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Cramer-type Formula for the Polynomial
Solutions of Coupled Linear Equations
with Polynomial Coefficients

By

Tateaki SASAKI*

Abstract

This paper derives a determinant form formula for the general solution of coupled linear
equations with coefficients in K[xi, ...., x»], where K is a field of numbers, the number of

unknowns is greater than the number of equations, and the solutions are in K (x, ..., Zn-1)[Zn]-

The formula represents the general solution by the minimum number of generators, and it is a
generalization of Cramer’s formula for the solutions in K(xy, ..., x»). Compared with another

formula which is obtained by a method typical in algebra, the generators in our formula are
represented by determinants of quite small orders.

§ 1. Introduction

Let K be a field of numbers and let x,..., £, be indeterminates. In the
following, we often represent x, as x. Let S denote the field X (x, ..., X»n-1). This

paper considers the general solution of the following coupled linear equations

...... (1)
Pn(xl, ceey In)y1+"'+Prs(I1, ceey xn)ys:Pr,s+1(1'1, ceny In),

with unknowns yi, ..., ¥s in S[x], where »<s and P;EK|[x:, ..., Zn)-
It is well known that coupled linear Diophantine equations with coefficients in
#Z are solved by the Euclidean algorithm and the general solution is represented by

generators the number of which is not greater than s-7 if there exist solutions. Since
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the Euclidcan algorithm applies also to polynomials in S[x], we can solve (1) by
applying the Euclidean algorithm successively and obtain s-7 generators. However,
the procedure is quite tedious and often causes severe coefficient growth (see, for
example, ref. 2).

As for coupled linear equations over fields, Cramer’s formula gives the general
solution in a determinant form. We may, therefore, well expect the existence of
determinant form formula which gives all the s-7 generators of the solutions of (1).
With such a formula, we can calculate the solutions easily without introducing
unnecessary coefficient growth. The purpose of this paper is to derive such a

formula.

§ 2. Basic Lemmas

In this paper, the variable x, = is treated as the main variable, and the degree
and the leading coefficient in the main variable x of polynomial P are represented
by deg(P) and Ic(P), respectively. Furthermore, the resultant of polynomials F and
G in x is represented by res(F, G). The greatest common divisor, to be abbreviated
to GCD, over the field K is defined by omitting numeric factor which is unit in K.

The following two lemmas are essential in solving (1).

Lemma 1. Given polynomials F, G, H in K|[x., ..., 1] satisfying

{GCD(F, G)=1, @1

deg(F)+deg(G)>deg(H),

there exist polynomials A and B in K[x., ..., x»] such that

R=res(F, G), 2.2

{AF+BG+RH=0,
deg(A)<deg(G), deg(B)<deg(F).

Proof . Let deg(F)=1, deg(G)=m, deg(H )=k, and represent F, G, H as

G:gmxm+gm—lxm_l+"'+g0, gm:/’:O, (23)

{szle+fz—1xl—l+‘”+fo, fi#0,
H=hkx"+hk_1x"‘1+--~+h0, hi+0.
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Multiplying F, G, and H to, respectively, the last columns of the following
determinants 4, B, and R, and considering determinants which are coefficients of x ¢,
i=0, ..., [+m—1 we see that (2.2) is satisfied :

fi fimg rreeeres fo s
fi fior rreeeeees fo Zm?
......................... [ MTOWS
fl fz—1 ......... fo z°
A=|gm Gmoy woreeere Zo 0 ’ 24)
Gm Gmey e Zo o || o
Em Gme1 “reeeeee go 0
R oy weevereereesens No 0
«~——— [4+m+1columns —————
B =[replace the last column of A by (0...0z*™"... z°0)7], 2.5)

R=[replace the last column of A by (0...00...01)"].7

Notes : Expanding R with respect to the rightmost column, we obtain famous
Sylvester’s determinant for the resultant. The above determinants and Lemma 1 were
discovered in the process of generalizing the polynomial remainder sequence in
ref. 1. See, also refs. 2 and 3. It is easy to prove that A and B in the above lemma

are unique.

Removing the degree restriction in (2.1), we obtain the following lemma.

Lemma 2. Let F, G, H, and R be the same as those in Lemma 1 except that
deg(H )=deg(F)+deg(G). Then, there exist polynomials A’, B, A” and B” in
Klxi, ..., xn) such that

{A’F+B’G+f;k”“’”“RH=0,

2.6

deg(A")<deg( H )~ deg(F), deg(B')< deg(F), @6

{A”F+B"G+g,’;-‘-’"+1RH=o, o
deg(A”)<deg(G), deg(B”)<deg(H )—deg(G). '

Proof . It is evident from the following determinants :
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fi fioq reeeeeee fo xkt
--------- k—l_l
fi fia fo x L p— 7 +1rows
......... 0
A= fi fia fo x J (2.8)
gm gm—l --------- go 0 W
........................... . \ Jrows
Gm Gmep e go 0
Tk Tgoy woeeeeeeemesemmnnnnnennnns e O
- k+2columns ————— -

B’ =[replace the last column of A’

2.9

by (0...0x" ... 2°0)7], @)

B”=i.[exchange l and m, ..fi an,d &gi, (210)
i=0, ..., max{/, m}, in A"],

A” =+ [replace the last column of B” @.11)

by (0...0x™ ... 2°0)7).7
The next lemma is essential in deriving a Cramer-type formula.

Lemma 3. Let D¢, be the following determinant of order r—+2 with elements
Py i=1,...,r+2, j=1,..., 7, &, 7:

Py, er PIE Plr)

Der=—Dqe= : : N (2.12)
Pr+2,1 Pr+z,r Pr+2,5 P7‘+2,ﬂ‘
where £ and 7 are any two elements of {a,B,v,8}. Then, we have
DaﬂD78+DayD8ﬂ+Da5D57:O. (2.13)

Proof. For r=0 and 1, we can easily prove (2.13) by direct expansion of
determinants. Assume (2.13) is true for »=0, 1, ..., £—1, and consider the case of
r=1¢. Defining

(a, 8)=(b, a)=PioPis+ P2aPos+ "+ PrizaPrs2s,

we can represent DogDys, DayDss, and DgsD gy as
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1,1 - (1,8 Q,7) Q59)

DapDys=|(2t,1) =+ (¢,2) (t,7) (¢, 0))
(,1) = (a,t) (a,7) (a,8)
(B,1) = (B, ) B,7) (B,08)

(L, - 1,85 1,8 @O,8
DayDsp=|(2,1) = (t,¢) (¢,8) (¢,8))

(2,1) = (a,t) (a,8) (a,B)
(7,1) = (7r,8) (7,8) (»,B)

(1,1) - (1,2) (1,8 (1,7)
DasDg,=|(t,1) - (¢, 8) (¢,8) (¢ 7))

(2,1) = (a,t) (a,B) (a,7)
(6,1) - (8,¢8) (8,8) (8,7)

Let us expand these determinants with respect to the last two rows and columns,
and consider the coefficient factor in the term proportional to (@, @)(8, 8)(7, ¢)(8,
d), i.e., the factors other than (a, ¢)(B, b)(y, c)(8, d) in the term.

Case 1: Terms proportional to (a, 8)(7, ), (a, v)(5,B), and (a, §)(B, 7).
We easily see that, except for the sign, the coefficient factors of these terms are the
same, the top-left minor of order . Hence, the sum of these terms is found to be
Zero.

Case 2 : Terms proportional to (a, i )(8, 7 )(7,6), 1=i=<¢,1<j=t, hence t =
1, or terms proportional to (a, i)(8, i)y, c)d,d), 1=i,c,d<t, hence t=2.
There are only two terms which are proportional to (e, 7)(8, 7)(7, 8), and they
come from DgyDsp and DgesDjsy. We easily see that, except for the sign, the
coefficient factors of these terms are the same. Hence, terms proportional to (e, 7 )(8,
7)(7, 8) cancel each other. The same is true for terms proportional to (a, )(8,
i )7, c)(3, d). (Note that the top-left ¢ X ¢ submatrix is symmetric.) Similarly, the
terms proportional to (a, )(7, 7)(8, B), etc. and terms proportional to (a, i )(7,
1)(8, d)(8, b), etc. disappear.

Case 3: Only the remaining terms are those proportional to (a, a)(B, 5)(7,
c)8,d),1=a,b,c,d<t, and a, b, ¢, d are different from each other, hence ¢ =4.
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There are three terms containing (a, a)(8, b)(y, c)(8, d), and the coefficient factor
of each term is the following determinant of order #—2:

(1,1) -+ (1, 2)
: «no (¢, *), (&', <) rows
(¢,1) - (2, ¢)
? no (¢, a), (-, b") columns

where {§’, ¢’, d’'}=1{b, c, d}. If we call the last two columns of the determinant in
(2.12) additional columns of types £ and 7, the above determinant is nothing but the
product of two determinants of the form (2.12), where the order of the determinants
is now #—2 and the additional columns are of types ¢ and 5" for one determinant
and of types ¢’ and 4’ for the other. Hence, the problem reduces to the case of »=
t—4.7

§3. Solutions of Single Equation

We first investigate the following single equation :

Py, +-++ Pgys= Ps+, 3.1
P.eKlx, ..., x4, i=1, ..., s+1

Without loss of generality, we may assume that
deg(D)=0 where D=GCD(P,, ..., P»). 3.2)

(If deg(D)#0, D must pseudo-divide Ps41, i.e., Ps+1/D is a polynomial in S[x] so
far as (3.1) has solutions. Hence, we have only to divide (3.1) by D, satisfying (3.2).)
Furthermore, without loss of generality, we may assume

GCD(P,, P;)=1. (3.3)
The reason is as follows : If condition (3.3) is not satisfied, we may construct
P;=Py+ 3Pyt +AsPs, LEK 21, ..., Zn],
such that GCD(P,, P;)=1 and consider the equation

P1y1+Pz’yz+P3y§+---+Psy§=Ps+1, yiEyk—/ikyz.
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Suppose, for simplicity, that
deg(P;)<deg(P:)+deg(P.), i=3,...,s+1 (3.4)

Then, Lemma 1 tells that there exist polynomials A; and B; in K[x,, ..., x»] such
that

A:P\+B:P,+RP;=0, {=3, ..., s+1,
3.5)
R=res(Py, Ps).
Multiplying R to (3.1) and using (3.5), we obtain
Pl(Ryl_Aaya"'”_Asys+As+1)
+P2(Ry2_B3y3_”'_BSYS+BS+1)=0-
Since GCD(P,, P;)=1, this equality is equivalent to
{—Ryl+Asy3+“°+Asys—As+1= —Prus, (3.6)
—Ry:+Bsyst- -+ Bsys— Bs+1= Piu, (3.7

where %, S[x]. Since R is a unit in S, we can solve (3.6) and (3.7) for arbitrary
Y3 ..., Vs, and #, in S[x]. Therefore, representing the general solution of (3.1) as

T=u TP+ us O+ 5O, (3.8)
=, ¥z, oo, ¥s),
u;,7=2, ..., s, are arbitrary elements in S[x],

we obtain the generators 7@, ..., ¥ and a particular solution $¢*? as

7@=(P/R, —P\/R, 0...0), (39)
y(i)z(Al./R, Bi/Ry O"' Oy 110'“ 0)7 i=3’ cee s Sy (3'10)
37(5+1):—.(—AS+I/R, _Bs+1/R, 0.0) (311)

Since A:, B: and R are represented by determinants whose elements are coefficients
of Pi, P,, and P;, the above generators are of Cramer type.

The only remaining task is to remove the restriction (3.4), which is quite easy if
we use Lemma 2. That is, if

d=max{deg(P;)|i=3, ..., s+1}—deg(PiP,)+1=1, (3.12)

we generate A; and B;, =3, ..., s+1, in K[xy, ..., x»] such that
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AP +BiPz+IC(P1 )dRPi :0,
deg(A;)<max{deg(P;)—1, deg(P;)—deg(P)},
deg(B;)<deg(P:).

Then, (3.1) is reduced to the coupled equations

{ —1c(P )Ry + Asys++ Asys— Ase1=— Paus,
—IC(Pl)dRyz+Bsya+"' +Bsys_Bs+1=P1 Uz,

which are directly solved to give the general solution.

§ 4. Solutions of Coupled Equations

Suppose equations in (1) are linearly independent over K (x4,
without loss of generality, we may assume

P11 Plr
4= ¢ |#0.
Prl Prr

With this assumption, we can rewrite (1) as

Ayl = —Allr+1yr+1—"'_Alsys+dl,3+1)

.........

dyr=—drre1:Yra1— - —drsys+ drs+1,
where i, 1Si<7, r+1<k=<s+1, is the following determinant :

Py - Pl,i—l Py Pl,i+1 o Piy
du=]| : : : B
Ppy -e- Pr,i—l P Pr,i+1 o Prr

(3.13)

(3.6)
(3.7)

wee; Zn). Then,

@.1)

“4.2)

4.3)

The following theorem is essential for proving the main theorem given later.

Theorem 1-1. Let 4+0, and for some i and j, 1<i+j<vr, let 4:r1¥0,
Asr1#0, and GCD(4, A:,r+1)=GCD(4, dj,r+1)=1. For t=i and t=j, define

Rt as

{ e=lc(4)*res(4, dir+1),

d:=max{0, deg(du)—deg(d-dt,r+1)+1k=7r+2, ..., s+1}.

4.4)
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For k=742, ..., s+1, construct A« and By satisfying

{AtkA+BtkAt,T+l+RtAtk=o, (4 5)
deg(B:x)<deg(4). '
Then, we have

Bik/Ri:Bjk/Rj. (4-6)

Proof. We note that the R;, A« and By satisfying (4.4) and (4.5) can be
calculated by using Lemma 1 or 2. Moving the 7th and jth columns in 4 etc. to the
rightmost, and representing 4, 4:r+1, dix, djr+1, 4ix as determinants of the form
given in (2.12) with additional columns of types i, j, »+1, &k, we obtain the
following relation by Lemma 3 :

A'Aijk+Aj,r+IAik+Ajk(—Ai,r+1):0, 4.7

where 4;;; is the following determinant :

P+ Pipsr o Pix - Piy
disx=| : : : R
Py - Pr,r+1 s Prg o Prr
(7) (7) «— column number

Let GCD(4, A, 4;x)= D, then (4.5) implies D|B: and D|Bj;. Hence, defining
A=D4’, A= DA, dj»= DA}, Bir=DBix, Bjx= DB,

we can rewrite (4.5) and (4.7) as

Aud’ +Bixdiri1+ R:idi=0, deg(Bix)<deg(d4’), (4.5)
AjkA, +B}kdj,r+1 + RjA‘;k =0, deg(B§k ) < deg(d ! ), (4.5”)
A,°Aijk+dz,'kdj,r+1_'A_;kAi,r-H':0. (47,)

Eliminating 47 and 47 from (4.5") and (4.5”), we obtain
Ridi(Aud +Bixdiyrir)= Ridix(Asud + Bl rir).
Eliminating 4} 4;,r+1 from (4.7") and the above equation, we obtain

AzckAj,r-kl(RiB.;k—RjB;k)
:A,(Rjdg‘kAik'—RiA;kAjk‘{‘RiBz{kAijk)- (4~8)

We consider only the case of deg(4)>deg(D), because if deg(4 )=deg(D) then By
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=B;#=0. Then, since GCD(4’, 4;,r+1)=1, (4.8) gives

A’ di(R:Bix— RiBix).
Similarly, we obtain
A’ 45x(R:Bix— R;Bix).

Since GCD(J4’, 4%k, 4% )=1, these relations imply
A’ (R:Bix—R;Bix) or A|(R:Bj— R;Bix).
Since deg(4)>deg(B:«), deg(B;:), the above relation leads to (4.6)./

Theorem 1-1 and (4.8) give the following corollary.

Corollary. The A j+1i, is calculated from A:r, B, R: and R; as
A= (R;dixAix+ RiBud i )| Rid k. 4.9

This relation is quite useful in actual calculations because calculation of R;, A:x and
B is quite time consuming.

Theorem 1-1 is slightly generalized as follows:
Theorem 1-2. Let A4+0, and for t=i and t=j, 1=i+j<7r, let

GCD(A, Az,r+1, ceey Ats)th,
GCD(A/D:, deri1/De)=1, (4.10)
deg(d/Dz)>0, deg(dt,r+1/Dt)>O.

Furthermore, let

{R,zlc(d/D,)d‘res(A/Dt, dir41/Dy),

4.11
dt=max{0, deg(Atk/Dt)—deg(A°A¢,r+1/D§)+l|k= 7+2, coe g S+l}( )

For k=7r+2, ..., s+1, construct A« and By satisfying

{Atk(A/Dt)+Btk(At,r+l/Dt)+Rt(dtk/Dt)=07 (4.12)

deg(Bu)<deg(4/D.).

Then, we have

J(R:Bjx—R;B:u) where =4/ GCD(4, D.D;). (4.13)
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Proof . Putting 4,=A4/D., dux=A4u/D., t=1i, j, we can rewrite (4.12) and
(4.7) as

(Aikdi/j)j+BikZi,r+l+Rz’jz’k:0y
(Asdil DA+ Budrir+ R =0, (4.14)
Zi“ Jz‘jk + Zikjj,r+1 _jjkji,rd-l :0,

where Jdix=A4:;:#GCD(4, D:D;)/D:D;. Note that J;;EK|[x,, ..., 2] because
(4.7) implies D;D;| 44 Since 4|4; and 4| 4;, and equations in (4.14) are of
the same forms as (4.5"), (4.5”) and (4.7"), we obtain (4.13) by performing the same
calculation as that in the proof of Theorem 1-1./

Corollary. If deg(d)=deg(d:)=deg(4;) in Theorem 1-2 then we have
Bik/Ri:Bjk/Rj-
Now, we prove the main theorem.

Theorem 2-1. Let A+0, and for i=1,...,r let d:r1#0 and GCD(4,
dir+1)=1. Representing the general solution of (1) as

y= ur+137(r+1)+ coo usf(8)+ 37(S+1),

: - . (4.15)
u;, j=r+1, ..., s, are arbitrary elements in S|x],
the generators 5V, ... ¥ and a particular solution 7+ are given as
37(r+1):(41,r+1/Rr, ) ATW“/RT! _A/RT’ 0...0),
j/_(r+2):(A1,r+2/Rl, ces g Ar,r+Z/Rr, BT,T+Z/RT) ly 0 oo O),
............... (4.16)

y9=(A1s/R, ..., Ars/Rr, Brs/R+,0...0, 1),
FEV=(—Ays:1/R, ..., —Arsi1/Rr, —Brs+1/Rr,0...0),

where R:, Aw, and B, t=1,...,7, k=v+2, ..., s+1, are defined by (4.4) and
(4.5).

Proof . We first solve the last equation of (4.2) by the method described in § 3.
Representing the general solution of the equation as

' = trir§ Tty Oy,
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V' =(¥r, Yre1, eer y V),
we obtain

_’)7,(1-+1)=(Ar,r+1/Rf: _A/R” 0.. O)’
§'"2=(Ar+2/Rr, Brrs2/Rr, 1,0...0),
5®=(Ar/Rr, Brs/Rr,0...0,1),
37'(S+1)=(—Ar,s+1/R7‘, _Br,s+1/RT; 0...0).

Substituting the above solution 7’ into the 7th equation in (4.2), we have

dy;=+ (Ai,r+1A )ur+1/Rr
_(Ai,r+1Br,r+2+RrAi,r+2)ur+2/Rr

—  scecssescescens

- (Ai,r+1Brs+RrAz's)us/Rr
+(Ai,r+1Br,s+1+RrAz',s+1)/Rr.

Consider the coefficient of #; and the last term of this equation :
(dir1Bret Redix)/Rr, v +25k<s+1.
Using the relation (4.5), we can rewrite this expression as

(4ir+1R:Brs+ R:R:4:x)/ R:R~
= —AikA/Ri—Ai,‘H-l(RrBik_Rz‘B‘rk)/RiRr-

Owing to Theorem 1-1, the last term of this expression vanishes and we obtain

Yi= +Ai,r+1 Ur+1/Rr
+Airiothrio/Ri++Aistus/Ri— A ss1/R:.

Therefore, y;€S[x], i=1, ..., »—1, and combining the above solution and 7', we
obtain the generators (4.16). /7

Notes : We can calculate the solutions of (1) by successively solving each
equation of (1) and substituting the solution into the yet unsolved equations. This
method introduces extremely large factors which exactly cancel each other between
the numerator and denominator. However, proof of the cancellation is quite tedious.

Theorem 2-1 is slightly generalized as follows.
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Theorem 2-2. Let 4+0 and

D r is)= Ui, '=,..., ,
{GC (A,A{, +1, ,As) D 7 1 v (4.17)
deg(D,)=0,
GCD(4/D:, 4i,r+1/D:)=1, i=1, ..., 7, (4.18)
D:|dis+1 over S, i=1,..., 7. (4.19)

Construct A and B, k=7r+2, ..., s+1, according to the formulas (4.12) with
(4.11). Then, formula (4.16) with the following replacement gives the general
solution of (1):

Au/R:i — Au/Ri+4diri1(RBix— R:Br)/ AR:R>. (4.20)

Proof. Solving the last equation of (4.2) after dividing it by D, and
substituting the solution into the 7th equation of (4.2) and dividing it by D;, we have

dyi=+ (Ji,r+1Ar)ur+1/Rr
+{diAsrs2/Rit dirir(RrBirsz— RiBrirv2) /[ RiRr} thrsz
4 cereeeerennnn.
+ {AiAis/Ri+ji,r+l(RrBis —R:Brs)/R:Rr}us
—{d:Asse1/Rit+ diris(RiBissi— RiBrssi)/ RiRy},

where 4;=4/D; and du=A4:4/D; as before. We have 4;|4, over S because
deg(D,)=0, and Theorem 1-2 with =7 implies 4;|(R,Bix— R:Br), k=7+2, ...,
s+1. Hence, the y; in the above equation is in S[x] for arbitrary %4, ..., #s in
S[x]. (Note that, because D,ES, we can delete the common factor D, in the
generators.) /

The conditions (4.18) may not be satisfied in many actual cases. In such a case,
we have only to construct

dirn=dirn+Areadiriat+Asdis, A, EK[x1, ..., Tn-1], (4.21)

such that GCD(4/D:, 4%r+:1/D:)=1, i=1, ..., 7, and consider the equations

---------------

{ Ayx = "Af,r+1yr+1'—411,r+2y;+z— —Axsy§+ A1,s+1,

Ayr= —A},mym —Ar,r+2y;+2_ —Arsyé+dr,s+1,
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where yi=yi—Awyri1, k=742, ..., s.

§5. General Case (Rare Case)

If the conditions in Theorem 2-1 are satisfied, the general solution of (1) is given
by the beautiful formula (4.16). If the conditions are not satisfied but the conditions
in Theorem 2-2 are satisfied, we have less beautiful but still simple formula (4.16)
with the replacements (4.20). The latter condition of (4.17) will be satisfied in most
practical cases, and the condition (4.18) will also be valid in such cases so far as the
transformation (4.21) is applied. We must, however, consider the rare cases in which

deg(D;)+0 for all =1, ..., 7, .1

where D;=GCD(4, 4:,r+1, ..., dis). In this case, if any of the conditions

D:|d:s+1 0ver S, i=1,...,7, (5.2)

is not satisfied, the coupled equations (1) have no solution. Hence, we assume (5.1)
and (5.2) throughout this section.
Following Theorem 1-2, we introduce the following quantities :

{C;EGCD(A,D,-DT), i=1,..,r—1, (5.3)
C-=GCD(4, D;)=Dr. '
Note that C,|C;. Defining J; and 7, as
{J;‘EA/C;', izl, vee sy 7,

~ . 5.4

y:=(C:i/Di)y:;, i=1,...,7,
we can rewrite (4.2) as

21371=—Jl,r+1yr+1"""‘Jlsys"‘jx,sn,
............... (5.5)

err= —Jr,mym— "‘erLVs +A~r,s+1,

where J:x=A4u/D; as before. Note that 7,=y, because C,= D, and J:| 4, i=1,
..., r—1, because C,|C;. Furthermore, since D;|C;:, i=1, ..., 7, we have 7,
Slz]if y.€S[x].

Generalizing the Theorem 2-2, we have the following theorem which gives the
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general solution of (5.5).

Theorem 2-3. Let 4+0 and GCD(4, d:r+1)=D:#*1, i=1,...,7. Con-
struct A and B, k=v+2, ..., s+1, according to the formulas (4.12) with (4.11).

Then, the general solution ¥ =(F1, ..., Fr, Yr+1, ..., ¥s) of (5.5) is given by (4.16)
with the following replacements :

Ai,r+1/Rr“" A~i,r+1Ci/DrRr,
—4/R;— —4+/Ry, (5.6)
Au/Ri — AuCi/D:iR:i+ di,res( RrBix— RiBri)| A:R:R>.

Proof. Theorem 1-2 is true even if deg(D,)+0. Hence, the same proof as for
Theorem 2-2 applies to this case. /

Finally, we must solve coupled equations (C:/D;:)y:=79:, i=1, ..., r—1, with
y:given as Corr1thrirt -+ Cisths+ Ciss1, Cu€Slx], k=7r+1, ..., s+1. Thatis,
we must solve the coupled equations of the following form :

Pyt PrraVra o+ Pisys= Prsaa,

............... 5.7
Pryr+PrroiYreit oo+ Prsys = Prissa,

where P;, Pu€K|x1, ..., x»), and deg(P;)+0, i=1, ..., 7. (If deg(P:)=0 then the
ith equation of (5.7) is satisfied by arbitrary yr41, ..., ¥s in S[x], hence we can
delete it.) Note that if (1) is already of the form (5.7) then (5.5) is identical to(5.7).

The coupled equations (5.7) can be solved in the following way. We assume, as
before, GCD(P;, Pir+1)=1, i=1, ..., r. We construct R;, A and Bu, k=7r+2,
..., $+1, such that

{Ri =1c(P; )% res(P;, Pire1),

5.8

d:=max{0, deg(P;x)—deg(P:iPir1)+1lk=7+2, ..., s+1}, 58)

{AikPi+Bik i,r+1+Rz'Pik:O, (5 9)
deg(Bix)<deg(P;). ’

Using A and B, we can transform the jth equation of (5.7) to the following
equations
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{y;-= (Pirrtti+ AireaYriat o+ Aisys— Ais+1)/ R, (5.10)

Yra1=(—P;u;+Bir+zyri2++Bisys— Bis+1)/ R,

where %; is an unknown in S[x]. These equations are such that the first equation
is automatically satisfied by any #%; in S[x]. Hence, equating the right hand side of
the second equation of (5.10) to that of equation for i =7, (5.7) is transformed to the
following 7 —1 coupled equations :

R:Piui— R1Prur+ (RlBr,r+2— RrBl,r+2 )yr+2+
+(R1Brs— R+Bi1s)ys=(RiBr,s+1— RrBis+1),
............... (5.11)
ReProsthr-1— Rr—1 Prur+ (Rr—1Br,r+2—RrBr—1,r+z )yr+z+
+ (Rr—lBrs_ RrBr—l,s )ys = (Rr—lBr,s+1"‘RrBr—1,s+1).

Coupled equations in (5.11) are the same form as those in (5.7) but simplified in that
the number of equations is decreased by one. Note that the degrees of the coefficient
polynomials in (5.11) are never greater than those in (5.7). Therefore, the problem
is reduced to a simpler one. Continuing the above reduction, we can solve (5.7) with

suppressing unnecessary coefficient growth.

§ 6. Comparison with Another Formula

Using the idea of Hermann [4] (see, also Seidenberg [5]), we can easily represent
the generators of the solutions of (1) in a determinant form. Equations in (4.2) show
that (1) has the following solutions

372(1;+1)=(Al,r+1, ceoy Arrs1, —A, 0... 0),

............... 6.1
yég)=(dls, cen y A'rs, 0... 0, _A)
We call these solutions apparent solutions. Let
d=max{deg(P;)|i=1,...,7;j=1,..., s} (6.2)

Then deg(4) and deg(4;;) are less than or equal to #d. Following Hermann, it is
easy to prove that every solution of (1) with deg(y:)=7d for some i can be
represented by apparent solutions. The remaining solutions can be represented as
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y,-=Ci,m-lx“"‘+c.-,rd_zx’d‘2+--=+c,-o, i=1,...,s, (6.3)
ci;€S,7=0,1,...,rd—1.

Substituting (6.3) into (1) and equating coefficients of x * terms, £=0, ..., rd +d—1,
to zero, we obtain 7(7d+ d) coupled equations for s7d unknowns c¢;;. Since ¢;E
S, the solutions of these equations are given by Cramer’s formula.

The method described above is given in refs. 4 and 5, and it is a typical method
in algebra. The degree in x of a generator obtained by this method is less than or
equal to 7d-1, which is the same as our formula. Howeyver, in this method, the order
of numerator and denominator determinants is 7d(#-+1) which is considerably
greater than 274 —1, the order of determinants for A and B;. Furthermore, the
number of generators in the above method is as many as 7d(s—#»—1)+(s—7),
which is very inconvenient in actual applications. On the other hand, the number
of generators in our method is only s—#. Hence, our formula is much more
beautiful and useful than the formula obtained by the above method.

Finally, we present an example for the case of »=2 and s=5.

(2 + D+ (2242 +1)y+ (222 —x)ys
+(22%43)y+ (227 —3x +1)ys=0,

(22422 +2)y+@Bx2—x +1)y.+ (22432 +5)ys
+ (222 —x +3)y«+(Bx2—1)ys=0.

(6.4)

The 4 and 4, i=1, 2, £=3, 4, 5, are calculated as

Ad=2x*—4x*—x*—5x—1,
A13=5x*—9x*—6x%—9x —5,
Ad1s=4x*—3x3+7x*—5zx,
d15=3x*—14x3+6x*—3x +2,
Aaz=—x*+4x%+5x+5,
A= ——5x3-2x2—7x—3,
dos=x*—x*+3x*+4x 3.

These polynomials give the resultants R, and R, as

Rlzfes(d, Als)= —396,
R2=I'CS(A, Aza): —165.
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Hence, the conditions in Theorem 2-1 are satisfied. Using determinant representa-
tions (2.4) and (2.5), we can calculate A;x and B, i =1, 2, k=4,5, as

A14=12(—1135x3—932x2—1078x —410),
1e=12(+45423+282x%+511x +82),
A1s=12(+47023+ 60412+ 3412 +199),
Bi1s=12(—188x%—204x%—152x —53),
A2e=5(+2272°4+595x2+651x +509),
Bas=5(+454x2+282x%+511x +82),
Azs=5(—94x3—290x%—327x —166),
Bis=5(—188x°—204x2—152x —53).

Formula (4.16) gives the generators of the general solution as

FO=(Lys, das, — 4,0, 0),
Y9=(A14/R:, Azs/ Rz, B2a/R5,1,0),
37(5)=(A15/R1, Azs/RZ, BZ5/R2’ 0,1).

That these generators satisfy (6.4) is easily checked. Furthermore, we can easily
check the validity of relations (4.6) and (4.9).
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