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Completeness of Noncompact Analytic Spaces
By

Takeo OHSAWA*

Abstract

Let X be a reduced paracompact complex analytic space of dimension z. It is proved
that if X has no compact irreducible branches of dimension 7, then X is n—complete, and
if X has finitely many compact irreducible branches of dimension 7, X is n-pseudoconvex,
both in the sense of Andreotti-Grauert. Applying Andreotti-Grauert's finiteness theorem
(resp. Barlet’s theorem on the Steinness of cycle spaces) we deduce from our result Siu’s
theorem on analytic sheaf cohomology groups of noncompact complex spaces (resp. the
Steinness of the space of (n—1)-cycles of analytic spaces whose n-dimensional irreducible
branches are non-compact).

§1. Introduction

In the theory of complex analysis, it has long been known that
for any noncompact Riemann surface Cousin’s first problem is always
solvable. In 1955, Malgrange [6] showed that for any paracompact
noncompact complex manifold X of dimension n, and for any locally
free analytic sheaf E over X, H"(X, E), the n-th cohomology group
of X with coefficients in E, vanishes. The latter result may be regarded
as a natural generalization of the classical result. It was later refined

by Komatsu [5], and finally completed by Siu [8], [9] in the
following form:

Theorem S. Let X be a (not necessarily reduced) paracompact com-

plex analytic space of dimension n, and F a coherent analytic sheaf over
X. Then,

1) H"(X, F)=0, if every n-dimensional irreducible branch of X is
noncompact.
2) dim H*(X, #)<oo, if there are only finitely many n-dimensional
compact irreducible branches of X.
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Siu’s proof is based on the results of Malgrange and Komatsu,
and carried out by means of standard techniques of sheaf theory.
The purpose of the present note is to give a different proof of
Theorem S by establishing the following

Theorem 1. Let X be a reduced paracompact complex analytic space
of dimension n. Then,

1) X is n-complete, if every n-dimensional irreducible branch of X is
noncompact.

2) X is strongly n-pseudoconvex, if there are only finitely many n-
dimensional compact irreducible branches of X.

Here, ‘n-complete’ and ‘n-pseudoconvex’ are in the sense of
Andreotti-Grauert [1]. Theorem S follows immediately from Theorem
I and Andreotti-Grauert’s ‘théoréme 14’ and its corollary in [1]. As
a consequence we obtain the following

Theorem 2. Let X be a paracompact n-dimensional complex analytic
space and let C,(X) be the reduced analytic space of compact cycles of pure
dimension q of X (¢f. [2]). Then, C,.1(X) is a Stein space, if every
n-dimensional irreducble branch of X is noncompact.

For nonsingular X, Theorem | has been already proved by
Greene-Wu [4] as a corollary of the proper harmonic embedding
theorem for a complete Riemannian manifold (cf. [4], Corollary).

The author expresses his hearty thanks to Professors K. Fritzsche
and M. Buchner who told him Greene-Wu’s result and convinced
him of the non-triviality of Theorem 1 on the way from Bonn to
Gottingen. He also thanks Professor D. Barlet, who kindly sent
him the article [3], which is closely related to the present paper.

§2. Preliminaries

In what follows we denote by X a paracompact reduced complex
analytic space of dimension n. Let R(X) be the set of regular points
of X whose neighbourhoods have dimension n. We set S(X):=X-—
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R(X). Then S(X) is an analytic subset of X with dim §(X) <n.
(cf. [7]). A real valued function f on X is said to be of class C
if, for any point x € X, there exist a neighbourhood U, a holomorphic
embedding ¢ :U—C" for some N >0, and a function f of class C~ on
C" such that ¢*f=f|;. We shall denote df=0 at x if df=0 at ¢(x).
This notion is clearly independent of the choice of ¢ and f. A function
S of class C~ on X is said to be g-convex (weakly q-convex) at x, if we
can choose above f so that 9df has at least N—g+1 positive (resp.
nonnegative) eigenvalues at ¢(x). f is called g-convex (weakly q-convex)
on X if f is g-convex (resp. weakly g-convex) at any point of X. f
is said to be exhausting if, for any ceR, X;.: ={xeX; f(x)<c} is
relatively compact in X. X is said to be g-pseudoconvex if there exists
an exhaustion function f: X—R of class ¢ and a compact subset
Kc X such that f|x g is g-convex. X is called g-complete if we can
choose f so that K= g.

Lemma. Let YCX be an analytic subspace of dimension <n. Then,

there exists an n—convex function ¢y defined on a neighbourhood of Y such
that ¢yly is exhausting.

Proof. If dim Y =0, then the conclusion is clear. Assume that
the proposition is true for any analytic subspace YCX with dim Y
<r<n. Let dim Y=r. Then, by the induction assumption, there
exists an n-convex function ¢gy, on an open neighbourhood V of
S§(Y) in X, such that ¢gy,|sy, is exhausting. Let W be a neighbour-
hood of §(Y) in X such that WcCV, and let p: X—>R be a function
of class C satisfying p|yp=1 and p|,_y=0. Let #={U;} (i=1,2,...)
be a locally finite system of open sets of X —S(Y) such that '61 U=

X—8) and for any U;e%, there exists a function ¢;: U;—R of
class C~ such that

() Pi iUinYZO, (do:) 'Uinyzo-

(2) ®; is weakly l-convex at any point x€U;NY.
(3) ®; is (r+1)-convex at any point xU;NY.

The existence of such % and {¢.} is assured by the fact that Y —S(Y)
is nonsingular and of dimension 7*. Let {p,} be a partition of unity

* The argument used here is the same as D. Barlet’s proof of (n+1)-completeness of
neighbourhoods of a compact analytic subset of dimension n (cf. Séminaire F. Norguet
1979, Lecture Notes no. 807 Springer Verlag).
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associated to % satisfying 0=<p;<1 for any i. Let y:X—R be a
function of class C~ such that y(x) =0 for any x= X, y(x) =1 outside
W, and yx(x) =0 on a neighbourhood of S(Y). Clearly, for sufficiently
large numbers N and N, >N (i=1, 2,...).

(4) Py : =Np exp dsw,+ ;1 Niypoip;

is n-convex on a neighbourhood of Y. Let ¢ be any exhausting
function of class C* on X. Then replacing N and N; by larger
numbers if necessary, we can make ¢y:=¢y+¢ an n-convex function
on a neighbourhood of Y. Clearly, ¢y|y is exhausting. g. e. d.

From now on we assume that every n-dimensional irreducible
branch of X is noncompact. By the Lemma, there exists an n-convex
function ¢gx, on a neighbourhood of S(X) such that ¢y lsx is
exhausting. Hence there exist an open neighbourhood £ of S§(X)
and an exhausting function ¢: X—R of class C~ such that ¢ |5=dswx |5
In what follows we put X,:=X;. By Sard’s theorem there exists
an increasing sequence of real numbers ¢;, ¢ ..., such that

(5) lim ¢,=co,

V>0

(6) d$ is nowhere zero on 90X, —S§(X),

where 90X, denotes the boundary of X, in X. We choose positive
numbers ¢, v=1,2,... so that ¢, ;+¢,_,<c,—¢&, and d¢ is nowhere
zero on X, —X, . —&.

We fix a hermitian metric ds? on X—S(X) such that the sum of
the eigenvalues of 9d¢ with respect to ds? which shall be denoted by
traceddg, is everywhere positive on £—S(X) (cf. [10] §12 Lemma
4.1.). For any cER, let Y, be the union of the connected components
of X—X,—S8(X) whose closures in X are compact. We choose a
subsequence {c, }, (a=1,2,...) of {c} as follows. We set yn=L.

Suppose that ¢, have already been determined. Since every n-

dimensional irreducible branch of X is noncompact, ¢ is bounded on
Y. . Hence there exists an integer ¥ such that ¢;>sup ¢. We put
Y

a c
Vg

Cy ¢ For simplicity we put ¢,: =¢, and g: =¢,.

a+1=
A function 2: (—o0, ¢) >R (c€RU {0} ) is called a convex increas-

ing function if 1 is of class C=, 27 (¢) >0, and 2"(¢!) =0 on (—o0, ¢).
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Proposition. Let the notations be as above. Then, for a=1,2,...,
there exist open neighbourhoods 2, of S(X) satisfying 2D52,050,D...D
9,0 ..., nonnegative functions @, of class C on X, positive numbers o,
with 20,<e,, and convex increasing functions 2, : R—R such that

( 7 ) Qazla(qs) on QaﬂX“a—Z_aa-ZU (X—Xca>,
(8) tracedo®, >0 on X. =X, 0, _,— Y. ,—S(X) where we put

a—2"%a—2
c_1=cp= —00 and 6_,=0,=0,
(9) Xfa_z_Xfa_z—”a—z_‘Qa is diffeomorphic to (aXca_z—.Qa) X R as

manifolds with boundary.

Proof. Let a=1 and assume that £; @, d; and 4; are obtained
for 0Zi<a—1. Here we define £,: =92, @,: =¢, and 2,(¢) : =t¢.
Let xeX, —2—Y, ,—X. , be any point. Then, there exists an
injective C~ map of maximal rank

(10) ri(—1, 11x Rzn'lﬁXca — Xca_z_ga_z - Yca_z —S(X)
such that

an 7(0, 0,...,0))=x

(12) r({1} X R"™) CoX.

(13) (0} xR*Y) CX, - X,_,

(14) r({0} xR" ™) coX, , if xedX,

We set T(y, r, ) :zr([—l—i—%, 1]><B(r)>, where B(r):={(xy ...,

2n—1
Xp-1) 3 2 xi=r} and s>0. For any r>0, the union of the interior

i=1

points of T'(y, r, 1) for all possible 7 contains X'ca—.Q—Yca_ -X

2 Ca—2
which is compact since ¢ is exhausting. Hence there exist finitely
many 7i,..., s, SO that

(15) U TG 1, DD X, —0-Y. ,—X.
ie1 a o— -
Let £, be a neighbourhood of §(X) with smooth boundary such that
(16) 2.0 U TG, 3, =0,
a7n 012, intersects aXca_z transversally,

(18) 0.,c0, .
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Ya—2

0X._, 0X,_, (X, = eg? etc.)

Figure

Let e, be a positive number such that d¢ is nowhere zero on
Xca—Xca_E; —9,, and let d,, (if a=3) be a positive number such
that 20, ,<e,_, and (aXca_Z—.Qa)XR is diffeomorphic to X,

X %, , —£,. We fix an s, so that 1<s,<{3 and

Ca—2"

a—2

(19) T (i 3, so)CXca-—Xc 2—-S(X), for any i=1,..., m,

a-2"%—
To each 7, we associate a diffeomorphism F;: X—X such that

(20) F; fX—T(ri.s.s(,) =id.

(21) Fi<T<Ti, 25 250:;—1 >)C}an—Xca—£;
(22) F(1(rs 1, 232))c X =X im

The existence of such diffeomorphism F; is clear from the elementary
theory of ordinary differential equations. We set

mg(max sup |traceddF#¢|)
i X, %
(23) L,: = min inf (lengthdF} ¢)?

i -1
F; (Xca‘Xca—ela)—'Qa

where the length is measured by ds’. Then, at any point

xe UaT<r,-, 2, %), we have
i=1

(24) tracedd(y, expL F*¢)>0.
i=1
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We choose M, >L, so that at any point xE((X}a—Xca_Ea) U (Xpa_ —

2

Xep yen ) UD —S(X),

(25) tracedd exp M ¢ >0

and

(26) tracedd(exp M,¢p+ :i exp L,F¥¢) >0.

Let £,: R—R be a convex increasing function defined by

@7) &,@t) =t+p exp<_(t—exp Ll () +t—exp La(ca——s'a))

Since (§,(exp L,t)) ' =L,(§,(exp L,t))" for any p#=0, we have
(28) tracedd(exp Moo+ Za] §,(exp L FF¢)) >0
i=1
for any #=0,
on ((X"a_Xca_Ea) U (Xca— —Xca—2_5zx—2) UQ) _S(‘Y)

2

Therefore, by (15) and (22), for sufficiently large g,

(29) tracedd(exp M,p+ > §, (exp L,F¥¢)) >0,
1=1 o
on X, ~Y., —X. . —S(X).
We set
(30) O, =exp M b+ _Zlaé',,a(exp L.F* ).

Clearly, 2,, @,, 0,5, and 4,: =exp .Mat-l—i &, (exp L,t) satisfy all
1=1 a

the requirements. q.e.d.

§3. Proof of Theorem

Let the notations be as in section 2. We choose 2,, @,, J,_, and
2, as in the proof of the Proposition. Inductively, we construct
exhausting functions ¥,: X, >R of class (~ satisfying the following
properties :

(Aa) w‘a:wa—l on XCa—Z_Zaa—Z’
(Bzx) w‘a>a’ on Xca _Xﬁa—Z’
(Ca) ¥, is n-convex on X,

(DY ¥,=p.($) on X. N8, for some convex increasing function p,.
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We put

(31) v,=_ 1

¢ —0
where ¢;=24(c;). Then (4,)~(D,) are satisfied by 7.

Assume that we have already ¥; for i<a which satisfy (4;)~
(D;). Let N, be an integer such that

(32> y/‘;ll ( ( - OO, Na)) 2 Y”a—z U Xra_zs

+1,

and let p,: R—>R be a function of class C~ such that p,(¢) =1 for
t<N, and p,(t) =0 for t=N,+1. We put

777 _ Oc <wa—1) on X

33 v, .= ‘a1
39 ' 0 on X—X, .
Let 9: (—oo, 2,(¢c,)) >R be a function of class C~ such that
(34) () =0 for (=2,(ca-2—20,-5)
(35) 7 (£) >0, " (1) >0, for 2,(ca_y—205-) <t<2y(ca)
(36) lim %(¢) =c0
t—)la(ca)
and

(B7)  (oA)" (1) — (902)" () (0a®Pu-1)” () >0, for cop =04, =t<t0
The existence of such a function is obvious. By (7) and (D,-,) there
exist functions ¢, and 7, such that

(38) 7(0) =0,(¥or) =7a(¢) on 2.NX,.

By (37), oi(t)>0 on [pe-1(cas—3as), Nil. Clearly o4(t)>0 on
[pa—l(ca—Z_aa—Z)s Na] and Ua(l) :0 on (—-OO, pa—l(ca—2_25a—2)]' Let

Zq—3 be the union of the connected components of Xfa—z—X”a-z—z"a—z

—8, whose closures intersect YCQ_Q. Note that Z,_, is diffeomorphic
to (3Yca_2—.Qa) XR. We put
gﬁa—l + £7 (@a> on Xca _Yca_z -

wa—l + Ko, (w‘a—l) on Za—Z U Yca

Lo
(39) v, = ’

_p
where & denotes a positive number. Then, by (7), (9), and (34),
¥,. is a well defined exhausting function of class C~ on Xca. By
(Ba-1), (Gom1), and (35), for sufficiently large &, ?lfma is n-convex
on X, and Yfa.,ca>a on X, —X. . We put r,. =?Ifa.,€a. Then ¥,
satisfies (A4,)~(D,).
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To prove the n-completeness of X, we define

(40) U=¥, on X, -w for any a=1.

a—1
By (4,)~(C,), ¥ is a well defined n-convex exhausting function on
X. Therefore X is n-complete.

If there are only finitely many n-dimensional compact irreducible
branches of X, let X’ be the union of the n-dimensional noncompact
irreducible branches and the lower dimensional branches. Then,
there exists an n-convex exhausting function ¢’ on X'. Let 4 be the
union of n-dimensional compact branches of X. Let ﬁ::#)y ¢+ 1.
We set

(L oy
€3] o= XP\ (¢ —B)* +¢ 13> on X'
0 on 4

Then, ¢ is an exhausting function of class C~ on X which is n-convex
outside a compact subset of X. Thus X is n-pseudoconvex. q.e. d.

§4. Applications

The following theorem has been obtained by Barlet:

Theorem B (¢f. [3] Théoréme 4. Note that the definition of n-
completeness is different from ours.) Let X be a finite dimensional n-
complete analytic space. Then, C,_,(X), the reduced analytic space of
compact cycles of pure dimension n of X, is Stein.

Hence, combining Theorem B with Theorem 1, we obtain Theorem

The following theorem was obtained by Andreotti and Grauert:

Theorem A-G (¢f. [1] Théorem 14 and its corollary). Let X be a
(not necessarily reduced) complex analytic space, and F a coherent analytic
sheaf over X. Then,

1) H (X, #)=0 for i=q, if X is g-complete.
2) dim H (X, #)<co for i=q, if X is q-pseudoconvex.

Hence, combining Theorem A-G with Theorem 1, we obtain
Theorem S.
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