: s>t) is a reflectively covariantly adapted evolution
Sor the reflective covariant system (N, (Ns,), (7)), 0).

Proof. We need only prove that 4,,EN,,; everything else is a
consequence of Theorem 6.1. Writing U,, as V,,®I for V,, acting
in 5,@Y;. 5, we have from (4.6)

F(Us,t) ZF(Vst) ®I-
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The unitary operator V;, inherits from U,, the property of differing
from the identity by a Hilbert-Schmidt operator. It follows that
I'(V,,) can be factorised as

r'v,,)=44
for
AeN,(5®by ), A EN(HDhy..).
Hence also
I'(Us.) = (ARD (4 R®I).
Now

A®I ENu(bo@ﬁjt,s]) ®I gNa(bl)

and similarly 4/®I=N;(H,). Hence by the uniqueness of factorisation
of I'(U,,), 4;, is a scalar multiple of AR®I. But in that case 4,
also belongs to N,(5,Pb,. ) RI=N,, as required. []

References

[1] Bargmann, V., On unitary ray representations of continuous groups, Ann. of Math (2)
59 (1954), 1-46.

[2] Bratteli, O. and Robinson, D. W., Operator algebras and quantum statistical mechanics II,
Springer, Berlin, 1981.

[3] Chevalley, C., The construction and study of certain important algebras, Publ. Math. Soc.
Japan 1955.

[4] Evans, D., Completely positive quasi-free maps on the CAR algebra, Commun. Math.
Phys. 70 (1979), 53-68.

[5] Hudson, R.L. and Ion, P.D.F., The Feynman-Kac formula for a canonical Boson
Wiener process, in Random Fields, ed. J. Fritz et al, North Holland, Amsterdam, 1981.

[6] Hudson, R.L., Ion, P.D.F. and Parthasarathy, K.R., Time-orthogonal unitary dilations
and noncommutative Feynman-Kac formulae, Commun. Math. Phys. 83 (1982), 761-80.

[7] ———, The Feynman-Kac formula for Boson Wiener processes, in Quantum Mechanics
in Mathematics, Chemistry and Physics, Gustafson, K. (ed), New York, Plenum Press,
1981.

[8] Mackey, G.W., Unitary representations of group extensions, Acta Math. 99 (1958),
265-311.

[9] Schwartz, J., W*-algebras, Nelson, London, 1967.

[10] Segal, I. E., Mathematical characterization of the physical vacuum, Ill. J. Math. 6
(1962), 500-23.

[11] Shale, D., Linear symmetries of free Boson fields, Trans. Amer. Math. Soc. 103 (1962),
149-67.

[12] Simon, B., Functional Integration and Quantum Physics, Academic Press, New York, 1979.

[13] Wigner, On unitary representations of the inhomogeneous Lorentz group, Ann. of Math.
40 (1939), 149-204.






