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On the Locality Ideal in the Algebra of Test
Functions for Quantum Fields

By

Jakob YNGVASON*

Abstract

Some basic properties of the locality ideal in Borchers’s tensor algebra are established.
It is shown that the ideal is a prime ideal and that the corresponding quotient algebra has
a faithful Hilbert space representation. A topology is determined for which the positive
cone in the quotient algebra is normal, and it is shown that every n-point distribution satisfy-
ing the locality condition is a linear combination of positive functionals which also satisfy
that condition.

§1. Introduction

The locality ideal in Borchers’ tensor algebra [1, 2] is the two-sided ideal
generated by commutators of test functions with space-like separated supports.
Its importance comes from the fact that quantum fields satisfying the require-
ment of local commutativity can be regarded as Hilbert space representations
of the tensor algebra annihilating this ideal. Equivalently, such fields define
representations of the corresponding quotient algebra. Among other things
it will be shown that the states on this algebra separate points, and consequently
that it has a faithful Hilbert space representation. For the tensor algebra
itself this was first shown in [3]. The question whether this is also true for
the quotient algebra was posed in [2], but has remained unsettled till now.

The present paper is a sequel to [4, 5, 6], and we refer to these papers and
also to [2] for definitions and further references. Borchers’ tensor algebra
will be denoted by ¢; it is the completed tensor algebra over the Schwartz
space $(R?). The locality ideal 7, is generated by elements of the form f®g
—gQ f with f, ge¥(R?) satisfying the condition f(x)g(y)=0 whenever (x—y)
€ R’ is not space-like. The method used for the investigation of 7, and the
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quotient algebra &/5,=: A is based on a discretization: we map ¥ and <
onto tensor algebras over finite dimensional spaces where the corresponding
problems are essentially of a combinatorial nature. Besides proving that
the states on 4 separate points, we also obtain more refined results analogous
to Thms. 1 and 4 in [6] and Thm. 4.1 in [5]. We show that the positive cone
At is normal for a certain topology which is slightly coarser than the Mackey
topology on 4. This result (Thm. 4.7) is not optimal. However, an explicit
description of the finest topology on 4 for which A* is a normal cone seems to
be complicated.

The paper is organized as follows: Section 2 contains general remarks
on ideals in topological *-algebras. These remarks are mainly intended to
show the equivalence of various definitions of “good” ideals and to point out
the deviations from the case of C*-algebras. In Section 3 we study partially
symmetric tensor algebras over finitely dimensional spaces, i.e. tensor algebras
with a finite number of generators, where some pairs of generators are assumed
to commute. In Section 4 the results obtained for this discrete case are applied
to the algebra #. The main results of the paper are contained in Thms. 4.4-
4.17.

§2. States and Ideals

In this section we want to make some simple remarks on the ideals in &,
or more generally, ideals in an arbitrary locally convex *-algebra 2 over C. We
assume that the multiplication in ¥ is at least continuous in each factor sepa-
rately, that the #-operation is continuous and that ¥ has a unit element 1.
The positive cone W+ is defined as the closed convex hull of the set of elements
of the form a*a, a=. (For the algebras ¥ and A this cone consists of con-
vergent sums of such elements.) In the dual space 9’ the positive functionals
form the dual cone A*’. A functional T is a state if T(1)=1.

We associate three closed subspaces of U with every T *:

The kernel K(T)={a| T(a)=0}.
The left kernel L(T)={a| T(a*a)=0}.
The kernel of the GNS representation defined by T

I(T) = {a|labeL(T) forall b} .
Clearly
KT)CL(T) N L(T)*C L(T) - L(T)* CK(T) . @.1)
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By the Cauchy-Schwarz inequality we have also
I(T) = {a|bacsK(T) forall besWU} 2.2)
and by polarization
KT) = NK(T) 2.3)
where Ty(a):=T(b*ab). From (2.1)-(2.3) we immediately get
2.1 Proposition. (1) K(T) is x-invariant, and if f‘. a*a;EK(T), then
1
Na;+a¥ A K(T) for all i.
(i) L(T) is a left ideal, and if > afa,= L(T)+L(T)*, then a;=L(T) for all i.
1

(iiiy K(T) i> a #-invariant two-sided ideal, and i afa,€I(T) implies a,=I(T)
1

Sfor all i.

Also, I(T) resp. I(T) are the largest left- resp. two-sided ideals contained in K(T).

By using the GNS-construction, the bipolar theorem and (2.3) one obtains

2.2 Proposition. The following conditions are equivalent for a closed,
two-sided ideal 7 U

(1) F is *-invariant and the quotient algebra W|F has a faithful Hilbert
space representation®.

(i) F=n{KT)|TeF*nA+}.
(i) F=n{K(T)|TeF*NA}.

In a C*-algebra (more generally in an LMC*-algebra [7]) every closed,
two-sided ideal has these properties. Because of Prop. 2.1 a necessary condi-
tion for an ideal to have these properties is

S\ afa, e F implies ;&5 forall i. 2.4)
1

From (2.4) the %-invariance of 7 follows: If a7, then aa* &7 because F
is a right ideal. Hence a* &7 by (2.4).

In contrast to the C*-algebra case, there are closed, two-sided ideals in &

which are not #-invariant, e.g. F=¢P( P ¥,) with Z/C¥,; closed and not
n=2

x-invariant. Examples of #-invariant, two-sided ideals that violate (2.4) are

F= é &, with N=2, and the ideal generated by all anticommutators of ele-
n=x

1) i.e. a weakly continuous #*-representation by linear operators (in general unbounded) on
a dense domain in a Hilbert space.
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ments in ¥;. In these examples, 7N ¥ consists only of trivial functionals.
It is not known whether condition (2.4) characterizes the good ideals in ¢,
i.e. those with the properties stated in Prop. 2.2.

§3. Partially Symmetric Tensor Algebras

Let E be a finite dimensional vector space over C. Denote by E the tensor
algebra over E, i.e.

E=QE,
n=0

with E,=C, E,=E®". A basis {e,, -+, ey} for E generates a basis for E: If
I=(il’ Tty in)a A ‘{1, s, N} we define

er =¢; Q- Qe;,
and also e;: =1€E,. We also write
I*: = (i, =, i)
and define a x-operation on E by antilinear extension of
(e)*: =ep

E is thus a x-algebra; equipped with the direct sum topology of the E,—~C"¥
it becomes a topological %-algebra with a jointly continuous product.

Now suppose o is an arbitrary set of pairs (i,j) with i, j& {1, ---, N}. De-
fine F, to be the two-sided ideal in E generated by the commutators [e;, e;]=
e;Qe;—e;Qe; with (i, j)Ep. Without restriction we can assume that (i, ) Ep
for all i and that (i, j)E e implies (j, i)E0; o is thus a symmetric, reflexive, but
not necessarily transitive relation on {1, ---, N}.

The partially symmetric tensor algebra corresponding to o is defined as
the quotient algebra E/F,.

Remark. The ideals 5, are generated by commutators of linearily inde-
pendent elements in E. More generally one could consider ideals generated
by arbitrary sets of commutators of elements in E. The latter case cannot
always be reduced to the former by a linear transformation. A counterexample
is e.g. provided by the set [e, e,], [es, €], [es, e,+¢,] With e, -+-, e; linearily
independent. For the present purpose, however, the 7,’s defined above suffice.

The algebraic classification of partially symmetric tensor algebras of the
kind considered here is for a given N the same as the classification of symmetric,
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reflexive relations on {1, ---, N}. Such relations can be pictured by graphs
with N vertices. The number of non-isomorphic graphs and thus of algebrai-
cally distinct partially symmetric tensor algebras is a complicated expression
and grows rapidly with N [8].

E/F, inherits the x-operation and the topology from E. The dual space
(E/F,)’ can be identified with 7;-C E’ and its positive part with E*' N 5, Since
dim E< oo every linear functional on E or E/F, is continuous.

It will be convenient to describe 7, and F; in terms of the basis {e;}.
We define an equivalence relation for multiindices: Write I~J, or more pre-
cisely I~J, if I and J can be transformed one into the other by a sequence of
transpositions of adjacent pairs of indices in p, in other words, if I=(i, ---, i,),
J=(j, **,J,) and there is a finite sequence of multiindices I, = (i, ***, i10)s
£=0, -+, k such that I,=I, I,=J and I, and I, differ only in a single pair

(irm ir+l,K):(if+1,K+1! if,K+1)E 0.
31 Lemma. (i) Let T€E'. Then T€F, iff T(e))=T(e;) for I~J.
(i) EI] ae€F, z'ﬁ"IZ‘ a;=0 for all J.
~T
P
Proof. (i) Suppose I~J and let I, ---, I, be a sequence leading from
Ito J. Then e;—e;=2>le,—e; and clearly T(e,—e; )=0 for TEF}"

The other direction is obvious.
(ii) The functionals

Tone) 1 if I€[J]:=equivalence class of J
e =
R 0 otherwise

form a basis for 7, by (i), and (F;)*"=F,.

The algebras E and E/F, have a natural grading. Equivalently we may
talk about a grading of multiindices: If I=(,, -++, i,), we define

Deg I = (v}, =+, vy)

where v;ENU {0} counts how many times the index j& {1, ---, N} appears in
1. Obviously

Deg I = Deg I*. 3.1)
If I=(@,, --+, i,) and J=(j,, ***, j,,) We write

= (ila "0y imjl: "'sjm)
and we have
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Deg 1J = Deg I+Deg J . (3.2
Note also that by lemma 3.1 (ii) we have that 3 ¢,e, €7, implies
I

DEI] ae,€F, for all v=(y,, -+, vy), i.e. F, is a graded ideal with respect to
egl=v

this grading.
The following simple lemma is crucial for the subsequent considerations.

3.2 Lemma. IfIK~JL and Deg I=Deg J, then I~J and K~ L.

Proof. Let (IK),, £=0, --+, k be a sequence of multiindices leading from
IK=(IK), to JL=(IK), such that (IK), and (IK),,, differ only by an admissible
transposition, i.e. a transposition of an adjacent pair in 0. Clearly we need
only consider such pairs (i,j) with i==j, so we can uniquely link each index
in (IK), to an index in 7 or in K by tracing back its “path’ through the sequence
of admissible transpositions. If I=(, --+,i,), define iy, :-,i, to be those
indices in (IK), which are linked to indices in J, numbered according to their
position in (IK), from left to right. I.:=(. -+, i,) iS then a permutation
of I, and we contend that I, and 7., differ at most by an admissible transposi-
tion. In fact, if the transposition leading from (IK), to (IK),.; does not affect
the indices linked to 7, or if it permutes an index linked to 7 and an index linked
to K, then I,=I.,. If on the other hand it permutes two adjacent indices
linked to I, then 7, and I, differ by an admissible transposition. Hence I,~1
for all £. Now because Deg I=Deg J, J consists of the same indices as 1.
By our convention of never permuting two identical indices we conclude from
(IK),=JL that J=I,~I. In the same way K~L.

As a last preparation we now order the degrees of multiindices, i.e. the
N-tuples v=(v,, :+, vy), by first ordering according to their length »,+---+vy
and then lexicographically. In other words, we write

(Vla B VN)<('ul’ °tt #N)

if either v,+---+4vy<<ay+--++uy, or the lengths are equal and there is a
keA{l, .-+, N} such that v;=g; for j=1, ---, k—1 but v, <u,.
Note that
v<p and 2=t imply vii<u+tcx. 3.3)
If a=>] a;e;€E, a0, we define Dega as the highest Deg I such that
a;=0. Because of (3.2) and (3.3) we have

Deg (ab) = Dega+Degb (3.4
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provided a, b3=0. Using this ordering and Lemma 3.2 we can now establish
some simple algebraic properties of 7.

3.3 Theorem. (i) The algebra E|5, has no divisors of zero.
(ii) The only invertible elements in E|5, are multiples of the identity.
(iii) If B is the subalgebra of E|F, generated by ey, -+-, e,, k<N, then the com-
mutant B' is generated by the e;’s, such that (i, j)E p for i=1, -, k.

Proof. (i) We have to show that if ¢, b€E and ab&F,, then either
acsF, or b&F,. Write a=>"a,e; and b=>) B,e;. Because of (3.3) the term
of highest degree in ab is

> afree;

Deg I=v
Deg J=
where v=Dega, #=Degb. Since 7, is a graded ideal, this term belongs also
to #,. By Lemma 3.1 (ii) we have therefore
2 af;=0
IT~ToT,

Deg I=V
Deg I=p

for all I, J, with Deg I,=v, Deg J,=x. Because of lemma 3.2 this means that

(S a) (3 6) =0 (3.5)

I~Tg

Now suppose a&F, and b F,. Since ab&F, and 7, is a two-sided ideal,
we can subtract terms belonging to 57, from a and b if necessary and thus as-
sume that the terms of highest degree in both a and b do not belong to F,.
This contradicts (3.5) by Lemma 3.1 (ii).

(ii) The proof is essentially the same as in (i) with 7, replaced by 7, {2-1}.
(iii) Suppose a=3>] a;e; commutes mod 7, with e;, This means by lemma
3.1 (ii) that iJ~Ji for all J such that IEJa,zi:O. Hence, (i,j)=p for all j

contained in J, so modulo 7, a belongs to the algebra generated by e; with

i, j)Enp.

We turn next to a construction of positive, linear functionals on E/7,,
or equivalently, functionals in ;N E*’. For every T€ 7, N E* the matrix

M; ;= T(ef Qey) = T(er) (3.6)

has the following properties:
1) M, ; is positive semidefinite, i.e.
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Y2 2;M; ;>0 for all finite sequences {2} in C, 3.7
2) If I*J~K*L, then M, ;= My,. (3.8)

Conversely, every such matrix defines by (3.6) a functional in ;"N E*’. Note
that (3.8) means in particular that the matrix elements M, ; depend only on
the equivalence classes [/], [J] of multiindices.

To construct matrices satisfying (3.7) and (3.8) we use a simple method
which we now describe. It goes back to [9] and has been used in a similar
context e.g. in [6] and [10]. Suppose we want to construct an infinite, her-
mitian matrix 4=(a;,); ;en such that

1) D A2a,> 2 el 2,12 (3.9)
for all finite sequences {4,}, where the ¢;>0 are some given numbers.

2") a,,=a;; for certain ij depending on . (3.10)
Consider the matrix B=(b;;); jey With b;;=a;;—0;;c; and let B, denote the
submatrix (b;;); j<,» Then (3.9) is certainly true if det B,>0 for all n. Now

det B, = det Bn'(bn+1,n+1_Vn'B;lVTn) (311)

with V,=(b,11,1, ***» bys1,.)- We can therefore define the matrix elements of
B by induction over #, such that (3.9) and (3.10) hold, provided the constraint
(3.10) satisfies the following condition:

If ijj=nn is such that (3.10) requires a,,=a;; to hold, then either i>n or
j>n.

In fact, V, will then only involve b,, with k<n. If det B,>0 and the
off-diagonal elements not fixed by (3.10) are arbitrarily defined (e.g. as zero),
then det B,,,>0 for b,,, ,+, large enough, in virtue of (3.11).

In order to apply this to the problem at hand we must show that it is
possible to order the equivalence classes [/] into a sequence, such that
whenever I*I~J*K, then either [J] or [K] appear later in the sequence than [I].

We define such an order relation < by requiring [I1<[J] if Deg I<<Deg J
and choosing an arbitrary linear ordering for classes with fixed degree. This
ordering has the right properties:

3.4 Lemma. [f I*I~J*K and [I|¥£[J], [I]1=[K], then either [I]<|J] or
UI<[K].
Proof. There are three possibilities:

1) Deg I<Deg J which implies [I1<[J].
2) DegI>DegJ which implies Deg I<<Deg K because
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2Deg I=Deg J+Deg K, and thus [II1<[K].
3) Deg I=Deg J which implies [/]=[J] and [I]=[K] by Lemma 3.2.

By the preceding discussion, we can thus for any choice of ¢;;7>>0 define
a positive linear functional T€ E* N 7, such that

2 anl 2 ey |*’<T(a%a)
73] i1

for all a=3] a,e;. The seminorms a— (3] cr| X0 @y|%)Y* form a basis for
I J~I

the family of continuous seminorms on E which vanish on 7,. Another way
of stating this result is thus:

3.5 Theorem. For any continuous seminorm ||-|| on E, vanishing on F,,
there is a TE EY' Ny such that ||a||? < T(a*a) for all aE.

3.6 Corollary. The ideals 7, satisfy the conditions stated in Proposition
2.2. Moreover, (E|F,)" is a normal cone in (E/F,).

Proof. This follows immediately from the preceding theorem, cf. Thm.
4 in [6]. Note that the product in E is continuous in both factors jointly,
so the analogue of the topology # in [6] is here the original topology.

§4. The Locality Ideal

The locality ideal ,C¥ is generated by commutators fQ@g—g® f with
[/, g€ ¢, and f(x)g(y)=0 for (x—y)?*>0. F, is a graded ideal w.r.t. the canon-
ical grading of ¢, ie. if f=(fy, **,fx, 0, = )EF,, then f,€F .N¥,=F,, for
alln. 7, is also #-invariant and the quotient algebra #=%/7 is again a graded
*-algebra:

A=A,
n=0

where 4,:=%,/7,,. Equipped with the quotient topology < is a nuclear
LF-space.

It will be convenient to have a more explicit description of 7, ,, <, and
the duals 44,=~5;,. To this end we generalize somewhat a construction
called “‘space-like symmetrization” in [1]. Define first an equivalence rela-
tion between points in B?":

(xb Tty xn)~(y1’ ) yn)

if one n-tuple can be transformed into the other by a sequence of transpositions
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of the components, such that one transposes at each step a pair of adjacent
components, that are mutually space-like. To simplify the notation we also
denote such n-tuples by capital letters, X=(x,, -**, x,,). If = is a permutation
of {1, «--, n} we write X ,=(x,,, -**, X,,). For every X we have a set of permuta-
tions:
Py:={r| X ~X}
and
{YY~X} = {X,[rEPy}.

Note that P, is in general only a subset and not a subgroup of the symmetric
group, Moreover, if Y~X, say Y=X,_, then
Py, = Pyom;, and Py = Pyony'. 4.1)
Next we define 2 2/ open sets 0, R** as follows: Let a={o;;} be a
set of signs, i.e. o;;=-41 for i, j=I1, .-+, n, i<j. Then
Opi={X|(x;—x;)-0,;>0 for i<j}.
Denote by #(O,) the space of C~-functions @,—C, such that

I/ lleo,:= max sup |II D%f(x;, -+, x,)-IL (1+ | x;%)] “4.2)
|a; | <k XeO, i j

is finite for all k. These seminorms define a topology on ¥(®,). The sets
O, are regular open sets in the sense of Whitney. It follows (cf. e.g. [12] pp.
77-79) that ¥(®,) is isomorphic to the quotient space of ¥(R?”) modulo
functions with support in CO,. The isomorphism is given by restricting func-
tions in $(R*") to O,. As a consequence of this we have also that the dual
space ¥(O,)’ is isomorphic to a subspace of ¥(R%*)’ namely to the space of
tempered distributions with support in @,.

If XeR**, the set of permutations P, depends only on the sign of the
(x;—x;)%. Hence, for o fixed, Py is independent of X €0, and we can write
P, instead of Py. If z&P,, define 7o by (z0);;=0,-1; ,-1; Then

O.. ={X,|X€0,}.

If fis a function defined on a subset of R*" and = is a permutation, we write
(fom) (X) =fX,) .

For distributions T we define

(Tom) (f) = T(for™).
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Then T oz has support in @, if T has support in ©,, and zEP,.
After this preparation we can now state

4.1 Proposition. (i) A distribution TEY(R™?)' annihilates 7, if and
only if T can be written as

T=3T,

with supp T, 0O, and T,=T .o for all n< P,
(i) If T runs through an equicontinuous set in Fy,, then the T, can be chosen
from equicontinuous sets in $(O,)’.

The proof is an application of standard facts from distribution theory. It is
given in the appendix.

From this proposition one obtains a characterization of 7, , and #,. De-
fine for f €Y (R*")

A 1

= 2 XD 4.3
FOi= i 3D @3)
Note that f can have discontinuities on 80, N8O, if P, P,. However,
/10,€4@,) for all o.

4.2 Proposition. (i) fE&F,, if and only if f=0.
(i) The mappings

[=110,

define an isomorphism of A, onto the closed subspace of PF(O,) which con-
sists of {g.} satisfying g,=g..ox for all t P,.

Proof. This is the dual version of Proposition 4.1 and follows by com-
bining it with the bipolar theorem. Note that f =0 is equivalent to
SV (fox)|©,=0 for all 0.
vtEPo_

In order to apply the results of Section 3 to the algebra A, we now define
homomorphisms of A onto partially symmetric tensor algebras over finite
dimensional spaces.

Let {e,},cre denote the natural basis in the (infinite dimensional) vector
space CR. If x={x,, -, x,} is a finite subset of RY, {e,} re is then a
basis for a finite dimensional subspace E,~C%*. Define a relation on the set

z.

0, = {(x;, xj)](xi'_xj)2<0} s
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and let 7, be the corresponding two-sided ideal in the tensor algebra E,, gen-
erated by the commutators [e,, e,] with (x—y)?<0.

If zC%, we have natural projections E¢—>E,, which extend to %-homo-
morphisms Gy E¢—>E¢ satisfying

Qey®dys = dns if 2C#C7.
From Lemma 3.1 (ii) follows that ?¢ is mapped onto 77, under g,,, which
thus induces a #-homomorphism p,,: 74¢—>74x where A, denotes the quotient
algebra E?/.?’},_ Again we have

PayoPys =Pay if 2CYC37. 4.4)

Consider now the following linear maps ¥—E,:

YAf) = 2 fx)e; - 4.5)

They extend to *-homomorphisms v-,: ¥ —> E,, and it is clear that v ,(F,)
CF,. The v, thus give rise to #-homomorphisms ®@,: A—A,. The @,
clearly satisfy

D, = Payo?, if zC#, (4.6)

and the family of all @, separates points in A:

4.3 Lemma. N Ker®,={0}.
x

Proof. Suppose fEP(R*") and v, (f)eF, for all 2. By Lemma 3.1
(ii) and the definition of o, we have

/=0

for all X € R**. Hence /=0, so f €7, , by Proposition 4.2 (i).
Combining Theorem 3.3, Lemma 4.3 and using (4.4) and (4.6) we obtain

4.4 Theorem. (i) The algebra A has no divisors of zero.
(ii) The only invertible elements in A are multiples of the identity.
(iii) Let O C R be an open set and O° its causal complement, O° ={x|(x—y)*<0
Sfor all ye©}. Let AO) be the subalgebra of A generated by functions with
support in © and A(O)' its commutant. Then AO)' =A(O").

Proof. (i) Suppose a=0, b4=0. By Lemma 4.3 there are # and # s.t.
@ ,(a)=+=0 and (Dy(b)=!=0. If 222U%, we have @,,(a):p@o ﬁ(a) and ¢¢(b)=
PyoP(b), s0 Dy(a)+0 and Dy(b)==0. Thus Dya):PyDb) =0,(ab) + 0, so
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ab=0.

(ii) If a=#4 has an inverse in #, then ©,(a¢) has an inverse in 4, for
all #. Thus @ ,(a)=c,? (1) with c,=C, and we have only to show that c,
is independent of #. But if # is another finite subset of B? and 2D%U%,
we have @, =p,;°0, and D, =p, 0P, and thus Cp=Cy=Cy

(iii) Using Prop. 3.2 we may for every open set @C R identify 4(O"), with
the space of all symmetrized functions f with f€¢, having support in
O x--xC". This space is obviously closed in 4, w.r.t. pointwise con-
vergence of functions. It follows that a=A(O") iff @ ,(a)E D ,,(A(O") for all
finite subsets #C R?. Now suppose a=A(0Q)'. If #CR? is finite, there is a
42D #, such that #NO)’N#=0°N%. From Thm. 3.3 (iii) we deduce that
2 [(a)E(DLAO))) =2 LAO)), so acA").

We now come to the question whether < has sufficiently many states.
Combining the (continuous) homomorphisms @, with the states on <, we
obtain by Corollary 3.6 and Lemma 4.3 a separating family of states on 4.
Hence we have

4.5 Theorem. The locality ideal satisfies the conditions of Prop. 2.2.
In particular, the algebra A has a faithful Hilbert space representation.

This result can be strengthened considerably, and the rest of the section
will be devoted to this task. Let ||-]|,, k=1, 2, -+ be a basis of continuous
seminorms for the topology of #(R?. The seminorms ||-]|,®¢ = Q¢ll-|l,=:
[|-]|# then form a basis for the topology of $(R%"). A convenient explicit
choice for the present purpose is

11l = max sup | D®f(x)- (1+ [ x[)] “.7
which implies
[1f1lE = max sup [I] D% f(xy, -+, xn)°l:._[ (L1191 4.8)

The direct sum topology on ¥ can be defined by the collection of seminorms
of the form

S e, w0 = sup eallAllE, 4.9)

with ¢,>0 and k,e N for all n. A strictly coarser topology, called 7., in [13]
and subsequent papers of the Leipzig group, is defined by allowing only bounded

sequences {k,} in (4.9). A basis of seminorms for this topology is also given
by
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£l 4 = sup e JIFIE 4.10)

with k€N independent of n. By abuse of notation we shall also denote the
corresponding quotient topology on < by 7.. Some simple properties of
this topology are as follows:

1) 7. induces the original topology on &, resp. <,,.

2) ¢[r.] resp. A[r..] is a nuclear space.

3) The multiplication on ¥[r..] resp. A[r..] is jointly continuous in both
factors.
The announced refinement of Theorem 4.5 is now

4.6 Theorem. A is a normal cone in A[r..].

We recall (cf. e.g. [14]) that the statement is equivalent to the following:
For every r.-continuous seminorm ||+|| on # there is a r.-equicontinuous set
of positive functionals, C* CA4*’, such that ||a|| < sup | T(a)| for all acA.

rec

Proof of Thm. 4.6. The first step is to reduce the considerations to the
homogeneous components <, in 4. Let ||al|c+ denote the seminorm sup | T(a)|,
rec

if C* is an equicontinuous set in A*/. We claim that for any such C* and any
sequence {c,} of positive numbers there is an equicontinuous set D*CA*’
such that

2 cn”an”C" S”“”D+

for all a=>3a,, a,=~,. This can be shown in the same way as Lemma 3.2
in [5], with |[T||c+= sup |T(d)| replacing the function F(w) in [5], or more
1611 ,+<1

lg+<
directly as follows: We have

; cn”an”C"'< Sl;}p 2”+lcn”an”C+ < Sup ” z”} ﬂnanllc+ H

where the sup is taken over all sequences {#,} of real numbers with |5,| <
2#+lc.. By a result of Boas [9] we can write 8, =a{’ —af? where the af are
sequences of positive type, i.e. such that (a{?,),. , is a positive definite matrix.
Moreover, an inspection of the proof in [9] shows that the bound |8, | <2"*'c,
leads to a bound for the a{”: There are constants d,, depending only on the
sequence {c,}, such that one can choose |a{”’| <d,. Since Ti,,: =(a,Ty, 1T,
-++) is a positive functional if T is positive and {e,} is a sequence of positive
type ([2], Lemma II. 4.3), we conclude that

E,,J cn”an”c+ <”a“D+
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with D* ={Se€¥*|S=Ty,), T C*, |a,|<2d,}.
In view of this it is sufficient to show that for every k there is an equicon-
tinuous set C* C A"’ and a sequence {c,} such that

llalli <cullallc+ (.11

for all a,=4,. We have here denoted the quotient seminorm corresponding
to (4.8) again by ||-||;. By Proposition 4.2 (ii) we may equivalently consider
the seminorms

max || /4 llv,o, “.12)

for some k', where the seminorms on $(0©,) are as in (4.2). In principle &’
could depend on », but a closer inspection of the proof (which uses extension
theorems for C=-functions, cf. the appendix) shows that one can in fact take
k'=k.

In order to prove (4.11) we generalize the homomorphisms @, slightly.
Let #={x,, ---, x5} again be a finite subset of R? and suppose k=N U {0}.
Let E,, be a finite dimensional vector space with basis {e,.}, x€E%,
as(NU{0}), |a| <k. Define v, : ¥—E, by

YV i(f) = g la%D‘” 1) (L | x:1%)e 0 -

In the same way as before this induces homomorphisms @, p: ¥—A, :=
E,. 1|7 2.k, where the ideal 7, is generated by [e,q, e,5] with (x—»)*<0, x,
yEas, |a|, |l <k. Now if a,=f+7F,,€A,=%,/F,,, we have for any
e>0

llaylli—e< |(TL D) (%, -+, %) TL (141551

for some X, R’ |a;| <k, i=1,---,n. By Lemma 3.1 (i) and the definition
of f we can write the right hand side as

|(s0@2) ()]

where #:={X%,, -+, X,} and s is the linear functional on 4,  taking the value
1 on (the equivalence class of) 35151®"'®e?,ﬁ,. and O on the other basis ele-
ments. By Theorem 3.5 we can split s into positive functionals, so

|50@, p(a,)| < |10, 1(a,)]

for some positive functional z on 4, . Now T:=to®, ; is a positive func-
tional on 4 and is continuous w.r.t. the seminorm [|-||;. Although s and ¢
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depend on a,, they do so only in a trivial way. In fact, the functionals de-
pend only on the particular choice of a basis element in 4, , which one has
to make for each a,. Changing a, may change the set # and thus the algebra
A, For fixed n, however, there are only finitely many isomorphism classes
of such algebras, and for a fixed isomorphism class one has only to consider
finitely many basis elements. Altogether there are only finitely many different
functionals s and ¢ to be taken into account. It follows that the functionals
T=to®, } belong to an equicontinuous set of positive functionals, independent
of a,, so we have established (4.11).

From Theorem 4.6 follows that every r..-continuous functional on 4 is a
linear combination of functionals in A*’. Because the topology 7.. induces

N

the original topology on @ 4, for N< oo, Theorem 4.6 thus has the following
n=0

corollary:

4.7 Corollary. If T—=(T,, T,, --)EF; and T,=0 for n>N with N<<co,
then T belongs to the linear span of 7 - N Y.

As already remarked, Theorem 4.6 states that 7., is the topology of uniform
convergence on t.-equicontinuous sets in 4*/. Since A[r.] is a nuclear al-
gebra, we may equivalently consider order bounded sets in A[r..]*’:

4.8 Theorem. For every t.-continuous seminorm ||.
T .-continuous, positive functional T on A, such that ||a||*< T(a*a) for all acA.

| on A there is a

Proof. By [16], Prop. 4.1.4, there exists an equicontinuous sequence
{S;} in A[r.]" and a summable sequence {4;} in R, with ||a||< 3] 2;|S:(a)]
for all a. The S; can be chosen hermitian, and by Theorem 4.6 each S; can
be split, S;=7}—T7%, where {T}} and {T?} are equicontinuous sequences in
Alr.]t’. Hence by Cauchy-Schwarz:

llall = 3 2(1 Ti@) |+ | TH@) | ) <const. 3] 2(Ti(a*a)*+Ti(a*a)"?)
<const. T(a*a)"?
with T: = 3 2(T}4-T?).
4.9 Concluding remark. t.. is not the strongest topology on < for which

At is a normal cone. In fact there exist functionals in 73 N¥* that are not
t.-continuous, cf. Theorem 3.7 in [5]V. The strongest topology for which <4+

1) There exist even Wightman functionals that are not r..-continuous [17]. Explicit examples
can be constructed by taking suitable superpositions of functionals corresponding to
free fields with different masses and different normalizations of the field operators. Other
examples are provided by generalized Wick powers of generalized free fields (E. Briining,
private communication).
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is normal should have some similarity with the topology ¢ in [5], but its ex-
plicit description seems to be considerably more involved.

Appendix

Proof of Proposition 4.1. It is obvious that a T&¥; having the stated
properties annihilates 7, ,. Suppose conversely that T€F;,. By [15] p. 97
we can decompose T

T=X>T"

with supp 7 C@,. This decomposition is unique only up to terms with
support in U 80,, so the T need not yet have the required symmetry prop-

erty. We define their symmetrization by

y S T®or .
Card P, =eP

Then TQoz =T for all =P, because of (4.1). If f has support in ©,, we
have moreover T(f)=T(f) = (Tox) (f) =(TQox) (f) for =& P,. Thus,
TO(f)=T®(f) for such f, so

TO:=T— N T®

o

has support in ga@v. T® might still be different from zero, because of pos-
sible terms with support in 80,N 80, for ¢, ¢’ with P == P,..

In order to deal with this ambiguity, consider those points X €80, which
have the same symmetry as O,, i.e. for which Py=P, holds. These are pre-
cisely the points X =(xy, --+, x,), where (x;—x;?=0 for some pairs ij with
o;;=+1, the sign of the other (x;—x,)* being the same as for points in O,.
Let BY® denote the set of those X €90, where (x;—x;)*=0 for exactly k such
pairs. The following properties are easily verified:

1) B*#VcBPcBY=00,, and BP=¢ for some k<n+1.

2) B®\B®cB®D, and if 6=0’, then BP N B® < B%D for some o”.

3) B®:= UB® is a closed regular set in the sense of [15], p. 98-100, for
all k. ’

Because of 3) we can now decompose TM:

TO — 2 Ttg'l)

wtth supp TVC BP=80,. The decomposition is unique up to terms with
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support in :lFJ, BONBYCB®. Suppose f€F’ is such that supp fNBY

cBY. We can then write f=g-+4 with supp gNB® =¢ and supp k con-
tained in the open set

U, = {Xl(xi_xj)2<0 if 0;; = —1}.

Note that 7® has support in B® and P,C Py for all X€(©,. Hence we have
TP(9)=(TClon)(g)=0 and T{(h)=T )en(h), and thus TE(f)=TElon(f) for
all zeP,. Defining

A 1
PO = 5 Ter
Card P, ﬂé,, °

we conclude that
TO = TO_ VM

[

has support in U(BE\BP)CB®, Next we decompose T® into terms with
o

support in BY and by repeating this procedure we obtain for k=2, 3, -+ dis-

tributions 7% with support in B® a0, satisfying T®ox=T%® for z€P,

and supp (T—3) ) T B®D,  Since B#0 =@ for k>n we finally get the
W<k o

<k
desired decomposition of 7"

T=3T,

o

with T, = 31 T®. At each step the decomposition can be done in such a way
k

that an equicontinuous set of distributions is decomposed into equicontinuous
sets. This follows from the proofs of the decomposition theorems pp. 98-100
in [15], and we give here only a sketch of the argument. First, if FCR" is
a sufficiently regular, closed set (e.g. if F is Lipschitzian) one can by Whitney’s
extension theorems extend C*-functions on F (that decrease rapidly at infinity)
to functions in ¥ without increasing their Schwartz-norms by more than a
constant factor. Using this, one shows in the same manner as in the proof
of theorem XXVII in [15] that every T&%’ with support in F can be written
as
T= 3 D%,
LTP3.4

with tempered measures #, having their support in F.

Moreover, if T runs through an equicontinuous set, we may take the u,
from an equicontinuous set of tempered measures and also choose N indepen-
dently of T. If {F,} is a finite covering of F by closed sets, we can define a
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covering of F by disjoint Borel sets G, with G,CF, for all v. If x, is the
characteristic function of G,, we have

My = ; UaXy

for all @, and Ty= >} D®(¢,x,) has support in G,CF,. This splitting of T
(@<

obviously respects equicontinuity, and the subsequent symmetrization does
not alter this.
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