Publ. RIMS, Kyoto Univ.
20 (1984), 929-957

Groupoid Dynamical Systems and Crossed
Product, I-—The Case of W*Systems

By

Tetsuya MASUDA*

Abstract

By analogy with W*-dynamical system, we define a W*-groupoid dynamical system
(M, I', p) where M is a von Neumann algebra, I" is a locally compact measured groupoid,
and p: I'=Aut(M) is a continuous groupoid homomorphism. The groupoid crossed pro-
duct M X,I" is defined by making use of the non-commutative integration theory of A.
Connes, i.e. integration theory over singular quotient spaces, and is shown to have similar
properties as the case of a group action. As a special case of this situation, if o is a
continuous homomorphism from I' to a locally compact group G, we obtain groupoid
dynamical system (L*(G), I', p). In this case, there exists a co-action ¢ of G on End,(I")
and the groupoid crossed product L=(G)X,I" is isomorphic to the co-crossed product
End «(IM*5G of End(I") by G in the sense of Nakagami and Takesaki.

§ 1. Introduction

Since the work of Murray and von Neumann, the group measure space
construction is well studied (for example, [15], [21]) and discovered to be im-
portant for the construction of concrete examples of von Neumann algebras.
All known approximately finite dimensional factors are constructed from ergodic
non-singular transformation groups. Also, the group measure space construc-
tion was extended to crossed product and served as an important tool not only
for the construction of examples but also for the structure analysis of von
Neumann algebras [2], [7], [29].

On the other hand, the non-commutative integration theory developed by
A. Connes ([8], [9], [10], [11]) not only yields examples of operator algebras out
of foliated manifolds, but also proposes a method of studying foliated manifolds
via operator algebras constructed from the holonomy groupoid. In this paper,
we present an extension of crossed product from group to groupoid on the
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basis of the non-commutative integration theory of Connes.

One of our basic ideas is the extension of random operator field (in the
sense of Connes), which takes values normally in type I-factor, to the case
taking values in a more general W*-algebra. To formulate this idea, we first
summarize the direct integral theory of the field of Hilbert spaces and of
operator algebras over singular spaces in Section 2. In Section 3, we discuss
the standard representation of a singular direct integral algebra. In Section 4,
we shall describe a W*-groupoid dynamical system and its properties.

Another basic idea in our approach is a generalization of the cocycle con-
struction of skew products to groupoid. This is discussed in Section 4 in the
general case, and in the special case of an abelian algebra in Section 3.

Third basic idea is the Poincaré suspension which is a standard method of
constructing a unimodular measured groupoid from a non-unimodular measured
groupoid (the measured groupoid is called unimodular if the module & corre-
sponding to the transverse measure is trivial). The Poincaré suspension of a
groupoid is known to correspond to Takesaki duality of the corresponding von
Neumann algebra (see for example [9], [26]). In the above discussion, the
module function 0 plays an important role. The module function d is a
groupoid homomorphism from I" to multiplicative group B, and hence logd:
I'—R is a groupoid homomorphsim. In this situation, the Poincaré suspension
I’ of I' corresponds to the skew product of R and I' by logd in our for-
malism, and the associated W *-algebra is isomorphic to the modular crossed
product of End,(I"). This situation is generalized to the continuous groupoid
homomorphism o from a locally compact groupoid I" to a locally compact
(not necessarily abelian) group G in Section 6.

In Section 7, we describe some examples.

In Section 8, we shall give a brief discussion.

All the formalisms work well also in the C*-algebraic framework which
will be discussed in [22]. We shall describe in Appendix A cocycles and grou-
poid homomorphisms which yields some concrete examples of groupoid homo-
morphisms via cocycles (see also [25], [27], [30]).

Throughout this paper, we use the Tomita-Takesaki theory (see [29]) and
relative modular operators (see [2]). We also use the non-commutative integra-
tion theory of Connes on a measured groupoid which admits a faithful proper
transverse function v={v"}, . and a transverse measure 4 with a module
0 (see [9], [20]).

We restrict our attention to loaclly compact separable topological groupoids.
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The local compactness assumption holds in many cases where a measured
groupoid is constructed as a graph of transformation group or as a holonomy
groupoid of a smooth foliation. Actually a measured groupoid which is
analytic as a Borel space has an inessential reduction to a locally compact
topological groupoid (see [24]). 4, denotes a measure on the unit space I'®
corresponding to the transverse function v and transverse measure 4. In this
paper, we call the triplet (v, 4, 0), a Haar system of I'. We assume that all
the measures are regular.

§2. Direct Integral of Hilbert Spaces over Simgular Spaces

In this section, we describe the concept of a direct integral of Hilbert spaces
over a singular space. QOur scheme of construction and notion are the same
as those of Connes [9], Kastler [20], and Bellissard-Testard [5]. Throughout
this section, we fix a measured groupoid I' with a Haar system (v, 4, §). We
don’t use the local compactness of I" in this section. We also use the nota-
tion “Adt” to denote the category of Hilbert spaces with unitary mappings as
morphisms.

Definition 2.1. We call H# = {H4,},cr> a Hilbert I'-bundle if #=
{A,} ser® is a measurable family of Hilbert spaces over I'® and there exists a
measurable covariant functor U: I'—AHilé with U(x)=#,. It means that

(i) if rETI7, then U(r) is a unitary mapping of +#, onto +#,,

i) U@RU@GF)=U(rry if r and r, are composable.

(i) 7+ LU@)E > 1@, is measurable for measurable section &=
{€.} ser, n=An,} ser@ of HA={H} crw.

Let H/ = {H} . with covariant functor U/, j=1,2 be Hilbert I'-
bundles. Then AQ A= {AQA%},cr with U=U'QU? is a Hilbert I'-
bundle.

Definition 2.2, A Hilbert I'-bundle <#° consisting of H=L*I"*, v*) with
U(y): LA(I", v*)—LX I, v’) determined by [U(r)ENF)=E('7) will be called
a canonical Hilbert I'-bundle or a canonical bundle for short. Similarly, a
Hilbert I'-bundle 4 =H4°Q #° will be called a standard Hilbert I"-bundle or a
standard bundle for short. (We call it “standard bundle” because the resulting
singular direct integral Hilbert space gives rise to a standard representation of
End (I"), see Corollary 2.8 and Section 3.)

Definition 2.3. A measurable section &= {£,},c,w©> of a Hilbert I"-bundle
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H=A{H,} ;e is said to be covariant if U(r)é,=0(r)"%,, y=s(r), x=r(r), for
almost all y &I" with respect to (4,0v).

The remainder of this section is devoted to the study of Hilbert I"-bundles
of the form, A°QH={AHAiQH} erw, where H={A,},erw is a Hilbert
r-bundle. Let £={&(r)}yer for a measurable section in H=HQA, A, ==
L I*, A,, v¥), where &(7) is a #,y-valued measurable function satisfying

en | lEeEerm<e

for almost all x&I'® with respect to 4,. Let U be the covariant functor for
#. The covariance condition for 4 is

(2.2 UrEG™F) =) (7)., 1, 7T, xeI®

for almost all 7, 7. (see Remark 2.11). Recall that the measure # on I'® is
said to be d-symmetric for v (see Connes [9], Kastler [20] §5) if

@) | Wl e = [ {00690 au

for any non-negative measurable function f on I'. It is known that 4, is
d-symmetric for ».

By the properness of the fixed transverse function v, there exists f €S (I")
satisfying

ey | e =1, x=r0)

for almost all y&I'" with respect to (4,0v) (partition of unity for v), where
SF*(I') is the set of measurable functions on I" with values in [0, + o).

In the following, we shall identify a covariant measurable section {£,} <,
of QA with a measurable section {£(r)}ye, Whenever E(r)=¢£,(r) for rTI,
xero,

Lemma 2.4. Let £={{,},er be a covariant measurable section of
H=HQH, and 1 be a 0-symmetric measure on I'®.  Then the integral,

@3 | ol <o), o) Jaue

is independent of the choice of the partition of unity f i.e. f €SFH(I') satisfying
(2.4) associated with the proper transverse function v, where { , >, denotes the
inner product in the fiber 4, of the Hilbert I'-bundle .
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Proof. Let f,, f, be two partitions of unity associated with the transverse
function v, i.e.

o | sener e =1, x =),

for almost all y &I, j=1,2. Then,

x

en | ] <o cdpnmilanm

- S{ e [S <@, 5(7‘)>xf1(7')fz(?“r)dvx(?)]dvx(r)}du(x)
= S pcw{g - [SF E@), € (r)%ﬁ(r)ﬁ(?‘%)du"(ﬁ] d}/x(f—)} du(x)
- S{S 0@ [S &), 5<r)>s@~>ﬁ<r)ﬁ(fr>dvs<*'>(r)]

X dv"(f)} du(x)

ZS 60){S [S 3(F)TEFET, 5(?‘lr)>s<7>f1(?"lr)fz(r)dV”(r):a
r r#LJrs

X dv* () du(x)
where we used Fubini’s Theorem for the second equality (integrand is non-nega-
tive, see Remark 2.11), d-symmetry for the 7-integral to obtain the third
equality, and the left covariance property of transverse function under the re-

placement of variable 77 by r for the last equality. Because ¢ is a covariant
section of <4 (see (2.2))

@8) LG, EGTa = U@EGETT), UREGTT).

It follows that the right hand side of (2.7) is equal to
@) [ ) .[] .o comnernmare]i @ fauw
= [ o, <€ i) duca)

where we used (2.6) for f;. Hence by (2.7) and (2.9), we obtain the assertion.
Q.E.D.

Definition 2.5. The singular direct integral Hilbert space of a Hilbert I'-

bundle # =H°Q A is defined to be the set of all covariant measurable sections
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£={€,},er@ of H with a finite L*norm ||€||,, where the square of L2norm
||€]|3 is defined by (2.5) for #=4,. We denote this direct integral Hilbert space
by the same notation for the Hilbert I"-bundle A
~ D ~
2100 H= § Ay d A(x)
2
={6={€,},er: covariant section, ||£]|,< e},

where £ is a symbol for the singular space associated with the groupoid I'.
(We also denote I'®/I" or I'®/~ instead of £.)

Lemma 2.6, Let H={H}, < be a Hilbert T-bundle and H=H"QH.
Then,
O ~ ®
@.11) S al/*dA(*)g$ A d (%)
0 ['(0)

where the right hand side is the usual direct integral.

Proof. Let E=1{£,},er® be a covariant measurable section with ||£]],< oo.
For (A4,0v)-almost all y EI', we define

(2“12) "S”E(T) = 5(7’)_1/2[](?‘)53(7)(7_1)6J,(y) .
Then,
2.13)  Plr7) = 0GP PUMNURE (™)

= (0()O(7) U)o (7)*E s (r™)
= ve(r),

for almost all 7, #, where we used the covariance in the second equality. It
follows that v () depends only on x=r(r) (except for  in a null set), so we
write 1r¢(x) instead of ¥¢(y). We show that the mapping é—vr¢ is the desired
isomorphism. Let f be a partition of unity for ». As the first step, we show
that the following two functions

el F@ = 00K, M [0,
@15 GE) = W), Ve,

coincide for A4,-almost all x&I'®. Let x be in the conull set such that (2.14)
is finite (note that S . F(x)d A4,(x)=||€||5< oo and the d-symmetry of 4,), then
r

there exist y&I'® and # &I'} such that (2.2) holds for almost all 17,
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@le | ferpase) =1
holds and vrg(x)=1:(771), i.e.

@17)  AFXKED), £, = <¥e(x), Ve, -

By replacing y by 7 'r;, ri€I"” in (2.14), and using the left invariance property
of transverse function as well as the homomorphic property of &, we obtain,

@18 F) = | @36 KEGT), EGT P ST P ()

— gﬂ SFKEF), EED, ST P (1)
= (%), (), .

Hence,

@19 ll={ A <0, copsarmldaw
- S Pcw{s LOTECT, EGTD i A (@) }dA\,(x)
= [ e, PP 4.

This shows that the mapping &>+ is an L?-isometry. To show the surjectivity

®
of this mapping, we construct the inverse mapping. Let weg HdA,(x) ie.
r

o
v is a measurable section of {4,} ., satisfying

@20) | <P, YDA <00
We define,
(21) &) =0() UG )A(s(r)) -

Then it is easily checked that &y is a covariant section and the mapping yi—&y
actually gives the inverse mapping of &>+ This proves the assertion.
Q.E.D.

Corollary 2.7. Let H={9},crw be a Hilbert I'-bundle with constant fiber
9. Then,

2.22) S: T d A(x) = IO, 4)Q0.

Corollary 2.8. Let H°={LXI'*, v*)},er be the canonical bundle. Then
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A is a standard bundle and
@) " Raaw =" res e = 2@, de).
2 r

Remark 2.9. In the setting of Corollary 2.8, let & ={&,},er be a
covariant section. Then & is represented by a scalar-valued function (§(r4, 75)
=E(r1 72)s 71> T2 ET%) on I'= || (I'*XI'*)and the covariance condition is

written as a

(2'24) 5(7‘_17’1, 7’—17’2) = 6(7’)1/25(7’1, 72) s 77T TzEI'x, xEI‘(o) .
By symmetry in 7, and 7,, we have two different unitaries from the set of such

®
&’s onto S

© LXTI*, v)dA,(x). These are shown to have a relation with the
r

symmetry of Tomita algebras and will be discussed in the next section.

Remark 2.10. If ¥ and Z are faithful transverse functions, then there
exists a I'-kernel 2 such that Z=>0%2 (see [20], Proposition 4). So, the theory
changes isomorphically for the change of faithful transverse function.

Remark 2.11. The set I'= || (I"*XTI7) is actually a measurable space

ZEF(O)
with a Borel structure generated by the family
(2.25) {PT!(B), P7(B); B is measurable in I'}

where P;: I'-T, j=1, 2, are given by the projections P}: I'* X I'"—>TI'*, j=1, 2
into first component and second component. Then a measure 4,0(*@v) on I’
is determined by the integral

29 | ][I, e | asco
= ol ][], 70 roa e o faco

where f is a non-negative measurable function on I". (The equality in (2.26)
follows from the fact that there exists A,-null set NCI'® such that for
x&EI'O\N,

e [ ] o e Jae
= { {1, .1t vy o

holds due to Fubini’s Theorem.)
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Now, the meaning “almost all 7, #”” in (2.2) is the following sense i.e. there
exists A,-null set NCI'® such that for x&I'®\N, (2.2) holds for almost all
(r, F)ETI'* X I'* with respect to v*@v*.

§3. Modular Hilbert Algebra and Random Operator Field

In this section, we shall give the description of a modular Hilbert algebra
constructed from the W*-groupoid dynamical system and the W*-algebra of
random operator field associated to it. Our description in this section is spe-
cialized so as to apply for a W*-groupoid dynamical system and its associated
W*-algebra. It is possible to present the theory in a more general form, which
will however be discussed in another occasion.

Definition 3.1. The triplet (M, I', o) is called a W*-groupoid dynamical
system (or W*-groupoid system for short) if M is a W*-algebra, I" is a locally
compact measured groupoid with a Haar system (v, 4, 0) and o: I'->Aut(M)
is a continuous homomorphism.

Throughout this section, we fix a W*-groupoid dynamical system (M, I, p)
with a Haar system (v, 4,0) on I'. As already stated in Section 1, the
groupoid I' is assumed to be o-finite and further, we assume M, to be separable.
We fix a faithful normal semifinite weight ¢, on M and identify =4 (M) with M.
We also use the notation ¢y=g¢gop0y-1 and 74,: Ny,—>Hjy, for the GNS-mapping
associated with the weight ¢y. The construction of a modular Hilbert algebra
is parallel to that of Digerness [13], [14]. Here we consider M to be a topologi-
cal space by o-strong * topology.

Definition 3.2. We denote by 9 the linear space of continuous functions
f: I'— M with compact support such that

() fIEN, NN,

(2) the functions r—>¢,(f(r)*f(r)) and ri=dweoy(f(r )f(r~")*) are mea-
surable and integrable.

Remark By the triangular inequality and the normality of ¢, we can
see that the set o is a linear space.

For f€, we define ||f]|(y =ess. sup|lz, ()|l < oo, where z,(f)e
0>
B(LXI™*, v')QH,,) defined by el

G.D [=.()E1r) = Sr" p5(fG eV (7), EELAT, V)@ Hy, -
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For f,, f, €, we define product (convolution) by

(3.2 (fi*f)(r) = §F1 (G NLEA (7)), x =r(r)
and involution by
B3) i) =m(Y, fed.
Lemma 3.3. The set % is closed under the involution (3.3).
Proof. Tt is easy to see f¥(r) & Ny, N N¥, for (4y0v)-almost all r&I". Let

&, (€ H, Then, by using Fubini’s Theorem,

¢4 @neo={ (| evemeese oo

-
=| (e[ ,srvemxeowe)a®
={ (e®.{ et nrmare )i
= & =0,

So, we obtain ||/l =Ilflluw=. We also have ¢(f*)*f ') =
$000y(FT VG, Se00y(F O ™)) = 0(f(r)*f(r)). Hence ffeU if
fed. Q.E.D.

Remark 3.4. For fEN, z(fH=r()*.
Lemma 3.5. Let f,, ,E€N. Then = (fi4f) =z (f)=.(f,).
Proof. Let E€H,. Then, by using Fubini’s Theorem,

35 [mAmRE) = L: ot G OE AR )
= (Al s rrmtarmearaseas )
- § e {S LT AET RSP _lf))du”(f)} EP)AV ()
- g r* {S e ’°97(f1(7~’—17"17’))109(]3(7"’))61”5(%(7’)}E(f‘)du"(f)

= | s me@e)
= [=(3R)EI0)- Q.E.D.
Lemma 3.6. For f;, =¥,
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GO | HUREURNLonD)
<NAll | O D)),

G | sl RAE AR D))
<[ Alles | drooshG DA M(A0)0)

Proof.

(3.8

Ry

ALY (AN Avor)(r)

I

[ o) . MM () a3
= o8 P2, 40)
<, om0, (RIFrd 40
1o | {10 P Jat )
=l AllEm| BB,

B9 | b URAGITRRGNANE)
= | SRR O AR,
= [ AU PR
=N | SO
=lflltams §, ioma GGG

where we used Lemma 3.3 and (3.8). Q.E.D.

Lemma 3.7. The linear space N is an involutive algebra by (3.2) and (3.3).
Further, the mapping =,: N—B(H,) is a *-homomorphism.

Proof. Let f, ,€U. By Lemma 3.6, (fi#f,)(r)E Ny, N N%, for almost
all reI'. By Lemma 3.5, we obtain ||z, (/)| <]zl llz.(£)|| and hence,
A% follea S Al folli,«-  Again by Lemma 3.6, condition (2) in Defini-
tion 3.2 holds for f=f;%f,. So, we obtain fi#f,c¥q. Hence, by Lemma 3.3
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and (fi%1,)! =341, we conclude that 9 is an involutive algebra. By Remark

3.4 and Lemma 3.5, z, is a *-homomorphism. Q.E.D.
Definition 3.8. We define a GNS-mapping 7,: A—H=IXT, (440v))Q Hy,

=LXT', Hy,, (4yov)) by

(3.10)  [ANIG) = ne(f@)), fEN.

We set A=7,) and define a Hilbert algebra structure in ¥ by the involutive
algebraic structure of 9 and the pre-Hilbert structure as a subset of H.

We note that the algebraic structure of 2 is well-defined because 74, and
hence 7, is faithful.

Notation 3.9. We denote by 7(I') the set of all continuous functions
f: I'—-C with compact support satisfying the conditions of Definition 3.2 with
M replaced by C. The set /(I') is actually a modular Hilbert algebra associ-
ated with End,(I") (see Remark 4.2, [9], [20)). Hence, 7(I")% 7(I") is dense in
IXI, (4,0v)). We denote by 2 the *~homomorphism z: /(I")—B(LXT", (4,0v)))
defined by (3.1).

Lemma 3.10. The set A*W is dense in LX(T", (4,0v))@ Hy,.

Proof. Let a;, byENy, F,E/(I'), k=1, 2. Then, it is easy to see that
the mappings r—Fy(7)oy(b)a,=f(r), k=1, 2 are in 9. Now, we assume that
g€ LXT, (A,0))QH,, satisfies (€, 7,(fi%f;))=0 for all f;, f; of the above form.
Hence,

a1y Al [0, A E@ER, meteesenm@a® |
dy"(r)}d/l,,(x) =0.
By taking #-strong nets b,—1, k=1, 2 and a,—1, we obtain

(12) | FEROER), 10,@)dA0)) = 0.

By the density of Z(I")%7(I") in LX(TI", (4,0v)), we obtain

(3.13) (6(7), ng,(a)) =0 for (4,0v)-almost all yr&I".

By the density of 74, (Ng,) in Hy,, we obtain £=0 in LXr, (4,0))®Hy,. Q.E.D.

We use the notation U(¢,, ¢,) for the intertwining unitary mapping Hy, ™
Hy, identifying representative vectors of states in the natural positive cone in the
standard representation Hilbert spaces Hy,, k=1, 2 constructed from faithful
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normal semifinite weights ¢,, k=1, 2 (see [3], [16]). We also use the notation
U, () for the canonical unitary implementation of oy& Aut(M) on the Hilbert
space Hg,.

Now, we define

G.14)  [4£10) = 0(r) " py,4,E () »
B15) WL = 0G) P Us (s, EELXT, (Ayor) @ Hy, -

The operator 4, is positive self-adjoint and generates one parameter group of
unitaries 74, [4}'€](r) =0(r) 44} 4,6(r). The operator J, is conjugate
linear and conjugate unitary.

Lemma 3.11. The set A is a modular Hilbert algebra.

Proof. By Lemma 3.10, 4 is dense in LX(T", (4,0¥))@Hy,. By Lemma

3.4 (or by (3.5)), (3.10) and [7,(/i¥7) =714 f)]()s x=r(r), we obtain
(6%Ly, £)=(&y, %L for &, ¢y, (,eA. By Lemma 3.6 (or by (3.6)), the map-
ping (—€X¢ is bounded by ||é]|¢s«)» Now, we show the preclosedness of the
mapping £—¢&¢ By (3.14) and (3.15),

(.16) [ FI(r) = 74 (04(fr ™))
= Us (1) U(#0, Dy-1)16y-1(fr™)*)
= U (1) U(B0> by-1)sy-1,6,48%1,6,78,(f(r ™))
= Usy(r)s,48, 1,576, (fr ™)
= 0(r) U, (Mgl 1A NIG™Y)
= [JAA/ltlzﬂA(f @) -
Hence, &% is preclosed. Q.E.D.

Remark 3.12. 1In view of (3.14), it is easy to see that the associated modular
automorphism group {o%},cg is

GBI [oANIG) = 3()(Dsy: Daote(fr)),  fEA.

Remark 3.13. We denote by 2 the linear space of continuous functions
f: I'—M with compact support. Then 2[; is an involutive algebra by the same

~ ~ - ®
operation as A. Then =) Cz( ) C(J,#(A)J,), where n:Srm n d A,(x) is the

representation of A, on LA, (4,0v)) and the prime denotes the commutant.
Hence, =(;) also generates the left von Neumann algebra. The proof of

Lemma 3.4 also shows that the linear space %, is an involutive algebra by (3.2)
and (3.3).
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Remark. If the module function is continuous, then 2 is {o4}-invariant
(see (3.17)). In Definition 3.2, we can replace I by the set of all continuous
functions with compact support satisfying (1).

Next, we shall give a description of the associated left von Neumann algebra
as a random field of operators associated with a Hilbert I"-bundle. We define
a Hilbert I'-bundle +# by

(3.18) H, = LI, v")Q@Hy,
with a unitary representation of I" by
G19)  [UEEF) =¢07'R), EeH4.
By Lemma 2.6 and Corollary 2.8, we obtain
620) | Fdam=rr, (de)@H,=1.
By (2.15) and (2.24),
(3:21)  w(r) = 8(7) %+, #7'r), (independent of FE ™),
(.22) &Gy 7)) = 0G) (T
give the isomorphic correspondence of (3.20) (¢ ed, vl ).
Lemma 3.14. In the description of H by the covariant section of 47,
(B23) e, 1) = 06T ) sy 0, )
(B24) &N, 7o) = Up(ri'r) s, (ra 71) 5
425 FEEGn 1) = | oxs (e, V@), x =G,

where f €W, and & is a covariant section of H=HQA.

Proof. The assertion is the direct consequence of (3.14), (3.15), (3.1),
(3.21) and (3.22). Q.E.D.

Now we define a Hilbert I'-bundle 4° by
(3.26) H = L(I", V)QH,,
with a unitary representation of I" by
B2 WUMENF) = Us,(n)EGr™'7),  EE€H.

By Corollary 2.7, we obtain
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(3.28) Sj Ay =IXT, (Ayov)) @ Hy,= 1.

In this case, by (2.12) and (2.23),

(B29)  ¥(r) = 8F VU PEGT 77,
(B30) &Gy 1) = 0(r) AU (r )Y (i)

give the isomorphic correspondence of (3.28). By looking at (3.21), (3.22) and
(3.29), (3.30), we obtain a unitary mapping W from the covariant sections of
A to the covariant sections of <4 by

B3 e, 12) = Us(rdéGri, 72) -

Lemma 3.15. In the description of H by the covariant section of H°,
(3.32) VAl(rs, ) = J%E(Tza ),
639 [E=URIGn ) = | s D@, x =1,

where f €W, and & is a covariant section of A,
Proof. By Lemma 3.14 and (3.31). Q.E.D.

Lemma 3.16. The W*-algebra associated with the Hilbert algebra U is
isomorphic to the W*-algebra of random operator fields:

(3.39) {T={T,},er: essentially bounded measurable field of operators
on 40 such that T, B(LAI™, vV)QLAI™, v')) QM
and (Adl/‘(?)®p?)(Tx) = Tya TEFzy}s

where U(r)=U(r)QU*(r) is the unitary representation of I' on the standard

bundle. In this expression, ||T||=ess. sup ||T,||.
xerll

Proof. By (3.33), n(f)={m,(f)} ser for f €, belongs to (3.34). On the
other hand, since the action of 1QB(LXI'*, v*)) on LXI'*, v")Q [X(I'*, V")
commutes with the operators given by integral kernel which involves only the
first component of the tensor product LA(I™*, v*)QILXI*, v*), by using (3.32)
and (3.33) it is easy to see that the each element in (3.34) commutes with the
operators of the form Jx(f)J,, fEU, So we have only to show that the set
(3.34) is a W*-algebra. The set (3.34) is actually a weakly closed *-subalgebra

of | Bz M@ I, W)@ Midw) on | M@ L, M@
r r

Hy,dA,(x) due to the weak continuity of the covariance condition. Q.E.D.
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§4. Crossed Product by Groupoid

In a close analogy with the W*-dynamical system defined by a locally
compact group, we defined a W*-groupoid dynamical system (M, I', o) in
Section 3. In this section, we shall discuss about the corresponding crossed
product by a groupoid which is given as the left von Neumann algebra as-
sociated with the modular Hilbert algebra discussed in Section 3.

Definition 4.1. M x,I" or W*(M, I', p) will denote the left von Neu-
mann algebra associated with the modular Hilbert algebra ¥ of Lemma 3.11
and will be called the groupoid crossed product.

Next, we shall give the description of this crossed product in a different
manner. Note that the W*-algebra End,(I") is isomorphic to the W *-algebra
generated by the left multiplication of the modular Hilbert algebra 7(I") (see
Notation 3.9) associated with the measured groupoid I' with Haar system
(v, 4, 0) on the (standard) representation Hilbert space LA(I", (4,0v)).

Remark 4.2. In the usual description of modular Hilbert algebra A or

Tomita algebra associated with End,(I"), the convolution is defined by

@D GO = | A@REIE),  x =0,
and the involution is defined by

“4.2) fO@) =0 ™)
(for example, see Kastler [20]). This modular Hilbert algebra is isomorphic
to our description by R: A—7(I") where
4.3) [Rf1(r) = o) 2fG7) .

Lemma 4.3. The W*-algebra M X,I" is isomorphic to the W*-algebra
generated by A(f)®1, fEI), and ma), ac M on H=IXI', Hy, (A,0ov)),
where

@8 pae = @ heenas,
x =r(r), EE LT, (4,0v)),
“4.5) [z (@)E17) = oy-1(@)E(T) , aEM, E€H.

Proof. We define an involutive unitary operator R on H by

(4.6) [REr) = 0(r) ™G ™) .
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Then,
@7 [RENODR*OI) = Sr,f(f’lr)f(f)dv‘(?), x=r(),
(4.8)  [Rey(@R*€1r) = o(@)(), acEM, E€H.

Hence by (3.1) and (3.15), the operators R(A(f)®1)R* and Rz,(a)R* commute
with Jm(WA)J,. Therefore they are in M X,I".  We define a unitary operator
U, on H by

(4.9) [U£10) = Us()*e(r), €A,

where Uy (7) is the canonical unitary implementation of py=SAut(M). Then,

4.10)  [GRRNDR*UFIG) = sz Us, e O )E(R)dV'(7)

x=r@), fENT),
(4.11)  [U,Rz(@)R*U*E)(r) = ab(r), aEM,

(4.12)  [Ur()UFENr) = er Us(r DU G DEFAV(F) , x = 1(r) ,
fev,, cef,

Hence the operator Un(f)U¥, f N, is the weak limit of linear combina-
tions of the operators of the form U,RQA(f)@1)x,(@)R*U¥, f€7(I"), ac M.
Hence we obtain the assertion. Q.E.D.

Remark 4.4. We define A,={07"%f, fe& 7(I')}, where [67f](r)=
8()"Y2f(r™"). Then ¥, is a *-algebra in a usual manner and the generators of
M X, T are ny(a), ac M, and 2(f)R1, f €U, where

(4.13)  [AH(NEG) = Sﬂf(f)f(?“r)dvx(?), x=rr), EELAT, (4y0v)).

The generators of this form look similar to that of usual crossed product.
It is also noticed that the representation space Hy of M may be replaced by an
arbitrary representation space. (The resulting W*-algebra is algebraically
isomorphic to the one above.)

It is also noticed that if ¥ is also a faithful proper transverse function,
then 7 is of the form »*2, where 1 is a suitable I'-kernel (see [20], Proposition
4). Then, the corresponding W *-algebra End,(I") is isomorphic. Hence the
groupoid product M X ,I' is isomorphic.
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Lemma 4.5.

(D) If p, o: T'—=Aut(M) are mutually cohomologous in the sense that there
exists a continuous mapping ©: I'O—Aut(M) such that py=t,)0040Tsqy). Then
MX,T=MX,T.

Q) If p, 0: '>Aut(M) are mutually one-cocycle equivalent in the sense
that there exists a strongly continuous unitary valued mapping u: I'—>M such
that
4.19) o4(a) = uyoo(@u , asM
(4.15) Uyy, = ”1,"7,(”72) » S =r(r)
then M X =M X ,T.

Proof. (1) Let W™= {W3},er be the canonical implementation of
{7} zer© on Hy, and define unitary operator W™ on H by

(4.16) [WE)r) = Wimé) , I1=7:8
In view of Remark 3.13, we define

@17  oIfIn) = salfr), AP
where A{is the set of all M-valued function on I" such that z°(f) is bounded.
Then we obtain
“18) W@ DY = =*(f),
where z° and z° are the corresponding *-representations on A with respect to
the actions o and o, respectively. Hence f €U if and only if O[f]AS .
We also obtain @™ 0@ fl=f, fEAP, 00" '[f]=F, FEUA. Hence we
obtain the desired isomorphism.

(2) We define unitary operator U on H by
(4.19) [UE)r) = uy-1£(7), E€H .

Then by (4.4), UA()QNU*=1(f)R1, f € /T"), and Uri(a)U*=x(a), ac M.
Hence by Lemma 4.3, we obtain the isomorphism.

Remark 4.6. Under the situation (1), we obtain
(420) O[PS = OLfi%ofid
@21 O ] = 0T f17,

where *,, (#, 0) and =*,, (#, o) are the convolution and the involution with
respect to the actions ¢ and o, respectively.
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Lemma 4.7. If I is the graph groupoid X X 4G of topological transforma-
tion group (X, G, @) with a nonsingular Borel measure on X and r(x, g)=x,
s(x, g)=a,-«(x) for (x, g)ET, then M X ,I' is isomorphic 1o a crossed product
of L*(X)Q M by G with the action

(422) A1) = ot p(f(@e-1(x)),  fEL(X)RM. gEG.

Proof. By Lemma 4.3, generators of M X ,I" are:

(4.23)  [RQ(NBDR*E(x, g) = SG f(@,(x), h7'g)e(x, Wydh,  fENT),
(424) [Ié?l—'o(a)ﬁ*f](x, g) = lo(x,g)(a)‘f(x’ g) s aEM, EEﬁ:

where dh in (4.23) is the left Haar measure of G (which we assume to give the
transverse function of I'). Now, transform the generators by the involutive
unitary operator ¥ on H defined by

425)  [VElx, &) = 4e(g)e(x, g™, ¢€H,
where 4, is the modular function of G. Then we obtain
426)  [VRQ(NHIDR*V*E](x, 8)
= [ S0, kD076, k), fe7(T),
4.27) [V Rzy(@)R*V*E)(x, 8) = 0z g-0(@E(x, 8) aeEM, EcH.

The W*-algebra generated by the family of operators (4.26) is the crossed
product L*(X)X ,G, hence it is also generated by the following families of
operators:

4.28)  [A(NENx, 8) =flax)ié(x, g), [feEL (X),
4.29)  [XWElx, g =&(x, h'g), heG, EcH.

On the other hand, in view of (4.22), (L*(X)Q®M)X 5 G is generated by (4.29)
and

(4.30) [N, &) = [6,-(N)X)EX(L)
= 06, (e (N, 8), [EL"XNRM, (€H.

Now, f€1QM in (4.30) corresponds to (4.27) and feL~(X)®1 in (4.30)
corresponds to (4.28). Hence we obtain the isomorphism. Q.E.D.

Remark 4.8. Let @ be an action of G on X and I'=XX,G. If
o: I'—=Aut(M) is of G-split type in the sense that there exists a continuous
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homomorphism £: G—>Aut(M) such that the diagram

@.31) -2 aut(an)
P A
G

commutes, where p: I'S(x, g)—g&G is the canonical projection, then the
action of G on L*(X)Q M is of product type a@j.

§5. Generalized Skew Product

The concept of skew product was originally introduced by Anzai [1] in
the construction of non-isomorphic ergodic measure-preserving automorphisms.
We present here a new viewpoint for this concept: a dynamical system con-
structed by skew product is viewed as a special case of a transformation groupoid
with groupoid which is a graph of some transformation group.

Let I' be a locally compact groupoid with faithful proper transverse func-
tion v. If we say that I' is “measured”, then we consider a Haar system
@, 4, 9d).

Definition 5.1. We call the triple (2, I', p) a locally compact transforma-
tion groupoid if £ is a locally compact space and the mapping o: I'X 2>
(r, @)—py(w)EL2 is a continuous action of I" on £. Furthermore (2, I", o)
is called measured if I" is measured, £ is equipped with a Borel measure x and
the action p preserves u-null sets.

Remark 5.2. Let (2, I', p) be a locally compact measured transformation
groupoid, then we obtain a W*-groupoid dynamical system (L=(£2, &), T", 0) in
a natural manner. But the converse is not true in general.

Definition 5.3. For a given locally compact transformation groupoid
(2, I', p), we construct the product system as a locally compact groupoid
F=2x,I. The groupoid I" is defined as the product of £ and I" as a topo-
logical space with the unit space '@ =2 X I'® and {7=(w, )} =1 is given by
the following groupoid structure: r(7)=(w, r(r)) EI'®, s(¥) =(0y-1(®), s¢r)) €' ®
and 7' =(py-((®), r™), 717,=(@,, r172) for 7#;=(w;, r;), j=1, 2 with oy (@)=
®,. We have a natural continuous homomorphism of groupoids z: I'S# =
(o, 7)—>rEr. The transverse function 9= {5}, semo of I' is naturally
constructed from the pull back of the transverse function v on I' by = i.e.
dv®* ) (7)=dv¥(r) if #=(@, r). By construction, 7 is proper if v is.
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Lemma 5.4. Let (2, I', o) be a locally compact measured transformation
groupoid. Define A by A3 =pQ® A, and & by

du(@)

5.1 8w, 7) =6() .
dpopy-1(®)
Then (9, 4, &) is a Haar system for the product groupoid I'=2X,T.

Proof. It is readily seen that & is a homomorphism of I' and A5o7 is
d-symmetric (c.f. (2.7)). Lemma then follows from the characterization of
transverse measure by its d-symmetry (see A. Connes [9] or D. Kastler [20]).

Q.E.D.

Proposition 5.5. Let (2, I', o) be a locally compact measured transforma-
tion groupoid and I'=2 X ,I" be the associated product. Then

(5.2) End;(5)=L"(2, u) X, I .

Proof. By Remark 3.13, L=(2) X ,I" is generated by the set of all map-
pings f: I'—>L>(£2) with || f]|(4,.) < oo where,

63 Il = ess. spllll,
xel
G4mO D = S D@, N, )
— |, for(@), 778, DA, x=r(),

eI (2, WQLXI*, v*). In view of (5.3),
(55) ”ns(f)” = es‘f'egup ””(w,x)(f)” s

(5.6) (7,2 (S )E]() = prf (05-1(e), FNEM (7)),  x=r@),

EeIX(I'*, v*). Hence ||f]|(4,) =ess. s%gllﬁ(w,,)(f)ll and f agrees with a gene-
(w,x)El’

rator of End;(I"). Q.E.D.

Remark 5.6. For the purpose of the discussion of W *-algebra, we need
not assume that the space £ is locally compact and the homomorphism p is
continuous. We only have to assume that (L=(2, ), I, p) is a W*-groupoid
dynamical system.

Remark 5.7. Let I' be a (locally compact) measured groupoid with a Haar
system (v, 4, 6). Then the Poincaré suspension I" of I" is equal to B X ,g51,
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the graph of transformation groupoid (R, I', logd), and the associated W *-
algebra Endj;(I")=L*(R) X 10g5 I is isomorphic to the modular crossed product
of End,(I"). (See [9], [26], [31]. See also Remark 6.2 (1).) Here logd is an
action of I' on R such that ¢+>¢+log o(7).

§ 6. Groupoid Crossed Product and Co-action

In this section, we consider the following situation i.e. we consider a W*-
groupoid dynamical system (M, I', o) with M=L>(G) where G is a locally
compact group, together with the action o determined by the left translation
of G through a continuous groupoid homomorphism o: I'—G i.e.

(6.1) [0y(X)(8) = X(o()'g), X ELG).

Throughout this section, we use the notion of co-dynamical system in the sense
of Nakagami and Takesaki, see [23].

Theorem 6.1. (1) Let p: I'—>G be a continuous homomorphism. Then
there exists a coactoin © of G on End(I) i.e. b is an injective *-homomorphism
0: Bnd (I") —End (I"Q W¥*(G) such that the following diagram commutes;

62) End(I) ——> End(D)@WG)
A o A
5 [pe1
End, (1)@ WHG) o> End (D)@ WHOBWHG)
G

where W¥(G) is the W*-algebra generated by the left regular representation 2(g)
of gEG and d(A(g)=4g)R(g), g=G. Furthermore L=(G) X, I"=End (I')*3G
where *} denotes the crossed product by co-action p.

(2) If G is abelian, p gives an action of G on End (I") such that L~(G)X ,I"
=End (I') X ;,‘6. Let G, H be locally compact abelian groups with v: G—H a
continuous homomorphism. Then po'yr=(yrop)" as an action of H on End (I").

Proof. (1) We define a unitary operator F on LI, (4,0))QL¥G) by
(6.3) [FEIGr, &) = €@, 0()'8) s EELAT, (4,00))QLHG).
By Remark 4.4 (4.8), End(I") is generated by the following set of operators,
6.4) (ARG, &) = Sr,f(f)f(?”“r, gav’(r), x=r),

ESIXT, (4,09)QLAG), fEN,. Now we set 5,(f) =F(,(f)@1)F*. Then
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by (6.3) and (6.4), we obtain

(6.5) [2o()E1(r, ) = Sﬂf(?)f(?'lr, (P (), x=r@),

eI (T, (4,o0))QLYG), f€,. Hence, the mapping 0, extends to an injective
*-isomorphism End ,(I")—B(LX(I", (4,0»))QL*G)) which is denoted by ©. The
fact p(End,(I"))CEnd (IMNQWHG) is easily seen by the commutativity of
P(End(I")) and the commutant (J, End,(I")J,) ® (right translations) of
End (IMQWHG). In view of (6.5) it is easy to see that the diagram (6.2) for
26(f), fEN, commutes. Hence we obtain the commutativity of the diagram
(6.2) by the density of ¥, in End,(I"). The W*-algebra F(L(G)X,I)F* is
generated by the family of operators 24(f), f €2, of (6.5) and

(6.6) [Fry(X)F*E)(r, 8) = X()é(r, 8), XEL(G),

by Remark 4.4, é LX(I", (4,0v))QL*G). These are exactly the generators of
the co-crossed product End (I")*5G.

(2) We define a Plancherel transform U: L*(I", (4,07)) ® LX(G)—
LA, (4,0v))QLX(G) by

6D W) = & e odg,  peb.

Then we obtain

(6.8) [UB(f)U*ENr, p) = sz o) pOfREGE T, pdv (7)), x=r(r),
(6.9) LUFz((X)F*U*¢)(r, p) = Se X(@e, p—9)dq

where f €9,, EEIXT, (4,04))@L(G) and X € L=(G) is such that

610 x@=|,<e ko, Kerd).

In view of (6.8) and (6.9) together with the definition of crossed product, the
G-action p is generated by

(6.11) [B,(01) = <o(r), P> 1)

or the adjoint action of the unitary representation [V(p)],eé¢ of G on
LX(I", (A4,0v)) determined by

(6.12)  [V(PEIr) =<o(), P2EG),  EELHT, (4yov)).
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Let qeﬁ. Then <o(r), Y (q)D>=<yro0(r), ¢, rEI'. Hence, we obtain (2).
Q.E.D.

Remark 6.2. (1) Let I' be a locally compact measured groupoid with a
Haar system (v, 4, ) such that ¢ is continuous. Consider G =8, p=Ilog?Jd.
Then I'=R X0z 5 I is the Poincaré suspension of the measured groupoid I" (see
C. Series [26]). In this case, the co-action 0 gives rise to action of ﬁgR, which
coincides with the modular automorphisms of End ,(I"). (See [9], [26], [31].)

(2) In the same situation, suppose that End,(I") is a factor of type III,.
It is known that the Z-crossed product of End,(I") through the restriction of the
modular action by Z=2 1—(Q2z/L)e R is a factor of type III,, 2=exp (—(2x/L))
(see A. Connes [7], [8]). This Z-action is interpreted as the co-aciton of S!
given by the groupoid homomorphism I'—S* obtained by the composition of
log 6: I'> R and the quotient homomorphism B—S* by period L. This S*
with R-flow corresponds with the flow of weight associated with the above
factor of type III, (see Hamachi-Oka-Oshikawa [17], [18]).

(3) If we consider the special case that I' is a locally compact abelian
group, then L=(G) X, "= W¥(I) xa/G\z L""(I/‘\) X 5&. This duality can be viewed
as the Plancherel transformation of abelian groupoid, see Bellissard-Testard [5].

Lemma 6.3. Suppose G is abelian. If p, o: I'=>G are cohomologous in the
sense that there exists a continuous mapping t: I'® —G such that o(r) =
t(r()o()c(s(r))™ . Then the two G-actions 5, % are one-cocycle equivalent i.e.
there exists a strongly continuous unitary-valued mapping u: G— End (I") such
that

(6.13)  bya) = uo(@uf, a€End(I'),
(6.14) Upry = U04(uy) k, 1€G.

Proof. We define a unitary operator by
(6.15)  [w€lG) =<, EG),  EELAT, (4yov)).

Then it is easy to see that the operator u, commutes with the commutant
J,End(I")J, of End(I"). The intertwining property (6.13) and the cocycle
condition (6.14) easily follows from (6.11) and (6.12) Q.E.D.

Remark 6.4 In the situation of Remark 6.2 (1), a coboundary change of
cocycle corresponds to a change of measure on the unit space within the same
measure class and the corresponding cocycle in Lemma 6.3 is exactly the one-
cocycle derivative of A. Connes.
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§7. Examples

In this section, we collect some examples of W*-groupoid dynamical
systems (also valid for a C*-algebraic framework) and their crossed products.
The first one is an example of A. Connes.

Example 7.1. (See [6], [8], [11].) Let I be a locally compact measured
groupoid constructed as the graph of an Anosov foliation &, on a unit sphere
bundle Ty(£2) of a compact Riemann surface £ with genus g=2. This foliation

t
F, on Ty(2) is defined as the orbits of HE{[; s_t]: s, tER} on Ty(R2)
e

under the identification L\ PSL(2, B)== T (2), where L=<x,(£2), a uniform lattice
subgroup of PSL(2, BR), and the H-action is the right multiplication on
I\PSL(2, R). It follows that the groupoid I' is actually a graph of trans-
formation group and is locally compact. Any transverse function comes from
a Haar measure of H in each orbit and the transverse measure is defined by the
restriction of the Haar measure of PSL(2, R) to the fundamental domain of L.
It is known that this groupoid I defines a hyperfinite factor of type III,.
Now, let (K, R, 0) be an ergodic measure preserving R-dynamical system on a
compact manifold K with a probability measure. We construct a new foliated
manifold (K X Ty(2), &) defined by the product type action of H where the
H-action on K is defined by the composition of the homomorphism

n: H 5[:’;’ :_t]r—»tER and 6. Then the graph I of this foliation is identical
with K X, T, o(x, h)=00x(h) for (x, h)ETI', and the resulting von Neumann
algebra End;(I")=L>(K) X ,I" defines a type III-factor with the smooth flow of
weight isomorphic to (K, R, 0) (see [12]). If we take K=S", 0 is the translation
action of R on S" via a quotient homomorphism with the kernel LZ (L>0) and
F=8'x,I", then End;(I")=L~(S") X ,I'=End(I") X $Z, where the action 9
(see Section 6) agrees with the restriction of modular action on End (I") to Z and
the resulting W *-algebra is the hyperfinite factor of type III,, A=exp (—2=/L)
(see also [7]). This mechanism works for a more general measured groupoid
defined by a non-singular transformation group, see [18], Theorem 4. It is
noticed that in the above example of A. Connes, the W *-algebra W*(K x Ty(2),
g ) for the foliated manifold (K x T,(£2), g 4) 1s actually the usual crossed pro-
duct of L*(KxTy(2)) by H (see Lemma 4.7). But in general, we can not

expect that End;(K X ,I") is expressed as a crossed product.
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Example 7.2. Let G be a locally compact group with closed subgroups
H and K. We assume that the group has a continuous factorization G ==
(G/K)X K as a topological space i.e. we assume that K-quotient homomor-
phism is continuous (for the K-quotient homomorphism, see Appendix A).
Let (M, K, @) be a W*-dynamical system and (#, G, &) =Ii£g(M, K, @) be the

induced system in the sense of Takesaki (see [29]). Let I'=(G/K) x H be a local-
ly compact measured groupoid defined by the topological transformation group
((G/K), H, left multiplication). Then the crossed product of 47 by H through
@ is isomorphic to the groupoid crossed produtc M X ,I" where p: I' — Aut(M)
is the composition of K-quotient homomoprhism and the K-action a. It must
be noticed that this groupoid I may fail to be principal in general. (Many of
concrete and important foliations arise in this way, though without continuity
of the quotient homomorphism.)

Example 1.3 (Discrete modular lift of non-unimodular groupoid). Let I"
be a locally compact measured groupoid with Haar system (v, 4, 9). Assume
that the range of log 6 is contained in kZ. (For example, I" is the graph of
topological transformation group defined by the H;-action on T3(£2) in Example
7.1, where H;=R X , ZCR X , R=H. In this case I'=T,(£) X ,H,; defines the
Powers factor.) Now we define I'=(kZ) X ,g5I" and take a suitable measure
on kZ. Then it is easily checked that I' is unimodular groupoid (the same
mechanism as the construction of Poincaré suspension works), and W*(I")=
W*(I') x5S is a crossed product W*-algebra by compact modular action.

§ 8. Discussion

The concept of an action of a groupoid on W *-algebra is discussed also by
Jones and Takesaki [19] for the purpose of classifying discrete automorphisms
of an operator algebra of the form L”(X)QM. Although they discuss the
groupoid with discrete countable equivalence relations, they don’t discuss the
resulting “crossed product algebra” in terms of groupoid. Our approach is
algebraically the same with theirs, but direction is different. We are discussing
our theory in the locally compact category with continuous groupoid homomor-
phisms.

Nevertheless, it seems to be possible to discuss under a more non-restric-

tive condition.



GrouroipD DyNAMICAL SysTEMs AND CROsSED Probucr, 1 955

Appendix A

In this section, we show the relation between the continuous groupoid
homomorphisms and the continuous cocycles of skew product (see [1]).

Let (X, G, @) be a topological transformation group and let £ be an aux-
iliary topologiacl space with a topological structure group H. The continuous
mapping ¥: X xG—H is called a cocycle of (X, G, a) if

(A.1) T(x, 818) = ¥(ag,(x), g)¥(x, g2), XEX, g, 8EG0.

Then the topological space £ X X is a G-space (skew product) by &, where

(A.2) @ (o, x) = (¥(x, o, 2,(x)) .
Put

(A3  o(x,8) =P(x,g)".

Then o gives a continuous groupoid homomorphism I'=X x,G—H. (Further,
all the continuous groupoid homomorphism I'— H arises in this way.) In
this situation, (2, I', o) is a transformation groupoid and 2 X,I"=(£2 X X) XzG.

By making use of this fact, we obtain an example of groupoid homomor-
phism as follows. Let G be a locally compact group with a closed subgroup
K. Assume G has a continuous factorization G==(G/K)x K as a topological
space. (For example, Iwasawa decomposition gives such an example.) Now
G and G/K are left G-space such that there exists a continuous groupoid
homomorphism #': (G/K)xG—K. We call this homomorphism K-quotient
homomorphism. So, we obtain groupoid homomorphism o: I'=(G/K) X H—K
where H is any closed subgroup of G. As a concrete example, let G=SL(2, R)
with K=S*. Then G/K is the upper half plane H, with the G-action by frac-
tional linear transformations, and the cocycle is given by

(A4) ¥(z, g) = arg(cz+d), zeH, ,

where g=<a Z)eSL(Z, R) (cz+d is known as the automorphic factor).
c
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