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On an Abstract Differential Equation and Its
Application to Positive Eigenvalues of
Schrodinger Operators

By

M. W. WoONG*

Abstract

A second order differential equation in Hilbert space is shown to have only trivial
solutions. This functional analytic result is then used to derive an upper bound for the
set of positive eigenvalues of the one-body Schrédinger operator.

§1. Introduction

The theory of the Schrédinger operator —A4+g(x), where 4 is the Laplacian
and ¢(x) a measurable function on R", initiated by Kato in [7], has become a
highly developed discipline in mathematical analysis. The spectral theory of the
Schrodinger operator is by now fairly well understood.

In [12], Wigner and von Neumann have constructed a function ¢(x) such
that —4+¢ has the positive number 1 as an eigenvalue. This phenomenon sug-
gests that a natural spectral problem for the operator —A4-¢(x) is to give a
good upper bound for the set of positive eigenvalues under reasonable assump-
tions on ¢(x) in a neighbourhood of infinity. This problem has been studied by
Agmon [1, 2], Kato [8], Odeh [9] and Simon [11] among others. An exposition
of the contributions by these authors can be found in Reed and Simon [10], and
most recently, Eastham and Kalf [5]. A discussion on the hypotheses and con-
clusions of the papers of Agmon and Simon can be found in Jansen and Kalf
[6]. Eastham [4] has obtained an upper bound for the set of positive eigen-
values of the Sturm-Liouville operator —d?/dx?+q(x) on (0, co).

The object of this paper is to combine the techniques of Eastham in [4] and
Jansen and Kalf in [6] to construct a second order differential equation in Hilbert
space with only trivial solutions. The details are given in Sections 2 and 3. As
an application, we derive an upper bound (similar to that of Eastham) for the
set of positive eigenvalues of the Schrédinger operator —4+¢(x). For technical
reasons, we assume that the function ¢(x) is so smooth that the regularity and
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unique continuation properties for the solutions of elliptic partial differential
equations can be applied. Detailed assumptions on ¢(x) are given in Section 4.
Since the proofs are quite complicated, an attempt is made to supply with full
details. In this respect the paper is sufficiently selfcontained.

Acknowledgements are made to Professor F.V. Atkinson for suggesting the
topic, Professor T. Kato for pointing out several mistakes and unrealistic assump-
tions in the first version of this paper, and the referee for the detailed com-
ments and suggestions which have led to this revised version.

§2. An Abstract Differential Equation

Let 4 be a complex Hilbert space with inner product and norm denoted by
{, > and || || respectively. Denote by L2 4) the space of all functions

u: (0, 00) — 4

such that u(t) is strongly measurable on (0, co) and
[TIu@rde<eo.

We denote by C*(4), 1<k <oo, the space of all functions
u: (0, o) —> 4

such that its first 2 strong derivatives are strongly continuous on (0, o).

Let B(4%) denote the set of all bounded linear operators on 4. With the
usual definition of operator norm, B{4%) is a Banach space. The derivative of a
function

T : (0, co) —> B(4)

will also be taken in the strong sense.

Let A be a nonnegative, unbounded linear operator with domain 9(A) dense
in 4. Let T,) and T,(t) be self-adjoint bounded linear operators defined on 4
satisfying the following conditions :

(i) The derivative T4(t) of T(t) exists and is a self-adjoint bounded linear
operator on 4 for t large enough, say for t=§.

(ii) For any &>0, there is a & >0 such that for all functions u : (0, o) —
I and v: (0, c0) —> %, we have

@.1) KT ou, v> | =elullvl,
(2.2) I<Tu, v =elulllvl,

whenever t=¢&,.
(ili) There exist nonnegative constants L and K such that for any >0,
there is a & >0 such that for all u, v as in (ii),
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(2.3) ATou, wy=(L+e)|ul?
2.4 [<tTu, v> | =(K+e)ullv]
whenever (=¢,.
The abstract differential equation to be studied is of the following form :
2.5) v+ A— 2 AFT )+ T ()} v(@)=0, 0<t<=o.

where £ is a real number.
We assume that (2.5) satisfies the following unique continuation property :
{U.C.P.) If v()eC¥ )N L¥4) is a solution of (2.5) which is not identically
zero, then there is a sequence {¢,} of real numbers such that
lim¢,=o00
and
Hv(tn)“>0; 71:]., 2:

Theorem 2.1. The abstract differential equation (2.5) has nv nvizero solutions
m LA )NCH ) if

2>—;—{K2+L+K\/(2L+K“)}.

Proof. We assume >0 and L>0. Let veC¥X)~\LY+ Dbe a nonzero
solution of (2.5). Define
(2.6) )=’ O +<@A—t2A=To(O0@), v@)>, t>max(éy, . { .
Differentiating and applying (2.5), then for ¢>max(&,, &, &,).
2.7 W (t)=—"Titw@), vE)>+2Re<T()v(t), v'(E)>+2t3 Avit'. v 8,
By (2.3) and (2.4), the following inequality is valid :
2.8) Oz —t K v@lllv' O+ Lv@IIP =2t 2@, vt}

where /\; and L, lie within an arbitrary but fixed ¢ of A and L respectively
and it is understood that (2.8) is valid for ¢ large enough.
Let ce(—1, 1). Then

2.9 —{ct™*Re/v(t), v’ @)}’
=—{ct7'Rev(®), v”(t)>+ct ' Re w'(t), v'()>—ct™*Re vit), 1" ¢ }
=—{ct ' O2—ctv@), A—t2A=T@)—T.@))(t))—ct*Re v(@), v'(¢)>}.
Adding (2.8) and (2.9), letting a>0, we get
12.10) {h{t)—ct™*Re (1), v'(1)>}’
= =7 el P2 Kulullll | - (Le—eDlv]*+(c—2) 2 v 2
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=— 1" (e ako) [V [P+ (Le—cAt+a Ky [v]*+(c—2)i7*C dv, v)}

where K, and L. are constants lying within ¢ of K and L respectively and it
is understood that (2.10) is valid for ¢ large enough.
By (2.6) and (2.10), it follows that for ¢ large enough, say for =T =7 (e),

{h(—ct*Re<v(®), v/} = =71t {A{t) —ct™* Re v @), v/}
provided that
(2.11) r>ctaky; r> Li—cd+a Ky 2—c>7;

where K, and L. are constants lying within ¢ of A and L respectively.
(2.11) is valid with 0<y <1 provided that

(2.12) (1—c¢)>aK; A—L+ci>a'K.

The inequalities in (2.12) are valid for some a>0 if

(2.13) (1—e)A—L4-cH>K>.

Using (2.13), the inequalities in (2.12) are valid for some >0 if
(2.14) A>K*(1—c) 7'+ L(1+ce) .

Considering A*1—c¢?) '+ L(1+c¢)"* as a function of ¢=(—1, 1) the minimum
value is

(2.15) %{Kz-.LL-%K«/(ZL—!—KZ)}
and is attained a:
(2.16) co=L K>+ L—K~(2L+K?)}.

Hence by (2.11). ---, (2.15) and (2.16), we have proved that there is a 7<=(0, 1)
such that

(2.17) {h()—cot ' Re w(®), v' D} Z—rt  {h(t)—cot " Rev(), 1'(1)0}
for t=T=T(e). provided that
A> % {K*+ L+K~/QL+R>}.

CLAIM: There is an 5<(0, o) such that
(2.18) h(t)—cit*Reu(t), v'#)>>0, t=7.
The proof of (2.18, will be given in Section 3.

Let r=max{7. 7). Then (2.17) and (2.18) imply that
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J: e red, vy 4zTIE
Hence
(2.19) h(t)—cot ' Rev(®), v'E)>=c't™7, t>T
where ¢’ is a positive constant.
Recalling the definition of h(t), we have
+2.20) TP A—=t2A=To(Nu(t), vt)>—cot*Re v@). v" 1)
=c't7, t>rT.
By (2.1),
2.21) WOt A0, v0)Ct

where C; and 4, are positive constants and (2.21) holds for t large enough, say
for tI=o>7.
Since v(t)= L*(J(), we have

| Iv@nedi<eo.

Hence the function [Jv(t)||* on (0, oo) cannot be monotone increasing on any in-
terval of the form (3, =0), 5=0.
Since

& OIF=2Re ), v,

it follows that there exists a sequence of real numbers {t,}, /.=a, such that

(2.22) limt,=oo
and
(2.23) Re<w(t,), v'(t.)>=0.

Hence by (2.5), we get
—Re u(ty), v'{t.)>+Relv(a), v'(e)>

=" L Re o, vnhat
:'S "Iy Ol-Re o), v (0} dt

= —Stnllv’(t)llzdt%—gt"Re (), A—t"2A—T @)= Tt tpdt .

Hence by (2.1) and (2.23), we get
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(2.24) —V”{,z"(t)i{gdH—Stn(v(t), (L—t=2 A()>dt=Re (o), v/(a)5.
Integrating (2.21:. we get
(2.25) S:"Uz"(t)}lzdt+§in<v(t), (zlm;—t-zA)u(t)>dtgcgt;—f—cgal-r

where C, is a positive constant.
Hence by (2.24) and (2.25), we have

S:L<1'(t). (221——3—t‘2A)v(t)>dthgt}f’”—Czal‘T—{—Re (@), v(a)> .

2

Using 0<r<1 and (2.22), we get
. 177 3 s o
(2.26) }zxg;gﬂ <v(z’), (2,21—? A)v(t)>dz‘~0v.

Since A is a nonnegative operator, (2.26) implies that
2.27) tim (o) P dt=co.

But (2.27) contradicts the fact that ve L?(4). This proves the theorem.

Remark. By slightly modifying the proof of the theorem, the cases when
=0 or L=0 can be covered. We omit the details.

§ 3. Continuation of the Proof of Theorem 2.1
In this section we prove the claim in (2.18).
Proposition 3.1. There exists an n<(0, o) such that
o) <A—t?A=T AW (), v(t)>—cit ™ Relv@), v'(1) >0
for t=m, provided that
2> (K*+ L+ K@L+K3).
Proof. For i=T=T\(e), define
F@)=1" A=t A=To(t), v@)>+1—d)t"*Re @), '),
where d=1+c¢,. Then using (2.5),
GF@)) =C2—D'|P+2—d)i Ay, v>+2Re T w, V')
+{d@A—T)—tTo+1—d)T1}v, v>
22— |*+2RetTw, v>+{dA—T)—tTo+(1—d)Ti}v, v/,

YWe have used the nonnegativity of A to obtain the above inequality. Let ¢>0.
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Then for ¢ large enough, we have
F@)) z@—ad) V' [IP—2(K+9)llvlllv' |+ {dA— L —(d+2)e} [v]*.
The discriminant of the quadratic expression

C—ad)v*=20+e) v [[v'[|+ {d2— L —(d+2)e} [[v]*

is given by
A4 K+<)*—4@2—d){dA— L—(d-+2)¢}
=4{IC—(1—c)A+1—co) L+ f(e)}
where
J(e)=2Ke+e*+(1—co)(3+co)e.
Since

2>%{K2+L+](\/(2_IP}——7{2)},
we can choose ¢ small enough so that
K —(1—c)A+(1—co) L+ f(e)}

<4{K2—%(1—c3>[1(2+L+A’«/(2'LJ?KZ)]+<1—CO>L‘ =0.
Hence for ¢ large enough,
3.1 (tF () =0.
Let t=0, m=0 and p>0. Following Jansen and Kalf [4], we define

F(m, o, )=|vnll’—t*n, Avn>+{A—=To—pt '+t mim+1D} vm, vmn>

where

UVp=t"1r.

Using (2.5), we get

vih=2mt W, —mm+1)t v+t A0, —A—To—T v, .
Hence

{2F (m, p, )} =t 2@Cm~+-Dlvn|*+2RetT1—p)vn, '
F2QA—T ) —tTo—pt  Jvm, vur}.
Let ¢>0. Then for ¢ large enough,
{*F(m, p, O} 2t {2@m+D|vn|*—2(K+e+ p)lvalllvnl+22—L—3c—pe)[vnl®}.
Choose a fixed p such that
(K+p)—2{K*+L+K~QL+K?}+2L<0.

Hence for ¢ small enough,
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(K+e+p)—22m~+1)(22— L —3e— pe)<(K+e+p)*—2(2A— L—3e—pe)<0.
Hence there is a ¢’>0 such that
(3.2) {t*F(m, p, )}'=0, t=t’, m=0.
By (U.C.P.), let t;=¢ be such that

vl >0.
Then

i F(m, p, 1)
=—<u(ty), Av(t)>+m@mn-+1)|vt)|*+<EHA—T o) — ptTHv(ty), vt .
Let m;>(1—d)/2 be such that

1™ (my, p, 1,)>0.
Hence

3.3) tBF(my, p, t1)>0.
Then by (3.2) and (3.3), we have

t*F(my, p, )ZF (my, p, t)>0, t=t;.
Hence

(3.4) 2™ (my, p, >0, t=t.
But
12 (my, p, t)
=t |lvn, >~ v,y And+<LA=T—pt 12 my(ny+1)J0my, Vmd}
=[v'|2+2m it Re v/, v>—t"% v, Avd+LA—T,)v, v>+@m+Dmt2|v|*— pt v
=|v'||2+2m it~ Re v/, v)—t~Xv, Av)+<(A—T v, v)
provided that we choose ¢ so large that
@my+-Dmat<p .
Hence there is a ¢,>t, such that for t>t¢,,
(3.5) t2™F(my, p, t)
<24 (A—t"24A—To), v>+1—d)t *Re v/, vD+(d+2m,—1)t*Re v/, vD
=F@)+(d+2m,—1)t"*Re v/, v).

Since ve L¥(4), ||v||* cannot be monotone increasing on any interval of the form
(B, ), =0. Hence there is a t,=t, such that
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Re u'(ts), v(t;)»=0.
By (3.4) and (3.5).
0<E32™F (my, p, t)SF(t)).
Hence

(3.6) 1, (t)>0.

By (3.1) and (3.6), we have
tF()>0

for ¢ large enough. This proves the proposition.

§4. The Positive Eigenvalues

In this section we use Theorem 2.1 to study the positive eigenvalues of the
Schrodinger operator.

Theorem 4.1. Let g= Li(R"), n=2, be a real-valued function satisfying the
Jollowing conditions :
(1) q(x) is locally Hilder continuous on R™.
(2) q(x)=qo(x)+q:i(x), where qx) and ¢,(x) are real-valued continuous func-
tions defined on R™.
(3) llziglwqo(x)zo and [Lilrpmql(x)=0.

(4) The radial derivative qi(x) of qo(x) exists.
) li{gl_ggp]xl g, ()| =K, K<co,
(6) 1irlrx1]§gp}x|q,§(x):L, 0= L <o,
Let P be a self-adjoint extension of the operator
—d+q: C3(R™) — L¥R™).
Then P has no eigenvalues in (A, o), where

A:—;— K+ L+ KN @L+ K%

Remark. Following Agmon [1, 2], Jansen and Kalf [6] and Simon [11],
we have assumed that the function ¢(x) is fairly smooth. The smoothness con-
ditions on ¢(x) need only be imposed in a neighbourhood of infinity.

Proof. We first consider the case when n=3. Let 2>/ be an eigenvalue.
Let u be a corresponding eigenfunction. By hypothesis (1), u can be assumed
to be in C*R"). Introducing polar coordinates t=|x|, E=¢"'x; writing v(t, &)
=t™-D/2y (¢t &) and letting

S*i={xeR": |x|=1},
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it follows that the function
0, o)t —> v, )= L¥S™ ™)
is in LA 4)NCHY), where 4= L*S™ ). 4 is a Hilbert space with inner product
4.1) S o=\, SOF@L, £ geLHS.
We also have
4.2) '+ {A—1" A+ —go—gitv=0, 0<t<o0

where ‘u:—i—(n—l)(n—S); A is the negative of the Laplace Beltrami ocperator

and is hence a nonnegative, unbounded linear operator on L*S™1).
Define operators T(¢) and Ty() on 4 for ¢t>0 by

4.3) (T NE=qut, (&), [fei
and
“4.4) (TOHE)=aq(, &, [fed.

Using the real-valuedness, continuity and hypothesis (3) of ¢, and ¢,, it follows
that T(t) and T.(¢) are self-adjoint bounded linear operators on 4 for ¢>0.
Using (4.3) and hypothesis (6), for ¢ large enough,

(4.5) (To ) E)=qt, &), fei

and is a self-adjoint bounded linear operator on 4. Let ¢>0. Then there is a
t,>0 such that for all functions a: (0, ) — & and §: (0, co) — 4,

(4.6) KT, Brl=cellallBll,
4.7) KT, Bri=ellellBll,
(4.8) Ty, ay=(L+e)llex|?,
4.9) [<tTha, Byl =(E+e)llelll Bl

whenever {=t,.
We have used hypotheses (3), (5) and (6) to obtain the above inequalities.
Rewrite (4.2) in the form

4.10) v+ A=t A+ p)—T@t)—T @)} v=0, 0<t<o0.
The unique continuation property for the operator
—d+4-q—2

(see, for example, Aronszajn [3]), implies that the abstract differential equation
(4.10) satisfies the (U.C.P.) property formulated in Section 2. Hence by The-
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orem 2.1,

u(t, )& L¥H)NCHI).

This is a contradiction. Hence P has no eigenvalues in (4, o).

For the case when n=2, the above proof can be modified by writing (4.2}

in the form

v+ A{A—t2A—qy—q,} v=0, 0<t<eo

where

. -~ 1
4u(t, &)=aq.(¢, c)—zl“

and replacing T,(t) by T.(t) where

(TOHEO=qa, 1), J[ei.

This completes the proof of the theorem.
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