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Stability Changes of Periodic Solutions
to a Coupled Nonlinear Equation
with Time Delay

By

Yoshihisa MORITA®

Abstract

We shall consider a linear difference coupled equation with time delay and discuss a Hopf
bifurcation of this equation. In the case of weakly coupling, it will be shown that two types of
periodic solutions bifurcate from the steady state for some parameter values, and that those periodic
solutions exchange the stability under certain conditions ; moreover, under another conditions one
of those periodic solutions changes its stability twice at least. Sufficient conditions for the
occurrence of such phenomena will be presented along with specific examples.

Introduction

Many variety of oscillatory phenomena appear in electronics, biology and
chemistry. Models which describe such phenomena have been proposed by using
ordinary and partial differential equations, also differential equations with time
delay. Hutchinson [9] has introduced the following differential equation with time
delay as a biological model, representing oscillatory phenomenon occurring in the
growth process of a single species :

(ED) di;y(s)=a<1—m—lg—d>y(s), a, K, r>0.

Put x(t)=l(-l%)—l. Then this equation can be transformed into

(E2) e ()=—a(l+z(1)z(t-1)
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where @ = g7, and the steady state y= K of (El) corresponds to x =0 of (E2). It is
known that for @ > 7/ 2 the equation (E2) has a periodic solution, as first proved by
Jones [11]. Also one will find in [3] and [8] that when the parameter @ passes
through the value 7/ 2 a Hopf bifurcation occurs and that the bifurcating periodic
solution from the steady state x =0 is stable near the bifurcation point.

In this paper, using the above equation (E2), we shall consider the following
linear difference coupled equation :

A D= -2 ()~ () 1+ (D)2 (1),

(E3)
x
2

d z(t)=u(x‘(t)—x2(t))—< +ﬂ>(1+x2(t))x2(t—l),

Wx
where a=%+ﬂ, v=0; we shall focus on a bifurcation problem for a periodic
solution to (E3), and discuss the stability change of the bifuicating periodic solution.

It is clear that for #>0 (E3) has a periodic solution (x'(¢), z2(¢))=(5(¢),
$(¢)), which is called the in-phase solution, where p(t)isa periodic solution to
(E2). We also see that another periodic solution to (E3) bifurcates from the steady
state (x*, x2)=(0, 0) for suitable parameter values # and y. This periodic solution
is called the anti-phase solution to (E3) (for the details, see § 3).

By the usual Hopf bifurcation theorem (see [3] and [8]), we can discuss the
stability of those bifurcating periodic solutions. Actually, for any fixed positive v,
letting u be a bifurcation parameter, we see the stability of bifurcating solutions to
(E3) near the bifurcation points. For example, for each positive v the in-phase
solution of (E3) is virtually stable on some interval of x. However, the stability
region of yu (that is, the set of all ¢ for which the bifurcating solution is stable) may
vary according to y, even if it continues to be non-empty. This suggests the
possibility of the occurrence of stability change, which might be observed when we
vary y.

In this paper we shall discuss this. In the equation (E3), applying Theorem 1
obtained in § 2 yields that the stability region of the in-phase solution shrinks as v
tends to zero ; that is, for sufficiently small y, the in-phase solution to (E3) loses its
stability fairly near the bifurcation point. Moreover, then we see from Corollary 7
in § 4 that the anti-phase solution to (E3) recovers its stability for suitable parameter
values ¢ and y ; hence those solutions exchange the stability.

We will formulate the differential delay equations (E2) and (E3) in general form
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of functional differential equation (see (1.1) and (1.2)), and discuss the bifurcation
of the in-phase and the anti-phase solutions of (1.1). Next we shall study the
linearized stability of those periodic solutions in quite a general framework.
Corollary 7 in § 4 gives sufficient conditions for the occurrence of exchange of the
stability, for (#, v) sufficiently small. And from Corollary 8 in § 4 one will see that
the anti-phase solution changes its stability twice under another conditions.

The studies of two coupled systems of nonlinear oscillators using ordinary
differential equations (without time delay) will be found in plenty of works
including [1], [5], [14], [15], [21]~[23]. The occurrence of stability change of the
in-phase or anti-phase solution to such coupled systems has been already suggested
by perturbation methods and numerical experiments. One will also see that the same
arguments in the case of functional differential equations can apply to that of linear
difference coupled systems using ordinary differential equations (without time
delay), provided that one replaces function spaces, inner products and other
notations by appropriate ones. This application with a specific example (bio-
chemical model, the Brusselator) will be found in § 5; Example 2.

The author would like to express his gratitude to Professor Masaya Yamaguti
for his continued encouragement. He also expresses his sincere acknowledgement to
Professor Masayasu Mimura for his stimulating discussions.

§1. A Linear Difference Coupled Equation with
Time Delay and the Hopf Bifurcation

Let R™ be the m-dimensional Euclid space, and let C([g, 5] ; R™) be the set of
all continuous functions defined on [g, ] with values in R™
C([a, ] ; R™) is a Banach space equipped with supremum norm | - |. We simply
write C[g, b] instead of C([g, b]; R™). For any xrCla—7, b] and tE[a, b] the
notation x, will denote the element in C[— 7, 0] defined by z.(@)=z(t+0), —r=
=0, where 7 is a positive number.

Let a function F(-, ) be a sufficiently smooth function of RX C[—7, 0] into
R™, which satisfies

F(u,0)=0 for z€I,,

where [, is an open interval containing the origin. The notation [ will denote a

continuous linear operator of C[— 7, 0] into R™.
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Now we shall consider the following functional differential equation :

O\ _( Flp, z)+vDlxi—zi]
(1.1) <i2(t)>—<F(F‘rxf)*‘VD[x}—x?])’ v=0,

where - denotes % We call the equation (1.1) a linear difference coupled equation
of

(1.2) 2(t)=F(u, x:)=L(Wx:+ Gy, x:),

where L(y) and G(g, *) are the linear part and the higher order nonlinear part of
F(y, -) respectively.

In this section we shall discuss a bifurcation of a periodic solution to (1.1) from
the trivial solution under suitable conditions. Theorems for a Hopf bifurcation
found in [3], [7] and [8] might apply to (1.1). Their methods, however, can not make
clear whether or not the bifurcating periodic solution changes its stability. We also
discuss the occurrence of the stability change in the later sections.

First let us consider the linearized equation of (1.1) around the steady state
(x*, 2%)=(0,0),

3"1(”>=(L(ﬂ)y%+uDLyf—ytl]>

which is also written as

Y\ (L) 0 (ytl(t)> (-—yD yD><y%(t)>
(4 (yz(t)>_< 0 L(#)) vi(t) * vD —vDJ\¥i1t))

After the change of variables
(1.5) =

(1.4) is transformed into

w(t)\_( L(pw:
(1.6) (wz(t)>_((L(u)*2VD)W? >

As L(u) and D are continuous linear operators of C[— 7, 0] into R™, by Riesz’
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representation theorem there are s X m matrices functions (4 ; ¢#) and 7°(6), —7 =
=0, whose elements have bounded variation in § on [— 7, 0], such that

(1.72) L(é= [ [ar(6; m1d(0), $Cl—7,0],

(L7b) DIg1= [ lan'(0)]8(6), =Cl—7,0

Let C™ be the m-dimensional complex space. The domain C[—7, 0] of L(x) and
D is naturally extended into C([—7,0];C™), and (1.7a), (1.7b) hold for ¢&
C([—7,0]; C™). Hereafter we also denote C([— 7, 0] ; C™) by C[— 7, 0] as long as
there is no confusion.

The characteristic equations of (1.6) are defined by

(1.8a) det(A7— ]: i[a’ﬂ(ﬁ ; 1)]e*®)=0,
(1.8) detA = [ [d7(8; 1, »)]e*)=0,
70 ; 8, v)=n(8;1)=2vp'(0), —r=0=0,

where / denotes the m X m identity matrix. The root of (1.8) gives the eigenvalue of
the equation (1.6) (or (1.3)) (see Hale [7 ; Chap. 7]).
We assume that

(A1) (1.8a) has a pair of simple complex conjugate roots A(p), A(y) such that
. dA .
A(0)=1iwo (w0>0), Re EE(O):#O ;

(A2) the remaining roots of (1.8a) have strictly negative real paris.

Since (1.8a) is the characteristic equation for
w(t)=L(Ww: t>0,

which is the linearized equation of (1.2}, from the above assumptions (A1) and (A2)
it follows that in the equation (1.2) a Hopf bifurcation occurs at #=0; that is, there
is a family of periodic solutions which bifurcate from the zero solution in a
neighborhood of £=0. (See Hale [7; Chap. 11].) Then we also see that a periodic
solution to (1.1) bifurcates from the steady state (x*, x2)=(0,0) at z=0 because
(p(2), p(¢)) is a solution to (1.1) for a solution p(¢) to (1.2).
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Next consider the equation (1.8b). From Appendix A we see that there is a

number y,, and there exist functions,
(1.9) 2= pto(v) (/Jo(O)z()), a=ao(v) (a(0)=wo), IJE[O, )/r],

such that for y€[0, v,] and g=pu,(v) the equation (1.8b) has the simple roots,
+iao(v). Let A(x, v) be the roots of (1.8b) which satisfies A(uo(v), v)=iae(v). By
the assumption (Al) there exists a number 7, 0< y <y, such that

(1.10) I o), %0 for ve), Pl L,

If as(v)*+wo (vE(0, U]), by letting # be a bifurcation parameter, the Hopf
bifurcation theorem in [7] can apply to the equation (1.1) ; there exists a periodic
solution bifurcating from the zero solution at g= (V).

Thus we can obtain two types of periodic solutions to (1.1) bifurcating from the
zero solution. In the rest of this paper we shall discuss the stability.

To simplify our notation for the derivatives of F(g, %), in this paper we write

Fuli) 55 F(1,0) (=L(x),
Fu )2 50F(1,0) (=ZL(w),
Fua i)+, 22 F (1, 0)(-, -,
Fua ), +, e 25 F s, 00, -, ),

and so forth. Furthermore, before concluding this section, we introduce some
notation and function spaces which will be used in later arguments.
Let &(v) and £5(v) be vectors satisfying

(1.11a) (z'm(u)l—[ie”“””[dﬁ(ﬁ s o(v), V) &(1)=0,

veEl,,

(1.11b) (—z‘ao(y)l—f:e"'“‘"”‘[di(e ; #o(v), V)D& (1)=0,

respectively, where [d7 (- ; -, + )] denotes the transpose of [d7 (- ; -, *)].
Define the (formal) product as
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12 <, =(80), )= [ [ IE=0)1a7(0; molv), v))b(E)dE
for p=C[—7, 0] and ¢=CJ0, 7],

where (-, ) is the hermite product in C™, i.e.,

(1.13) (a, b)=tb_d:;:1dib_f, (lzt(dx, ety dm), bzt(bl, ety bm)
We let

(1.142) [6:(V](O) =&o(v)e’®™?, —r=<0=0,

(1.14b) [EFW](@)=&(v)e™™? 0<0=7.

Then we can take £,(v) and £f(y) as satisfy

(1.15) &), EE(wv=1, vEL.
Furthermore,

(1.16) <E(Y), EEWDL=<K&(Y), EWDL=0,
(1.17) &), EWPu=(M(v) &(v), &),

M(u)él—f_iﬁe"‘“‘”"’[dﬁ(& s 1o(v), v)]
hold (see [7; Chap. 7]).

E20(v) and &,0(v) will denote the vectors determined uniquely by the equations,

(1.18a) (2itto(v) = Lo D)€" 2(0)
=3 Fulio(&ED), £0)

(1.18b) —L(po(V) €2,0(v)= Fua (W) &:(v), &(1)),

respectively, and define

(1.19) [£2(0)](0) = €z0(v) 210,
[-’i(u)](@)% gz,o()/), —7r=0=0.

When y =0, we write
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(1.202) L=6(0), L5=&5(0), &Lisé&(0), &= 0),
(1.20b) gz,o%&,o(o), fz,o\=—§z,o(0), §2%52(0), 52552(0),

By the smoothness of &(v), &5(v), &x0(v) and &,0(y) with respect to v, for
sufficiently small y we obtain

(1.21) {50(’/):?04'0(2/), F(W)=t+o(v),

52,0(1/)= §z,o+0(1/), gz,o( v)= 52,0"‘0()/)-

Finally we define the function spaces P:, and P§} as

(1.22a) Por={ul ucsC([0, 27]; C™), ul(s+27)=u(s)},
(1.22b) Pz‘},’s{ul %, %EPM}.

P, and P§Y are Banach spaces with norms | % =oss;1£”| u(s)|, uE Pex, || u|l| =max

{" ull, "%" }, u< PR, respectively.

§ 2. Stability Change of the In-Phase Solution

As seen in the preceding section, under the assumptions (Al) and (A2) (1.1) has
a periodic solution which bifurcates from (0,0) at £=0. This periodic solution has
the form (x2(¢), x%(¢))=(p(¢), p(¢)), where p(¢) is a periodic soution to (1.2). We
call this periodic solution the in-phase solution to (1.1). It is clear that the in-phase
solution to (1.1) exists for ¢ in some interval independent of the parameter y.

In the equation (1.2), applying the Hopf bifurcation theorem yields a family of
periodic solution p(¢; ), 0< e< ey, which exists for = pu(e) and has period T =
2r/w(e), where u(e) and w(e) are smooth functions in ¢ having the forms

@.1) {ﬂ(e)=#zez+0(ea),

w(e)=wo+ w22+ 0(3).

Moreover, the above periodic solution has the Floquet exponents 0 and S=/(¢),
where S(¢) is given by

B(e)=p.e*+0(e?),

22) o a
B:=—2uzRe di (0).
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(See [8] and [19].) Therefore, if 3,<0, then there is a number &,, 0< o< €4, such
that for e (0, o) the periodic solution p(- ; €) to (1.2) is “asymptotically stable”
(hereafter we simply say “stable”). In the present paper we assume

(A3) B:<0.

Under the assumption (A3) the in-phase solution (x(¢), x%(¢))=(p(¢;€),
b(t; e)) to (1.1) is stable with respect to homogeneous perturbation, however, it is
not clear whether or not the in-phase solution is stable with respect to inhomo-
geneous perturbation ; where the homogeneous perturbation means perturbation
having equal components. Therefore, to discuss the stability of the in-phase
solution, we shall investigate Floquet exponents of the linearized equation of (1.1)
around the solution.

After adopting new variables s=w(e)t, y(s)=x%(¢) (i=1,2), (1.1) is written

as
d (v'(s)
@3 w(e}as—< y”(s)>
_ ( F(u(e), i)+ vD[viwwe —Viwe) )
F(ﬂ(e)y yg,w(e))+ vD [J/é‘,w(e)'—yg,w(s)] ’
where

Vie@(@)=yi(s+w(e)d), —r=6<0 (i=1,2).

The linearized equation of (2.3) around (y(s; ¢), y(s; €))=(p(s/w(e); ¢),
p(s/w(e); €)) is given by

1
w(e) a;?; (S):Fu(#(ﬁ), ys,w(e)( ° 5 5))Wé,w(e)+ vD [?/Ug,w(e)‘" W;,w(e)],

24

2
(X —(5)=Fulp(e), s (* ; €)whue+vDwiow—whael.

By the same transformation as in (1.5), the equation (2.4) is transformed into

w(e)d%z‘(s)=Fu(ﬂ(e), Vs ; €))250e»
2.5)

w(s)—d%zz(s)=(Fu(u(e), Vs ; €))—2vD) 28w

The first equation of (2.5) coincides with the linearized equation of (1.2) around the
solution y(s ; €)=p(¢; €), therefore it has the Flogquet exponents 0 and S(e); all
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the rest of Floquet exponents have negative real parts for e (0, o).

Next we shall consider the second equation of (2.5). This equation has the same
form as the one appearing in [19; § 3]. So, applying the result of Lemma A in [19;
§ 3] yields the exponents of the second equation of (2.5), for y=—é—yzsz, in the

following form :
(2.6) r=7(e, v2)=72(v2)e?+ 7 (g, v2)e?, 7(0, -)=0,
where 7,=7:(y;) satisfies

(2.72) 75+ 2Re(v2(D&, §6)—Bi)7r2
+ (D&, &) PvE—2Re(Bi(DEy, &5))v2=0,

(2.7b) Bi=iw,—p.Re %(0),

(&, & are defined in (1.20a) and u,, w. are as in (2.1)). More precisely, there exists
€s, 0<es< €0, such that for each e=(0, e5s) and p=pu(e), 1/3%1/262 the in-phase
solution has the Floquet exponents y=17y(e, v.) having the form (2.6), where v,
is not a double root of (2.6). Furthermore we easily see 7(e, v2)— 0 or B(¢) as
yv2— 0.

Thus from the above it follows :

Theorem 1. Consider the equation (1.1) under the assumptions (Al), (A2)

and (A3). If Re(B\(D&,, &)) in the equation (2.7) is positive (resp. negative), then
there exist numbers €, and yy such that for each (e, v2)E(0, €4)X(0, vu), p=
u(e) and u=%uzez the in-phase solution is unstable (resp. stable).

§ 3. A Bifurcation of the Anti-Phase Solution

In the preceding section we have discussed the stability of the in-phase solution
which bifurcates from the steady state (x!, x2)=(0,0). As seen in §1, in the
equation (1.1) another periodic solution bifurcates from the steady state for some
parameter values g and y. In this section we shall study the bifurcation of this
periodic solution more precisely.

Let uo(v) and ao(v) be functions as in (1.9). Put g=p(y)+ 4. After the
change of variables s=¢t, v'(s)=x%(¢) (i=1, 2), (1.1) is transformed into
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(3.1) a_c_l_< vl(s)>=<F(ﬂo(zx)+,u’,vé,a)+yD[yg,a—,,;,a]>
| ds \ v*(s) F(po(v)+ 1/, 020)+vD[vsa—1v234) )

Fix any yE€1, and let # be a bifurcation parameter, where I, is as in (1.10). If @o(v)
¥* wo, then the equation (3.1) satisfies the hypotheses of the Hopf bifurcation theorem
at #'=(, and we obtain a periodic solution bifurcating from the steady state. For
vy =0 the usual Hopf bifurcation theorem can not apply to (3.1), since the linearized
equation (1.3) of (3.1) has double eigenvalues +iw, at ¢’'=pg=0, which implies
breaking the assumption for the Hopf bifurcation.

In what follows, however, in a specific function space we can construct periodic
solutions to (3.1) for y&I, uniformly ; then we do not need to assume a@o(v)+ wo. If
#0(v) (v>0) is a positive increasing function, we also see from this that for any fixed
2=po(vo) (LoE(0, 7]) a periodic solution bifurcating at vy =y, continues to y=0.
As seen in the case of the in-phase solution in § 2, letting v continue to decrease to
zero, we can see whether or not the stability change occurs. Therefore, the argument
mentioned above will be necessary for discussion of the stability change of this
periodic solution.

Before introducing the function space, we note that a 27-periodic solution to
(3.1) which bifurcates at p=yo(v), v#0, has the form (2'(s), v*(s))=(é(s),
#(s—1)), where ¢(s) is a 27-periodic function : In fact, if (¢}, 2?)=(4(s), $%(s))
is a 2r-periodic solution to (3.1), then ($%(s), ¢*(s)) is also so. Uniqueness of the
bifurcating solution implies (@'(s), ¢2(s))=(¢*(s—1), #*(s—1)) (I is some
number), from which /=7 follows. Hereafter we call such a periodic solution the
anti-phase solution to (3.1) (or (1.1)).

Considering the above property of the anti~phase solution, we shall discuss the

bifurcation problem of the anti-phase solution in the space P;, defined by
Pia={w(s)w(s)="(v(s), v(s— 1)), vE P2z},

where P, is defined in (1.22a). It is clear that finding a solution to (3.1) in the space
P;r is reduced to finding a solution to the equation

(32) ad%v(s)=F(/zo(v)+ U, Vsa) ¥ VD[Vs-na—Vs,al, VE Pax.

Thus we consider the equation (3.2) instead of (3.1).

Let £(u, v) be an eigenvector corresponding to A(z, v), that is,
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- 0 N -
(3.3) (e, I= [ e™=[a7 (0 ; 1, D Ew, ) =0,

and suppose that &(uo(v), v)=~&(v). Differentiating (3.3) with respect to # and
putting z= po(v) yield

g—f,mo(»), u)M(u)&(u)—%uﬂou))a(u)

+ (i = [ (a7 (0 ; molw), )] (mo(v), 1) =0,

-7

(M (v) is defined in (1.17)). By (1.11b), (1.15) and (1.17) we obtain

(.4) %2—(#0(2/), V)= (Frua(pio(0)) (), E2()).

Next let us define the operator J(y) acting in P, as

(3.5) JW(s)=s a/o(u)di;v(s)— (L(£0(V))vs,00+ VD [Vs- 2,00~ Vs,a0])
for v€D(J (v)) (=P5Y),

where D(J (v)) denotes the domain of J(y). The formal adjoint operator J*(v) of
J(v) is defined by

(3.6)  J*Wou(s)=— wod%v(S)—L*(ﬂo( V))v>®+yD* [y~ ™0 — ySo]),
where

L= [ 1an(6;m19(~8), ¢ech, 7,
D*lgle [ lar @(—6), gech, 7],

(O =v(s+ab), 0=6=r.
For each y&I, the null spaces N(J(v)) and N(J*(v)) are spanned by

3.7) z(n)=&(v)e®, z(v),
(3.8) Z*wsé&ve®, z*(v),

respectively, where &(v) and £&5(v) are as in (1.11).
We define the product in P, as
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2z
(39) (, 0exsp [ (), ()5, 4, 0E P
Then for the operator J(v), the next lemma follows from [7 ; Chap. 9] :

Lemma 2. Let Py be the space defined in (1.22). Consider the equation
(3.10) JWu=h, hEP;m (vEL).
The equation (3.10) is solvable for u=d(J(v)) (=P5R) if and only if
(.11 (h, 2*(1))an=(h, 2*(1))2a=0.

Furthermore, there is a continuous projection Py(v): Pax — Par such that R(J(v))
=(I—Px(V))Pzr and there is a continuous linear operator K(v): (I — Pyx(v))Pexr
= (I—I)PaxND(J (V) such that K(v)h is a solution of (3.10) for each he
(I—Pn(v))P2x, where I1(v) is a continuous projection of Pax onto R(J(v));
moreover [I(v), Pv(v) and K(v) are smooth in yE1,.

By Lemma 2 we obtain the proposiiion about the bifurcation of the equation
(3.2) as follows:

Proposition 3. Consider the equation (3.2) under the assumptions (A1), (A2)
and (A3). Let the interval 1, be as in (1.10). Then for each vE1, a periodic
solution bifurcates from the steady state v=0 at ' =0: More precisely, there exists
a number &>0, and there exists functions ¢ =y (e, v), a=a(e, v),

7 s 2 ~7 2 ~7 0 )—
(3.12) {# (e, v)=p:(V)e*+ (e, v)e?, @0, -)=0,

ale, v)=a(v)+a(v)e?+a(e, v)e?, @0, -)=0,

such that for each vE1,, e€(0, ) and p=po(v)+1 (e, v) there is a periodic
solution v(s : €, v) with period 21, where po(v) and ao(v) are as in (1.9).

Corollary 4. Consider the equation (1.1) (or (3.1)) under the same hypotheses
in Proposition 3. Then (1.1) has a periodic solution (called the anii-phase solution)
bifurcating at (2o(v), v), vE1,. This periodic solution has period T =2rx/a(e, v)
and takes the form (x'(t), x%(¢))=(v(at ; &, v), v(a(t—T/2); €, v)) for (e, v)
€(0, £)X1,, where a=a(e, v) and v(s; e, v) are as in Proposition 3.

By using arguments analogous to those in [19;§2] and using the relations
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(1.17), (3.4), the coefficients of lower order terms in ¢ of ¢'(e, v), a(e, v) and v(s ;
&, v) in Proposition 3 are easily calculated. Considering (1.20) and (1.21), for
sufficiently small y we obtain

v(s; e, v)=uvi(s; v)etvs;v)et+d(s;e, v)e?,
0i(s; v)=y1(s)+0(v), y:i(s)= e+ Le ™,

3.13 L —— ~

( ) v2(s; V)=2(s)+0(V), ¥2(s)=Le0e®* + La0e™ 2+ {2y,
17(9 ;0, ° ):0,

(3.14) z(V)=p2t+o(v), a(v)=w:+o0(v),

(3.15) B1%ia)z—‘.uzg_2(0)

= (Fu(0)(&, £2), )
+(Fua0)(Es, &), 68)+5 (Funn0)(8s, &, B0, £0),

under the condition
s,a0 1 2T 5,0
(3.16) 5.0, 2*" OS5 [ <Vsan, 2°"“(WDu=¢,

where a0, £20, &2 and &, are defined in (1.20b).

§4. On the Stability of the Anti-Phase Solution

In this section we shall discuss the stability of the anti-phase solution to (3.1)
(or (1.1)) by using the same technique as in [19; § 3]. The linearized equation of
(3.1) around the anti-phase solution is given by

dw*(s)
ds

dw*(s)
ds

_ (Fu(#o(l/)+ /-‘,(5, v ), ?)s,a(e,u)( e, &V ))Wé,a(e,u)'*' vD [wg,a(e.u)—' wg‘,a(e,u)] )
Fu(llo( V)+ .U,(E, 14 ), vs—z,a(e,u)( ° €, U))w.g,a(s.u)"' vD [Wsl,a(s,u)_ wg,a(e,u)] ’

4.1) a(e, v)

where ¢'(e, v), a(e, v) and o(s; ¢, v) are as in (3.12) and (3.13). Hereafter, for
simplicity of notation, we shall omit y as long as there is no confusion.
To determine a Floquet exponent y of (4.1), we have to find a solution to (4.1)
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in the form

wl(s) — 7s/w(e){ <1> ( 1)}
4.2) (WZ(S))——Q p(s) ) +4(s) 1) D, € Pax.

Substituting (4.2) into (4.1) yields the equation

d p(s))__ <1>(s)>_ ( 0 )
@3 ale) ds<q(s) -7 a(s) 2y D[gs.aee™”]

+<P+(s % y)(ps’a(s)ea(E).)+F_(S , & V)((Is,a(e)ea(er)>
I'(s; & v)(Psaee®)+I(s; €, v)(@sae™) )
where

I'(s; e, V)E%{Fu(/zoJrﬂ’(E), Vsae(® ; €))+ Fulpo+ 1/ (€), vs—mae(®;€))},

I'(s » €, I/)E%{Fu(#o'i‘#,(E), Usae(* ; 5))_Fu(ﬂ0+/1,(5), Us-mace)(® ; 8))}

As seen in the calculation of the Floquet exponent of the in-phase solution, after the
scaling 2y = v,€?, we shall seek 7 which is of order O(g?).
First we shall introduce the function spaces Pyrz= Psz X Psr and P = P{? X
1) where P, and P§Y are defined in (1.22). P, and P{) are Banach spaces with
norms [|*(2", )| =o' | +12%], (o', v’ )E P2 and [|*(0*, »»)ll = llo* I+ 2%,
t(vt, v*)e PR respectively. We difine the product in P, as

(4.4) (w, v)er= (2!, V" )ex+ (2% 1*)2x
for u=*%(u’, u*), v="(v", V*)E P2x.

Next let us define the operator J, acting in P  as

J(0)p(s)

_ @,
J(o>q<s)>’ Q="b, =P

(4.5) .%Q(s)%(

where J () is defined by (3.5). It is clear that the null space of J, is spanned by the
elements z;, 7; (i=1, 2),

(4.6) 2:=%(2(0),0), z.=%0,2(0)) (z(v)is as in (3.7)).

We define the formal adjoint operator J§ by
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J*(0)p(s)

¢ 1
J*(O)q(s)>’ Q="(2, )= Pis.

J(T’Q(s)%(

By the definition of Jg,

4.7 Jezi=Jizi=0 (i=1,2),
2i=%2%(0),0), 2z:=%0,2*(0)) (z*(v) is as in (3.8)).

Furthermore, let
(4.8) Py=Py(0)XPx(0), K=K(0)XK(0), I=1(0)xI1(0),

where Py(v), K(v) and IT(y) are the operators defined in Lemma 2. Then for the
above operator J, Fredholm alternative holds in the space P, by Lemma 2 ; that
is, the equation

Jouzh, hepzz
is solvable for u€D(J,)(=P52), if and only if
(B, 2)2n=(h, 28)ex=0 (i=1,2).

We also see R(Jo)=(] — Pn) P>z, and for AER(J,), Kh belongs to (I —IT ) PzzN
D(Jo).
Now we shall find the solution to (4.3) in the form

2V =s€?,

r(e)=re*+7(e)e?, 7(0)=0,
Q(s;e)=Qo(s;e)+Qi(s; e)e+Q(s; e,

Q, Q:EPR(i=0,1), Q:(s;0)%0(i=0,1), Q(s;0)=0,

(4.9)

under the condition

28]

(4.20) [Qswe 281 =citn:e), [Qswa
7:(0)=7:(0)=0 (i=1,2),

=ci+7i(e),

where the notation [+ |, -] is defined as

IIPs,wo, Us’wo]]% [ps,wo, us""°]o+ [qs,wo, Us’w"]o,
P:t(p; q)y U:t(u’ U)EPZ:: ([o , n]y iS as in (3.16))
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Note that in general @ and y will be obtained as complex valued functions in ¢, and
that from (3.12) and (3.14) we see that

wo(v)+ ¢ (e, V):(%Vz%[/l(())‘i‘ﬂz)sz‘i' O(e?),

a(e, )/)=(00+<”%‘)/2 ‘gf’ (O)+wz)ez+ O(e®)

hold for v in (4.9).

Substituting (4.9) into (4.3) and (4.10) yields the following equations, from
which we get the coefficients Qo, @; and @ iteratively :

(4.11) JoQo=0, [[Qo, Z?]]ZCi+77i,[[Qo,—Z'_'?]]=C’z'+77§ (i=1,2),
Fuu(O)(Ul,s,wo(s), QO(S))>

4.12 0&1(s)=

(12 Jo@uls) (Fw(oxvl,s,m(s),po<s)> :

[Q1, zi1=1Q,, Z_ﬂ] =0 (i=1,2),

(413) JQQZR(S, 5;1117 77;, 72, ”é, é):
[Q z1=1Q,zi1=0 (i=1,2),

where the remaining term R can be expressed as

R(e, 7, m, 7, 12, 03, Q)=Ri(e, 7, m, 1%, 72, 03, Q)
+eR:(e, 7, m, 01, 12, 15, Q),
Ri(e, 7, m, 7%, 12, 73, @)(5)=L(0) Qs.acn— @s.w0)

e —(5 22200+ w2 {-4-Qu( )~ LO)(* & Qusanl + )}

'_(72_’_ 77){Q0(3)_L(0)(° Qo,s,wo( ° ))}
1 due : _ 0
+( 2 Va2 dv (0)+ﬂz)F/m(0)Q0,s,we Vz(D[l]o,s,wo]>
< Fuu(O)(yz,s,wo, po,s,wo)+ Fuu(o )(yl,s,wm drs,wot Zis,a(e,u))
Fuu(o )(yz,s,wo, (Io,s,wo)+ Fuu(O)(yl,s.wo, Duswot ﬁs,a(s,u))

+%Fuuu(0 )(LVl,s,wo, p(),s,a)o, po,s,wo)

+%‘Fuuu(0 )(yl,s,wo, qo,s,w0, QO,s,wo)

)l
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where y1, v, are as in (3.13), and note that y,(s— )= —v:1(s), v2(s— 1 )=22(s).
Solving (4.11) and (4.12) in @, and @, gives

(4.14) QO(S)=(C1+771)21+(C,1+77{)21+(Cz+’72)22+(0%+772’)2_2,
(c1, ci, 2, €3)#0,
c2+ . citni\— .
(4.15) Ql(s)=2( ’ ”2>§z,oe2w+z< ’ ”f)cz,oe-m
C1+7h C1+771
+<c2+c%+772+77€> Foo
citcitntn

(&2, &2 are defined in (1.20b)).
Finally we shall solve the equation (4.13). Using the operator K and Py in
(4.8), we get the equations which are equivalent to (4.13),

4.16) {Q=K(I—PN)R(S, 7,0, 0, v2 s, Q), QE P,

PyR(e, 7, m, i, 72, 73, Q)=0.

By applying the implicit function theorem to the first equation of (4.16), we get the
solution Q= Q*(e, 7, 71, 71, 72, 73)(E P§Y) which is smooth in its arguments and

- A oL oL -
satisfies Q*= aa% = %g = %2, =0 (i=1, 2) for e=0. Substituting Q* into the

second equation of (4.16) yields
PyR(e, 7, m, 01, 12, 13, Q*(&, 7, n1, 71, 02, 72))=0,
which implies (R, 2})sx=(R, z%)2z=0 (i =1, 2). Let
e, 7, 1, 71, 12, 73)
1 ~ ’ r A .
g?(R(e, 7, M, M1, U2, 12, QF), 2F)2x=0 (i=1,2),
(4.17) o o
W& (e, 7, m, 71, 12, 75)

%%(R(E; 7; 7717 77],.; 7727 ”éy @*)y Z_?)ZIZO (2.21!2)'

After a little tedious calculation, using the relations (1.15)-(1.17), (3.4) and
(a6), (a7) in Appendix, one will see that W (0,0, 0,0,0,0)=0 (4, =1, 2) hold
if and only if
(4.18a) (_7’2+V2(D§1, fo*)+B1)C1+B1C’1:0,
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(4.18b) (—y2+v(DCy, &)+ By)ci+Bici=0,
(4.19a) (= 72+ B1)c2+Bicz=0,
(4-19b) (_‘)’2+Ex)Cé+E1CZ=0

hold, where B, is given by (2.7b) and (3.15). Thus, if 7, satisfies the equation

(4.20) y2—2Re(v( D&, &)+ B1)7ys
+ (D&, &)I1Pvi+2Re(B1(DEG, &F))v.=0,

then there exists (ci, ci, cz, c2) satisfying (4.18) and (4.19) such that (c,, ¢1)#0,
c2=c2=0. And if y, satisfies the equation

4.21) ?’3—(2RCBl)7’2=0,

that is, y2=0 or S, then there exists (¢, ci, cz, c2) satisfying (4.18) and (4.19) such
that ¢, =c1=0, (c2, ¢2)#0, where B, is as in (2.2).

Under the condition (4.20) or (4.21) for 7., applying the implicit function
theorem to the equation (4.17) yields the following lemma :

Lemma 5. Consider the linearized equation (4.1) around the anti-phase
solution to (1.1) under the hypotheses in Theorem 1. Let v,=7,(v;) be a root of
the equation (4.20). Suppose that 7,(v2)#0, B, and that y»(v.) is not a double root
of (4.20). Then there exists a positive constant ¢, depending on v,, such that for
each e€(0, €5), V:%‘Uzsz and p=p(v)+ ' (e, v) the equation (4.1) has the
Floquet exponents 0, 5(e) and y=1v(e, v2)=72(v2)e?+ 7 (e, v2)e? (7(0, -)=0),
where B(e) and B are as in (2.2). Furthermore y(e, ) is smooth in ¢.

The proof of Lemma 5 will be left to Appendix B. The next theorem
immediately follows from the above lemma :

Theorem 6. Suppose that the hypotheses in Lemma 5 hold. If Re(Bi(D&,
&) is positive (resp. negative), then for sufficiently small v there exists a value u
for which the anti-phase solution is stable (resp. unstable), where B, is given by
(3.15).

Now, if Re(D&, &&)>0 and Re —Z%—(O)>0, then o(v)>0 for sufficiently small
v >0 (see (@6) in Appendix A). This implies that the in-phase solution (resp. the
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anti-phase solution) of (2.1) is stable (resp. unstable) if we take px (resp. ')
sufficiently small for a fixed v>0. Also if Re(D¢, §)<0 and Re aA (0)<0 a
similar fact holds by replacing the signs in the above. Considering thls and the
equations (2.7a), (4.20) yields

Corollary 7. Let the hypotheses in Theorem 6 hold and let Re(D¢&,, &)X
Re 3—2(0)>0, Re(Bi(D&, &¢))>0. Fix y>0 sufficiently small. Then the in-phase
solution of (2.1) loses its stability for some parameter value p. while there exists a
value p for which the anti-phase solution of (1.1) recovers its stability.
Furthermore, from the equation (4.20) it follows :

Corollary 8. Assume the hypotheses in Theorem 6. Let Re(B,(D&,, &))<0.

If Re —(0)>0 (resp.<0) and (l}jef ! ) < Rel(gs(f?% )ﬁ‘; ) then there exists

pairs (,u v) (k=1,2,3), L' <u?<u® (resp. pi* > 2> 12), such that the anti-phase
solution is stable for (u', v), (¢, v) and is unstable for (1%, v); this means that
the stability change of the anti-phase solution occurs twice at least.

§5. Applications

In this section we shall apply the results obtained in § 2 and § 4 to some specific
equations.

a) First let us consider the following linear difference coupled delay-differen-
tial equation :

FO=v(@ (D=1 )= (E+2)1+2 (- 1)x(2)
(5.1)
(6= (0)=230) = (T ) 1+ 22— 1)z (1),

where y=0. In the scalar equation,
(52) #(0)=—(Fu)1+2(- D) (o),

a Hopf bifurcation occurs at =0 and its bifurcating periodic solution is stable near
the bifurcation point as mentioned in the Introduction ([3], [8]).
The linear part and the nonlinear part of (5.2) are
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L(wg=—(F+x)8(~D)
for p=C[—1,0],
Glr, $)=—(F+1)8(0)8(~1)

respectively. In the equation (5.1), the operator D in (1.1) is
D[¢]=¢(0) for g=C[~1,0].
The bilinear form, in this case, is defined as
—_— [ 1 —
(53) <, $>=900)—F [ $E+D#(£)de, $=Cl-1,0], pCo, 1]
&, & and B; in (1.20a) and (3.15) are easily calculated as

&(0)= e’_o —1=60=0 (&=1),
e (O)=xe'2?, 0=0=<1 (Li=x), x=

1
1—'—2—°
Bl=1if)—(1—3z');2,

(see [19;§ 5]). Hence we get
(D&, &)=1x, Re(BuDE, &)=l >0,

which implies that, in the present case, the conditions in Corollary 7 are satisfied.

Next, in the (g, v)-plane, we shall calculate slopes, at the origin, of the curves
/1 and [;, in which the stability changes of the in-phase and the anti-phase solutions
occur respectively. Let v, be the value 2Re(B (D&, &&))/ |(D&, & )|2=%, for
which (2.7a) has a zero root, and let v, be the value —ReB,/Re(D&, &)=
i(f&_;%:&’ for which (4.20) has a pair of pure imaginary roots. g(¢) in (2.1), in this

case, is given as u(e)= 37[10 €?+ O(e®); from which the slope of ) at (g, v)=

. . 7}}2 s€ T 1 2
(0, 0) is given by o) s=0—- 377" For the value V=g VacE", We get

= poW)+ 1 (e, v)= ( Voo ”°(o>+ﬂz) 21 0(e?)
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_31—2 e+ 0(e?),

5
1 n(3r—2)
by (3.12), (3.14) and (a6) (in Appendix A), so the slope of [ is I
3ﬂ5_ 2_ 8 Furthermore, 1 / dito (0)"—— gives a slope of a bifurcation curve of the

anti-phase solution at the origin (0, 0). Thus we obtain Fig. 1 in a sufficiently small

neighborhood of the origin.

0 ©

Figure 1. /; and /, are the curves of stability change for
the in-phase and the anti-phase solutions
respectively. /3 is a bifurcation curve of the

anti-phase solution.

b) If F(g, -) in (1.2) satisfies
F(u, ¢)=5(x, $(0)) for g&C[—7,0],

where f:I,XR™— R™ is a smooth function, then the equation (1.2) is identified
with the ordinary differential equation (without time delay),

(5.4) Z(8)=f(p, x(2)).

Thus, our results obtained in the preceding sections hold for the linear difference



COUPLED NONLINEAR EQUATION 69

coupled equation,

(5.5) {i’(t)=f(ﬂ,x‘(t))-i—uD(xz(t)——xl(t))

£2(t)=f(p, x2(t))+vD(x*(t)—2%(2)),

where D is an m X m matrix. Note that in this case, L(u)=—££—f(ﬂ, 0), <¢, *>u=
(-, ») and so forth.

Now let us consider a biochemical model, the Brusselator, that is,

(5.6) {x(t)=A—(B+1)x+x2y,

y(t)=Br—x%y,
where A and B are positive constants (see [24]). The equation (5.6) has the steady
state (x(#), y(t))E(A, —%) Let B=A%?+1-+p. Then in the equation (5.6) a Hopf

bifurcation occurs at #=( and this bifurcating periodic solution is stable near the
bifurcation point.

Using the equation (5.6), we shall consider the equation,

(5.7 {ji(t)zA—(B+1)x"+(x")zy"+le(x"—x"),

yi(t)=Bx'—(x' Py +vd.(y'—y?), i,7=1,2, i+J,

where d;=0 (/=1, 2). After a little tedious calculation, we get &, & and B, as

1 1+ Ai
Oh=| j—A |, =% A ,F—z—z’
A A—i
_1[ A+2 | 4A*—TA +H4
Bl—' 2( Az I 3A3 ).

Hence,

(D&, §J)=%{(dl+d2)+z‘A(dz—dl)},

Re(B1(DE, £8))= — e (8(ds-+ d)(AP+2) + (do— d)JUA = TA>+4)).

For simplicity, we put d.=0. Then one will easily see that the equation (5.7)
satisfies the conditions in Corollary 7 (resp. Corollary 8) for sufficiently large (resp.
small) value of A.



70 YOSHIHISA MORITA
Appendix A.

Let us consider the equation,
. 0o, 0
(1) d(o,p, u)éo%(zwl—fre“""[dn(ﬁ ; ﬂ)]+ZVIre*”“[dn’(0)])Eo=0.

We shall seek smooth functions pz=o(y), @=ao(v) and &= &(v) satisfying (a1)
for small y. The argument below is along the line found in [7 ; Chap. 7].
For pu=y=0, &=2¢& and w=w, satisfy (@1), that is,

(a2) A5, 0,000=(iwol — [ €**[dn(8; 0)))o=0.

The assumption (A1) implies that the null space Rt(4(wo, 0, 0)) has dimension one,

and C™ is decomposed as
C"=R(d(w,, 0, 0))DR(4(wo, 0, 0)).
Since ¢¢* as in (1.20a) belongs to N(*Z(wo, 0, 0)),
R(4d(wo, 0,0))={¢l€C™, (¢, &7)=0}.

Let 7, be a projection of C™ onto N(4(wo, 0,0)). Then (al) is reduced to the
equations,

(3) A(wo, 0, 0)68=(I— m0)[d(wo, 0, 0)— d(w, 1, V)I(§o+EF),

(a4) mo[d(wo, 0, 0)—4(w, #, V)I( &+ E5)=0,
o=+ &5, EFER(4(w,, 0,0)).

Applying the implicit function theorem to (@3) implies that there exists a
smooth function &= & w, 1, v, &) satisfying (@3) for (w, #, v) in a neighborhood
of (wo, 0,0). Since (@3) is a linear equation, &&(w, g, v, &) can be written as

Ew, 1, v, &)=8(w, #, v)&, 6(wo,0,0)=0.
Hence (@3) and (a4) are equivalent to the equation

7o[d (w0, 0, 0)—d(w, g, v)IT+8(w, &, v))&=0.
This implies
(a5) H(w, g, v)=(G(w, &, V)&, £5)=0,
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Glw, 1, v)=[4(wo, 0,0)—4(@, 1, V)IT+5(w, &, v)).

It is easily checked that
H(w,, 0,0)=0,

I (00,0,0==i((1— [ e™s*a (0 ; 0o, £3)
=—i(M(0)&, &)=—1i (see (1.17)),

aH = aL iwoe %

L (00,0, 0=(-Ze0)( e 1), 7

=(Fu(0)2, §é=)=§—2(0) (see (3.4)).

Define a vector function H(w, g, v)='(Re H(w, &, v),Im H(w, ¢, v)). Then

H(w,, 0,0)=0,

0 -1
aH
( wo, 0, 0), (wo,O 0))= d dA :
( ) <Re—b,—ﬁ(0) Img;(O))

Thus, by (A1) and the implicit function theorem we get smooth functions w= ao(v),
= puo(v) and &= E&o(v)= &+ 8 (ao(v), o(v),v )& which satisfy (a1) for v small.
Next for the functions @o(v) and x(v) obtained above we shall calculate the

derivatives, cgﬁ’ (0) and ‘g;" (0) . Differentiating the relation

iao(V)€o(v)— L(zo(v))(e™" &o(v))+2uD[e ™ &y(1)] =0

with respect to v and putting vy =0 yield

92 (0){g— L(0)(- ¢ £)} +2D[e ™" &]

Ao ()L L0 (e o)+ (i LO)(e™))%(0)=o.

By putting v=0 in (1.14), (1.15), (1.17) and (3.4), we see from the above that

4% (0)+2(D8,, &) —22.(0) % (0)=0

holds. Hence we get
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dus () 2Re(DEs, &)
(06) (O)_ : ’
dv aA
Re d,u(O)
(a7 9 (0)=1m 240 222.(0)~ 21m( D%, £9).

Appendix B.

We shall solve the equation (4.17). We assume that 7, is a root of (4.20); a
similar proof will hold if 7, is a root of (4.21). In this case, (ci, ¢1)#0, c2=c2=
0, and the equation (4.17) can be written as

1(1)=(_72+ Vz(D§1, Co*)+Bl)771+B177{‘ 77(C1+771)+ O(E),
W= (— 7+ v (D &, &)+ B)ni+Bin— 7(ci+ i)+ 0(e),
W= (—y2+B1)n2+Binz— 772+ O(e),

W2 =(—y2+B1)n:+ Binz— 775+ O(e).

(81)

First assume that 7, is a complex root of (4.20), and consider the case ¢:+0.
Then we put 7:=0. Let W =(W, W®, Wi", W5®) and write § = (D&, &),
d:= Red, 5:=Imd, b= ReBy, b= ImB,. From (B1),

oW
det| 5——F—
(82) et( o(7, 1, vz, n2) )|(e, 7, ni, 72, 12)=(0,0,0,0,0)

= —{Cl(_7’2+V23_+B_1)—C/131}(7’22_2b17’2)
=—201’)’z{—7’z+ I/z(31+b1)}(?’2—2b1) (from (4.18a)).

Thus, if y,# v2(81+ b:) (which means that 7, is not a double root of (4.20)) and 7,
#0, 2b:(=8:), then (32) is not zero. This implies that the implicit function theorem
applies to (B1), to obtain a solution (7, 0, 71, 72, 72)=(7 (&), 0, 71(&), 72(€), 7:(€))
of (B1) for sufficiently small e.

If ¢;=0 (c1#0), then putting ;=0 and replacing 7; by 7, in the above proof
yield a similar conclusion.

Finally let y, be a real root of (4.20). Then we seek a real valued solution of
(4.3), which implies ¢ci=¢: 7:i=7%: (i=1,2). Using a similar argument found in
[19 ; Appendix], one can solve the equation (81) ; the details of the proof will be left
to the readers.
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