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Weakly Hyperbolic Cauchy Problem
for Second Order Operators

By

Tatsuo NISHITANI*

§ 1. Introduction
We study the C* well-posedness of the following Cauchy problem.
2
@y {P(t, %, D, Dz)u=Diu— 2 Qs(t, z, Dz)u+R(t, x, Dz)Diu=f,
. J=
Diu(0, x)=u;(x), 7=0,1,

where Q;(¢, x, Dz) and R(¢, x, D) are the differential operators of order j and 0
respectively with C*-coefficients defined in a neighborhood of the origin in E¢*?,
and

x:(xly“',xd)) $=(Sls'”y Ed)E-Rd! 'DI-:(:; 33(31"--: ]Z: a_gd), th—ll'_

9
ot-

Denote by P.(¢, x, 7, &) and P°(¢, x, r, ) the principal and subprincipal
symbols of P. We formulate the assumptions and results in the global version. It
is straightforward to give a microlocalized version of the assumptions and results.
This is not carried out below.

Modifying @.(¢, x, £) near £=0 and extending it to the outside of a small ball
{lx| >R}, we assume that

Q:t, x, E)=0(¢t, x, E)PE(¢t, x, ), with real @(¢, x, £)ES?,,

1.2 d
(12) E(t, x, £)=colED?, with co>0, <$>Z=1+J§’$§, E(t, x, £)eSk,.
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We also suppose one of the following conditions.

(1.3) 0:0(t,x, &)=B(t, x, £)O(¢, x, &), with B(¢, x, £)E Si,.
This is a global version of the involutive double characteristic case.
(14) O(t, x, £)=(t—¢(x, E)(t, x, &),

where ¢(x, €), ¢(¢, x, £)ES?, are real valued and |¢(¢, x, £)| =c>0. This case
corresponds to the non-involutive double characteristic case.

Set Ai=7r— @PEY? A,=r+ @E'?. Then we have

Theorem 1.1. Assume (1.2) (1.3) or (1.2) (1.4). Then if
(1.5) Ps|r=o=C1{/11, /12}+ Cz(/h—/lz), with Cz‘(t, x, E)ES?,O,

the Cauchy problem (1.1) is C* well posed in a neighborhood of the origin. Here
{A., Az} denotes the Poisson bracket of /A, and As.

In the case (1.3), the condition (1.5) is reduced to
(1.6) P?l=o=C(¢, z, £)O(t, x, £)°, with C(¢, x, £)E Si,.

Under this condition (with (1.2) (1.3)), C* well-posedness of the Cauchy problem
(1.1) was proved in [9], [15].

In the case (1.4), the condition (1.5) is reduced to
(1.7) P?lewo=C(¢, 2, £)0(¢, x, £)"7, with C(¢, x, £)ES1,,
which is equivalent to
L7y @i, x, 8)=(t—d(x, £))q(t, x, §), with q(¢, x, £)E St

If p=1, supposing (1.2) (1.4), the C* well-posedness of (1.1) follows from [5] (note
that (1.7) is satisfied for any @,). When ¢(x, £)=const., p=1, the well-posedness
of (1.1) was proved in [14], [8], [9], assuming (1.2) (1.4) and (1.7)’. However, we do
not know how to reduce the general case to the case when ¢ = const., preserving
support conditions of solutions.

Therefore, in this paper, we shall prove Theorem 1.1 under the conditions (1.2)

(1.4) and (1.7)" when p=2, es:ablishing the energy inequalities, (Theorem 1.2 and
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1.3).

We give some remarks on necessary conditions for the C* well posedness of
(1.1). Assume that (1.2) and (1.3) are satis{ied locally. Then for the C* well posedness
of (1.1), it is necessary that P®|,—, vanishes on {@=(} locally. Moreover, if
grad;r @=0 on {®=0}, then (1.6) is necessary for the well posedness. ([4]).

If (1.2) and (1.4) are satisfied locally, for the well posedness of (1.1), it is
necessary that (1.7)" holds locally ([4]).

Before stating the energy inequalities, we introduce some pseudodifferential
operators which will be used throughout this paper. Set

(1.8)  J(t, x, &)={(t—¢(x, £))>+<E2V2 0<o=1/ (p+1)<1/3.

We choose x(y)=C>(R) so that y(v)=1for y=—1/4, x(v)=0 for y<—1/2 and
define

an(t, z, §)=x(£n'?(t—d(x, E)XEX?), a*(t, x, E)=ai(t, x, &),
J:(t,x, &)=Q2a*(¢, x, E)—I{£(t—d(x, £))}+LKE°
=a*(t,x, ENE(t—d(x, £))+<E>77}
+(1—a*(¢t, z, EINF(t—o(x, £))+<E°).

Using these, we introduce the following semi-norm.
Wl llizs, - =1<D>*" 7] (n—7)er wlé+ | J+ (= n—7)ai ulf,

where J+(k) and @; denote the pseudo-differential operator with symbols (¢, x, £)*
and @i (¢, x, £) respectively and || %[s denotes the usual Sobolev norm in H°(R?).

Theorem 1.2. Suppose (1.2), (1.4), (1.7 and p=2. Then we have

c(n, ]\/')fe‘z”’ | Pu|?ondt+ c(am, N)fe‘m Il Paclll300dt
2 cin' [ Doullbondi +com [ ullsna-sdt
+ 0351/zfe—2te Il Dsotllz0./2dt + Cs@”zfe—zw l 22 ll121,102-p 22

+C4(91+”4f6_2t9 " u " Eth+c402+3/4fe—2iB ”Dtu ” 3th,

Jor n=c(Q:)C, 0=6o(n,N), N=1, ucC&((—T, T)XR?*), where C=
sup|J (¢, x, EVPTRETQU(L, x, &)], c:>0(1=i<3), cs=culn, N)>0, and
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c(Q:) depends only on Q(t, x, &).
Theorem 1.3. Assume the same hypothesis as above. Then the following
inequality holds,
c(n, s)fe‘z“’ | Prll3noss+r t%&l““fe‘m ||D¢u||§dt+02+3"‘fe'm | l3dt,
Jor 0=204(n,s), n=c(Q.)C, sER, ucCs((—T, T)X R?).

Remark 1.1. We note that
K]t x, &)V an(t, x, )+ Tt 2, E)"an(t, , §)
is equivalent to 1 when f—¢(x, £)=c, to <" when |t—¢(x, £)| < c<E>7 to
<£>?*" when t—¢(x, £)<—c with arbitrary positive ¢. Then, since this Cauchy

problem (1.1) may cause a great loss of differentiability of solution, the use of this

semi-norm ||| #|||»,s,~ seems to be natural.

§ 2. Some Properties on Symbols in J'S™

We shall say that (¢, x, £)eC*(IX R?*®),I=(—T, T) belongs to S
(Hormander’s class) if

2.1) |0iai8(t, 1, £)| < Cjap EymBlar+ o8I+

for any multi-index @, BEN?. We denote by J"S™ the set of all a(¢, x, £)E
C>(I X R**) such that

22) 6702, z, €)= Cian] (¢, 2, €)1 K EYmle),

for all multi-indexes @, 3 N 2. This class is a variant one treated in [2], also see
[1]. But in this paper we always treat the variable ¢ as a parameter.

The pseudodifferential operator with symbol a(¢, x, &) belonging to one of the
above classes is realized by

a(t,x,Dx)u=fe"“a(t,x, &)u(&)de, ﬁ(5)=fe“'“u(x)dx.

For the pseudodifferential operator (¢, x, D.), we denote by o(a)(¢, x, &) the
symbol of a(¢, x, Dz). But sometimes we do not distinguish the operator and its
symbol.
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Proposition 2.1. <&>7° (¢t—4¢(x, £))€JS°, an(t, x, £)EJ°S’, SH C
J°S™ JTS™C S where r~=max(0, —7).

Proposition 2.2. c.J(¢,x, €)=2J:(t, x, E)=caJ (¢, x, &) with ¢:>0. If
a(t, x, E)SJ7S™ then d{al8(t, x, &) Jr-i-latbigm-ial,

Proof. We shall show the first inequalities for J.(¢, x, £). When (¢-¢(x,
E)EX 20 or (t—¢(x, E)XET<—1/2, we have J(¢,x,&)=|t—d(x,&)]
+<&>79 from the definition, and the inequalities are immediate. When —1/2<
(t—¢(x, £))XE>T<0, it follows that

Jot, x, §)2<E 7= |t—¢(x, E)| 247 {l 1 — #(x, £)[+<E>77)

Then we obtain the desired inequalities.

Proposition 2.3. If a:(t,x, )] S™(i=1,2), then a:(¢, x, €)a:(t, x, &)
eJjrrrSm™ime If ot x, £)EJS™ and a(t, x, )2 c<EX™] (L, x, )" with c>
0, then a(t, x, E)"E]J™S™", for nER.

Corollary 2.1. J(¢, x, &) J:(t, x, E)"EJ"S°, for n=ER.

Proposition 2.4. Let a.(¢,x, Dz)ES]J"S™(i=1,2), then a:(t, x, Dz)as(t,
x, D)ejmntreS™mime If o(t, x, Dz)EJTS™, then a(t, x, Dx)* belongs io JTS™,
where a(t, x, Dz)* denotes the adjoint of a(t,x, Dz) with respect io the scalar
product in L*(R*).

Proof . (See [2], [1].) For the proof, we introduce the following weight function
d(y, & 7)=1+<E |y P+ g I
First we note the following inequalities.
(2.3) J(t, 2+, )= CiJ(t,x, £)°d(v, &, n)°",
Q4) J(t,z, E+0nP=CoI(t, x, £)d(y, & 7)1, 0=0=1, for |£]22(1+(n]),
@25) J(t,x, E+00)°=CoJ (8, x, E) o, 0=0<1, for [ =2(1+[7]),
(2.6) |aiK&>4,)Y (e 4,V d(y, & 1) *| = Crusa(E7"d(y, &, 7)7 .

Now we set Co(#,x, v, &, n)=ai(t, x, E+67)a:t, x+y, &) and consider the
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following oscillatory integral
1(O)= [[emCo(t, 1,3, €, n)dyd n=1(Co)+L(Cy),

where 7,(Cs) and I(C,) denote the integrals on |&|=2(1+|7]|) and |&|=<2(1+
|7|) respectively. First we treat I;(Cs),

B80T1(Co)= [[e 08011 —<E> 4, —< &> 4y )
X(d(y, & n)*Co(t, x,, & n))dvd 1.
Using the estimates (2.3), (2.4) and (2.6), the integrand is estimated by
A ](t, z, E)r1+rz—|a+7l<$>M1+7nz—lrld(y, E, 7 )—K+(lr1|+lrzl+la+7|)/2y (l,;‘;l 22(14_ I 7 | ))

Since
JJaceslyl4cer gy smnies gy g <,

with suitable K =K(7, 72, @, 7), we have the desired estimates (that is, in
]r;+rzsm1+mz) fOl‘ II(CO )
We proceed to the next,

8201 Co)= [[ 0508 > (1= 4, Y <y>™M (1= 4, Y*C(t, 7, 3, &, 1)dvd 1.

Remarking the inequalities (2.3) and (2.5), the above integrand is estimated by
](t x E)r1+1‘z—ld+7]<$>m1+Mz-17l<y>—d—1<77>—d_1°

Here we have taken N, M so that —2M +|7:|+|a+7|=—d—1, —N+(1+0)
X (| 7|+ |7zl + @+ y|)+|mi|+|y| < —d—1. Therefore it follows that

|0£0F1(Co)| = CarJ (8, x, £)HHTelarri gymrminl (< 9<1.

Hence, taking 8 =0, we have the first assertion. The second assertion will be proved

by the similar arguments.
This proof also shows that

Propesition 2.5. Let a:(t,x, Dz)EJ™S™ (i=1,2), then o(a:i(t, x,
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Dx)a:(t, x, Dx))~w|§_l(a!)‘1a‘1“’(t, z, &E)aaa(t, x, E)S Jiirm NG mtmN _ [f
a(t,x,Dz)E]J"S™ ihen o(a(t,x, Dx)*)_la|§—1(a!)_1(_1)Ia| ¥t x, &) €
]r—-stm—N‘

The standard method of constructing a symbol from its asymptotic expansion
gives that

Propoesition 2.6. Let a;(¢,x, E)EJ 7S™ 9?2 j=0,1,2, . Then there is a
symbol a(t, x, E)SJ'S™ such that

N-1
a(t, x, E)—j@oaj(t, x, E)ESJTNS™ N2 for N=0,1,2, .

If supplas(t, x, €)ICE, j=0,1,2, -, we can take a(t, x, &) so that
supp [a(t, x, £)]CE.

Proposition 2.7. Suppose that A:(¢, x, E)EJS™ (i=1,2), BEJ'S™ and
At x, E)=ckE>™J(t, x, &)™, on supp[B(t, x, £)), with ¢:>0 for large | &|.
Then there exists C(t, x, £)eJ " Sm-m+md sych that A,CA,=B, mod S~
and supp[C(t, x, £)]Csupp [B(¢, x, &)].

Lemma 2.1. Let JyEJ*S°®, ,€J*'2?S° and J.(¢, x, E)=c.J (¢, x, £)F72,
with c2>0 for large | €|. Then if A(t,x,E)EJ°S® and |A(t, x, £)| < &, we have

lAT ul?< el ulP+ C(N)| JeulP+ C(N ) wlzn for any N.
Proof . First it is clear from Proposition 2.5 that
A*A=op(|A(t, x, £)P)—B,, Bi€J S
The proof of the sharp Gérding inequality (see [7]) shows that

olop(6~ | Alt, z, )P~ ("~ | Alt, z, )
~ 2 Al 2, )= 3 dasl| AL, 1, OIS,

where ¢sE ST, ¢ s SIE4V2 and A(¢, x, £)r denotes the Friedrichs symmetriza-
tion of A(¢, x, £). Remarking

¢l AL, 2, E)P)ET 'S, es(| A2, z, £)PNPE J 2 (erpin g larsiait
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and applying Proposition 2.6, we can write

op(&®—|A(t, x, £)P)=(C"— | A(t, 2, £)I")r+ Bz, mod S™, with B,€J*S™".
This gives that

&*—A*A=(c*—|A(¢, x, &)*)s+Bs, mod S™, with B;&J 257,

and hence
2.7 clolP+1(Bso, )|+ C(N) v |Ev-amz | AvP.
Whereas, from Proposition 2.7, one can write
(2.8) Ji#BsJ1=J#BsJz, mod S™, with B,&J*S™".
Here we note that
2.9) —1+30=0,

and this implies that B,& J°S°C S{_4s Taking into account that (2.8) and J,E
JES°C S24 5, we get this lemma by replacing v by Ji% in (2.7).

Next let us consider

(2100  Qu(t,x, Dx)=Q:(t, x, D)+ M(J(p—1)*<D>J (p—1)+<D>7*),

where Q.(¢, x, £) is the symbol mentioned in Section 1.

Lemma 2.2. Suppose that c,>0 is given. Then there exists positive c(Qz, Co)
such that for any positive integer L, we have

Re(Quu, M)+Co"]x(_1)u”2§C(Qz, Co)"<D>]i(p)u"2,
with some positive M.
Proof . Let us set

Li(t, x, &)=J=(¢t, x, E)22(Q:(¢, x, &)+ coJ:%(2, x, €)),

and first show that

(2.11) Li(t, x, £)=]°S2
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Propositions 2.1 and 2.3 imply that Q.(¢, x, £)=J?*S? and hence
J:(t, x, £)727Qq(¢t, x, £)J°S?% The other hand, the equality

(2.12) 2(p+1)o=2,

shows J.(t, x, )2 2 J~%72S5°C J°S?, then we get (2.11).
Next we observe Q2+ coJ+(—1)*J+(—1)—J:(p)*L+J+(p). Taking (2.11) into
account, Proposition 2.7 shows that

(2.13) Q2+ coJ+(—1)*J:(—1)—J(p)*L+J=(p)
=J(p—1)*M+J(p—1), mod S™=,

with M€ J°S?, here we have used the fact J*S™'C J?~2S*(follows from(2.12)).
Therefore to prove this lemma, it suffices to consider L:. Since

Li(t, x, £)=J:(t, x, E)P7XKE(Qalt, x, EXEIT2T:(t, x, £+ cok€D7?)
2k :(t, x, E)P2((t—d(x, £)PP2+<EX7?), €1>0,

in view of the identity (£)"2=(&)~#*#*V9 we have
(2.14) L:(t, x, £)2c(Qz, co)X€?, with c(Q2, co)>0.
Let us put

Q:(t,x, £)=L=(t, x, )= c(Q2, coXX* (€]°S?),
and ¢, ¢, be the same as in the proof of Lemma 2.1. Then we see that

GsQen€J 'S, fusQulfE J et GICaraae
From the same reasoning in Lemma 2.1, one has

Q:(t, z, £)r=Q=(¢, x, )+ Ki*, mod S™=, with Ki'€ J~*S?,
and then it follows that
(215)  Re(L:v, 0)+C(D)| v+ (Ko, v)| 2 c(Q2, co) <D0l
Take v=Jj+(p)u in (2.15) and remark that
Je(0)* K J:(0)=J(p—1)*K#J(p—1), mod S™, with Ki€J°S",

then it follows immediately that
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2.16) C(L)| ul?+Re(Je(p)*LTe(Du, u)+C(L)IKD>*J (p—Dul?
=2 ¢(Qz, c))IKD>J:(p)ul?.

Thus (2.13) and (2.16) prove this Lemma.

§ 3. Energy Inequality

Set  I(m)=<D>*"J_(m), E={(t,x,8); F(t—¢(x, £))=c<&7Y,
E.=E!NE;. We start with the following identity,

G.1) —2Im [(L(n—1/2)(D.— 6w, In(n—1/ 2)(D.~ i) )w)at
=20 [ 1n(n—1/ 2)(De—if)w Pat
—2Re [(3.0u(n—1/ 2)X(De—i6)w, In(n—1/2)(De—i0)w)dt,
where w=an «.
Since a~(¢, x, £)=1 on Efs, we have
(32)  9:J-(t, x, &) 2+ (n—1/2)]-(t, x, )" **=0, on supp[ax]C Efpsn
This means that 3.J,(#—1/2)az=—(n—1/ 2)I,(n—3/2)a», mod S, and then it
follows that
[(3L(n—1/2)(De— i8)w,Ln(n—1/ 2)(De— i8)w )dt
=—(2=1/2) [(L(n—3/ 2X(D.~i0)w, L(n—1/2)( D, ~i0)w ),

mod c(m){ f(1(D.— i8)ulln-+ | wltw)de}=cln)lulew, (n24).

Here we remark that the positive integer N can be taken arbitrarily large, and
everywhere below we fix such one N.
Using this, the second term of the right-hand side of (3.1) is equivalent to

(33)  @n—1Re[(I(n—3/2)D.—i0)w, In(n—1/2)(D.~if)w)dt,

mod c(7)[#)2n-
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On the other hand, from Proposition 2.7, one can find BEJ~3S™! so that

L(n—1/2)I.(n—3/2)=I.(n—1)*I,(n—1)+I.(n—1/ 2)*Bl.(n—1/ 2),
mod S™%.

In virtue of (2.9), B belongs toc S{_s,s and then (3.3) is estimated from below by
@n—1) [ Iu(n—1)(D.~ i)w Pat

-—c(n)fllln(n—l/2)(,Dt—iﬁ)w I2dz, mod c()[#]?w.

Combining these inequalities, we get for 8= 6,(7),

(3.4) —Zlmf(ln(n—l/Z)(Dt—iﬁ)zw, IL(n—1/2)(D:—i0)w)dt
2 cof) [ In(n—1/ 2D~ i6)w |Pat

+@n—1) [l (n— DD~ i0)w e,

mod c(z)[ul%x.
Next consider

@5)  —2im [(J(—DIn—1/2XDe—i8)w, J(—DIn(n—1/ 2)w)ds
=26 [17-(—~DIn(n—1/ 2)wldt
—2Re (3] -(—~DIn(n—1/ 2w, J-(~DIn(n—1/ 2)w)dt

—2Re [(J(—1)audu(n—1/ 2w, J-(~DIn(n—1/ 2)w)dt.

From the same reasoning as above, we can replace 9.J-(—1), d.J-(z—1/2) by
—J-(=2), —(n—1/2)J-(%2—3/2) in (3.5) within modulo c(#)[%]?y. Therefore,
applying Proposition 2.7, the same arguments imply that the right-hand side of
(3.5) is estimated from below by

(3.6) co6 [1J(~Din(n—1/2)w s
+(20=3) I J-(~ D I(n—1w|Fdt, mod [ul,

for §=6y(n). Now we consider the left-hand side of (3.5). From Proposition
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2.7, we get

L(n—=1/2)*J-(=1)*J-(=DIx(n—1/ 2)=L(n—1)*J-(=1)*I.(n—1)
+I(n—1/2)*J-(—1)*Bl.(n—1/2), with BEJ3S™!, mod S~=,

and then the left side of (3.5) is estimated by
(15 =1) D~ i8)wlFdt+ 17— 1)L(n—Dw Pt
+c(m)87 [ I(n—1/ 2)(De—if)w |at
+c()60" [ T~ DI(n—1/ 2w dt,
mod c(n)(6"* [l ulndt+67 [I(D—if)w Endt) = c(n)ulne.

Therefore it follows from (3.6) that

(3.7 [IL(n=1)D.~ 0w Fdt = o8 [I J-(~1In(n—1/ 2)w |Pat
+@n—4) [I7(~DIn(n—1)w Fat

—c(m)6™ I I(n—1/ 2XD.— i8)w |,

for 6= 0y(n), mod c(n)[u)’n.-
Combining (3.4) with (3.7), we get,

Preposition 3.1.

—2Im [(L.(n—1/ 2)(D.~ 0w, I(n—1/ 2)(D:— i6)w)dt
%clﬁfﬂln(n—l/Z)(Dt—iﬁ)w "2dt+ nfllln(n—l)(Dz—iﬁ)w"zdt
+ a0 [1 T~ Dinm)w Pdt+cund [I 7~ DI(n—1/ 2w de

+2‘1n2f||]—(—1)ln(n—1)w |2dt, mod c(n)0[ul’n.s, for 6=00(n), n=4.

§ 4. Energy Inequality (Continued)

We proceed to the next step of obtaining the energy inequality. Consider the
identity,
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@1 2Im [(I(n—1/2)Quaw, Ln(n—1/2)(D.~i6)w)dt
=26Re [(Quln(n—1/ 2w, In(n—1/ 2w)dt
~ [ @uddn(n=1/ 2w, In(n—1/ 2)w)+(Quilnn—1/ 2w, eln(n—1/ 2)w)}dt
~ J(0:Qu)In(n—1/ 2w, Lu(n—1/ 2)w)at
+i [(I(n—1/2)(De— i0)w, (Qu— QWIn(n—1/ 2)w)dt
+21m [([L,(n—1/2), Qulw, I.(n—1/2)X D~ i6)w)at

—6 [(I(n—1/ 2)w, (Qu— Qi In(n—1/ 2)w)at,

where @ is defined by (2.10).

From the same reasoning as in Section 3, the second term of the right-hand of
(4.1) is equivalent to

(4.2) (n—l/Z)f{( Quln(n—3/2)w, I(n—1/2)w)
+(Quln(n—1/2)w, In(n—3/ 2)w)}dt, mod c(n)[ul’s.

First we observe In(n—1/2)*Qal(n—3/2)+I(n—3/2)*Q:I.(n—1/2).
Since Q.(¢, x, £)eJ?*S?, from Proposition 2.7, it follows that

4.3) L(n—1/2)*Q2Ix(n—3/2)+ L.(n—3/2)*Q2In(n—1/2)
=2In(n—1)*Q:In(n—1)
+I(n—1/2)*J-(0)*AJ(—1)[(n—1/2),
with A€ J?72S!, mod S™.

Here the inequality =2 implies that A< J°S*. Remarkingthat J_(p—1)*D>J-(p—1)
& J?72S!, from the similar arguments as above we have

(4.4) Li(n—1/2)*J-(p—1)<XD>J-(p—1).(n—3/2)
+1(n—3/2)*J-(p—1)<XD>J-(p—1)[n(n—1/2)
=2In(n—1)*J-(p—1)XD>J-(p—1)[n(n—1)
+1(n—1/ 2)*J-(p)* AJ-(—1)Ix(n),

with A€ J#727128° mod S~. Using (4.3) and (4.4), one can estimate (4.2) from
below by
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@5 @n=1) [(Qun(n—Dw, I(n—1)w)dt
—c(n, M) [IKDYT(DIn(n—1/ 2w |t
—cn, M) 17~ DIn(n—1/ 2w |t

—cCn, 1) I 7-(~DI(m)w Pat,
mod c(n, M)[u]*w.

Next consider I.(n—1/2)*(Qi— Qu)I»(n—1/2)=I.(n—1/2)*(Q%
— Q) n(n—1/2). Writing Q5 — Q.= Q.+ Q, with §,E J?72S'*479, Q,& J°S*"°,
Proposition 2.7 gives that

In(n“l/Z)*(Qg—' QZ)In(n_l/z)
=I(n—1/2)*J-(0)* AJ-(—DI(n)+ L(n)*J-(=1)*BJ-(—=DIx(n)
=I.(n—1/2)*J-(0)* AI(n—1/ 2)+ Li(n)*J-(=1)*Bl.(n—1/ 2),

with A€ J*-271281 A€ j?~2S' B JS°, BEJ'2S° mod S~
From these, noting that A4, A€ S}, B, BE S?_s,0, it follows that

(4.6) O (In(n—1/ 2)w, (Qu— Qi) In(n—1/2)w)|
=c(n)0"?IKD>J-(Pn(n—1/ 2)w|?
+c(n)0*|| J-(—1)I(n)w|?, mod c(n)0*?| u|,e

4.7 | (In(n—1/2)(D:—i0)w, (Qu— QiI(n—1/2)w)|
<c)| (n—1/2)D:—i0)w|?
+c(n)IKD>J-(D)In(n—1/ 2)w|?

+ () J-(=1)(n)w?, mod c(7)| u|%n.

Where | u[2v= «|2n+ | (De—i0) el w0 =02 w2+ 672 (Do~ i6) e .

Now estimate
[In(n—1/2), Qul=I(n—1/2), Q1+ M [I.(n—1/2),]-(p—1)*<D>J-(p—1)].
From Propositions 2.5 and 2.7, taking into account that p =2, Q.€ J?*S? and J_(p
—1)XD>J-(p—1)=J?2S", it is easy to see that
[In(n—1/2), Qul=AJ-(p) I(n—1/ 2)+BJ-(=1)I.(n), with AE€J°S', BE
JY2S° mod S™". Hence we have
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(4.8) |[n(n—1/2), Qulwl*< c(n, M)IKD>J-(DI(n—1/2)w|?
+c(n, M) J-(=1)L(n)w %, mod c(n, M)| ul?n.

Finally we consider I,(%2—1/2)*(8:Qu)I.(n—1/2). We set
At x, £)=0:Qx(¢, x, E)] (¢, x, £) P E ]S

Remark that A does not depend on z. Since 9:Q.< J?*~'S?, Propositions 2.5 and
2.7 imply that

(4.9) In(n—1/2)*(8:Q)n(n—1/ 2)=L(n—1)*J-()* AJ-(DIn(n—1)
+In(n—1/2)*J-(p)*BJ-(D)I,(n—1/2), BE]*S'CJ°S? mod S~

Whereas taking into account that 9.{/-(p—1)*<D>J-(p—1)}J?**73S*, we have

(4.10) In(n—1/2)*8{7-(p—1)<XD>J-(p—1)}n(n—1/2)
=I(n—1/2)*J-(0)*BJ-(—1)I.(n—1/ 2),

with BEJ?2S'CJ°S', modS™™  Thus the following inequality follows
immediately from (4.9), (4.10) and Lemma 2.1,

(411)  [((0:Qu)n(n—1/ 2)w, In(n—1/ 2)w)|< CEIKD> J-(DIn(n—1)w |?
+c(n, M)IKD>J-()In(n—1/2)w|?
+c(n, M J-(=DI(n—1/2)wl?,

mod c(n, M )| ul?~, where Ci=sup|A(¢, x, EXXEVT?.
Combining the inequalities (4.6), (4.7), (4.8) and (4.11), we get

Proposition 4.1.

2m [(In(n—1/2)Quaw, In(n—1/ 2)( D~ i€ w)dt
220Re [(Quln(n—1/ 2w, I.(n—1/2)w)at
+(2n—1)Re f(Qudn(n—1)w, In(n—1)w)dt
— 1 [IKDY - (DIn(n—DwlPdt—c(n) [ 1(n—1/ 2)(D.— i8)w [P at
—cn, M) flJ-(~DIn(n—1/ 2w |dt

—c(n, M)0" [IKD>T-(DInn—1/ 2w | dt
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—c(n, M)Ha’zf”]—(—l)l,,(n)w |?dt, mod c(n,M )0 [©]%n,e-

Now take L=2xn0c+ N and fix M so that Lemma 2.2 holds. Then Lemma 2.2

implies that

27—1)Re(Quln(n—1)w, In(n—1)w)+27 n?| J-(—1).(n—1)w|?
2c1n|<KDYJ-(OL(n—Dw|?, ¢1>0,

20Re(Qudr(n—1/2)w, In(n—1/ 2)w)+ c2n0 | J-(—1)I.(n—1/ 2)w|?
2 C10|KDYJ-(DI(n—1/ 2)w|?, &:>0.

Hence using these inequalities, Propositions 3.1 and 4.1 show that

Lemma 4.1.

—2Im [(L(n—1/ 2)[(D.— 07— Qulan u, I(n—1/ 2)(De— i) ez w)dt
2 cin [IKDYJ (DI n—Daz ulPdi+ con [| L(n—1)(D.— i0)am ulPdt
+ et [1J-(~DI(n=D)az ultdt+ a0 [ 1(n—1/ 2)(De— i6)az ulPdt
+c20 [I<DYJ(DIn(n—1/ Daz ulPdt+cond [T~ DIn(n—1/ 2)az ulPdt

+0262f||]—(—1)ln(n)af;ullzdt, mod c(z, N)0"*[u):w.e,
for 02 6(n, N), n=n(Q2).

From the analogous arguments for J,, we have,

Lemma 4.2.
—2tm [(J.(— n—1/ (D~ i)~ Qulai u, Jo(—n—1/2)(D.— i) w)dt
gCﬂ’lf||<D>]+(D)]+(-- n—1an ul*dt+ clnf".h(— n—1)(D.:—i0)az ul*dt
+ e 1T (=DJ(= n—Das ulPdt+c:6 [I T(— n—1/2)(D.— i6)as ulPdt
+¢20 [I<DY T DT~ n—1) Dag wlPdt+conb [IJ(~DJ(—n—1/ 2ai ulPat

+ c202f||]+(—1)]+(— n)ar ul?dt,

mod c(n,N)§"*[u]?w,s, for 6= o(n, N), n=n(Q,).
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If we note that

Li(n—1/2)*I.(n—1/2)J (p—1)*<XD>J (p—1)
=I(n—1/2)*J-(9)*A"I.(n—1/2),

Ji(=n—1/2)*J:(=n—1/2)J(p—1)<D>J (p—1)
=J(=n—=1/2)*J(D)*A* J:.(—n—1/2),

with A*€J°S!, mod S™=, we can replace @» by : in Lemmas 4.1 and 4.2
changing the constants ¢z, c(n, N) and 6o(%, N).

Proposition 4.2. After having replaced Qu by Q. Lemmas 4.1 and 4.2 are
also valid.

§ 5. Estimates of the Commutators with a3

In this Section, we shall show that one can replace [(D:—if)*— Q:lai by
a@i[(D:—i6)*— Q,] in Lemmas 4.1 and 4.2. Since ai(D.—i0)*=(D:—i0)*ai
—2D.ai(D.—i0)— D%ai, to do so we investigate D%ai and D.aj.

From Proposition 2.5, we see that

o(I.(n—1/ 2)*In(n—1/ 2)Diax ) ~<&EX**°J(t, x, £ "' Diax + B,
with BE]Zn—SSmo'—l’

then we define A(¢, x, £) by
nJ 2R ENA(L, 1, €)an =< 2" Diay,
that is

A(t, x, E)=—(EPT TV P (—vn(t— @ )KXE>TKENE,
(Dian=—nx®(—v/n(t— ¢ )XEXTKE?).

Since we have J.(t, x, £)J-(¢, x, £)=<E>727(1—(t—¢(x, £))XEX?7) on Eyp, it
follows that

(5.1) a=(1-1/4n)y"= (K& J (¢, x, E)J-(¢, x, )"
<(1—1/16n)*"<c, on Eyu,

with ¢;>0 independent of #.
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Proposition 5.1. Let a(t, x, £)EJ7S™ and suppla(t, x, £)|CE. with some
c>0. Then for any p<E R, we have

a(t, x, E)SJTHHS™ R,
Thus, using this proposition and (5.1), we have
(5:2) At x, §)E]°S,
| A(¢t, x, £)| = c (independent of %), supp[A]Csupp[Diax].
From Propositions 2.5 and 5.1, it follows that

0(In(n—1/2)*I(n—1/ 2)D2ar — nln(n—1)*AJ:(—=1)J:(— n—1)a5 )~ b,
be jHS-irenotsorue e R, supp[b]Csupp[Diax].

Noting that a#(¢, x, £)=1 on supp[D?a], Proposition 2.7 shows that

Li(n—1/2)*I.(n—1/ 2)Diar=nl,(n—1)*AJ(—1)J:(—n—1)as
+I(n—1/2)*BJ (= 1)J:(—n—1/ 2)a3,

with B J°S~1*39C S?_, 4 mod S™, and hence

[(In(n—1/ 2)Diaz u, In(n—1/ 2)(D:—i6)w)|
=u*?| AJ(—= D] (—n—1)ai ul?
+ 02| L(n—1)(De—i0)w |2+ c(n)| In(mn—1/ 2)(D:— i0)w |
+c() T (=) (—n—1/2)ai ul?,

mod c(#n)| #|?~. Applying Lemma 2.1 to A4, we get

(5.3) |(In(n—1/2)Dian u, In(n—1/2)(D:—if)ar u)|
= C*n**| Jo(=1)J (= n—1)at ul?
+n?| In(n—1)(D:—if)an ul?
+ ()| I(n—1/ 2)(De—i6)ar ul?
+e(m) | J+(=1)J+(—=n—1/ 2)as u|?, mod c(#)| u |2y,

with C independent of .
From the same procedure, we can write

In(n_l/Z)*In(n_l/ Z)Dta’;
=uln(n—1)*AsJ:(—n—1)az + Li(n—1/ 2)*B:J: (— n—1/ 2)as,
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with B, J°S*39C S? 45, mod S™, where

A, x, E)=i(KE* T J- ) x (= m(t— $)XEXO) T8>
Since supp[A:]Nsupp[D:ax]= ¢, it is clear that

Li(n—1)*AxJ+(—n—1)ax(D:—i0)
=I(n—1)*AJ(—n—1)D:—i0)as, mod S~=,
and then we obtain
(5.4) |(In(#—1/2)D:an(D:—i0)u, In(n—1/ 2)(D:—i0)ax u)|
<Vnl|L(n—1)(D:—i0)az u |?
+CVulJi(—n—1)D:—if)ax ul?

+c(n)| In(n—1/2XD:—i0)az ul?
+ (@) J:(—n—1/2)XD:—if)as ul? mod c(#)| «|2n,

where C does not depend on 7.

Finally, we observe [a7, Q:]. It is easily seen from Proposition 2.5 that
o([ax, Q=1)~a, acJ**7*S?, suppla] CES N Efaym:
Using Propositions 2.7 and 5.1, we have

Li(n—1/2)*[.(n—1/ 2)[ax, Q-]
=L(n—1/2)*AJ(D)J+(—n—1/2)an +1.(n—1/2)*BJ:(—=1)J:(— n)ax,
with A€ J?72S!, BEJY2S° mod S™. This shows that
(5.5) | (In(n—1/ 2)[ar, Q:lu, In(n—1/2)(D:—i0)ar u)|
Sc(w)I(n—1/2)D:—i0)ar ul?

+c(n) IKD>J (D) T+ (—n—1/ 2)a5 ul?
+ () J(—1)J(—n)as ul?, mod c(n)| ul2y.

After making the same procedure for J., we get

Lemma S.1.
—2Im [{(I(n—1/ 2)az (D~ 07— Q:lu, In(n—1/ 2)(D— i) )
+(Je(=n—1/2)ar[(D:—i0)— Q:lu, J+(—n—1/2)(D:—i0)as u)}dt
2 en [l I n—1)(De—i0)am wlP+ | Jo(— n—1)(De— if)ai |} dt
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+én f {IKD>J- (D) n(n—1)az wl*+ 1< D> T (8)]+(— n—1)as |} at
+csn? [(1J-(=DIn(n—Daz ul+ 1 Jo(=1)] (= n—Dai ul}at

+ ¢4 fUKDYJ-(DI(n=1/ 2)az ul+ |<D> T (D] (— n—1/ 2)ak ul}dt
+ ¢4 [{lIn(n—=1/ 2)(De=i8)am ulf+ | Jo(— n—1/ 2)X( D= i6)ai P}
+cond [UT(~DI(n=1/ Daz ulP+17:(~ DI+ (= n=1/ Dk ul}dt

+ 46 [T~ DIn(m)am ul+ 1 T (= 1] (= m)ak ul}dt
for 0=6(n, N), n=n(Q:), mod c(n, N )0"*[u)>n,s.

§ 6. Estimates of Lower Order Terms

Let us consider Q.(¢, z, &)=(t—¢(x, )Y 'qi(t, x, ), a(t, x, £)ESi,.
Noting @, €J?7'S!, we get

In(n—l/z)*In(n"l/Z)Ql
=In(n_1)*A]—(p)ln(”—1)+ln(n_1/2)*BJ—(p)In(7l_1/2),

with A(¢, x, &)=J-(¢, x, E) 7?1 Qu(t, x, £)E]°SY, BEJ2S°CJ°S%’, mod S™.
Here, we note that A(¢, x, £) does not depend on z. From the same reasoning

which we have used in Section 4, it follows that

(6.1) | (In(n—1/2)Qw, In(n—1/ 2)(D:—i0)w)|
<47'en||li(n—1)D:—if)w|?
+4E7 0 CP KDY J-(DVn(n— 1w |I?
+ ()| In(n—1/ 2)(D:—i0)w |?
+c(n) KDY J-(0)In(n—1/ 2)w |?, mod c(n)| u |2y,

with C=sup|J_(¢, x, £)**Qi(¢, x, £)XE>7!|. On the other hand, Propositions
2.5, 2.7 and 5.1 show that

Li(n—1/2)*I.(n—1/ 2)[ax, Q]
=I.(n—1/2)*BJ.(=1)]:(—n—1/2)as, BEJ?2S°, mod S™™.

Combining these, we get
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(6.2) |(In(n—1/ 2)az @ u, I(n—1/ 2)(D:—i0)ax u)|
=4'e¢n|L(n—1)(D:—if)ax u|?
+4En ' C KDY J- (D n(n—1)an ul?
+c(n)| In(n—1/2)(D:—i0)ar ul?
+c(n)IKD>J-(DIn(n—1/ 2)az ul?
+ (@) T (=1)Js(=n—1/ 2)as u|?, mod c(n)| u|2n.

It is easy to see that for B, Qo< SYo,

(6.3) |(In(n—1/2)az Qou, In(n—1/ 2)(D.—if)ar u)|
<cn)|Li(n—1/2)D:—i0)ax ul?
+ () J-(=D)a(n)am ul?
+ () J+(=1)J+(=n)ax ul?, mod c(n)| u |2y,

(6.4) |(In(n—1/2)az R(D:—i0)u, In(n—1/2)(D:—i0)ax u)|
<c)I(n—1/2)(D:—i6)ax ul?
+c(n)| Ii(n—1/2)ar(D:—i0)ul?
+c(n)| J+(—n—1/2)an(D:—i0)u|? mod c(n)| ul2y.

Here, we estimate (D;—i0)a, u in terms of @, (D;—i0)u. Writing
In(n—1/2)Dwan=vnAJ+(=1)J:(—n—1/2)as +BJ.(—=1)J+(—n)as, mod S~=,

with A(t, x, £)=(J+JLE* )V JEKEY Y=V n(t = XEX7), BEJ #1287,

the same arguments as in Section 5 give that

| In(n—1/2)D.an u|?
= C?nullJ (=] (—n—1/2)as ul?+ c(n)| J (= 1) T (— n)ar ul?,

with C=sup|A(¢, x, £)|. Hence

| I(n—1/2)(D:—i0)ax ul?
227 I(n—1/2)ax(D:—i0)ul?— Cn| J:+(=1)J-(—n—1/ 2)as u?
— ()| J+(—=1)J+(—n)ar ul?, mod c(n)| u |2y,

with C independent of #. Using this inequality, one obtains

(6.5) 2\ L{n—1)YD:—i0)arul*=2"'n"*| [.(n—1)ar(D.—i0) u|?
—Cn®*?| Jo (=) ] (—n—1) a7 ul?
— (@) J+(—1)J:(—n—1/2)ar ul?,
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0" | I.(n—1/2)(D:—i0)ar ul>*=2720"*| I.(n—1/ 2)ar(D:— i6) u|?
—Cm9”2||]+(—1)]+(——n—l/Z)afh*uHZ
—c(n)6"2|| J (=) ] (—n)as ul?,

mod c(#)| #|%x,s. On the other hand, the following inequalities are easily verified.

(6.6)

nl|<DY>J- (D) n(n—1)az ul>*=2"*n|<D>*"** J_(n+p—1)ar ul?
—c(n)IKD>J-(D)(n—1/ 2)az ul?,

OIKD> J-(DIn(n—1/ 2)an ul?= cod 2K D>* " J_(n+p—1/ 2)az ul?,
22 | J-(—DI(n—1)az u|?= 27 w2 |<DY***J_(n—2)ax ul?
—c()J-(—1)I(n—1/2)ar u|?
10| J-(—1)L(n—1/ 2)ar ul? =27 10 |<D>*"°J_(n—3/ 2)ax u|?
— ()0 J-(—1)Iu(n)az ul?,
O J-(—1)I(n)ar ul?
2 02 |<KDY*"I_(n—1)ax u|? mod c(#)8| u|?n.e,

for §=6y(#n). The following is also immediate.

6.7)

L(n—1/2)*I.(n—1/2)=I.(n—1)*Bl.(n), BEJ°S° mod S™™.

Using the inequalities (6.2) through (6.7) and the corresponding inequalities for

J+, we can rewrite Lemma 5.1 as follows,

Lemmea 6.1. Let Pg=(Dt—z'0)2—ﬁ;,Qj+R(Dz—i6), then
£

c(n, N)fll Poul?endt+c(n, N)flll Poull%.00dt

2 e (D= i0)ullbondt + Eam [l wllfsa-pdt
+ 856" [Il(De— 0wzt + 56" [l ullran-sat

+&on? [l ulloadt+ Esn0 fIl ullsosndt+ 256 Il wlltaadt,

mod c(#, N)0[ul’ne, n2c(Q:2)C, §26¢(n, N), where C=sup|J(t, x,
E)VPTETQ(L, x, E)].
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§7. Estimates of Error Terms and Proofs of Theorems

Our aim in this section is to prove the following proposition, and complete the

proof of theorems.

Proposition 7.1. We have

f” Paullizndt+0”2flll (D:— ia)””l?z,o,uzdl“*’03/2f|” u“l%t,mdt

2 c(n, N)0" [1(De—i0)ullndt+c(n, N )0 [l ullvdt

= c(n, N)O"* [uliv.e
for 6=2604(n, N), N=1, with ¢c(n, N)>0.
Proof . First we note that
—21m [((D.— 8 u, (D~ i8)u)dt 2 [|(D.—i0)uldt+06° [l ul?at.

On the other hand, it is easily seen that

2m [(Qou, (De—i8)u)di=26Re [(Qou, w)dt— [((3.Qa)u, w)dt
—i [(De=i0)u, (Q5— Q2)w)dt+06 [(1,(Qs— Qu)u)dt
z—c fI(D.—i)ulPdt—c fI<D>ulpar—co [I<D>ulrat.
Remarking that
(DYPy=P( DY +q{D>* +r(D,—id X D>, with ¢€ S}s, 7€ Si,
we have
(1.1 f I Pouel|22ndi = co6? f I(D:—i6) ul2zndt +co6* f I o)z 2wt

— b fl ulawnidt—c0® [l ulawsndt, for 926N,

Next, we observe || %|%.0,: and ||| (D:—:8)u||%.0,12. From Proposition 2.6, one
can find A€ J"*'S° so that

atn=AJ+(—n—1)as, mod S~
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Since ai(t, x, £)=1 on supp[ai.(t, x, £)), taking into account that supp[l —ai»]C
{t—¢(x, £)<0}, Proposition 2.6 also gives that

1—afn=B<{D>*"J_(n—1)ax
with BEJ~"*1S2"9C JS~"9, mod S™™(n=0).

Preceding two equalities imply that
(7.2) 1=AJ(—n—1)ar+B<D>*"J_(n—1)ar, mod S,
and hence

l«l?<c(n, N wllzon+c(n, N uly,
1(D:—i0)ul?< c(n, N)(D:—i0)ullzoaz+ c(z, N (D:—i0)ul?x.

Whereas, the inequalities
20" | wlzn < 6% ulP+ 0 wlZan, 20° | 0IEn= 0" 0[P+ 6| v]22n,
show that

(7.3) c(n, N0 ull2n= 6%l ullfon+ 6*1 wlon,
C( n, N )65/4 " (Dt_ z@)u "2—N§ 01/2 I" (Dt— 20)14 ”B;,o,l/z'*‘ 02 " (Dt—' 20)u "?-21\!,

for §=0¢(n, N). In view of —N=—2N+1 (N =1), (7.1) and (7.3) prove this
proposition.

Now, by virtue of Proposition 7.1, the following lemma follows immediately

from Lemma 6.1.
Lemma 7.1. For n=c(Q:)C, N=1, 0=60(»n, N), we have
c(n,N) [I Poulandt+c(n,N) [I| Poellioodt
2 ein [I1(De—i0)ulloadt + Exn [l llins-pdt
+ 830" [I1 (D= i) ulllpsndt + €56" [l ullbsa-sat

+ 0% [I(D— i) ullndt+ci6™ [l ulEnat,

where C=sup|J(t, x, E)P*KETQu(L, x, €)|, ca=ca(n, N) and c(Q:) depends
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only on Q.

We shall deduce Theorems 1.2 and 1.3 from Lemma 7.1. To show Theorem
1.2, it suffices to note that (D:—i8)e " *u=e %D;u.
Next we shall prove Theorem 1.3. We operate <D>**! to P, then

(DY**'P=PB(DY**, P=Di— Q:+(@i+ @)+ Qo+ RD.,
Q~06 S]o.,()a EE S?,Oa

where Q,=[<D>**!, Q,KD>~*~'€J?*~2S*, Thus the term @, is the only one which
must be considered. From Proposition 2.7, we get

L(n—1/2)*I,(n—1/ 2)@:=I.(n—1/ 2)*BJ-(DI.(n—1/ 2),
B&J?2S!, mod S™=,

and then

| (L(n—1/2)Qw, In(n—1/ 2)(D.— i0)w)| < c(n)| In(n—1/ 2)(D.— i0)w |?
+c(R)IKD>J- (D) (n—1/2)w|? mod c(n)| «|2n.

Therefore in Lemma 7.1, we can replace P, by P, without any change. On the other
hand, since <D>*"°J_(n)eJ"S*"°CS"%s J.(—n)E]J "S°CSI%. it follows
that [[<D>***9[%.00= c(7)] v3ro+s+1, and hence

”I ﬁa<D>s+1 umi,o,oé C(n)" Pou “%no‘+s+1,
" ﬁe<D>S+l u ||2—2N: " Pyu ”2_2NTS+1'

Then, replacing Ps, u by Ps, <D>**'y and taking N =1 in Lemma 7.1, we have
Theorem 1.3.
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