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On an Abstract Analog of the
Bellman-Gronwall Inequality

By

D.D. Bamnov*, A.D. MysuKIs** and A.l. ZAHARIEV*

Abstract

The paper considers one of the possible generalizations of the Volterra equations in
the case when the independent variable belongs to an arbitrary compact metric space and,
as a corollary of the obtained results, an abstract analog of the Bellman-Gronwall inequality
is proved.

Recently there has been a considerable interest in integral inequalities for
scalar functions of a vector argument and now many papers deal with that
subject. Extensive reference is given in [1], [2]. The integral domain in the
above mentioned works is an n-dimensional parallelepiped (see for instance
[3]). In the monograph [4] an analog of the Bellman-Gronwall inequality
for precompact domains in B” is proved, which, in general, are not a Cartesian
product of intervals.

The aim of the present paper is to prove the Bellman-Gronwall inequality
in the case of a compact metric space.

Let 2 be a compact metric space with a metric o and a Borel measure x,
and let for each x& £ the mapping M: x— M, be defined where M, is a closed
subset of 2. We shall suppose that the mapping A satisfies the following
condition:

Al. For each ¢>0 and each x& £ there exists a number 6>0 such that
for each ye £, for which o(x, y)<<¢ the following inequality holds

#({MA\M,} U {M\M,})<e .

Definition 1. The mapping M is said to be continuous with respect to
the measure x if it satisfies condition Al.
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Consider the equation

(1) p0) =0+ [ Kex y)e(da,

where the kernel K: £22—C and the function f: & —C are continuous, and
1eC.

Denote by C(£2) the Banach space of the continuous functions g: £ —C
with a norm ||g ”=§lelgl g(x)| and define the linear operator K by the equality

(2) (Kg)(x): = SM K(x, y)g(»)dr,, gEC(2).

The operator I—2K, 2 C, 20 is a canonical Fredholm operator. In order
to verify the above statement it is sufficient to prove that the operator K is
compact ([S], p. 110).

THEQOREM 1. Let the mapping M be continuous with respect to the meas-
ure u. Then the operator K maps C(2) into C(2) and is compact.

This theorem is likely to be known but for the sake of completeness we
shall give its proof.

Proof. Since C(£) is a Banach space then it is sufficient to show that
the image of the unit ball BC C(£2) is a compact set. For each function
gE B, taking into account that u is a Borel measure, we obtain

| Kgll = i‘é%' SM K(x, »)g(y)du, | S AuL),

where A= sup |K(x, y)|, i.e. the norms of the functions belonging to the set
%,9EQ

K(B) are uniformly bounded. We shall prove that the set K(B) is equiconti-
nuous.

Let ¢>0 be arbitrary. The uniform continuity of the kernel K(x, y)
implies that there exists a number §=8(¢)>0 such that for arbitrary x, y, z& 2
if o(x, y)<<d then

(3) | K(x, 2)—K(p, 2)| <—— .
2u4(2)
Besides, it can be easily verified that the mapping M is uniformly con-
tinuous with respect to the measure «, and hence there exists a number 6%>0,
0* <8, such that if o(x, y)<<6* then
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€

(4) HAMAM} U MNMD <5 €

Therefore, for each function g B and for x, ye £, (3) and (4) yield the
estimate

|~ = || Koo Dg@dn—| KO, Dgtadanl
<i{ . K DKo, De@dul+1{,

+1{

K(x, 2)g(z)de,|
\My

x

K(y, 2)g(z)dr,| <e,

M)\M.

which makes it obvious that the {unctions {rom XK(B) are equicontinuous.
Therefore K maps C(£) into C(£2) and it follows from the Ascoli-Arzela
theorem that the set K(B) is compact.
Theorem 1 implies that the Fredholm alternative holds for equation (1).

Suppose in addition that the mapping M satisfies the following conditions:

A2 (Transitivity). For each x& £ and each yE M, the inclusion M,C M,
holds (in other words M?C M).

This enables us to consider, for an arbitrary point a&€ £ the restriction
K,: C(M,)—C(M,) of the operator K where K, is defined by equality (2). In
that case the restriction ¢/M, of the solution of the equation ¢=f4+21Kgp,
o= (L), is a solution of the equation g=f]M,+1K,p, p= C(M,).

A3 (Semicontinuity from below). For each x&&£ and each ¢>0 there
exists 6>0 such that for each ye® for which o(x, y)<<0 the inclusion
M,CU(M,, ) holds where U(M,, ) denotes the e-neighbourhood of ,.

Remark 1. This condition is very close to condition Al and in certain
cases is logically related to it. For example, it can easily be verified that if
the mapping M satisfies condition Al then it is semicontinuous from below for
every x & £ such that for each ¢>0 the inequality

Jof [(U(y, )N M)]>0

holds.
Ad.  There exists x,& £ such that x(M, )=0.

Remark 2. If conditions Al-A4 are fulfilled then equation (1) may be
considered as one of the possible generalizations of the Volterra equations.
This can be seen, for example, from the fact that if we consider the equation
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¥(#)
o0 =S+ KGOy, w0, 100, 11,
conditions Al-A4 are fulfilled if and only if the function (x) is continuous
and 0<¥(x)<x for x&[0, 1. It may be of some interest to describe the
structure of the mapping M satisfying conditions Al-A4 in the general case.

Definition 2. Condition (A) is said to hold if the conditions Al-A4 are
fulfilled and £ is a connected set.

THEOREM 2. Let condition (A) be fulfilled. Then equation (1) has
exactly one solution ¢ = C(2) for each function f = C(£2).

Proof. Consider the equation
(5) o() =1{ K0 y)eO)Ma,, 1€C
and let = C(2) be one of its solutions. Denote by H the set
H = {x|x€ £ and for each y= M, we have ¢(y) = 0} .

We shall prove that H==@¢. It follows from A4 that there exists a point
%<2 such that u(M,)=0 and M, =+@ (the case M, =@ is trivial), and
therefore condition A2 implies that for each x& M, we have #(M,)=0. Then
(5) yields ¢(x)=0 for each x& M, and hence x,E H.

The set H is closed. Let us choose an arbitrary fundamental sequence
of points {x,}, x,EH, n=I1, 2, -+ and denote by x* its limit in 2. We
shall prove that x*< H. For this purposeit is sufficient to consider only the
case when all M, and M,=+@. Let zE M,« be an arbitrary point and >0
be an arbitrary number. We denote by y, the point at which the minimum
of the distance o(z, x), x€ M, , is reached, i.e. o(z, y,)=0(z, M,,) (This mini-
mum is reached because M, are closed sets). There exists a number 8,>0
such that if p(x, z)<<d,, x€2 then |¢(x)—¢(z)| <e. Condition A3 implies
that there exists a number 8,>0 such that if o(x,, x*)<3,, then M« U(M, ,8,).
But since lim o(x,, x¥)=0 then there exists a number N>O0 such that for

oo

n>N we have o(x,, x¥)<d,. Therefore for »>N we have ze U(M, , 9)).
Hence o(z, M,)=0(z, y,)<<0, and thus |e(z)—e¢(y,)| <e. Since ¢(y,)=0
then |¢(z)| <e and hence ¢(z)=0. Since z&E M, is an -arbitrary point then
@(x)=0 for each x& M, which implies that x*< H.

We shall prove that H is an open set as well.

Let a= H be an arbitrary point and let ¢>0 be such that the inequality



ANALOG OF THE BELLMAN-GRONWALL INEQUALITY 907

elal4 <% holds. There exists a number 6>0 such that for each x&£2 for

which p(a, x) <9, the following inequality holds
#({MA\M,} U {M\M,})<e.
Let b=£2, o(a, b)<<6 and consider the set
T = {g| g=C(M;), g(x)=0 for x&M;N M} .

Condition A2 implies that the operator &, maps T into T. Let g\, g,&T
be arbitrary functions. Then we have

12 Kg—2Kgollw, = | 2] sup| SM K(x, y)g(y)—g»))dn,|
e b x

<l sup (1] KCo 30D gy |

xeMb

1] K )@0) gD da, I}
M0 M,
<1214 sup LN lIgi—allur, <5 Il 81—, -
xE b

Therefore the operator 1K, is contractive on the set 7 (it is easy to see
that the set T is closed) and from the Banach fixed point theorem it follows
that 2K,/T has exactly one fixed point g,& T such that

AKg)(x) = g(x),  xEM,.

It is immediately verified that (5) has a zero solution and hence from the uni-
queness we get go(x)=0 for x&M;. On the other hand the uniqueness implies
that the restriction of ¢(x) on M, coincides with gy(x) and therefore ¢(x)=0
for x&M,, i.e. b H. Thus we proved that the set H together with all its
points a contains a neighbourhood of any of these points as well, i.e. H is
open.

Furthermore, taking into account that £ is connected, we obtain H=2
and hence (5) yields ¢(x)=0 for x& £, i.e. equation (5) for each A& has
only the trivial solution. The Fredholm alternative implies that for each
2&€ C equation (1) has an unique solution ¢(x) =C(2) for each function

fx)ECQ).

Remark 3. The spectrum o(&) of the operator K consists of the point
2=0 only.

Remark 4. The spectral radius =(X) of K is zero.
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The validity of the above statements follows immediately from theorems
1, 2 and from [6] (Theorems 3, 4 of Section VIII.2 and Theorems 1, 2 of Sec-
tion X.5).

Therefore the solution of (1) is given by the equality

(6) ?(x) = (I—2K)7f)(x) = 2 REA; K)f)x),

where the resolvent R(A™!; K) is presented in Neumann series convergent in
the operator topology for each 2&C,

RQ™Y K) = M+ 2K+ BK* -
or in a more expanded form

(7) FURG KN =f0+2 | K ) G)duyt-

where the series (7) is uniformly convergent for each A& ([6] Theorem 3 of

Section VIL.2).
In particular if f(x)=1 and 2=1 we obtain from (7) a special solution

@(x) of equation (1):
(8) 00 =1+] Kedu,+] Keu ([ KOy, ny

THEOREM 3. Let conditions (A) be fulfilled and let the continuous func-
tion . 28— R satisfy for each xE 2 the inequality

(9) VRSSO K W),

where the functions f: 2— R, K: 22— R are continuous, and K(x, y)>0 for
x, yEL. Then if we denote by ¢(x) the solution of the equation

o0 =f0)+ | K(x, 2)e()du,

then for each xE 2 the inequality

Y(x) < o(x)
holds.

Proof. Iterating »n times the right hand side of (9) we obtain
(10 YRI</@+] Ko DO+ | Ko ([ KO, e, o,

ot Ko ([ KO vy )
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Taking into account (6) and (7) and passing to the limit n—>+ oo in (10)
we obtain

VOS] Ko 0yt = 0.

Theorems 2 and 3 can be naturally applied to the case when £ is not
compact or connected but the mapping M satisfies certain additional condi-
tions. For example, it is sufficient to require that every nonempty set A4,
x&E 8, should be compact, connected, have a finite measure (assuming that
& takes the value +oo as well) and, besides, should contain a point y=y(x)
for which «(M,)=0. In that case all considerations about the operator K
must be referred to its restriction K,, where a=£ is an arbitrary point.

Let us consider in particular the inequality

v@<C+| KOWOIM,, xeo

where C is an arbitrary constant, K: £ — R is a continuous function, and
K(y)=0, y=£2. Then Theorem 3 and equality (8) yield

(1D Y(X)<Ch(x), xE8

where the function ¢(x) is a solution of the equation

(12) 6) =1+] KIS, ,

and is presented in the form
(13) 809 = 1+ KoM+,

where the series (13) is uniformly convergent.

In fact (11) presents an analog of the Bellman-Gronwall inequality.

If we set K(y)=1 in (13) then we have an analog of the exponent cor-
responding to the mapping M:

oxpu () =1+ dn,+{ (| dmpdu,t.

To illustrate the results obtained we shall consider a few examples in the
case when £ is finite dimensional.

Example 1. Let 2=RE,, R,=[0, +o0), M,=[0, x]. Then exp, (x)=e"*
and in inequality (11) we have
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3) = exol | Kb

Example 2. Let 2 =R,, M,=|0, ¥(x)], where v (x) is continuously
differentiable and 0<vy~(x)<x. Then exp, (x) is a solution of the Cauchy
problem

¢'(x) =¥’ ()b (x)),  ¢0) =1.
If in particular ¢(x)=% then

+oo n

X
expy (x) = ,,g,, on(n /2,

Example 3. Let 2=R%, x=(x;, x,), X1, X,>>0, and
M, = {71, ¥ 0 3 <x+%5 0< 3, <x1+2x,—11} -

Then exp,, (x) =cosh (x;+x,).

Example 4 [4]. Let 2 =R%, x=(x, ***, X,), x; =0, i=1,n and M,=
[0, x,]X -+ X[0, x,]. Then

. s (xl'"xn)i
expy (x) = E _——(i!)" .

The following theorem is valid in the general case:

THEOREM 4. Let 2=R"%, u be a Lebesgue measure and let the following
conditions be fulfilled:

1. For each xE 8 and each yE M, we have x;> y;, i=1, n.

2. The function K: 2— R is continuous and K(y)=0 for ye 2.
Then the solution $(x) of equation (12) satisfies the inequality

s()<exp[ §M KG)dy], xe@.

(A similar result in the case when K(y) is an integrable function but the mapping
M has a special form is obtained in [7)).

Proof. Let z& R% be a point such that the n-dimensional parallelepiped
B,=[0, z;] X -+ X[0, z,] contains M, and let us choose an arbitrary function
K: B—~R,, K& C(B,), such that K(y)=K(y) for y=M,. Then the function

v@=—exol | RO)W1,  xeB,
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satisfies the equation
(4 ¥o) =1+ FOWOMy,

where B,=[0, x;]X -+ X[0, x,], while we shall clear up the form of the function
Fin the case n=2:

win, ) = exo ([ R, epaerae) = 1+ (7 ( 2w 20 o
o Jo o \oy,
x. Y. Xo A %3 ~
— 1+ "ol | *([*Ree, paeaen [ "R, e2de ),
- %l 0 %y Y1, (Y2 ~ . Yo
— 14, [5;(§ ool [ &, eaeae- | * Ko, €3 ) |a,
. z3 y Yy o Yy o Lo
— 141 [Pexol [ ([ *Ree, e2aa ([ R e v | RO €0a8,
+K(»,, J’2))dJ’1)]dJ’2 >
ic. PO, %) = | RO 3y | R, vyt Rs ).

It is not difficult to verify that for an arbitrary » the function F is equal
to the sum of K and a polynomial with positive coefficients of integrals of E
with multiplicity from 1 to n—1 and with integration bounds from 0 to x;.
Hence F(x)> K(x) for x& B, and from equation (14) we obtain

vz 14| Rowmdy = 14{ Kow .

Therefore from Theorem 3 taking into account that ¢(x) is a solution of (12)
we obtain the inequality ¢(x)<+(x) which had to be proved.
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