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The Longitudinal Index Theorem
for Foliations

By

A. CoNNES* and G. SKANDALIS**

Introduction

In this paper, we use the bivariant K theory of Kasparov ([19]) as a basic
tool to prove the K-theoretical version of the index theorem for longitudinal
elliptic differential operators for foliations which is stated as a problem in [10],
Section 10. When the foliation is by the fibers of a fibration, this theorem
reduces to the Atiyah-Singer index theorem for families ([2], Theorem 3.1). It
implies the index theorem for measured foliations ([9], Theorem, p.136) and
unlike the latter makes sense for arbitrary foliations, not necessarily gifted with
a holonomy invariant transverse measure.

The index in the Atiyah Singer theorem for families ([2]) is an element of
the K-theory X°(B) of the base space of the fibration. In the case of foliations
the base B is the space of leaves of the foliation (¥, #). This space of leaves, as
a topological space, is often degenerate (if the foliation is minimal there are no
nontrivial open sets in V/F). The algebra C(B) of continuous functions on B
is replaced by a canonically defined C*-algebra: C*(V, F), cf. [9], [10]. The K-
theory K (C*(V, F)) of this C*-algebra plays the role of X%B). In the case of a
fibration C*(V, F) is (Morita) equivalent to C(B) so that K(C*(V, F))=K%(B).

Let D be an elliptic differential operator along the leaves of the foliation
(V, F). Since D is elliptic it has an inverse moduloe C*(V, F) hence it gives an
element Ind, (D) of K (C*(V, F)). Let us now describe the topological index.
Let i be an auxiliary imbedding of the manifold V in B%. Let N be the total
space of the normal bundle to the leaves: N,=(i(F,))"CR™. Let us foliate
V=VxR*" by F, F, y=F,x {0}, so that the leaves of (¥, F) are just L=L x {t},
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where L is a leaf of (¥, F) and t=R*. The map (x, £) — (x, i(x)+¢) turns an
open neighborhood of the O-section in N into an open transversal 7' of the
foliation (¥, F). For a suitable open neighborhood £ of T'in ¥V, the C*-algebra
C*(2, F) of the restriction of F to 2 is (Morita) equivalent to Cy(T), hence the
inclusion C*(2, F)c C*(V, F) yields a K-theory map: K%(N)— K (C*(V, F)).
Since C*(V, F)=C*(V, F)Q C(R*), one has, by Bott periodicity, the equality
KO(C*(Vﬂ F)):Ko(C*(Vs F)).

Using the Thom isomorphism K°(F*) is identified with K°(V) so that one gets
by the above construction, the topological index:

Ind,: K%F*) — K(C*(V, F)).

Our main result is the equality: Ind,(D)=1Ind,([o,]) where o}, is the longitudinal
symbol of D and [op] is its class in K(F¥).

In the first section, we formalize the elliptic pseudo-differential calculus for
families of operators on X indexed by Y, in terms of the bivariant Kasparov
theory. This gives a map of the K-theory with compact support K¥*(T*Xx Y)
to the bivariant group KK*(X, ¥Y). We then compute directly the Kasparov
product of two such elements.

In the second section we first recall the definition of [10] of the analytical
element f1e KK(X, Y) corresponding to a K-oriented map f from X to Y. We
then prove that (id,)! is the unit of the ring KK(X, X). Using the computation
of Section I, we then prove the equality: (fog)!=g!® f!. Computing f!in the
case of an immersion, one gets that in all cases the map K(X)—K(Y) given by f!
coincides with the classical wrong way map in K-theory. This statement is an
index theorem for morphisms.

In Section III we show that in the context of smooth manifolds the elements
of the bivariant Kasparov group KK(C(V), C(¥')) have a natural interpretation
in terms of correspondences between V and W. The Kasparov product is
then given by a simple fibered product formula whose existence relies on the
transversality theorem. It follows then that, in this context, all Kasparov
products can be computed in purely geometric term. For instance the Poincaré
duality in analytical K theory, is easily derived at the end of Chapter III from
simple geometric considerations. As applications we also derive the odd
index theorem of Baum-Douglas [6] and Kasparov [17]. As another example
we exhibit geometrically the correspondence from a submanifold W (of the
manifold V) to the complement of W in ¥ whose associated analytical element
in KK'(W, V|W) is given by the exact sequence of C* algebras: 0 — C,(V/W)—
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C(V)—>Cy(W)—0. In particular, the connecting map from the K homology
of V/W to the K homology of W has again a simple geometric description.

In Section IV we prove the above-mentioned longitudinal index theorem
and at the same time the existence of a map u: K, (BG)—K*(V/F) from the
geometric group [5], [10] of a foliation (¥, F) with graph G to the analytical
group. We then illustrate it by a simple example.

Finally, in the appendix we introduce in the general theory of Kasparov
a notion of connection which allows to compute Kasparov products without
modifying first the C* modules involved. It gives an implicit characterization
of the Kasparov product which we use in a crucial manner in our computations
throughout the paper. We also give a detailed description of the notion of K-
orientation for microbundles which is the natural framework of Section II. All
the results of this paper have been announced in [11].

Table of Contemnts

The Kasparov product of pseudo-differential families.
Wrong way functoriality.

Composition of correspondences and applications.

The longitudinal index theorem.

<2EE .

Appendix A. Connections and implicit characterization of Kasparov pro-
ducts.
VIE. Appendix B. K-orientations of microbundles.

§1. The Kasparov Product of Pseudo-Differential Families

Let X be a smooth manifold and Y a locally compact parameter space.
In this section we shall first interpret the construction of continuous families,
indexed by ¥, of pseudo-differential operators on X, as yielding a map ¥'*:
K(T*XxY)—>KK(X,Y). Then we compute the Kasparov preduct of two
such families from a formula at the symbol level.

For the simplicity of the statements that follow we will assume that the
manifold X is compact. We will indicate in Remarks (1.5 (a)) and (1.11 (a))
the minor changes needed in the non compact case.

Denote by C(Y) the C*-algebra of continuous functions vanishing at oo in
Y.

Let 2 be an open subset of XX ¥ and E a Hermitian vector bundle over
2. Let C(2, EQ2"Y?) be the space of continuous (1/2 density) sections of E
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with compact support. Let H=9(2, E) denote the completion of C(2, EQ 2%?)
with respect to the Cy(Y) valued inner product <¢, 77>(y)=§<€(x, ), n(x, Y.
Then 9 is a Hilbert C*-module ([18], Definition 2) over Cy(Y).

1.1. Remarks. 1. We denote here by 22 the bundle of half densities in
the X direction. The scalar product {£(x, »), #(x, y)> is a density in the X
direction. Hence its integral over £,={x|(x, y)€ 2} is well defined.

In all this paper we will use half densities without mentioning the bundle
they are attached to. Their use will be to give formulae which do not depend
upon the choice of a measure in the Lebesgue class.

2. A Hilbert C*-module € over C,(Y) is the space of continuous sections
vanishing at co of a continuous field (£,),<, of Hilbert spaces (in the sense of
[12], §10). Here we have (2, E),=ILX2,, E,) where E, is the restriction of E
to 2,={x|(x,y)€2}. Note that the scalar product in L*(2,, E,) is canonically
defined using half densities.

3. Following [18] and [19], we take all scalar products to be linear in the
second variable, antilinear in the first.

We next define the algebra of order 0 pseudo-differential families. It is
a subalgebra of the C*-algebra ¥(9(2, £)) of endomorphisms of the Hilbert
C,(Y) module (2, E) ([18], Definition 3).

We shall first see the pseudo-differential families as acting on the C~*%sections
with compact support of the bundle E.

Recall ([2]) that a function f on XX Y is of class C=° if the map y — f{(-, y)
from Y to C*(X) is continuous. The notion of bundle of class C*° over an
open subset 2 C XX Y is defined analogously. If E is such a bundle, C7*°(E)
denotes the space of C=° sections of E, with compact suppori in £2 (cf. [2],
p. 121-124).

Set T*2={(x, &, y)/(x, ) T*X, (x, y)=£}. A symbol of order 0 is a
function ae C=%(T* 2, ¥(E)) which, uniformly on compact subsets of ¥, has an
asymptotic expansion a~ﬂ§) o, Where o,, is homogeneous of degree —m. To
such a symbol one associates a continuous linear map f—Pf from CI%2, EQ
2Y2) to C=%(2, EQ2Y?) by the usual formula:

(BF) (5, ) = Jexp(iCx, %', ©)ax, 3, ©)2(x, ¥, 9 (< PXdES .

Here the integral is an oscillating integral, ¢ is a phase function and x is a

G Where d¢ stands for (2z)~dimX x I ebesgue measure.
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cut off function associated with the diagonal of X X X (x(x,x",y) e&(E, ,Q2;/%,
E, @827, x(x, x,y)=1, , cf., for instance [7] or [16]).

As (Pf)(x,y) only depends upon the restriction of /'to X X {y}, P is a family
(P,),ey of pseudo-differential operators on X. We shall say that the support of
P is contained in a closed subset X of 2, when, for each y& ¥, the distribution
kernel of P, has support in K, X K, (K,={xEX, (x, y) EK}).

It is clear (cf. [24], Theorem 1, p. 243) that a family P as above, with com-
pact support K C £, extends to an endomorphism (still called P) of the C(Y)
module (2, E). Let Z§(2, E) denote the norm closure in (L, E)) of the
x-algebra generated by the above P’s and the ideal R(D(L2, E)) of compact
endomorphisms of 9(2, E) ([18], Definition 4).

A bounded section feCy(2, Y(E)) determines an endomorphism—still
noted f—of (2, E) by the formula {(f¢) (x, y)=x, y)é(x, y) (€C(2, EQ
£Y%)., For Pe¥§L, E) and f= L2, ¥(E)) boih /P and Pfe¥§(2, E).
Hence the closed subspace of &(9(L2, E)) generated by #F(2, E) and C,(2, ¥(E))
is a C*-algebra ¥*(2, E).

Every PE%*(2,E) has a symbol of order 0, o(P) which lies in the C*-
algebra &(82, E)=Cy(S*2, ¥(E))+Cy(2, ¥(E)) (as subspaces of C,(S*£2, &(E))).
Here

S*R = {(x, &, »); (x, y)E£2, € is a half line of TFX)}™® .

The following proposition is a particular case of [9], p. 138 (cf. [24],
Corollary, p. 265):

1.2. Propositien. The following sequences are exact:
g
0 — R(D(2, E)) > 7F(L, E) = C(S*2, YE)) — 0
0 R(D(®, E)) - ¥*(8, £) > (2, E) 0.

The construction of the map #*: K(T*X x ¥)—KK(X, Y) follows now in a
formal manner. It will be useful to use a rather large class of symbols ¢ € K(T*
Xx Y) only defined above an open subset £ of XX Y and satisfying:

1.5. Definition. A Clifford symbol is a triple (2, E, o) where 2 is an open
subset of XX Y, E is a Z|2 graded Hermitian bundle of class C=° over 2, and
c=6(2, E) satisfies:

(@) olx, €, y) is of degree 1 (for the Z|2 grading of &(E)) for all (x, €, y)&

G Or éeT#X |€]| =1 for a given Riemannian metric.
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S*2,

(b) o=0%*, o*=1,

(c) o has compact support. This means that there exists a compact subset
K of 2 such that o(x, £, y) only depends on (x, y) outside K.

Such a symbol is called trivial if o is everywhere independent of &. The
K-theory obtained from stable homotopy classes of Clifford symbols (modulo
the trivial ones) is canonically isomorphic (using the excision map) to the K-
theory with compact supports K(T*X x Y) (cf. [1], §2).

Let (2, E, o) be a Clifford symbol. By Proposition 1.2, there exists P=
P, e¥*(8, E), of degree 1™, such that o(P)=oa.

1.4. Propesition. The pair (9(2, E), P,) defines an element of KK(X,Y).
Moreover its class ¥*([0]) only depends upon the class of (2,E,0) in K(T*XX Y).

Proof. That P, defines an element of KK(X, Y) means that P,—P¥, PZ—1
and [f, Pl KL, E)) (for f =C(X)). This follows from Proposition 1.2.
Note that a homotopy of symbols can be lifted to a homotopy between Kasparov
elements using Proposition 1.2 with ¥ x [0, 1] instead of Y. ]

1.5. Remarks. (a) Assume that X is not compact. Put

R:(0(2, E)) = {T<{(D), If €R®), ¥V f € C(XN)};
TEx(2, E) = {T€&®), [TEVE, vf CyX)} and
732, E) = {T€¥D), [TEP*(&, E), vf €C{X)} = ¥Ex+Cil(2, YE)) -
Let also:
Co.x(8*2, Y(E)) = {s€C,(S*2, Y(E)), fo £ C(S*2, YE)), ¥ f € C(X)}
Sx(2,E) = {0 C,(8*2, ¥E)), [0 =6(2, E)} = C, x(S*2,%(E))+Cy(2, YE)).
One uses instead of Proposition 1.2 the exactness of’:
0 — Rx(D) = ¥x — Cp, x(S*2, YE)) — 0 and 0 — Rx(D) > ¥ —> S, 0.
One then defines the K-theory K ,(T*X x Y) as the group of stable homotopy
classes of Clifford symbols o satisfying: the map Pry: Supp ¢ — X is proper
(instead of (c) of Definition 1.3).
The map 7* is then defined from K,(T*X x Y) to KK(X, Y).

(b) The above construction of the map Z* works (with obvious minor
changes) when one replaces K° by K' and KK° by KK (The bundle E of Defi-

¢ Note that 9(2, E) is Z/2 graded. Also ¥*(®2, E) is a graded subalgebra of 2(H(2, E)),
and the map o: ¥*(2, E) —>&(L2, E) is grading preserving.
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nition 1.3 is not graded here).

(¢) The groups K(T*Xx Y) and KK(X, Y) are independent of the smooth
structure of X (using microbundles for the first term—see Appendix B). However
the map Z* uses the C* structure (in order to construct pseudo-differential
operators). It is not clear whether it depends upon the choice of a smooth
structure or not (cf. Remark 2.10 c).

(d) It turns out (Corollary 3.9) that the map Z* is an isomorphism.

Let now X, X, be smooth compact manifolds and Y a locally compact
space. Let (2, EY, 0,)EK(T*X, X X,) and (£2,, E?, 0,) € K(T*X,x Y) be Clifford
symbols. We next compute the Kasparov product #*(6,)® 5,7 *(0)) € KK(X,, Y).

To do so, we define the cup product of the symbols =0, X 4,0,& K(T*(X;
X X)X Y). We then prove the equality *(0,)® c(x,) ¥ *(02) =Prx «(¥*(0)) where

Pry,: Xy X X,— X, is the projection.

Put X=X, X X,, and let 2 be the open subset of X X Y, 2= {(x, x5, ), (X1, X5)

& 9y, (3%, 7)€ D5} Let E be the graded bundle over 2, E(, ., y=E{(, .y @E%,, -

1.6. Definition. A Clifford symbol s =&(2, E) is called a cup product of o,
and o, if, and only if it satisfies:

(@) (Connection) o(x,, 0, X, &, ¥)=12R 0,(Xy, &,, ¥) for (%, X,) = Supp o,.

(b) (Positivity) [01(x, &, x2)®152» (X1, €1, Xy €5, ¥)] =009,

The existence and uniqueness (up to homotopy) of a cup product is an
easy special case of the proof of Theorem A.3 of the appendix.

Remark. 1In fact, it is very easy to give a formula for o:

o(x1, €1, Xp, €3, ¥) = M0 (xy, €, xz)® 1E2+(1—M)1/21E1® 0y(X2, €3, ¥)
where M is a continuous function on $*2 with 0<M <1, such that:

(@) M(x,;, 0, x5, &5, ¥)=0 when (x;, x,) < Suppo,

(B) M(xy, &1, X5, 0, y)=1 when (x,, y)=Suppo,

{(r) M isindependent of (£,,&,) for (x,,x,,y) outside some compact K< 2.

Let us now compute the Kasparov product ¥*(0,)® x,7*(s;). The map
AR fo—f where  f(x, X3 ))=h(%1, X2) @ fo(% 1) (LECAL1, E* @ 2'"), f,e
C.(2,, E*® 2"?)) identifies 9(2;, EY) ® x29(2,, E?) with (2, E).

Let P,e¥*(Q, E* and P=¥*(2, E) be such that o(P,)=a,, o(P)=0c
(where o is a cup product of ¢; and a,).

We construct P; somewhat more carefully: Write o,=0{-+0{’ where o{&

¢ This is of course the graded commutator.
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Cy(2, ¥(EY) and o}’ (xy, €, x,)=0 outside Supp 0,. Let £/ 2 be the interior of
Supp g;. We have o}’ € Cy(S*21, YEY). Let P’ e¥§(2{, ENCSTE(2,, EY) be
such that o(P{’)=01’. Letalso P{e¥*(2,, E') be the operator of multiplica-
tion by ¢{. Put P,=P{+P/’.

Note that (P2—1)y, [Py, fIn ED(2!, ENCSD(2,, EY) for all 7€ D(2,, E) and
fEC(X)). Hence the support of the Kasparov bimodule (9(£2,, E?), P,) is con-
tained in (21, EY).

The next lemma shows that P is a P, connection for (9(£2,, EY), P;) (Appen-
dix, Definition A.4 and Remark A.6.4).

1.7. Lemma. Let 71, 7]€9(2y, E') and QE¥*(2, E). Then TFQT, <
T*(2y, E?) and o(TQT,)=", with

Tz(xza EZ’ y) = S <771(x1, xZ)’ O-Q(xln 0’ x2: 523 y)’?i(xl’ xZ)>ES(E§2,y) °

:rlE.X'l
Recall that T, (7)=m®7,E9(2, E) (1,E9(2,, £). This means that
T. n,(772) (61, xz;J’)=771(xlaxz)®772(x2ay) and T;‘i(’?) (xz¥)= S<771(x1, X2), 7(X1 X2. ¥) -

#HEXy
Proof. 1Itis of course enough to prove this for 7, and 7{ with small sup-
ports. We can hence replace X; by R"/. It is also obvious that we can replace
E’ by trivial one dimensional bundles. We also assume that »,(xy, x,)=/,(x)/>(x>),
211 X)=F1(x)f 1(x;,) where f;, f/€Cs(R"7). By a density argument we may
assume that @ is given by the formula

Qh(xy, x5, ¥) = Sei«xl_x{'51>+<x2_x£’52>)a(x17 &1 %, 0, VIA(X1. X5, y)dx1dx3dé,dE,

where a is a total symbol of order 0 (A= C7%(R"t1 X R"2X Y)).
Let geCo(R">xY). Then ((T5QT,)g) (xz, ») is given by the formula

g eier st b(xy, xb, €5, Y)g(xh, y)dxjd€, where
b(xy, x4, €2, ¥) = Sei<x1’51>a(xl9 £ Xg &y y)f &) ﬁ(xé)fi(xl)ﬁ(xz)dxldf 1.

This b defines a symbol of order 0 (cf. [7], Proposition 4.8) whose principal part
is given by:

T(x2= 52’ y) =i>i]3ib(x23 xz’ tfz, y)
= Sei<x1'£1>‘70(x19 0, x5, &5, J’)f 1E)f é(xz)ﬁ(xl)ﬁ(xz)dxldE 1

= {oaCs, 0, %, &0 PGV DGR G0,
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where o4(x;, &1, X5, &5, ¥)=1lim a(x,, 1€}, x,, t€,, y) is the principal symbol of Q.
tp oo D

The difficulty with proving the positivity condition [P,®1, P]>0 modulo
R(D(2, E)) (Appendix, Theorem A.3) comes from the fact that P, ¢z l5(2,E2)
&E¥*(2, E). Indeed it is of the form (pseudo-differential of order 0 on XH®1
which is not pseudo-differential of order 0 (cf. [1], p. 513 or [24], pp. 207 and
210). However, using the next two lemmas we get that [P,Q1, Ple?*(2, E)
and has nonnegative symbol.

1.8. Lemma. Let GET*(2, E) with o5(x, 0, Xy &5, )=0 for (x;, x,)E
Supp 6,. Then (P,Q1)GE*(2, E) and its symbol is given by:

o(xy, €1, Xp, €5, ¥) = (Upl(xl, & xz)® 152)06(351, €1, X, €5 V) -

Note that this symbol makes sense for &30 and extends by continuity to
&,=0 (&,0).

Proof. Write P,=P}{4P}’. Obviously P{Qlc¥*(2, E). We hence
restrict our attention to P{/. By a density argument we may assume that o is
equal to 0 in some neighborhood of {(x;, x,)&Suppo,, £,=0} and hence that
there exists G’ €¥*(&2, E) such that G—(¢+(AX1® D Ux+1D)DHGE eR(D(L, E)).
Here ¢ is a multiplication operator by ¢ & Cy(2), ¢ >0 and ¢(x;, x,, y)=0 if (x, x5)
ESupp o,; 4y, and 4y are the Laplacians of X; and X.

Now P{’dy is pseudo-differential of order 2. Hence by [1], p. 514 (5.4) (cf.
[24], p. 270, Theorem 7) (P{’4 xl)®1 is in the closure of pseudo-differentials of
order 2. So that (P{’4 X1® 1) (dx+1)7! is in the closure of pseudo-differentials
of order 0. As (P{’®1)p=0 we get that (P,Q1)GES¥*(£2, E) and has the right
symbol. O

1.9. Lemma. Let GEP*(2, E). Assume that o,=0(G) satisfies: o5(xy, &1,
X, £, V) E1RRLED) and o4(xy, 0, X, &, ¥) is independent of x, for (xi, X,)E
Supp 0,. Then [P,®1, GI€R(D(L, E)).

Proof. Using Lemma 1.7 we get that G is a @, connection where &@,&
T*(Q,, E?) satisfies 1,1Q06(Q,) (3, &, ¥)=0(%1,0, X3, &,, ) for all (x,,%,) E Supp o,.
Therefore, for all k= R(D(2}, E'), we have [kR1, G1eR(D(L, E)).

Using Lemma 1.8 we get that [P,®1, G] only depends, up to R(D(£2, E)),
upon the transverse symbol o.(x;, 0, x,, &, ¥). Note also that [P{®1, Gle
RO(&, E)).

Thanks to the above remarks, we know that the problem is local and only
depends upon the symbols. We thus may assume that X,=7"": and that G is
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invariant under translations by 7" (for a given trivialization of the bundle E*
along 7).

Let Q,E¥#(T"1X X,, E*) be of the form Q,=¢,Q] where ¢,=C(T" X
X,, %(EY)) is a multiplication operator and §? is 7™ translation invariant. Then
[Qi®1, G]=0 and [5,R1, GlER(D(2, E)).

The result now follows from the fact that symbols of the form o(&:)
generate

C(S*T"1x X,, YEY)) = S(X, X X,, EY) . O

1.10. Theorem. Leto,=K(T*X,XX,), 0, K(T*X,x Y)be Clifford symbols.
Let 0 eK(T*(X, X X,) X Y) be a cup product of o, and o,. Then one has ¥*(o,)
® %, *(0)=prx,(¥*(0)) (Pry,: X, X X,—> X, is the projection).

Proof. Let P, P,, P, be as above. By Lemma 1.7 we know that P is a P,
connection for (9(2,, EY), P,).

Write now a=a’+1E1® o’ where o'(x1,0,x,,&,,y)=0 for (x,, x;) =Supp 0.
Let P=P'4+P” be a corresponding decomposition. By Lemma 1.9 we get
[P®1, P"1eR(©(2, E)). By Lemma 1.8, Q=[P,® 1, P'1€¥*(2, E) and o(Q)
=[0,®1, 0']=[0,®1, 6]>0. O

1.11. Remarks. (a) When X, and X, are not compact the cup product of
the symbols is defined by the same conditions. Note however that Suppo, is
not compact but the projection Suppo,— X; is proper. Also Suppo is not
compact but the projection Suppo—X; is proper. Note here that it wouldn’t
be enough to require that the projection Supps—X=2X; X X, is proper. Indeed
such a ¢ would then only give an element ¥*[c]€ KK(X; X X,, ¥) which does
not project to KK(X;, ¥) when the map X; X X,— X, is not proper.

Let K, (T *(X1 X X,) X Y) be the K-theory of Clifford symbols ¢ whose
support satisfies Suppo — X; is proper. We get a map ¥¥: K x,(T*(X, X X)
X ¥Y)— KK(X,, Y) based on an exact sequence 0— R (D(2, E))—¥% (2,E)—
S ,(2,E)— 0 (cf. Remark 1.5 (a)).

The equality of Theorem 1.10 reads: ¥¥ (0,X x,05) = ¥*(0) ® x, ¥ *(a2).
Note that when X, is compact K (T*(X; X Xp) X ¥) and Ky . ,(T*(X; X Xp) X Y)
coincide. In that case we have ¥'¥ =pry so¥*.

(b) In all the above construction one may obviously replace K° by K* and
KK° by KK*.

(c) When £2,=X,XX,, 2,=X,xY the computation of the Kasparov
product simplifies: In that case P, is an 9(£2,, E') connection (not only an
(9(£2,, EY, P;) connection). Also a simple formula for a cup product of the
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symbols is given by:

a(X1, €1 X35 €2, Y)
= (l& P11 (IE ] l0y(x €1, )R 1p2+1 1R ||E5]|0y(xa, 2, 7)) -

However, in all our examples it would be artificial to replace 2 by XX Y.

(d) For each Kasparov bimodule (&, F) over Cy(Xy), C(X,) (with X, com-
pact) let j(&€, F) be the Kasparov bimodule (€, F) over Cy(X; X X3), C(X,) where
the Cy(X)QRC(X,) action is given by (/i® f2)é=/i£f;. Theorem 1.10 can be
formulated more precisely as the equality: #*(o) =j(T*(0))Rcixp¥ *(02)-
(Note that with the notations of [19], §4, Definition 4, j(&, F)=4%t;,(E, F)
where 4: X,— X, X X, is the diagonal map).

(¢) One may take o,cK(T*X, X Y,X2Z), 0, K(T*(Z X X)X Yy, (X, Z
smooth compact manifolds, ¥; locally compact spaces). The Kasparov product
TH(0)® ;¥ *(0) EKK(X; X Xy, Y1 X V) is then equal to (pry,xx,)*(¥*(0)) for
any Clifford symbol ¢ € K(T*(X, X Z X X,) X Y, X Y,) satisfying:

(@) (Connection) o(x;. 0, z, 7, X5, &3, V1, Vo) =12R 0,2, 7, Xy, &;, y,) for
(%1, »1, 2) ESupp ;.

(b) (Positivity) [0,®1,1, 61>0.

§II. Wrong Way Functoriality

In this section we prove the formula (gof)!=f1Q® g! stated as a problem
in [10], §10.

Let us first recall the construction of f! (Cf. [10], p. 599):

Let X and Y be smooth manifolds and f: X—Y a continuous map. We
assume that f'is K-oriented; this means that the Euclidean vector bundle T,=
T*X® f*TY is endowed with a Spin® structure S. Here S'is a complex Hermitian
vector bundle; each £&(T,), defines an endomorphism ¢(&) of the fiber S,
(x=X) such that:

(a) The map & — ¢(£) is linear.

b) c(®)=c(&)*, c(&)?=||¢||* (Clifford condition).

(c) S, isirreducible as a module over Cliff (T ) (i.e. dim S,=2" where m
dim X-+dim Y).

If moreover dimX--dimY is even:
(@)™ The bundle S is Z/2 graded and c(¢) is of degree 1 for all €.
Let us assume that the Riemannian metric on Y is chosen with injectivity

is the integral part of

G Or equivalently T'r is oriented. This is automatic by (c) in the odd dimensional case.
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radius 1. For y,, y,€ Y with d(y,, y,) <1, we let y,—y, €T, (¥) be the unique
tangent vector of norm less than 1, whose exponential is equal to y, (exp,,(y2—»1)
=y,). Let 2 be the open subset of XX ¥, 2={(x, ), d(f(x), y)<1}.

Put o(x, £, y) = M"*(x, p)|I€||7e(€, 0)+(1—M)"*x, p)I|y—SCNI e (0, y—
SN ELXS,) (x, y)E2, EST*X, £=0) where M(x, y)=1 if d(x, y)<e and
M(x, y)=0 if d(x, y)>1—e (¢>0).

Then (2, pr¥S, o) defines a Clifford symbol (Definition 1.3). Let d be equal
modulo 2 to dimX-4-dimY.

2.1. Definition ([10], §10, p. 599). Let f: X —Y be a K oriented map. The
element f!e KK*(X, Y) is defined to be ¥*([c]). Here [0] denotes the class of the
Clifford symbol o in K&(T*X x Y) (cf. Remark 1.5 (a)).

Let us first check that this construction of elements of KK(X, Y) is not
trivial, proving that (Idy)! is equal to the unit 1, of the ring KK(X, X).

Note that K(X) is a subring of KK(X, X): to each Hermitian vector bundle
E one associates the C(X), C(X) bimodule C(X; E). As C(X) acts on the left by
compact operators this defines an element (E)=j([E]) of KX(X, X) (see Remark
1.11 (d)).

Let & be a Cy(X), Ci(Y) bimodule. We say that the support of & is disjoint
from =28, x2,C Xx Y if and only if for all fj= C(£2,) C C(X), f,=C(2,) and
¢e& we have f;€f,=0. This defines the support of & as a closed subset of
XXY.

2.2. Lemma. Let X be a smooth compact manifold. Let p be the map from
X to pt and p,: KK(X, X)=KK(pt,X)=K(X) the corresponding map. Then pyoj
=idgy). Moreover, there exists a neighbourhood 2 of A(X)={(x, x), x=X}
such that for every Kasparov C(X), C(X) bimodule (€, F) with SuppEC 2 one
has:  jopil(€, F)I=[(&, F)).

Proof. Choose a Riemannian metric in X with injectivity radius 1 and put
2={(x, y), d(x, y)<1}. Let &€ be a C(X), C(X) bimodule whose support is in
2. Consider & as the space of continuous sections of the continuous field of
Hilbert spaces (£,),cx. Let then (8,);er,,1 be the family of C(X) actions on &
given by ¢,(f)é=(fop,,.)¢ where p, (y)=exp,t(y—x) (EE,, (x, ) EL).

Using ¢, we get a homotopy between (&, F) and (&,, F) where &, is a
commutative bimodule (i.e. satisfies fé=£& f for all f€C(X) £<¢&,). Butthen
by definition of py and j one has [(&), F)]=jopl(&1, F)]. O

2.3. Remarks. (a) If X is not compact, the ring Vect(X) of stable isomor-
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phism classes of complex vector bundles is equal to the subring of XK(X, X) of
classes of commutative bimodules. The above proof shows that if (€, F) is a
Kasparov bimodule such that the support of & is contained in a suitable neigh-
bourhood of the diagonal, its class [(€, F)] belongs to Vect X.

(b) Let (&, F) be a Kasparov C(X), C(X) bimodule and let &' be its support
(Definition A.4).

If the support of the C(X), C(X) bimodule &’ is contained in the neighbour-
hood 2 of 4(X) (of Lemma 2.2) then jo p[(€, F)]=[(€, F)] (see Remark A.6.2).

(c) Inthe above lemma X does not need to be a smooth manifold. If Xis
just a topological manifold there still exists (by [21], Theorem 2) a neighbourhood
£ of the diagonal 4 in XX X such that the first projection pr;: £ - X is a
retraction by deformation of £ to 4. Hence the proof of Lemma 2.2 applies.

Let now E be a Euclidean vector bundle over a locally compact space X.
Consider the continuous family of Hilbert spaces (9,);ex> 0,=LHE,; AcE,),
graded by even and odd forms.

Let M be a continuous function on B*, 0< M <1, which is 0 around 0 and
1 around 4-o0. For xEX, E€E,, n€EFf~E, (1+0) let a,(§, 7)EX(AE,) be
defined by a,(€, 7) (@)=M"*(||EIDIIE]I7* €+ —MY(||EIDIIn ] "D A @.

Let (P,),<x be a continuous family of order zero pseudo-differential opera-
tors trivial at oo (P, acting on §,) whose principal symbol is given by o,(&,7)=
a (€, n)+a, (&, 7)*.

The pair (9, P) defines an element of KK(X, X) (see Section I). We have:

2.4, Lemma. (cf.[16]) The commutative bimodule © with the endomorphism
P defines the unit element 1,= KK(X, X).

Proof. Assume for simplicity that X is compact. As the bimodule $ is
commutative we have [(D, P)l=jop4[(D, P)l. Now the class of p,[(D, P)] in
K(X) is the index of the family (P}),ex Where P} is the restriction of P, to 9
(PF: DV—HD, D and HV are the homogeneous parts of the graded Hilbert
space ©,). Now by [16], Theorem 5.3 the equivariant O(n) index of Fj is 1.
Hence, the index of the family (P;),c is the trivial one dimensional bundle. []

Let X be a smooth manifold. Recall that the bundle Ty, =T*XPTX
admits the following Spin‘ structure: S,=4,7T,X, and for (= T¥X,veT,X
c€, v)=a(&, v)+a(&, v)*, where a(£, v) (@)=(E+ VN0, (0E 4T, X).

2.5. Proposition. Let X be a smooth manifold and let 1dy be K-oriented as
shown above. Then (1dy)! is the unit element 14 of the ring KK(X, X).
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Proof. Let 2 be a neighbourhood of the diagonal 4in XX X and ¥: TX—
2 a diffeomorphism of the form #(x, v) = (x, exp,(1-+||v|)"»)®. Let (D, P)
be the Kasparov bimodule corresponding to the tangent bundle 7X as in Lemma
2.4. If we transport (9, P) to 2 through the diffeomorphism ¥, we get jo
Ps(Idy)!. Now by Lemma 2.2 jop,(Idy)!=(Idy)! and by Lemma 2.4 (D, P)=
1y,. Hence (Idy)!=1,. O

Let now X;, X, and Y be smooth manifolds and let f;: X;— X, and f;:
X,—Y be K-oriented continuous maps. Let S; and S, be the corresponding
Spin° structures of the bundles 7, and 7,. Let also Sy, be the Spin® structure
of the bundle T1ay, which is discussed above. Then there exists a unique Spin°
structure S of Ty,., such that the Spin® structures S, f§S, and f¥S X2®S of
T;,Df FTr,~=f5Trax, BTy, 7, coincide (see Appendix B, Proposition B.6.(c)).

2.6. Theorem. Let X,, X,, Y be smooth manifolds, f,: X,—X,, f: X,—Y be
K-oriented continuous maps. Let f,o f; be K-oriented as shown above. We then

have (fo f)!'=/!Q x,/>!

Proof. Assume for simplicity that X; and X, are compact. We shall com-
pare two elements of the form #*[a] of KK(X; X X,, Y).

The first one is j(f;!)®y, f>! and hence (Theorem 1.10, Remark 1.11 (d)) is
of the form %*[o] where 6= K(T*(X, X X,) X Y) is a cup product of ¢, and o,
(0, €EK(T*X,x X,) and 0, K(T*X,x Y) are the Clifford symbols corresponding
to the K-orientations of f; and f, — see Definition 2.1).

Let us define the second. Let 5, K(T*X,xX,) be the Clifford symbol
corresponding to the K-orientation of Idy,. Let of€K(T*X,XX,) be equal to
(idpex, X f)*(8;). Let now ue KK(X, X X,, X;) be equal to j(Z*[s{]). As we have
TH([o)=f¥T*(8,)=/¥(1x,) (Proposition 2.5), u is equal to gy(1x ), where g:
X,—X, X X, is defined by g(x;))=(x, fi(x1)).

Let 0} be the symbol of (f;0 f1)!. Let o’ € K(T*(X, X X,) X Y) be a cup pro-
duct of of and o}. Then u® 5 (fo /)!=¥*[o'].

By the choice of the K-orientation of f,of; we have [¢]=[¢"] in K(T*(X,x
X)X Y).

We thus get the equality j(fi)®x,fo!=g4(f20/)!. Let p: Xi X X,— X, be
the projection. We have py(j(/i)Rx,fo:N)=/!Qx, /! and peg=Idy . Hence
(fo f=/!Qx, /2! O

Let us state an easy corollary of this theorem. Note that if f; and f,:

& X is endowed with a Riemannian structure with injectivity radius equal to 1.
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X —Y are homotopic and f; is K-oriented, then f, is naturally K-oriented and one
has fi!=f,! (even if f; and f, are proper, we do not have to assume that the
homotopy is through proper maps).

2.7. Corollary. Let X and Y be smooth manifolds and f: X —Y a K-oriented
homotopy equivalence. Then f! defines a natural isomorphism of KK*(4, BQ
Cy(X)) with KK*(4, BQC(Y)) and of KK*(AQC(X), B) with KK*(ARQ C(Y),
B)(*).

Proof. Let g: Y— X be a homotopy inverse of /. As fog and  are K-
oriented so is g (see Appendix B, Proposition 6.c) and we have g!Q 5 f1=(f0g)!
=1, and fIRQ,g!=(gof)!=1,. The result then follows from [19], Theorem 6,

§4. O

In particular, if X is a contractible smooth manifold then XKK*(4A® Cy(X),
B)=KK*(4, BQC(X))=KK*(4, B).

We shall now see how f!= KK(X, Y) simplifies for immersions and submer-
sions (cf. [10], pp. 598-599).

Let f: X—Y be an immersion, N its normal bundle. Let f be the natural
extension of f to an etale map from N to Y (f is a diffeomorphism from N to a
tubular neighbourhood of f(X) when £ is a proper imbedding. In general f is
constructed locally using the tubular neighbourhood construction).

As T, is isomorphic to Ty N, K-orientations of f and Spin°® structures of
N are in a one to one correspondence. Assume therefore that S is a Spin°
structure for N. Let us define the corresponding element f;,! of KK(X, Y).

On C,(N, S) consider the C(Y) valued inner product given by: <&, 7>(»)
=~§] {&(v), 7(v)>; the right action of C(Y) and the left action of Cy(X) are

fd=vy

given by (gé€h) (\)=g(=x())EW)A(f(»)) (x: N—X is the projection).

Let & be the Hilbert Cy(Y)-module, completion of C(H, S) with respect
to this inner product. Let FE8(£) be given by (FE&) (v)=(1—MVZ||v||2c(v)E(),
where M(v)=1 for v=0 and M(»)=0 for large ||v||. For geC(X) we have
gF=Fg. Moreover if g&C(X), (F?*—1)g has compact support in N so that
(F2—1)g=R(£). Thus the pair (&,F) defines an element f;,,, | € KKH™*+4imy (Y y),

2.8. Propesition. Let f: X —Y be a K-oriented immersion. Then fl=fi,!.

Proof. We shall check that f! as defined in Definition 2.1 is equal to the
Kasparov product Idy)! ® x fim!-

) Of degree deg (f)=dimX-+dimY.
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Let S, S;, S be the Spin‘ structures corresponding to Ty,,, N, and T,. We
have S=8,®S,. Let £,C XXX be the open neighbourhood of the diagonal 4
on which (Idy)! is defined. Let 2C XX Y be the open set defined by 2={(x,
Ff), x€X, vEN, (x,z(v))E2,}. Then (Idy)! is represented by (9(£2,, S), Py)
and f1 is represented by (D(2, S), P) (with the notations of Section 1). Let
(&, F) represent f;,,,! as defined above.

The bimodule 9(2,, S,) Q¢ identifies easily with H(£2, S).

As F commutes with the action of Cy(X), 1Q F=2(9(2, S)) is well defined
and is an F-connection (cf. Remark A.6.3). As o(P) agrees with 1QF at infinity
in N, P—1®Fis a 0 connection. Hence P is an F connection.

The positivity condition [P, P,®1]>0 is here easy to check as P,®1is a
pseudo-differential family (though not trivial at oo). d

Let now f: X—Y be a smooth submersion. Let S be a Spin® structure on

the bundle F=Ker(df) (S TX).
On C,(X, SQ2Y%)™® consider the C,(Y) valued inner product given by

€, n)(y)=g - L&(x), n(x)); let also Cy(X) act on the right and C(Y) on the
fla)=y

left by (g€h) (x)=g(x)é(x)A(f(x)). Let & be the Cy(X), Cy(Y) bimodule completion
of C(X, S® 2" with respect to the C)(¥) valued inner product. Let (P,),er
be a continuous family of order zero pseudo-differential operators acting on
L¥f~*{y}, S) with principal symbol o(x, &)=||||"c(f) (x& f{y}, EETH S
{yH)=ker(df,)*). To construct P (as an element of ¥(£)) and check that, for
g€ C.(X),g(P*—1) and [g, P] belong to &(€), one may proceed locally in X, and
hence assume X=X, X Y and f=pr, where Proposition 1.2 applies.
The pair (£, P) defines an element f,! of KK*(X, Y).

2.9. Propesition. Let X and Y be smooth manifolds and f: X—Y a K-
oriented submersion. Then f!=f_!.

Proof. One checks that f_; !®,Id,!=f!. Ttis clear that the two bimodules
coincide. Write f1=[(D, P)] (as in Definition 2.1). To show that P is a Kasparov
product is a local problem on X, so that the proof of Theorem 1.10 applies. [_|

2.10. Remarks. (a) Letf: X—Y be a continuous oriented map (X and Y
are smooth manifolds). One can define, using Poincaré duality, the push
forward f! in cohomology with compact support, f1: H¥(X)— H¥(Y).

If fis K-oriented, then it is oriented, but the diagram

G Cf, Remark 1.1.1.
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K*(X) 2, K*(Y)
ch) £l lch
H¥X)— H¥Y)

does not commute. But introducing the Todd genus Td(f)=Td(TX)/Td(f*TY)
de(TCX)/Td(Tf) EH*(X), we get ch(x® xfN)=/1(Td(f)-ch(x)), x&K*(X).
(This is seen by factorizing f through Y X R", using an imbedding of X in R".)

(b) Let f;: X;—7Y; (i=1, 2) be K-oriented maps. Then f;Xf;: X; X X,—
Y, X Y, is naturally K-oriented. One has rather obviously (using Remark 1.11(e)),
ix/)'=/1R®cf2!. Combining this with Proposition 2.5 and Theorem 2.6 we
get:

Let fi: X,—Y,XZ and f,: ZX X,—~Y, be K-oriented maps. Let g: X; XX,
—Y; X Y, be the composition (Idy, X/p)o(fi X Idy,). We have gl=f!Q,f,! (cf.
[19], Theorem 4, §4).

(c¢) Letf: X—Y be a K-oriented map. The element f! is betler described
using the K-orientation of the microbundle 7 ,= | T;| =T*X X  f*z, (cf. Appen-
dix B): This K-orientation is given by a triple (£2,, E, o,), where 2,CT*XX Y
is a neighbourhood of {(x,0,f(x)), x X}, E is a (graded) vector bundle over X
and o(x, &, y)E(E) for (x, &, y) =2, (cf. Definition B. 1).

Let 2 C XX Y be a neighbourhood of the graph of f and ¢ >0 such that for
(x, y)=£2 and |§||<Le, (x,£,y)=2,. Let M =C(2) be such that 0< M <e and
M(x, f(x))=e¢ for all x in X. For (x, y)in 2 and é=TFX, €0 put o(x, £, y)
=oy(x, ||§]|"M(x, y)§, ). Then (£, E, o) is a Clifford symbol (Definition 1.3).
One then defines f! putting /!=%*([¢]). The advantage of this presentation is to
make it clear that f1 can as well be defined if we just assume that Y is a topo-
logical manifold and f: X —7Y is K-oriented.

Obviously Theorem 2.6 remains true if Y is a topological manifold.

Note that at the formal level the map o,— f! is given by the composition
®

K(zp) 5 K(T*X x Y)gi KK(X, Y). Here e is the map o,—0; it is an “excision
type” map (o, is an element of K(2,) and £, is an open subset of T*X x Y).

With this presentation, it is obvious that if we change o, to some w0, (where
u is a unit of K%(X)), f!is changed into j()RQ 5 f!.

Notice moreover that a K-orientation of fis a K-orientation of the micro-
bundle 7, X yf*ry. Hence it makes sense to change the smooth structure of
X but keep the same K-orientation. We obtain an element f'!= KK(X, ¥). Let
us compare f! and f'1.

Call ¢ and ¢’ the K-orientations of K(rxX x7x) corresponding to the Spin®
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structures of the complex bundles T*X @ TX for the two smooth structures of
X (cf. Remark 8.4). Let u be the unit of K%(X) such that §’=ud.

Let g: X—X be K-oriented by 0’. We have g’'!=1y and g!=j(u). But by
Theorem 2.6 we have fl=g!® ,f'!. Hence f1=j(u)Q 5 f'!. Note that (u—1) is
a 2-torsion element of K°%(X) (cf. [25]).

§III. Composition of Correspondences and Applications

In this section we shall adopt the point of view according to which the
elements of KK(A4, B) are the natural formalisation of the algebraic notion of
correspondence. At the topological level, we shall use the definition of cor-
respondence between X and Y of [4] (both X and Y are locally compact spaces with
Y a manifold) as given by (Z, E, f, gy) where Z is a smooth manifold, E is a
complex vector bundle over Z, fy: Z—X is continuous and proper, while g, :
Z—>Y is continuous and K-oriented.

The results of the last section allow to define, for each correspondence,

X {f (Z,E) 24 Y an element: (f4)+(F)R,gyNEKK(X, Y) where (E)=j[E]c

KK(Z, Z) is the class of E, and plays a rather trivial role as a multiplicity. The
main interest of this construction of elements of KK(X,Y) (beyond its surjectivity)
is that the Kasparov product has a simple topological interpretation as the com-
position of correspondences: Take X, M, Y where X is locally compact, M is a
smooth manifold, Y is a topological manifold, and correspondences X< (Z,, E,)

L4 M i (Z,, E;)) — Y. One will get a correspondence X< (Z, E)—> Y by defin-

ing Z as the fibered product Z, X ,,Z,, and E=pr¥E, XprfE,. For Z to be a
manifold, one has to assume that the maps f'and g are smooth and transverse

(e, V(x, )EZ, df T,(Z)+dg T,(Z) = TyiupM) .

The homotopy invariance of both g! and f, shows that this assumption of
transversality is not harmful recalling the following (cf. [15], §III)

3.1. Lemma. LetZ,, Z,, M be smooth manifolds, g: Z,—M a proper smooth
map, then the subset of C*(Z,, M) of s which are transverse to g is a dense Gj.

Having defined Z=Z,x,Z, as above, note that pr;: Z— Z, is proper
(since fis proper) so that the composition fy: Z-—Z;,—X is proper. To end the
construction of (Z, E, fy, gy) with g, the composition Z—Z,—Y one has to
exhibit the K-orientation of gy, i.e. (Prop. B. 6 (c)) of pr,. One has T,,,,=T*Z+
(pr)*TZ, so that
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Tprg X Z(foprZ)*TIdM = prikTg X Zpr?TIdzz
which (since g is K-oriented) gives a K-orientation for pr,.

3.2, Theorem. The Kasparov product [Z,, E1Q ,[Z,, E,] is given by the com-
position [Z, E] of the correspondences.

(The brackets around a correspondence indicate the associated element
of the analytical group).

Proof. Using Theorem 2.6, the problem easily reduces to show that

g!' Q@ ulf1= [pri] ® ; pr,!
Z
pr; Pr,
Zl/ \Zz
N
M

Replace M by M x R, Z, by Z,Xx R™, f by fXidg= and g by (g, i) where i:
Z,— R™ is an embedding. Then Z does not change and the two sides of the
equality we want to prove are replaced by their (external) tensor product (over
C) by the Bott element f< KK(pt, B*) (use Remark 2.10 (b)). So by Bott
periodicity (i.e. the invertibility of g, cf. [19], Theorem 7, §5) we are reduced to
the case when g is an embedding. Note then that the normal bundle N, of
pr, is equal to pr¥N where N is the normal bundle of g. Using Proposition 2.8,
to compute g! and pr,!, the equality follows from the naturality of the Thom
isomorphism. 0

3.3. Remark. Let (Z, E), (Z', E') be correspondences between X, Y X M
and M X X', Y’ then the Kasparov product [Z, E] X ,[Z', E1EKK(XX X', Y X Y")
is given by the composition of the correspondences (Z X X', E) between X X X',
YXMxX and (YXZ', E') between YX M X X', YX Y’'. To see this, one uses
[19] and Remark 2.10 (b).

S

To define the composition of the correspondences X < Zl—g>M and M<Z,
— Y, one first has to make fand g smooth and transverse by a small C° pertur-
bation. A natural question is then to see how the correspondence Z; X ;,Z,=
{(x1, x,), g(x1)=f(x,)} depends upon the above modification of f and g. By
Theorem 3.2 the above correspondences define the same element of KK(X, Y).

Let f', g’,f”, g”” be such modifications, by construction there exist smooth
homotopies
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(fHeC(Z: X0, 1], M), (g)=C(Z, X[0, 1], M)

with fo=f", g=¢', fi=f", &.=g”. But it may be impossible to ensure the
transversality of f, and g, for all 7, and to construct a homotopy between the

correspondences Z’ and Z”. However Z’' and Z’’ are cobordant in the following
sense™):

3.4. Definition. Two correspondences (Z', E’), (Z”, E"’) between X and Y
are cobordant iff there exists a ““correspondence with boundary” (Z, E) such that

0Z=2Z'UZ", Elpy=E,E|;=E", fx=/fay>
S =fxipn 8v =8riys 8Y = —8yiy

(the same map with the opposite K-orientation).

In this definition the restriction dg of g to the boundary of the manifold Z
is K-oriented by the equality (z,,X4,¥)=i*z,, wWhere v is the (inward) normal
bundle of 8Z while i: 8Z — Z is the inclusion.

3.5. Proposition. Two cobordant correspondences define the same analytical
element.

Proof. Let us take the notations of Definition 3.4, let D=(Z U ,,Z) be the
double of Z, 6: Z— D the inclusion, p: D—Z the projection. To show that the
correspondence (0Z, i*E) gives 0 KK(X, Y) it is enough, using the following
diagram, to show that [00i]®4,(d0i)!=0.

o Joi doi o
x L2 p 2l op 2 p By

Using the triviality of the normal bundle of 0Z in Z, construct i': 0Z—Z
homotopic to i with i'(6Z)N8Z=¢. It suffices to show that [[]Q,,()!<
KK'(Z, Zo) is the O-element. As an element of KK'(8Z, Zo), i’! is given by the
exact sequence 0— CO(ZD) — Cy(Z)— C(0Z)—0 and hence [i]Q,,(i")! is given
by the split exact sequence:

0 — Cy(Z) = Cy(D) = C(Z) = 0.

Another way of showing that [60i]®,,(00i)!=0 is to see that this element
of KK(D, D) is of the form j(U) for U= KD) equal to (60i)!®,1 where U is
the trivial one dimensional complex bundle, 1€ K%8Z). One then computes
U and shows that its class is 0. O

Let us also remark that one can easily interpret as a correspondence, the

&) Using for instance [15], Lemma 1.2, p.170, with 4 the diagonal in M x M.
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element of KK (W, V\W) given by the exact sequence: 0 — C(V\W) — C(V)
— C(W)— 0 where W is a submanifold of V.
Let S be the unit sphere of the normal bundle of Win ¥, = the projection of

S on W and i the imbedding of S in V\W via the tubular neighborhood con-
struction.

3.6. Propesition. The class in KK(C(W), C(V\W)) of the exact sequence
0—=C(V\W)—C(V)—C(W)—0 is equal to the class [€] of the correspondence:

T i
W S — V\W
Proof. Let i be an identification of N with a tubular neighborhood of W

in V. Let o be the completely positive lifting of the homomorphism of re-
striction: C(V)—C(W), given by the conditions: o(f)e C(N)C C(V) and:

p(N)x, &) = 2(1EINSx),  V(x,HEN

where x(t)=1—1t/2, t ][0, 2], x(z)=0, Vt>2. Applying the generalized
Stinespring construction to o ([18], Theorem 3) gives a Kasparov bimodule
(&, F) whose class in KK'(W, V\W) is that of the above exact sequence. One
has £=Cy(N) with the obvious C* module structure over C(¥), the action of
C(W) on the left is given (f&)m)=f(=(n))é(n), V= C(V), £ =Cy(N) (where x:
N—V is the projection). Finally the endomorphism F is given by the multipli-
cation operator:

FOx, &) = Qz—D(IEI),  Vx,HEN

Tt is now clear that if we let i be the inclusion of S={(x, §)EN, ||{||=1} in V,
one has exactly [(&, F)]=(i;n)!, hence the result follows using Proposition 2.8.

(]
We shall now apply Theorem 3.2 to formally deduce the analytic form of
the Poincaré duality. Let ¥ be a compact smooth manifold. Let o, be the
correspondence between pt and VX TV given by
4
pt—=V—>TVXV  (4(x)=((x0),x))

(4 is an immersion whose normal bundle is complex™® so that it is naturally
K-oriented). Let /2, be the correspondence between V' x TV and pt, given by:

0
VX TV<TV—pt, where TV is K-oriented as in Proposition B.6 (a), d(x, &)=

™ Given xe V, £+ige T,(V)QC, one puts 4(&)=(exp; (£), 0, x), 4(in)=(x, 7, x).
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(x, (x, €)).

3.7. Ceorollary. One has:

a) [oy]Qy[Py]=11y, [0v]Qrv[Py]=1y.

b) For any C*-algebras A, B the Kasparov product by [oy] gives natural
isomorphisms

KK(AQC(V), B)—KK(4, BYC(TV)), KK(AQC(TV), B)—KK(4, BYC(V)).

Proof. a) Follows from a direct computation of the composition of these

correspondences using Remark 3.3.
b) Follows from a) and [19 (Theorem 6, §4)]. |

The next corollary shows first (a), b)) the naturality of the Poincaré duality
and then (c), d)) that the functors f—[f] and f— f! are Poincaré dual.

3.8. Corollary. Let V and W be smooth compact manifolds, [ V—W
a continuous map, df=TV —TW a continuous extension of f. One has:

a) [0y]1Q 7y (d)!=[op]Qw[f]

b) @)@ [Prl=1/1Qv [yl

©) (@)'=[op]Qw[f1Qv[Py].

d) [071® v (@) Q1w [Pwl=Lf]

Proof. From Corollary 3.7 a) all these equalities are equivalent. To prove

a) one again computes directly the composition of these correspondences
(using Remark 3.3). OJ

In [20] G.G. Kasparov proves the Poincaré duality in a very similar way.

3.9. Remark. Let Cliff V=CIiff(V, TV) be the graded C*-algebra of con-
tinuous sections of the bundle of Clifford algebras Cliff, 7,. The Thom isomor-
phism [19], Theorem 8, §5 gives two elements g < KK(Clff V, TV), ac
KK(TV, Cliff V) such that aQ f=1,y, SQa=1cyi¢y-

One can translate Corollaries 3.7 and 3.8 replacing Cy(7T¥) by CIiff ¥,
using
Py = BQqy Py EKK(C(V)QCI V, €)

and 6,=0,®y e KK(C, Cliff VQC(V)). In fact 7, is equal to the following
element of KK(C(V)QCILff V, C). The Hilbert space is the space of L? sections
of the complex vector bundle over V with fiber Cliff; (7,(V)). Both C(V) and
ClLiffV act by (left) multiplication operators and the operator F is an ordinary
pseudo-differential operator of order 0 with principal symbol o(x, &)=ir(f)e,
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EST*V, ||€]|=1, where r(£) is the right Clifford multiplication by &, e is the
grading of Cliff, (T,(V)).

To see that these two descriptions of 7, coincide, one checks that the
Kasparov product a® ¢y v Py is (for both of them) equal to 2y,

The next proposition shows the meaning of the Poincaré duality

k*av) 22 kv, pt), Kk (7, oty 22 K*H(TV)

as associating to a symbol a pseudo-differential operator and vice versa.

3.10. Proposition. a) Let o= KK(pt, T*V X Y) (Y a locally compact
space), then [6]Q sy [Py]=T*(0) € KK(V, Y) (cf. Section I).
b) Let PEKK(V, Y) then P=¥%*(0), with [o]=0,Q, PEK*(TV X Y).

Proof. a) Let S be a (graded) Cliff (V)QC,(Y) module corresponding
to [o] through the Thom isomorphism. One has

(0] vy [Py] = [0] RaRD, = SR,

which (using the second description of /) is the family (indexed by Y™) of

Dirac operators on V with coefficients in S. On the other hand, as [¢]=4Q[S]

it is clear that P, is also the family of Dirac operators on V with coefficients in .S.
b) Follows from a) and Corollary 3.8. O

3.11. Corollary. The map ¥* from K¥(T*Vx Y) to KK*(V,Y) of Section
I is bijective. In particular any element of KK*(V, Y) is given by a family of
pseudo-differential operators on V. O

Combining Proposition 3.10 with the multiplicativity (Theorem 2.6), one
gets the Atiyah-Singer index theorem (see [1]). Indeed let P, be an elliptic
pseudo-differential operator on V, [P, Je KK(V, pt) its class and =: V —pt the
obvious map. Then the analytical index of P, is obviously

74Pl = [z]®y[P.]= KK(pt, pt) .

The topological index of P, ([1]) is defined using an embedding j: ¥ —>R" by
[6]®1v () i@ re(dp)! (with p: R"—pt). One has

Ind, (P,) = [7]Qy[P,] = [z]Qy ([0]1Q 1+ [Py])
= [0]Q v (] Qv [Py]) = [0] R 1y (d)! .

G We assume Y compact to simplify, replacing it by the one point compactification Y+.
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As m=poj the equality Ind,(P,)=Ind,(P,) follows from Theorem 2.6.

Combining Proposition 3.10 with Theorem 3.2., one gets the odd index
theorem, cf. [17] and [6], Theorem 24.3. Indeed let x: Ki(V)—=K{(V)=
KK'(V, pt) be the map defined in [6], (18.1), p. 36 from the topological group
to be the analytical group. In our notation u(M, E,, f)=f+(E)®yp!) where
p is the map: M —pt. Let E be a complex vector bundle on the smooth com-
pact manifold V, o: z*(E)—=*(E) a self-adjoint Clifford symbol, A=P, a
corresponding self-adjoint order 0 pseudo-differential operator on ¥ (from E
to E). Then by Proposition 3.8, [A]€K{(V)=KK (¥, pt) is equal to [0]Q ;+y Py.
Put M=S*V, E,=E™* (cf. [6], p. 48, (24.1)), f==:S*V—V, so that Theorem
24.3 of [6] is the equality 7z ((E")Q sy Psry! =[0]1® 4y Py. This result follows
using the following diagram, from Theorem 3.2 and the equality [E*]® gy i!
= [o]€ KK (pt, T*V) where i: S*¥V —T*V is the inclusion.

S*y

~ N

VX S*V TV

14 / \VXAT*AV/ \ pt

§IV. The Longitudinal Index Theorem

Given a foliation (V, F) and a K-oriented map f from a manifold W to the
ldef

space of leaves V/F, we associate an element f1 of KK(W, V/F) (= KK(C(W),
C*(V, F))). We first discuss this contruction when f is a submersion. The
general case is then obtained by factorizing the map f through a submersion

j.=

z (W= X—V/F).

The longitudinal index theorem is then obtained, considering the map
V—V/F, and factorizing it in different ways.

The element f! corresponding to a K-oriented submersion f: W—V/F is
naturally written as the Kasparov product of two elements:

1) An element p,!e KK(W, W/Fy) where Fy, is the pull back foliation by
fin W and py: W—W]|Fy, is the natural projection.

2) A quite trivial element e ,& KK(W/Fy, V/F) which is given by a Hilbert
C*(V, F) module &, on which C¥(W, Fy,) acts by compact operators.

The element py, ! will be constructed using the extension of pseudo-differential
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operators of [9] (§8IX, p. 138).

The main fact about this construction is the functoriality (fog)!=g!Q f!
where g: X—W, f: W—V/F are K oriented submersions. This will allow us to
prove that for a general (K oriented) f: W —V/F the element j!®=! does not
depend upon the factorization

W—> V|F
j\ /n
X

where = is a submersion, and hence to define ! for general maps by f1=j!Q=!.
We first construct the element e¢,&KK(W/Fy, V/F) corresponding to a
smooth submersion W—V/F. Let us fix some notations (see [13], [10]).
Let V, F be a foliated manifold and let G be the graph of the foliation i.e.,
the holonomy groupoid ([26] or also [9], § VII).

4.1. Definition. 1. A4 map f: W—V/F is given by its graph which is a
principal (right) G bundle G, over W. We call r;: G;—W and s;: G;—~GO=V
the corresponding maps.

2. The map f: W—V|F is called a submersion if the map s is a submersion.

For &G, and r&G with s (a)=r(r) the action of y on a is noted aor.
Recall that we have s (aor)=s(r), r {aor)=r (a) and if r (a)=r(a,) there
exists a unique 7 &G with a,=a,0r (G, is principal).

Recall also that an equivalent way of giving the map f'is a cocycle (£2;, 7;;)
on W with values in G (£; is an open covering of W and r;;: 2,N2,—~G
satisfies

7i5(X)or j1(x) = 7:4() Fxe2;,N82;NL2,).
Recall (cf. [10]) that given the cocycle (£2,,7;;), G, is obtained by gluing

together the open sets 2,={(x,7)E2,XG, r;;(x)=r(r)} by the map 2, —
2, (x, 7)—>(x, 7;(x)or). One has
rix, ) =x, sx,N=s0) (fxNE).
The map fis a submersion iff 7,;: 2,—V are transverse to the foliation F
(i.e., dy, T2,+F=TV, cf. [22], p. 378).
Let f: W—V/F be a submersion. Call z=TV/F the transverse bundle on

V and z: TV —7 the projection. Then the subbundle of TW, Ker zod,,, is well
defined (it does not depend upon i) and is integrable. Hence it defines the pull
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back foliation f*(F)=Fy, in W (cf. [22], p. 373).
Let Gy be the graph of this foliation. Then Gy, acts naturally and freely
on G, in the following way:

4.2. Lemma. a) Let w(t), t<[0, 1] be a path drawn in a leaf of W. Let
a G, with r(a)=w(0). Then there exists a unique path a(t) in G satisfying

a) =a, rfa)=w(), sfa)=s4a).

b) «(1) only depends upon the holonomy of the path w. Moreover, if a(l)=«a,
w is a loop with trivial holonomy.

If 7 is the class of W in Gy one puts reca=a(l). This lemma proves that
this action is well defined and free.

Proof. a) Any path w can be lifted in a path g with #(0)=a and r ;(8(¢))=
w(t), consider then the path s/(4(¢)). It is drawn in the leaf of s/(e) in V.
Call then 7, the class in G of the path s (8()) 0=u=t, and put a(t)=/(t)°r(?).

The uniqueness of the lifting is given by the fact that if @ and a’ are two
liftings: as r (a(1))=r (a'(2)), a(t)=a'(t)or(¢) where r(1)EG, but r(r(1))=s((¢))
=g f(a) hence 7 is constant and

7(t) = s )€V = GO(CG).

b) Itis enough to show that given a loop w the corresponding «(1) is
equal to a if and only if the holonomy of w is trivial. As G, is a G principal
bundle there exists a unique y &G with e(1)=aor. Let (¢), t [0, 1] be a path
in G joining s (@) with ™, with r(r(1))=s,=r(r)=s(r). Put then A(t)=a(t)r(?).
It is a loop drawn in a leaf of G, (which is foliated by the pull back foliation of
any of the maps r, or s;). This loop has the same holonomy as its two projec-
tions in ¥ and W. Thus r has the same holonomy as the loop w(z). O

Let us now define the Hilbert C*(V, F) module &, :
It is the completion of C(G,, %)™ with respect to its Ci(G, 25
C*(V, F) valued inner product

Enm={ &)
The right module structure is given by:

G = o, £CG, 2%, heCG, o)

G Where £1/2 is a suitable 1/2 density bundle (cf. [9], § VII and Remark 1.1.1).
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The left C(Gy, 2') action on C,(G,, 2') is given by:

@ = )@

4.3. Proposition. a) This action extends to an injective x-homomorphism
72 CX(W, Fy)—(E).

b) Moreover = (C*(W, Fy)) S R(E ).

¢) mCHW, Fy))E; is dense in E.

Proof. a) The elements of C*(W, Fy,) are families, indexed by the space
of leaves of W, of operators P,, P,%(LAL)) (L is the holonomy covering of
L ([10], 87). The elements of ¥(E ) are families, indexed by the space of leaves
of ¥, of operators Q;, 0, €¥(9;) where ,=IXG,,) (x&L), G; ,=s7'({x}).
As Gy acts freely on G each Gy , is partitioned in holonomy coverings of leaves
of W (those are in fact the connected components of G, ,). Hence for
2= C(Gy, 2%

Sup ”PLw'”: Sup HQLV”
L, EW/F,, =

where P, is the family corresponding to g, and @, the one corresponding to
zAg). Thus

llgll = Izl

b) Let 2 C W be a small enough open subset of an &2; such that 7,,(2)C 2’,
where £ and £’ are foliation charts. Assume also that the induced map from
Q/Fy to 2'[F is injective (reducing again £ if necessary; here £2/F; represents
the space of plaques of 2).

Let Go»C G (resp. G,C Gy) be the graph of the foliation F (resp. Fy,) re-
stricted to 2’ (resp. 2). Let 27C,CG,, 2" ={(x,7); xE2, rE Gy, r(r) =
7:(x)}. 2" is an open subset of G.

If a, p=2” satisfy s(a)=s(f), there exists a unique rEG, such that
rof=a. Callitaog™,

For €, 7€ C/2", 87 CE,, 0p,=n,Exr*) where Exn*(r) =§
E(oz)%ﬁf).

Thus = (C*(2, Fy)) CR(E;); but these algebras generate C*(W, Fy).

c) Let h,&C(Gy, 22) be a sequence satisfying:

1) h,G)=0V7,

2) Sup {l(r), r=Support k,} —0 when n—>oo (/ is the length of 7)

3) (for a given trivialisation of the bundle £'/%) S (

(M=

@ 1=y

h,(r)—1 uniformly
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on compact sets.
Then, obviously z ,(h,)é —¢ tends to 0 uniformly for any & € C(G, 2'%) and
has support in a fixed compact set. Hence

I E—Ellg, O O

4.4. Corollary. The (trivially graded) bimodule £, (together with the zero
operator!) defines an element ¢, of KK(W|Fy, V|F).

Proof. This is a translation of b) of Proposition 4.3. J

Let now X _g) W|F, be another submersion. The composition fog is a
submersion X to V/F which is given by its graph G,.,=G, X;,G,. Itisthe
. quotient of {(8, @)EG,X G, 5,(8)=r (@)} by the relation (8, &)~(br,r ')
for r&Gy, r(r)=s,(8). (Note that since G, is a G principal bundle, the Gy,
action on it is free and proper. Hence G., makes sense as a manifold).

By construction G ., is a G=Gy, principal bundle over X on which Gy acts
on the left (G is the graph of the pull back foliation g7 (F)=(fog) 'F on X).
If §: X— W is smooth and transverse to the foliation Fy,, the map fo g can also
be viewed as the cocycle (§7(£2,), 7;;08) or as the pull back by g of the G prin-
cipal bundle G, over W.

4.5. Proposition. The bimodule ., is canonically isomorphic to
E¢ Qcraw,rp€ys  In particular,
€rog = €,Quirye (EKK(X|Fy, V[F)).
Proof. For EECG,, 2), 7€CG,, @), we let 7+£(r)= Sﬂm=y77(/9)5(a)
(where Boa is the class in G, of (8, @)). Then 7xé& C(G.,,s 2Y%), The

equality <{m &y, 7,5E,0=L&,, {m, 1,0€,> is obvious. Hence 7Q¢&—7*f is an
isometry

8g®0*(W,Fw)8f — 8fng .

To show that this map is surjective, it is enough to prove that z .. (k)¢ is
in its image for all h& C*(X, Fy) and £ €&/., (Proposition 4.3 (c)). But (using
Proposition 4.3 (b) applied to g), it is then enough to prove that for 7, 7,€&,
such that 0, .., &7, (C*(X, Fy)) one has

(xnf)sE EE,RE, .

But 7¥+£ makes sense obviously in £ (7;’2“*5(,6)=S 5—7772(0[)5(7)). One then
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uses the associativity
(1rx78)xE = npx(nF*E) . O

Let (V, F) be a foliation, and E a Hermitian Z/2 graded bundle on V.

Let us recall the exact sequence of pseudo-differential operators of ([9],
p-138, (IX)). Choose an auxiliary phase function ¢(7, 7), defined for 7 in a
neighborhood of ¥=G© in G and for 7 & Fy), and locally of the form <{r(r)—
s(r), 7>, and choose a smooth 7, x(r) E(E,»QLK?, E @ LF?), with support
contained in the domain of definition of ¢, and which is the identity for
rEGOW=V. Let &y ;be the C*-module over C*(V, F) corresponding to the
field $,=IXL, E), L&V/F. Tt is obtained as the completion of C,G,
2'2Qr*(E)) with respect to the C*(V, F) valued inner product

&= o102

-1
1 Y2

By construction it is a left C,(¥) module.
Let o = C2(FF, &(E)), where Fi¥ is the space of half lines in F*, extending it

smoothly to F* in such a way that it coincides with o outside a compact set,
the formula:

(PAY") = (e o(s(r), DG Ydrd
E€C2(G, PRIHE))

defines an endomorphism of the C*-module &y ;.
Let ¥ be the C*-subalgebra of £(€y ;) generated by such P,’s. Then one
has an exact sequence:

0 — R(Ey.p) — TE - CFF, YE) — 0,

where the symbol map o is given as usually (cf. [9], p. 138). For our purpose,
with ¥ non compact, we let Z* be the C*-subalgebra of &(Ey ;): ¥*¥={Pec
Ey.p), PhETE, hPETE, VRECY(V)}, and we let &(Ey.n)={T=¥Ey ), Th
ER(Ey.p) FTER(Ey 5). VheC(V)}. One gets:

4.6. Propositien. The following sequence is exact:
ag
0 — & (Ey,p) > ¥* — C(FF, YE) — 0.

Proogf. The only thing to prove is that o defined by the equality o(AP)=
ha(P), he Cy(V) is surjective. Given a& Cy(F¥, YE)), e=>0 and hy, h,e C(V),
0<<h,<1 and P,€¥§ with hjo(P,)=ha, one can find P,, ||P,]|<Sup(2||all,
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[|Pl]) with h,o(P,)=ha and [|(P,— P))h|| <e. Thus, one can construct a
bounded sequence P,&¥§ such that P,k is convergent in ¥§ with o(P,h)—ah
for all hi&C(V). Thus Pé=lim P,¢ exists for any €&y z=C/(V)Ey r and
PET*, o(P)=a™®, e 0

We can now associate to a given Spin® structure S on the bundle F an
element p! of KK(V, V/F) (p the projection ¥ —V/F). Indeed the C*-module
Cy,s is naturally Z/2 graded and for any DE?* of degree one, with symbol
a(D)(x, £)=c(¢/[|€1]))=End S, the pair (s, D) is a Kasparov bimodule, whose
class is independent of the choice of D. (Note that this construction works
for any Clifford symbol for the bundle F* and gives a canonical map of K,(F¥)
to KK(V, V/F)).

We can now prove the crucial lemma of this section:

4.7. Lemma. Let g: W—V be a smooth K-oriented (by a Spin° structure)
submersion, let Fy, be the pull back foliation on W*¥), p..: W—W]|F,, Then:

g'Qy py! =PW!®W/FW epvngKK(Ws VIF)
where ¢, is defined by Proposition 4.3.

Proof. Let f=p,og. Let us compute the right hand side. The bimodule
Ew, 5w @crar, ryC 5 1s easily described as the completion &, 5. of C(G, r/*(Sy)
Q2% with the C*(V,F) valued inner product given by <&, & ()=

g (@), EXB)>. As a Kasparov bimodule, py @y, €4 is given by
ay=p
(gw,sw®c*(w,ﬁw)8f; Dw® 1) = (gf,SW’ Q)

(where Q=7 (Dy)), =, is defined as in Proposition 4.3).

Recall that G,=W X Gy. By Proposition 2.9., we can describe g! by the
Kasparov bimodule (&, s,, D,) corresponding to the field (L*(g7'(x), S,),
D, .).ev, Where D, . is a Dirac operator of order 0 on g7(x). The bimodule
Eg,sg@)co(w Ey,s is naturally isomorphic to £, by the map i(EQRn)(w, r)=
EWRTPIE (S, W@ 2R (Sy. @ 2D =S, DL,

It is hence enough to check that Q&End&) 5, is a D, connection and
satisfies the positivity condition:

[D,®1,01>0  (modulo R(E,s,) -

) In order to construct P we have to prove that PF£ also converges: In the inductive step,
we impose also ||h,(P;—Py)|| <e.
% Since Fy = Kerdg + ¢*F it inherits a natural Spin® structure, with Clifford module

Sw=S;Qg*Sy.
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Let&,7€8, 5, and PE? s, Set P,=T¢z (P)T,. (Te()=¢QyulE
Ew.swr CEEy s,). Let 2C W be a foliation chart for W, Fy. If P has support

in Gy(£2) and &, 7 have support in 2, then P,e¥¥ s, and o(P,)(x, a)_—_S

=g " Hx)
E(2), 0 ,(z, g¥(@)n(2)) (e F¥; g¥(@)=Fi ), (Lemma 1.7). This obvigusly
remains true for general P, & 7.

Now since o4(z, g*(@)) =1 sg’2® 05 (8(2), @) zEW, a €F,(,), we can see
that Q is a Dy, connection (Remark A.6.4).

Let us now check the positivity condition. We may assume that both D,
and Dy, have supports as close to the diagonal as we wish. In particular, we
may assume that each D, , is diagonal in the decomposition of g~'(x) in connected
components. In particular F,Q 1 =n(F,) where F,€8Eys,). It is now
enough to prove that A[F,, D,]< ¥y and has non-negative symbol for
he C(W), h>0. As D,¥#,[h, Dy]€R(Ey.s,). Then we just have to
compute [AF o Dwl. We may now take & with as small support as we wish. Hence
(as the support of F ¢ is close to the diagonal) we may assume that there exists
a foliation chart £, and k€ C(2,)S C(W) such that kh=h and hFk=hF,.
Hence we now have to compute [hF,, kDyk]. The whole situation is reduced
to the case V=TxU, W=TxU XU, g=prrxy, and the obvious foliation.
So the answer follows from Lemmas 1.8, 1.9. O

4.8. Definition. Let W—J:» VIF be a smooth submersion. Assume that the
bundle Fp=df ~(F) defining the pull back foliation is Spin°. The equality fl=
Pw Qe ; defines the element f'& KK(W, V/F).

The following consequence of Lemma 4.7 will allow to extend this definition
to arbitrary K-oriented smooth maps W —V/F.

4.9. Proposition. a) Let X = Wi: V|F be smooth K-oriented submersions.
Then (for)l=z!Qyf.

b) Assume that the following diagram of smooth K-oriented maps, is com-
mutative:

W,

with i, f, submersions. Then j,\Qp fi!=/!Qw, [>!.
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Proof. a) By Lemma 4.7, (pyon)!==!Qpypy!. Thus

(Pwom) Qe ;=7 Qupy Qe ,/=r!Qp f.

But (pyom)! =px!® Epw"”! so that (pyom)!Qe; =px!Qer, gl’fw! (by
Proposition 4.4). Hence (for)!=z!Qf!.

b) From Theorem 2.13 and a) above it is enough to construct W and
smooth K-oriented maps making the following diagram commute:

an

Ly
im, -
i

: w__ I wF
W,

where 7,, IT,, f are submersions.

Let us construct W. It is roughly speaking the fibered product of W, and
W, over V|F. More precisely let G,={(a;, @) EG;, X Gy, 57 (a)=57,(@,)} =
Gy, XyGy, Ttisa manifold and the diagonal action of G on the right makes it
a principal G-bundle over W=G,/G. The projections z;: G;/G—G,/G are the
obvious ones and they are submersions.

The commutativity of the diagram means that there exists an isomorphism
0 of G-bundles of ji"(Gf]) with j¥(G,). One then defines the map j: X —W, by
Jx)=(ay, @) if rs (@)=ji(x), rr(@)=jy(x) and a@,=0(a,). O

X

4.10. Definition. Let X £ V|/F be a smooth K-oriented map, then g'&
KK(X, V|F) is defined as any Kasparov product j!Q f! for any factorization
g=foj of g through a K-oriented submersion - W —>V|F.

(The existence of such a factorization is proven, using the transverse micro-
bundle (cf. [13]) in [10], §11.)

4.11. Theorem. For X §>V/F the element gl KK(X, V|/F) only depends

h
upon the K-oriented homotopy class of g. For Y—X K-oriented, one has
(goh)!=h!Qg!.

Proof. One may assume that the homotopy g, between g, and g, is smooth.

Consider it as a smooth map X Xx][O0, 1]§> VIFx[0, 1] then g!eKK(X x][0, 1],
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V/Fx[0, 1]) defined as in Definition 2, gives by restriction ([0, 1]—pt) an element
ac KK(X, V/Fx[0, 1]) which is a homotopy between g,! and g,!. The second
assertion follows from Theorem 2.6, together with Proposition 4.8. -

Recall that the geometric group K, .(BG) was defined in [10], as equivalence
classes of cycles (M, E, f), where M is a compact smooth manifold, E is a bundle
over M, and f: M —V/F is smooth and K-oriented™®

4.12. Corollary. The element u(M, E, f): fI(E)=[E]Qf!' € K*(V/F),
depends only upon the equivalence class of the cycle (M, E, f).

Proof. The invariance under bordism follows from Proposition 3.5. Let
(M, E, po f) be a vector bundle modification of (M, E, f). One has by hypothesis
Pl[E]=[E] hence the equality follows from Theorem 4.10. O

In [10] the analytical element associated to a geometric cycle was con-
structed in a different manner. We shall now check that this other construction
gives the same result.

The construction of [10] used a Kasparov bimodule associated to an étale
map W—V/F; we first note that it coincides exactly with our £, which (since
F,=0), is by Definition 4.6 equal to f!.

4.13. Proposition. Let X —fa VIF be a K-oriented smooth map. Then for
any factorisation f=poeo j*¥:

e
N— VIFXR'

/i, N

X > V[F

where N is a manifold, e is étale, and p is the obvious projection, one has fl1=j!
QR ye!Q gnB ! where p7= KK(R", pt) is the Bott element ([19], §5).

Proof. We may assume that X=N since j!Q(poe)!=f! (Definition 4.8).
Let us consider the two maps g;, g; from NXR" to V/FXR", g4(n, t)=(poe(n),
1), gi(n, t)=e(n). One has (poe)!Q¢ idgr=g,! (applying Definition 4.7), g,!=
B'®cel. As there is an obvious homotopy between g, and g;, one has g,!=
g:!. Hence using the Bott periodicity, one gets (poe)!=e!Q g7 O

Specializing to the case when X=V, N is the normal bundle of F in R" for

& For a more precise definition of the topological K-theory of a foliation, cf. [5].
G ¢ being étale is K-oriented. Hence K-orientations for fand j are in 1-1 correspondence.
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some embedding ¥—R", and j: ¥'— N the obvious inclusion one gets for arbitrary
foliations the precise analogue of the index theorem for families of Atiyah and
Singer [2].

4.14, Theorem. Let (V, F) be a smooth foliation, P a longitudinal elliptic
pseudo-differential operator. Let i: V—R" be an embedding, N,=di(F,)*" (in R")
the normal bundle to F. Considering N as an open transversal to the foliation of
VX R" by Fx {0} (cf. [10]), one gets a map: Ind,: K(N)—K(V|Fx R")y~K(V|F)
(through the Bott periodicity for C*-algebras). Then:

Ind,(P) = Ind,(3(P))

where 5(P) is associated to o(P)& K*(F¥) through the Thom isomorphism K*(F¥)
~K*N)®,

Here the analytical index Ind,(P) is described by the Kasparov bimodule
(&5 P). Itis of course the same as the image of the symbol in the connecting
map of the six terms exact sequence corresponding to the exact sequence of
Proposition 4.6. More explicitely, using a parametrix Q, Ind,(P) is the class
of the idempotent

[I—S% O(S,+57)
e =

, eEM,(C*(V, F)),
S,P s2 ] {C*(V, F))

where Sy=1—0QP, S, =1-PQcC*(V, F).

Proof. For simplicity, we only treat the case when F is Spin‘, then N
inherits a natural Spin° structure with S, Sy~Sgs. One can assume that P is
an order 0 Dirac operator with coefficients in [E]€ K*(V), so that Ind,(P)=[E]
®ypy! where p,: V—V/F is the projection. By Proposition 4.13, one has p,!
=j!® ye! QgAY so that Ind,(P)=[E]RQj!Q ye!QgF~'. Hence it is equal to
Ind,(P) since jI[E]=3(P). O

4.15. Remark. a) Itis easy to deduce from the above theorem the index
theorem for measured foliations of [9]. The transverse measure A defines a
linear map Trace, from K°(V/F) to R, cf. [8]. The composition of Trace,oInd,
is easily seen to be Ind,(P) (see [9], [10]). The composition of Trace,oInd,(P)
can be computed topologically and gives <ch P Td F, [4]> (cf. [9] or [10]).

b) The map i: V—R" of Theorem 4.14 is not required to be an imbedding,
it is enough that its restriction to each leaf is an immersion. Thus the theorem

& The sum F+ N is the trivial bundle R” so that i yopr (With obvious notations) is K-oriented.
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still holds for transversally C° foliations and even for foliations whose trans-
versals are just locally compact spaces. Formulated in this way it is even closer
to the Atiyah-Singer index theorem for families.

4.16. The Euler Class. Let (¥, F) be a compact foliated manifold. The de
Rham complex along the leaves yields a longitudinal elliptic operator. Let us
compute its topological index using the zeros of a generic longitudinal vector

field X as a pseudotransversal Z e V/F. By the genericity of X, Z is a sub-
manifold of V, let us K orient the map e from Z to V/F. The derivative of X
yields an isomorphism dX from the normal N, of Zin ¥V (x&Z) to F,. Now, as
NPTZ=TV | ;=(@DF), where z is the transverse bundle, the above isomor-
phism yields a K-orientation of e.

4.17. Corollary. The index of the de Rham complex is equal to el[Z]e
KYV/|F).®

Proof. Let n: F*—V/[F be the projection of the total space of the longitu-
dinal cotangent bundle to the space of leaves, with its natural K-orientation.
Then @z!: K(F*)—K%V/F) is the analytical index. Let i: Z—F* be the
inclusion (obviously K oriented) then e==oi so that (Theorem 4.10) e!=i1Q) px .
Thus one just has to check that i![Z] is the class in K%(F*) of the symbol of d+
8: A= A°%, Put o,(x, &)=a,(x, &)+a,(x, £)*, where for t [0, 1] ax, €) is
the exterior multiplication by #(x, &, t)=i(1—Inf(¢||X||, 1))¢ +7X(x). This is
clearly a homotopy between i!/[Z] and the symbol of d+9. J

Let us consider a simple example. Let I'ePSL(2, R) be the fundamental
group of a compact Riemann surface M=U/I", (U the Poincaré disk) of genus
g>2. Let V be the compact complex manifold V=U X P,(C) where I" acts on
P,(C) by homographic transformations (PSL(2, B)C PSL(2, C)). Let F be the
foliation of ¥ dropped down from the foliation of UX P,(C) with the leaves
Ux {pt}. By construction the holonomy covering of each leaf of the foliation
(V, F) is the Poincaré disk. We shall endow the leaves with the canonical
metric with constant curvature —1.

Let us apply the above Corollary 4.17 to this situation. Let us determine
the analytical index of the de Rham operator D=d-+¢ (from even forms to
1—forms). In this situation the restriction of the Laplacian to even forms is
lower bounded by 1/4 (D*¥D>1/4) hence the analytical index Ind, (D) is —[Ker
D*]. (Here O is isolated in the spectrum of DD* so that Ker D¥*=Xer DD* is a

¢ [Z]e K%Z) is the class of the one dimensional trivial bundle.
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well defined idempotent in C*(V, F)). On the other hand, the foliation (¥, F)
is the foliation of the natural flat connection on the bundle V— M, thus the fiber
S=P,(C) is a closed transversal and has a well defined class [S]€ K*(V/F) (cf.
[8], §8). Corollary 4.17 now reads:

[Ker D*] = (2g—2) [S].

Even though this foliation admits no holonomy invariant transverse measure
(the action of I' on Py(C) is strongly proximal), the element [Ker D*] is non-zero
(as any of its multiples) in K°%(V/F). Let us prove this. The bundle ¥V—M has
a smooth cross section o. Hence the pushforward x=il(S)eK%(V) of the
trivial bundle on the fiber S, is not a torsion element, since o*(x) is the Bott
element of M. Let p: V—V/F be the projection, then the above [S]= K(V/F)
is equal to p!(x). Thus the result follows from the injectivity of p! from K%V
to K%(V/F) ([10], p. 613).

8§ V. Appendix A: Connections and Implicit Characterization
of the Kasparov Product

In [19], 84, G. G. Kasparov defines the ““intersection product” (&, F)®,
(&', F) (where (&, F)eKK(4, D), (€', F')e KK(D, B)) assuming that the D-
module € and the B module & are of the form E=9RD, &'=DRB (D a
separable Hilbert space) while D has a unit. This is legitimate by G.G.
Kasparov’s Stabilization theorem ([18], Theorem 2). For our purposes, it is
convenient to compute the Kasparov product without stabilizing.
In this appendix we introduce a notion of connection which allows us to
give an implicit characterization of the Kasparov product.
Let A, B, D be graded algebras (4 separable B and D with countable ap-
proximate units).
Let (&, F)KK(A, D) and (&', F)€KK(D, B). Put &'=EQ,E". Tt is
an A4, B bimodule.
For each £€&, let T:=8,(E’, £”) be given by Ti(7)=£(R 7. Its adjoint
is given by T5*(51®7]1)=<5, Em.
A.1. Definition. Let GeX(E") be such that [d, G]*) = R[E'] for all d in D.
An element G of Y(E") is called a G-connection on &, if one has for any € in &:
TEG—-(—— l)aEaGGTg eRE’, 8”)
GTE—(—1RTEGERE", E) .

¢ All commutators are graded ones.
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A.2. Proposition. (a) For any GEE') satisfying [d, Gl R(E") (Yd< D),
there exist G connections on £.

(b) The space of G-connections is affine; the associated vector space is the
space of 0 connections:

{2EE), 2k ERE"”) and (k1) ER(E") for all kERKE)}
(¢) If G is a G-connection and k€ R(E) then [G, kQ 1] R(E").

Proof. (a) Let PER(£) be a projection and G a G-connection on &.
Then (PR DG(PR1)e{YPER ,E) is a G-connection on PE.  So that by the
stabilization theorem ([18], Theorem 2) it is enough to construct a G-connection
on E=HR D (D is obtained from D by adjoining a unit which acts as the
identity in £). But then G=15Q,GEYERE)={YDR &) is a G-connec-
tion (the set of £&¢& such that conditions of Definition A.1 are satisfied is a
closed D submodule of & as [D, G1I=R(£’), and contains DR C). Call a
connection of the form (P, 131)(1@@0 G)(PR,1 &) a Grassmann connection.

(b) Itis clear that if G, are G;-connections, then G,+-G,is a G,-+G, con-
nection (also G,-G, is a G,- G, connection). If £ is a 0 connection and &, &
we have 2T:T¥=R(E”). But T;TF=0;,®1 and the 0, generate R(&) as a
closed subspace ([18], Definition 4). Hence 2(R (£)®1)SR(E”). In the same
way (RIER DL RE.

Conversely, if 2(R(E)Q1) S R(E”) then (2T (2T)*<=RK(E”). Hence
2T, =8E, E).

(c) Itis enough to prove it for k=0;,. But 0;,Q1=T:T¥. O

We now formulate an implicit characterization of the Kasparov product

€, P)®, (&', F).

A.3. Theorem. There exists an F' connection F"' (of degree one) on & such
that:

(@) (&, F") is a Kasparov bimodule.

(b) [F”, FQ1]=P+h where P>0 and

hed = {ke(E"), kACRKE"), AkSRE)} .

Such a connection is unique up to operatorial homotopy; the class of (", F'')
in KK(A, B) is the Kasparov product (&, F)Q (&', F').

Proof. Existence: Let G be an F’ connection on £. Let E; be the C*-
subalgebra of (&) generated by R(€)®1 and KE").
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Let E, be the (separable) C*-subalgebra of ¥(£”") generated by {G?—1,
G—G* [G, FQ1],[G, a]l (@<= A)}. Let ¥ be the (separable) vector space
spanned by F®1, G and 4.

Finally put E=8(&").

As all elements of E, are 0-connections E,-E,CFE. Using A.2(c) we get
[, EICE,.

Apply then Theorem 4 of Section 3 of [19] and get M, Ne&(E”), M >0,
N >0, M+-N=1 such that ME,CE, NE,CE, [M, F]ICE.

Put then F”=M"F@ 1+ NY’G. One gets easily that (£, F”) is a
Kasparov bimodule.

As M-E,CE, M"?is a O-connection; as [M, FQ11€E, MA(F®]1) is also
a O-connection. By A.2(b) N2 is a 1-connection. Hence F” is an F’ connec-
tion.

Finally [F”, FQ1]=MY{FQ1, FQ1] modulo £E"’). But as 2MA(F?’Q®1)
=2M"? modulo ¥ we get the positivity condition.

Uniqueness: Letfirst Gyand G, be two F’ connections. Let E, be the C*-sub-
algebra of (&”) generated by {G,—G,, Gi—1, G,—G¥, [G,, FR1], [G,, a] ac A}
and § the subspace spanned by F ®1, G,, G, A. Apply then [19], Theorem 4,
§3 (with E; and E as defined above). Put F}’=M"(FQ1)4-N"((1—1)Gy4-1G)).

It now remains to prove that if G is an F’ connection satisfying (a) and
(b), and if M, N are constructed as above, we can join G and F”/=M"*(F®1)+
N¥2G by a norm continuous path of G-connections satisfying (a) and (b).

Let Q,=(M)AFQ1)+(1—tM)G. Write [FQ 1, G]=P+h with P>0
and he. Put Z,=1+1Y4(1—1)"2P, and F{’=Q,Z7"%. One checks easily that
l Qt l Z“ZtES' .

Moreover [4, Q]CR(E”); hence [4, ZJTR(E”). Thus [4, F{/1C&E”),
and |F!'|'—1=Z72(Q,l—Z)Z:* . Also [Q,, Z]€S, so that F}/—
FI'*eQ.

We thus get that (£, F{’) is a Kasparov 4, B bimodule.

As Q, is a G-connection and P is a 0-connection, F7’ is a G-connection.

Finally [F®1, Pl so that [FR1, Z7¥ X and hence [FRI, Fi/]=
Z7VQEM) P +(1—1)"2P)Z;7*+ b, where h,e.

Thus F!’ is the desired homotopy between F;’=G and F{’=F".

Finally, if in the existence part we start with a Grassmann connection then
(&, F") is the Kasparov product as defined in [19]. O

We need in fact a slight refinement of Theorem A.3:
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Let (&, F) be a Kasparov 4, D bimodule. Let K, be the C*-subalgebra
of R(£) generated by [a, F], a(F*—1), a(F—F*) (ac A) and the multiples by 4,
Fand F*. Let &, be the closed D submodule of & generated by K. Call

this &, the support of (&, F). It is obviously stable under the actions of 4 and
F.

Let (€', F') be a Kasparov D, B bimodule. The refined version of Theorem
A.3 is based on the following notion of connection localized on the support of

(&, F).

A.4. Definition. An F’ connection on (€, F) is an element G of (&) such
that TeF' —(—1D)EGT, e R(E', £7) and F'T¥—(—1)ETFG e R(E", &) for all &
in the support of (€, F).

A.5. Theorem. In the above situation there exists F" (&) such that:
(@) (&”, F")is a Kasparov A, B bimodule.
(b) F" is an F' connection on (€, F).
(¢) a[F”, FQ1la*>0 modulo &) for all ac A.
Such an F" is unique up to norm homotopy and the class of (", F') in KK(A, B)
is the Kasparov product (€, F)Q (&', F').

Note that the condition (c) here is equivalent to condition (b) in Theorem A.3.

Proof. 1In view of Theorem A.3 we just have to prove uniqueness. But
the proof of uniqueness in Theorem A.3 needs no changes to apply in the present
situation. H

Let us end this appendix with some remarks which are used in the text:

A.6. Remarks. (1) Let A,, A, be separable, B;, B,, D with countable
approximate units. Let (&), F,) be a Kasparov 4, B,®D bimodule and (&,
F,) a Kasparov D®A4,, B, bimodule. Their Kasparov product (&,, F,)® (s,
F,) is computed using the equality:

En F)Qp(Er Fy) = (x4 AR 1)®BléD®A2(BI®82’ 1QF,)

in KK(A4,QA4,, BiQB,) (cf. [19], Theorem 4, §4).

(2) Let (&, F) be a Kasparov 4, B bimodule and let &£, C & be the support
of (€, F). Let F, be the restriction of Fto &,. Obviously (&), F}) is a Kasparov
A, Bbimodule. Moreover, the classes of (&, F) and (&), F,) in KK(4, B) coincide.

Indeed, let £ be the Hilbert BQ C[0, 1] submodule of ER C[0, 1], E= {&;6(1)
€&,}. Let 4 act in an obvious way in & ((a€)(f)=a-£(t)) and FEX(&) be given
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by (F€) (t1)=F&(2).

Then (&, F) is a homotopy between (&, F) and (&, F)).

(3) Let D and G be as in Definition A.1. Suppose moreover that [d, G]=0
for all din D. Then 1Q,G makes sense in 8,(EQ ,&") and is a G-connection
on &.

(4) Let D and G be as in Definition A.1. Let G €R(ER,E"). If for all &,
in &, T¥GT,—(—1)PPCGE, n>eR(E’) and TFG*GT,—(—1)PRCEOGHGLE, e
R(&"), then G is a G-connection on &€ (to see this compute (T:G—(—1)?CG Te)*
(T:G—(—1PROGTy)).

Remark on the notation. By 0x we mean the degree of the homogeneous
element x. Note that in A.6.4 above if G is homogeneous 8(G*G)=0. Howeyver,
the formulae of Definition A.1 as well as those of Remark A.6.4 have to be
understood as extended by bilinearity to the non-homogeneous case.

§VI. Appendix B: K-Orientation of Microbundles

The definition of f! of [10] that we used in Section 2 was given for a K-
oriented map f: X—Y where X and Y are smooth manifolds. In order to
generalize this construction to the case where Y is just a topological manifold
(cf. Remark 2.10 (c)), we need the notion of K-orientation of microbundles that
we now discuss.

Let X be a compact space. Recall that a microbundle = over X (real of
dimension #») is given by a locally compact total space Z and a pair of maps

X —l>Z £> X, satisfying some local triviality condition (cf. [23], Definition, p. 54)
only the germ of Z around i(X) being of interest.

Let us first define the K-theory K(z) of the microbundle ¢:

A virtual vector bundle over ¢ is given by a triple (&2, E, ¢) where 2 is a
neighbourhood of i(X) in Z, E is a Z/2 graded hermitian vector bundle over X
and o is a continuous bounded section of ¥(p*E) over 2\i(X) (c € C(2\i(X),
Q(p*E))) such that o(z)’=1, o(z) is of degree 1, o(z)=0(z)* for all z in £\i(X).

If £’ is an open subset of £ and i(X)C £’, we identify (2, E, o) with
(2', E, o] gnin)-

The triple (2, E, o) is called trivial if o extends to an element of
Cy(@, /(P*E)).

Homotopies between triples are defined by triples relative to the micro-
bundle pr¥(z) over XX [0, 1] (pry: X X[0, 1]— X is the projection).

Let K%z) be the abelian group of stable homotopy classes of such triples.
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By construction K%z) is a module over K%(X).

Let T be areal vector bundle, z=|7"| the underlying microbundle. Then
K°(T) is naturally isomorphic to K°(z). The map from K°(|T|) to K%T) is
described as follows: Let (2, E, o) be a virtual vector bundle over z; choose
a Buclidean structure of the vector bundle T in such a way that the unit ball is
included in 2. Then the restriction of ¢ to the unit sphere ST defines a Clifford
symbol in the sense of the first section.

If z; and =, are two microbundles over X let r=r1; X 47, be their Whitney
sum ([23], page 59). There is a natural (K(X) bilinear) cup product: K(z;) X
K(rp)—>K(z) given by [(2,, E;, 0)]X x[(22 Bz, 0p)]=[(21X 52, FsQE,, 0)] where
(2, 2)=M"0,(2)R@1+(1— M) ?1Q0,(z,) where M(z, z,)<[0, 1], M is con-
tinuous, M(zy, z)=0 if z;=i(py(21)); M(z;, ;) =1 if z,=1i(pyz))) (21, ) E
81X x2,\(i X 1)(X)).

Recall that if X is a finite simplicial complex, then for any microbundie

= over X there exists v’ with = X 47’ isomorphic as a microbundle to XX R? (cf.
[23], Theorem 4.1).

B.1. Definition. An element [0] of K*(z)™® will be called a K-orientation
of v if there exists a microbundle ©' and [o'\&€ K*(z") such that:

(@) T Xyt is isomorphic to the trivial microbundle X x R".
(b) [o]X x[o1=[8] where [l K" (X X R") is the Bott generaior.

We shall not spell out the details of the rather obvious:

B.2. Proposition. 1. 4 K-orientation [0} of © is a generator of K*(z) as a
K*(X) module.

2. Ifloy] and [0,] are two K-orientations of v, there exists a unit ¢ € K%(X)
with o,=¢-0,.

3. Let [0]l€K*(c) and let 7' be such that v X yv'=Xx R". If [¢'l€eK*(")
satisfying (b) of Definition B.1 exists, it is unique. Moreover [d'] is then a K-
orientation of t’.

4. If[o'] exists for some v’ (satisfving (a) of Definition B.1), if exists for any.

5. If [0)] and [o,] are K-orientations of v, and v, then [0,]X x[o,] is a K-
orientation of t; X x5

6. If v, and ty X 47, are K-crientable so is v,.

7. Let f: Y—X be a continuous map and © a microbundle over X. Then
if o is a K-orientation of ©, f*(0) is a K-orientation of j*(z).

8. Any K-orientation of © gives an orientation of t (using the Chern

¢ [g] is assumed to be homogeneous for the Z/2 grading of K*(z).
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character).

The most natural example of a K-orientation is given by a Spin° structure
(on a real vector bundle T) which in C*-algebra terms is described as follows:

Associated to a Euclidean structure on the bundle 7, is a bundle of com-
plexified Clifford algebras (Cliff T,),cx. Let c¢: T,—Cliff T,, c(£)%=||¢|?
c(£)=c(é)* be the canonical embedding. The continuous sections of this
bundle of C*-algebras form a (Z/2 graded) C*-algebra, noted Cliff (X, 7).

If dim T'is even each CIiff T, is a matrix algebra; however it is not in general
of the form £(S,) for some hermitian bundle S (cf. [3], [14]). A Spin® structure
on T is given by an orientation of T together with a bundle S of irreducible
Clifford modules.

If dim T'is odd, the discussion is the same replacing CIliff 7, by its even part.

If S and S’ are two Spin° structures then Homc (S, S') is a complex line
bundle L and S’=S® L. Thus one gets a transitive and free action of the
group of complex line bundles on the set of Spin® structures, if any (these are
Spin’ structures corresponding to a given orientation of T).

If S is a Spin® structure on the even dimensional Euclidean vector bundle T,
first S has a natural grading (given by Clifford multiplication by the orienta-
tion of T, cf. [14]) and the equality o(&)=c(/||€]|)=¥S) (€T, £==0) defines
an element o of K%T).

In the odd dimensional case one gets an element of K'(T).

B.3. Proposition. Let T be a real vector bundle over X.

(@) The above construction associates in an injective way a K-orientation to
each Spin® structure.

(b) If the microbundle |T| admits a K-orientation, then T admits a
Spin® structure.

Proof. (a) Note first that the group of line bundles is a subgroup of the
group of units of K%(X) which is isomorphic (through the first Chern class)
to HXX, Z). This shows the injectivity.

If 7" is a Euclidean bundle such that & T is trivial, then T” is oriented;
the equality CLiff (T@ T")=Cliff (T)Q Cliff (T") shows that the Dixmier-Douady
obstruction of CIiff(7T”) is 0 (cf. [12], Definition 10.7.14); hence T* has a Spin°
structure S’. Moreover, using the action of H*(X, Z), we may assume that the
Spin° structure S® S’ of TAT" is the trivial one (on the trivial bundle THT").
But the [¢] corresponding to the trivial Spin® structure is the Bott element.

(b) Assume that 7 is of even dimension 2p. Let 7’ be a Euclidean
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bundle (of dimension 2p’) such that the bundle TP T is trivial. Let Clff(X, T)
and Cliff (X, T") be the Clifford algebras (graded trivially) of 7 and T’. The
Thom isomorphism ([3], [19], Theorem 8, § 5) identifies K%(T') with K (CLff(X, T))
and K%(T") with K (Cliff (X, T")) (by Proposition B.2.8 above both T and 7" are
oriented). Let [SQ]—[SW]e K (Clff (X, 7)) and [$'@]—[S'DV]e K (Cliff (X, T'))
be the virtual Clifford modules associated to the K-orientations of T and T’
through the Thom isomorphism. By hypothesis the product ([S@]—[S®DNR
([S'@1—[S'®]) defines the same element of K(Cliff (X, T@T")) as the standard
irreducible module C(X)®S(R*?**%') over C(X)QCLff(R**%"), We thus get

(dim S®—dim S®)(dim §'©—dim §'®) = 20+,

As S® and S® are Cliff(X, T) modules, dim S@ and dim S® are multiples of
22, Also dim S’® and dim S’'® are multiples of 2. So that either S© or S®
(say S©)is of dimension »2? where r is odd.

Note that A=Endc;;(S®) is Morita equivalent to CLff(X, T), and thus
has the same Dixmier-Douady obstruction we H3(X, Z). For each x&X, 4,
is a matrix algebra of dimension 7% so that ([14]) rw=0. Butas T T is naturally
Spin°® (see Remark B.4 below) we get 2w=0 hence w=0.

If dim T is odd, replace T by TEDR. ]

Note that in general H*(X, Z) is strictly contained in the group K%(X)™!
of units in K%X), so that the map which to a Spin°® structure of T associates a
K-orientation of |T'| is not surjective.

B.4. Remark. Recall that if T is a real vector bundle on X, T7éT has a
natural Spin°® structure coming from its complex structure.

For a complex Hermitian bundle 7 put S=A(T) and for § T put ¢(§)=
ez+ef where ex(w)=& Aw. As c(£)*=||¢])* the bundle S is a Cliff T graded
module with grading by even and odd exterior powers.

In particular if the microbundle r is |7T| for some real vector bundle
T, v X v is K-oriented. It is not clear how this K-orientation depends upon the
choice of 7.

B.5. Definition. Let X be a smooth manifold and Y a topological manifold.
Let f: X—Y be a continuous map. Let vy be the tangent microbundle of Y (given

4 I
by Y5 Y Y'Y, 4(3)=(, y), of. [23], Example 3, §2). A K-orientation
of f is a K-orientation of the microbundle v,=|T*X | X yf*(zy) (in the sense
of Definition B.1).
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Let us gather some easy facts in the following:

B.6. Proposition. (a) If X and Y are K-oriented, any continuous map from
X to Y is K-oriented. In particular, if Y and f are smooth then df: TX—TY
is K-oriented.

(b) Idy has a canonical K-orientation.

(©) Let f;: X,—X, and f,: X,—Y be continuous maps where X, X, are
smooth manifolds Y is a topological manifold. If f; and f, are K-oriented then so
is fo fi. Iff, and fyo f; are K-oriented, then so is fi.

(d) Let Y be smooth and f: X—Y a smooth immersion. Let N be the
normal bundle of f. Then f is K-orientable if and only if N is K-orientable.

(€) Let Y be smooth and f: X—Y a smooth submersion. Then f is K-
orientable if and only if the bundle Ker df (over X) is K-orientable. |

In this proposition, the following conventions are made:

(2) If oy is a K-orientation of TX, we let o' be the K-orientation of T*X
such that o3'X yo, is the K-orientation of T*X@TX given by the complex
structure where tangent vectors are real and cotangent imaginary. The K-
orientation of fis then %' X 5 f *(oy).

The K-orientation of TX (or TY) is given by the same almost complex
structure as in [1]: horizontal vectors are real, vertical are imaginary.

(b) The K-orientation of 7, is given by the complex structure of
T*X PTX discussed in (a).

(c) The K-orientations o, of fi, g, of f, and o of fyof; are related by the
equality f¥8,X y 0=0,X x f¥o, where 3,E K(T*X,(DTX;) is the K-orientation
of Idy, (we have identified f i“(rmxz) X x,Trgor, With 75 X 5 f F(zs))-

(d) The K-orientations ¢ of 7, and o’ of N are related by the equality
0=0x X 4o’ where 0y is the K-orientation of Idy (we have identified =, with
Trag X x N).

(e) The K-orientations o of 7, and o’ of Ker(df) are related by the equali-
ty o=0"X xf*(3y).
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