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Introduction

Lang [16] discussed the higher dimensional analogue of Mordell’s conjecture for
curves of genus =2 in terms of hyperbolic manifolds due to Kobayashi [10] and
posed a relative formulation of the problem for algebraic families of hyperbolic
varieties :

Problem. If there are an infinite number of cross sections, then the family
contains split subfamilies, and almost all cross sections (i. e., all but a finite
number of cross sections) are due to comstant ones.

Moreover, in the split case, he conjectured the following :

Lang’s comjecture. Let M be a projective hyperbolic variety and N any
algebraic variety. Then there are only a finite number of surjective rational
mappings of N onto M.

The main purpose of this paper is to give some affirmative answer to the above
Problem. We also make clear how Lang’s conjecture relates to the above Problem
(see (3.1) and the Main Theorem (3.2), (iii) in Section 3). Several finiteness theorems
motivated by Lang’s conjecture were obtained by [15, 23, 8, 28]. In Section 4 of this
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paper we shall show Lang’s conjecture for compact hyperbolic Kdhler manifolds M
with the first Chern class ¢,(M)<0 and for compact complex spaces N, while we
do not require M/ and N to be algebraic (Theorem (4.1)).

Let (3(_, T E) be a compact normal fibre space over a compact complex space
RY;ie, Xisa compact normal complex space and r:X—>Risa surjective
holomorphic mapping of which general fibres X, = 7 ~(¢) with t€ R are irredu-
cible. Let R be a Zariski open subset of R, X=7"'(R) and 7= r|X the
restriction of 7 over X. We say that (X, x, R) is a hyperbolic fibre space if X,=
7~}(¢t) are hyperbolic for all {ER ; that is, the Kobayashi hyperbolic pseudodis-
tances dx, are true distances (cf. [10, 11]). We denote by R reg the set of regular
points of R. Assume that RC-I—e-reg. We set 9R=R —R. Let I" be the set of all
meromorphic cross sections of the fibre space (X, r, R) and set I'(¢)={s(¢); s
I'} for t€R. The main result of this paper is the following :

Main Theorem (3.2). Assume that (X, n, R) is a hyperbolic fibre space and
that

3.3) (X, m, R) is hyperbolically imbedded in (X, &, R) along oR

(see Definition (1.3) in Section 1). If there is a point tw&E R such that I'(to) is
Zariski dense in X.,, then there are a compact complex space R’ and a surjective
holomorphic mapping A : R'— R satisfying the following properties :

(i) A: R'—R is a finitely sheeted unramified covering, where R’= A~ (R) and
A= AR

(ii) There is a bimeromorphic mapping ® : R’ X r X— R’ X X, such that the
restriction ®= @ | R’ X zX is a holomorphic isomorphism from (R’ XX, n’, R’) to
(R'X X4, p, R") as fibre spaces, where 1’ : R"XrX—R" and p: R"XX:R’
denote the natural projections.

(iii) Moreover, assume that X ., satisfies property (3.1) (see Section 3) or Aut(X,,)=
{1}, where Aut(X:,) denotes the holomorphic automorphism group of X:. Then we
have R’=R and R'=R.

This Main Theorem (3.2) implies an affirmative answer for the above Problem
(see Corollary (3.6) in Section 3). Let (f, T, R) be a projective algebraic fibre

s o be reduced and irreducible, unless otherwise mentioned.
D Complex spaces are assumed to be reduced and ducibl 1 th mentioned.
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space defined over an algebraically closed field & of characteristic 0 ; i.e., X C R X
PY with the N-dimensional projective space Py over k and 7 is the projection of
X onto R. Let K be the function field of R and . the generic fibre of (f, T, E),
which is a projective variety defined over K. Then, assuming the conditions of the
Main Theorem (3.2) for (X, 7, R) and (X, 7, R), we have the following :

If the set #2(K) of K-rational points of # is dense, then there is a finite
extension K’ of K such that 2 X yK' is isomorphic over K’ to a variety 2, defined
over the constant field k.

This is an analogue of Mordell’s conjecture for curves over function fields
proved by Manin [18] and Grauert [4], who did not assume condition (3.3). Mordell’s
conjecture for curves over function fields is easily reduced to the case of dim R=1
(see, e. g., [18, 27]). In the case where dim X,=dim R =1, property (3.1) is nothing
but de Franchis’ theorem and moreover we see that condition (3.3) is essentially,
automatically satisfied (see Theorem (5.2) in Section 5). Therefore, in this case, (iii)
of the Main Theorem (3.2) holds and we have K'=K in the above assertion.

Some results in this direction were obtained by [24, 22]. We discuss the
relationships among theirs and the present one (see Remark to the Main Theorem
(3.2) and Remark to Corollary (3.6) in Section 3).

The proof of the Main Theorem (3.2) is mainly based on the fundamental results
of [2] on hyperbolic manifolds (or spaces). In the case of dim X,=1, Green [7]

suggested the similar observation to ours and we will discuss it in Section 5.
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§ 1. Hyperbolically Imbedded Fibre Space

Let X and R be complex spaces and 7 : X— R a proper holomorphic mapping
such that general fibres X;=7~*(¢) with & R are irreducible. We call the triple (X,
7, R) a fibre space. If X are hyperbolic for all &R, then we call (X, =, R) a
hyperbolic fibre space. Here we define the hyperbolicity for reducible connected
complex spaces exactly in the same way as in [10, 11]. We denote by d, the
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Kobayashi hyperbolic pseudodistance of a complex space which may be reducible
but connected. Set X |4 =7x"(4) for a subset JCR.

Lemma (1.1) ([29, Theorem 4]). Let (X, n, R) be a hyperbolic fibre space and
A4 an open connected subset of R. If A is (complete) hyperbolic, then X |4 is
(complete) hyperbolic.

Let 7°(X) denote the Zariski tangent space over X, %z a hermitian metric on
X and set || ]l»=(%(v, v ))"for v€ T(X). We denote by Fx the infinitesimal form
of the hyperbolic distance dx (see [25]). Royden [25] proved in general that X is
hyperbolic if and only if there is a constant C >0 for any compact subset K C X such

that Fx(v)=Cl| | for all y€ T(X)| K. Combining this with Lemma (1.1), we
have the following.

Lemma (1.2). Let (X, 7, R) be a hyperbolic fibre space and tR. Then
there are a neighborhood U of t and a constant C>0 such that

Fxiw(v)=Cllolla
for all veT(X|U).

Let (X, 7, R) be a fibre space such that R DR, 9R=R —R is a proper
analytic subset of 72—, X =3(—| Rand r=1r|X. If X is compact, we say that (Y, T,
R) is a compactification of (X, 7, R).

Definition (1.3). We say that the fibre space (X, x, R) is hyperbolically
imbedded in (X, 7, R) along R if for any point # € 9R, there is a neighborhood
UCR of ¢ satisfying the following condition :

(1.4) For arbitrary distinct points x; and x; of 3{}, there are neighborhoods V;C
X|U of xz:, i=1,2 such that dxw-sr(ViNX, V2N X)>0,

where we set
dxw-0(ViNX, VaN X)=inf{dxw-s0)(31, ¥2); ¥:EV:, i=1, 2}.

It is clear that (X, 7, R) is hyperbolically imbedded in (X, 7, R) along R
if and only if
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(1.5) for an arbitrary point 7€ X . with any t€0R, there are neighborhoods
U of ¢t and arbitrarily small V', W of x such that VCW and dxv-ar)
(VNX, (X|[(U-06R))—W)>0.

We give a similar criterion of the hyperbolic imbeddedness to [9, Theorem 1].

Lemma (1.6). Let (X, 7, R) and (X, 7, R) be as above. Then (X, 1, R)
is hyperbolically imbedded in (X, 7, R) along 0R if and only if for any point t €
OR there are a neighborhood U of t in R and a constant C>0 such that

(1.7) Fxiw-ar(0)=C| 0|

Jor all v€ T(X|(U—-06R)).

Proof. The inequality (1.7) obviously implies that (X, 7, R) is hyperbolically
imbedded in (—X_, 7, 'R). We show the converse. Assume that it is not true. Then
we can take a decreasing sequence {U,};-; of neighborhoods of ¢ in R and
increasing sequence {7,}5-: of positive real numbers such that U, are relatively
compact in U,, N5=; U,={t}, lim,..7,= 4+ oo and there are holomorphic mappings
fv: D(r,)>X|(U,—06R) with |£,'(0)]l»=1, where we set f,'(z)= fu:((d/dz):) for
z2€D(7,). Then by [2, Lemma 2.1] we have holomorphic mappings g, : D(7y)
— X |(U,—6R) such that ||g,'(0)].=1 and |

g ()= a.(z) on D(7,), where

az)= .

"

ri—l|zl%

Since {a,} converges to 1 uniformly on compact subsets, {g,} is equicontinuous. By
Ascoli-Arzela’s theorem, we have a subsequence of {g,} which converges uniformly
on compact subsets to a holomorphic mapping g :C—X;. For the simplicity, we
denote the subsequence by the same {g,}. Since| g, (0)|.=1, [lg’(0)l~»=1, so that g
is not a constant mapping. Take z’€ C so that g(z")+g¢(0), and put

21=9(0), x2=g(2").

We may assume that 7, >|z’| for y=1, 2, --. Since 7°g,(D(7,))C U, and lim,.«7,
=+ oo, we have for any neighborhood U of ¢ and for any neighborhoods V; of z:

in X|U, i=1, 2,
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dx](U—aR)(Xﬂ Vi, XN V) éLiTIEdXI(U—aR)(gu(O), gu(Z,))

é_ygl; dpcr,(0, 27)=0.

Therefore (X, r, R) is not hyperbolically imbedded in (X, 7, R) along oR.
Q. E. D.

The following is a direct consequence of Lemma (1.6).

Corollary (1.8). The fibre space (X, , R) is hyperbolically imbedded in (X,
T, R) if and only if for every point S 0R there are neighborhoods V and W
of t such that VC W, V is relatively compact in W, X |(W —0R) is hyperbolic
and X |(V —8R) is hyperbolically imbedded in X | W (in the sense of [11, p. 366)).

§ 2. Convergence of Cross Sections

Let (X, 7, R) and (X, 7, R) be as in Section 1. In general, a mapping s :
R— X is called a cross section of the fibre space (X, n, R) if 7os=id. In this
section we assume that (X, r, R) is a hyperbolic fibre space and hyperbolically
imbedded in (f, T, _E) along 0R. We have the following by Corollary (1.8) and
[11, Section 3]:

Lemma (2.1). Let s be a meromorphic cross section of (X, r, R). Then s
extends to a unique meromorphic cross section s of (—)_(-, 7, R); moreover, if R
is smooth and if OR is of pure codimension 1 and has only normal crossings, then

s: R—X is a holomorphic cross section of (X, 7, R).

Let I" denote the set of all meromorphic cross sections of (X, r, R). In the rest
of this section, we assume that R is smooth, and that dR is of pure codimension 1
and has only normal crossings. By Lemma (2.1) I coincides with the set of all
holomorphic cross sections of (X, x, R) and all s&I" have holomorphic extensions
Son R. By Lemma (1.1) and the general theory of hyperbolic spaces (cf. [10]) we
see that " forms a normal family.

Theorem (2.2). The family {s; s€I'} forms a normal family.
For the proof it suffices to show the following lemma :
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Lemma (2.3). Let the notation be as above. Let {s,}5-, be a sequence of s,
&I" which converges uniformly on compact subsets of R to s€I'. Then the
sequence {s,}3-, converges uniformly on compact subsets of R 10 's.

Proof. Let t&0R be an arbitrary point. Then there is a relatively compact
neighborhood U of ¢ in R with holomorphic local coordinates system (27, ..., ")
(z=dim R) such that U is biholomorphic to the %-dimensional unit polydisc D"
={(z%); |z%|l<1}, t=(0,..., 0) and

ORND"*={z'-z*=0}

for some 1< k< »n, where we identify U with D”. We first consider the case of £
=1. Therefore RN D"={z'=0} and RN D"=D*x D" !, where D*=D—{0}.
Let z’=(z% ..., 2")&D" ' and let O’ be the origin of D*~!. We show that {s5,(z?,
z')}p-1 converges uniformly on compact subsets of DX D" to s(z?, z’). Suppose
it does not hold. Put's (0, O’)=x. Then there is a neighborhood W of x such that
W is biholomorphic to an analytic subset of the unit N -dimensional open ball BY
with center at the origin in C'V and x corresponds to the.origin. We identify W with
the analytic subset of BY. By the assumption, for any positive integer #E N and any
d >0, there are an infinite number of s, such that

E(D(%)x D(s )"‘l)qt W CBY.

We denote by BY(w ; ) the open ball of radius » >0 with center at w in C" and
put BY(#)=B"(0O: 7). There are o€ N and 0<§o<1 such that s( D(1/x0)
X D(80)* )T B™(1/8), where D(1/u0) is the closure of D(1/uo). Let 0D(1/u)=
D(1/u)—D(1/1) be the boundary circle of D(1/¢). Since {s,}, converges
uniformly on dD(1/#)X D(80)*™* to s, we can choose a subsequence {s,,}s-1 of
{sv}, and a sequence {z,}z-1 of z,€D(80)""! such that lim,-.z.= O’ and

{Ew,(ap(l/ﬂ), zZu)CBY(1/4),

(24) Su(D(/1), 20 EBY.

Hence there are points zi& D(1/¢), #=1, 2, ... such that

(2.5) xu=S5u,(2h z20)E 63”(%).
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Put X.=s,,(D(1/¢), 2.)NB"(xx; 1/8). Then by (2.4), X, are 1-dimensional
analytic subvarieties of B¥(x,.; 1/8). Thus the euclidean volumes Vol(X,) of X,
in B¥(x.; 1/8) satisfy

Vol(Z‘,,);—Gﬂz, p=12, .

Let % be a hermitian metric on X and Vol.(Z ») denote the volumes of 3, with
respect to 2. Then there is a positive constant C; such that

(2.6) Volu(Zp)=Ci>0, p=1,2,:.

Let H7 (resp. H%y pu, pn-1) denote the 2-dimensional Hausdorff measure defined by

h (resp. Fxppxxpn-1). Then there is a positive constant C; such that
2.7 ‘ Volu(Zu)S C:HA(Zn), =1, 2, -~

Put y.=15,,(0, z.) and Zi=3,—{y.}. Then we have that Hi(Zx)=Hi(Z.). We
may assume that U is chosen so that Lemma (1.6) holds. Hence there is a positive

constant Cs such that
2.8) HA(Z4)= HAZ)S CoHY,pyy na(Z5), 0=1,2, 7,

Let ¢ denote the Poincaré metric on D* and HZ the 2-dimensional Hausdorff
measure defined by @. Then we have by the decreasing property of hyperbolic
distances for holomorphic mappings that

1

(2.9) HEypupn-1(ZE)= H:(D*(g))é locg‘4/.l’

/“=17 2! Y

where C, is a positive constant. It follows from (2.6)-(2.9) that

C.CsCs

<
0<Ci= log 1

—() as g— oo,
This is a contradiction.

Now we consider the general case of £=1. Then we have that D" — gR = (D*)*
X D"k, Applying the above result, we infer that {s,}, converges uniformly on
compact subsets of (D*)*'X D" #*! to 5. Thus the induction on % completes the
proof. Q.E.D.
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§ 3. Main Theorem

Let (?, Tr—, E) be a compact fibre space and a compactification of a fibre space
(X, #, R). Assume that X is normal and RC Rreg. Let I denote the set of
meromorphic cross sections of (X, 7, R) and put

r)={s(¢); ser}

for tER.
Relating to Lang’s conjecture in Introduction, we consider, in general, the
following property for a compact complex space Y :

(3.1) For any compact complex space NN, there are only a finite number of
surjective meromorphic mappings from N onto Y.

See the next Section 4 for several sufficient conditions for ¥ which imply property

(3.1).

Main Theorem (3.2). Assume that (X, n, R) is a hyperbolic fibre space and
that

3.3) (X, 7, R) is hyperbolically imbedded in (X, 7, R) along 3R.

If there is a point t&ER such that I'(t,) is Zariski dense in X, then there are
a compact complex space R’ and a holomorphic mapping A:R—R satisfying the
Jfollowings :

(i) A: R'—R is a finitely sheeted unramified covering, where "= A ~*(R) and
A=A|R.,

(ii) There is a bimeromorphic mapping ® : R’ X zX— R X Xy, such that the
restriction @ | R’ XX is a holomorphic isomorphism from (R Xz X, n’, R’) to (R’ X
Xto, b, R') as fibre spaces, where 1’ R' Xz X— R’ and p: R’ X X:— R’ denote the
first projections.

(ili) Moreover, assume that X, satisfies (3.1) or Aut(X,,)={1}, where Aut(X.,)
denotes the holomorphic automorphism group of X.,. Then we have R’'=R and
R =R.

Remark. 1In the previous paper [22] we proved a similar result to the Main
Theorem (3.2) in the case where (X, 7, R) is an algebraic smooth fibre space and
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the tangent bundle 7°(X.) is negative (see, e.g., [22]) for generic & R, while we did
not assume any condition such as (3.3). If T(X.) is negative, then X, is hyperbolic
and satisfies property (3.1) (see [12, 15, 23, 28, 8]).

We first reduce the Main Theorem (3.2) to the case where R is smooth, dR is
of pure codimension 1 and has only normal crossings, and X is normal. Assume the
assumptions in the Main Theorem (3.2). By Hironaka’s theorem, there is a
desingularization « : Ro— R such that R, is smooth and R,—a~*(R) has pure
codimension 1 and only normal crossings. Put Ry=a"'(R). Then ¢ |Ro: R—R is
biholomorphic. Put

Xo=RoxzX, Xi=RoXzX.
Let 7o : Xo— Roand mo: Xs— R’ be the natural projections. Let 8 : Xo—Xo be
the normalization of X’. Since X’ is biholomorphic to X and X is normal, X is
biholomorphic to 87'(X,’), which is denoted by X, Put To=1mooB and mo=
‘7ol Xo. We easily obtain the following :

Lemma (3.4). Let the notation be as above. Then the fibre space (Xo, o, Ro)
is hyperbolic and hyperbolically imbedded in (Xo, To, Ro) along 9Rs.

Proof of Main Theoremn (3.2). By Lemma (3.4) we may assume that R is
smooth and that dR has pure codimension 1 and only normal crossings. Then, by
Lemma (2.1) all s&I" are holomorphic and have holomorphic extensions on R.
Therefore I" is identified with the set of holomorphic cross sections of (Y, T, R).
We endow I with the compact-open topology. It follows from Theorem (2.2) that
I' is compact. By [3] I" carries a structure of complex space such that the mapping

T: RxI's(t s)—s(t)ex

is holomorphic. We show that there is an irreducible component Iy of I" such that
U (R XIy)=X. Assume that there is no such I. Take any irreducible component
Iy of I" and set I'y(¢)={s(¢); s&I1} for tR. Then we have

dim I'(£)=dim ¥ (R X I'})—dim R <dim X —dim R<dim X,

Hence I'\(4o) is a proper analytic subset of X;,, so that I"(#) is a proper analytic
subset of Xy, This is absurd. We denote ¥ | R X I'; by the same letter ¥. Thus
we get a surjective holomorphic mapping
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T RxIv3(t, s)—s(t)EX.

Let T(X) (resp. T(R)) denote the Zariski tangent space over X (resp. R).
Set T(R)=7""T(R) and let 7.: T(X)—T(R) be the morphism induced by
Tu: T(X)=T(R). Set

F=Uzex{0:€ Hom(T(R )z, T(X)z); xooz=id}.

Then F naturally carries a structure of a complex space and the natural projection
q: F—X is holomorphic. Put Fy=¢g"'(x) for 2zEX. The differential s.(¢):
T(R)— T(X s of s€&I'y naturally defines an element 5.(¢)E Fs. We set

U RXT3(¢, s)—3(¢)EF,

which is a holomorphic mapping. Since I, is compact and F3 is an analytic subset
of some CV, (7 (x), )N Fx is a finite set. Putting E= ¥'(R X I'y), we have a
finite cover over X

q|E: E-X
which may be ramified. Let £ be the number of sheets of the cover ¢ | E : E—X and
set

1
Nz =72 ce(qlE)>-1(z)0

for xef, where the sum is taken with counting multiplicities. Let v be a
holomorphic vector field on an open subset U CR. Then v naturally defines a
holomorphic cross section 7€ H(X | U, T(R)). Here one notes that 7(R) is a
holomorphic vector bundle. Therefore 7:(7)€ T(X )z for x&X | U and

7(3): XreeN(X|U)Dx—92(9)E T(X)

is a holomorphic vector field. Since X is normal, 7(7) is extended as a holomorphic
vector field on X | U. By definition we have

Teon(B)=0.
Therefore 7 defines the holomorphic horizontal direction field in the fibre space (_)?,

7, —E). We see by the general theory of fibre spaces that (Y, T, R) is a fibre bundle
with typical fibre X, and with structure group Aut(X,,) such that for a sufficiently
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small neighborhood U of a point tE R, there is a trivialization X |U=U X X4,
and 7(3)=v@ 0E T(U)® T(X+,)= T(X | U) for v T(U). 1t follows from [26]
that the bundle (X, 7, R ) comes from a monodromy p& Hom(m:(R), Aut(X,,)),
where 1,(R) denotes the fundamental group of R. Since Aut(X to) 1s finite ([11,
Theorem 9.2]), we have a finite unramified covering 7 :E’—»E such that there is a
holomorphic isomorphism @ from the fibre space (R’ X;Y,_i?’, R’) onto (R X X,
D, R’), where 7' : R'XzX—R’ and p : R’'X X~ R’ are the natural projec-
tions. Therefore we have proved (i) and (ii).

If Aut(X.,)={1}, then p is trivial, so that (X, 7, R) is globally trivial.
Assume that X, satisfies (3.1). Let U be an arbitrary simply connected subdomain
of R. Then we have a trivialization, X | U= U X X, The holomorphic mapping
U|UxXTy: UXTo—=U XX, is written in the form

WIUXFo(t, S)=(t, S(t))e UXXto.

Set T|UXTIo(t, s)=(¢, ¢:(s))EU X X4, for (t,s)€UXTo. Then ¢;: [Ds
—¢,(s)E X;, are holomorphic surjections for all & UU. It follows from property
(3.1) that ¢ is constant in {. We denote it by ¢. Thus we have

TIUXTo(t, s)=(t, ¢(s))E U X X,

Hence all s& T are locally constant cross sections and 7s¢:)=3.(¢) for s&€I, and ¢
€ R. Thus we deduce that p is trivial and then (f’ T, R)is globally trivial.
Q.E.D.

By the above proof we have the following corollaries.

Corollary (3.5). If R is smooth and OR has only normal crossings in the
Main Theorem (3.2), then A: R—Ris an unramified Galois covering and O is
a holomorphic isomorphism between the fibre spaces.

Corollary (3.6). Let the notation be as in the Main Theorem (3.2). Assume
that X and R are algebraic varieties and that T is infinite. Then there is a fibre
subspace (Y, 7|Y,R) of (X, 7,R) (i. e, Y is an irreducible complex
subspace of X and (?,?I_Y—, R)is a fibre space) satisfying the following
properties :

(i) Y.=7x"¢) are irreducible curves for tSR.



HYPERBOLIC FIBRE SPACES 39

(ii) Let @: Y '— Y be the normalization of Y and set 1'=rea, Y =
7 "WR)and '=1'|Y’. Then there is a bimeromorphic mapping ¢ from Y’
onto R X Y{ with some t< R,such that 9= ¢ | Y’ is a holomorphic isomorphism
of (Y', 7', R) onto (RX Y/, p1, R)as fibre spaces, where p: RX Y/—R is the
natural projection.

(iii) I" contains an infinite number of rational cross sections of (?, T|Y,R)
and hence of (Y ', ', R), all of which, except for a finite number of ones, are
due to constant cross sections of (RX Y/, pi, R).

Proof. By the proof of the Main Theorem (3.2), I" is a compact algebraic
variety of positive dimension which may be reducible. One can find a compact
irreducible curve CC I such that the dimension of the image of the holomorphic
mapping

T RXC3(¢,s)—s(t)eX

isdimR+1. Set Y =¥ (RXC). Then Y and ¥V ;=¥ (¢, C) are irreducible. Put
Y=(z| Y)Y R). Then (Y, r|Y,R) is a hyperbolic fibre space and hyper-
bolically imbedded in (Y, 7 | ¥, R) along 8R. Hence our assertions easily follow
from the Main Theorem (3.2) and de Franchis’ theorem (cf. Section 4, a)). Q.E.D.

Remark. Riebesehl [24, Satz 6.3] proved Corollary (3.6) in the case where R
=R, R is a smooth curve, XCRXP"(C), r is the restriction over X of the
projection from Rx PY(C) to R and

(3.7) every fibre X, with tER carries a differential metric with strictly negative
curvature.

(See [24, Section 1].) By [12] the condition (3.7) implies that X is hyperbolic, and
property (3.1) holds for such X (see [8, 28]).

Example. Let A be a simple Abelian variety of dimension 7 and C an
algebraic curve contained in A. Let ACPV(C) be an imbedding such that there is
no hyperplane containing A and there are hyperplanes H;, ..., -1 such that H;N
NHn-iNADC. Let PY(C)* be the dual projective space of PY(C') and <H>
denotes the corresponding point of a hyperplane H C PY(C'). Let R be the linear
subspace in PV(C)* generated by <H.), ..., {Hn-1>, X = Uz {KH>}X(HNA)
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CRXA and 7 : X— R the natural projection. Since any proper subvariety of A is
hyperbolic ([6, Theorem 1]), (X, 7, R) is a compact hyperbolic fibre space and
contains a trivial subfamily C X R. One notes that X, are of general type for tER
and hence satisfy (3.1) (cf. Section 4, b)). Let I" be the set of all rational cross
sections of (X, z, R). We show that I"(#) is not Zariski dense in X, for any t&
R. Assume that there is such a point {,& K. Then by the Main Theorem (3.2) we

have an isomorphism
®: RXxX:{( > XCRXA.

We set O(¢, x)=(¢, p(t,x))ERXA. We have a holomorphic mapping R>
t—o(t, x)EA for every fixed xEXs,. Since R=P" %), ¢(¢, x) is constant
in ¢. This is a contradiction.

Here one notes that the metric on a curve in 4 induced by the flat one does not
necessarily have the strictly negative Gaussian curvature. For instance, let C be a
hyperelliptic curve of genus 3 of which Jacobian variety A is simple. By comparing
the dimensions of moduli spaces of hyperelliptic curves with that of polarized
Abelian varieties which are not simple, one easily sees the existence of such C. Then
by [17], the Gaussian curvature of the metric on C induced by the flat one on A
vanishes at the Weierstrass points of C. (Unfortunately, the remark of [16, p. 780] is
false, but Green [6] proved the hyperbolicity of a proper subvariety of a simple
complex torus by a different method.)

§4. Lang’s Conjecture and Property (3.1)

In the Main Theorem (3.2) we considered property (3.1) which is related to
Lang’s conjecture in Introduction. It is conjectured that compact hyperbolic spaces
will satisfy (3.1). We first recall several known results on sufficient conditions
implying (3.1) from the view point of hyperbolic manifolds.

a) The case of curves. Let C be a compact complex algebraic curve. Then C
is hyperbolic if and only if the genus of C is greater than 1; in this case, property
(3.1) is nothing but de Franchis’ theorem.

b) The case of higher dimension. Let M be a compact complex manifold.
Kobayashi and Ochiai [15] proved that if M is of general type (cf. [15]), then there
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are only finitely many surjective meromorphic mappings from any compact complex
manifold onto M.

c) The case of surfaces. It is recently proved by [19] that a complex
projective smooth surface is of general type if and only if it is measure -
hyperbolic in the sense of [10, Chap. IX]. In general, hyperbolic spaces are measure-
hyperbolic. Combining these with the above Kobayashi-Ochiai’s result b), one sees
that complex projective hyperbolic surfaces satisfy (3.1).

See [8, 15, 23, 28] for the other related results.

In this section we show the following partial answer to Lang’s conjecture, while
manifolds are not assumed to be algebraic but K&hler.

Theorem (4.1). Let M be a compact hyperbolic Kéahler manifold with c,(M )
=0, and N a compact complex space. Then there are only finitely many surjective
meromorphic mappings from N onto M.

Proof. By Hironaka’s theorem on desingularization, we may assume that
N is smooth. Then all meromorphic mappings from N into 4/ is holomorphic ([11,
Section 3]). Let Hol(IV, M ) be the set of all holomorphic mappings from N into
M endowed with compact-open topology. By [3] Hol(NV, M ) carries a structure of
complex space such that the mapping

Hol(N, M)XN3(f, x)—f(x)EM

is holomorphic. Since M is compact and hyperbolic, Hol(/V, M) is compact. Let
Z be the complex subspace of all f&Hol(N, M) such that f(N)=M. It is noted
that = is open and closed in Hol(N,M). We show that dim £ =0.
Assume that dim 5 >(0. Then we have a holomorphic mapping f€ 5 and a non-
trivial infinitesimal deformation s H(N, f'T(M)) of f, so that pegec=1,
where ¢ : f'T(M)— T(M) is the natural homomorphism induced by £, and » :
T(M)—M is the projection. Set Z=goo(N). Then Z is a compact complex
subspace of 7(M) different to the zero-section, and p|Z : Z— M is surjective.
Therefore p|Z: Z—M is a finite ramified covering, of which sheet number is
denoted by /. Taking into account the elementary symmetric polynomials of degree
lin y, ..., v.€(p| Z)(x) for general x =M, we find a non-zero holomorphic
cross section r€H(M, S*T(M)), where S*T (M) denotes the /-th symmetric
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tensor power of 7'(M). Since M is hyperbolic, the universal covering // of M is
hyperbolic, so that there is no euclidean factor in the de Rham decomposition of M
(cf. [14, Chap. IX, Section 8]). By [13, Theorem 7] we see that H°(M, S'T(M))=
{0}, while 7+ O. This is a contradiction. Q.E.D.

§ 5. Remarks to the Case of dim X,=1

By making use of the method of [2], Green [5] and A. Howard independently
proved the following theorem :

Theorem A. Let M be a compact complex manifold and D a union of
irreducible hypersurfaces D, ..., D, which may be singular. Then either

(i) M—D is complete hyperbolic and hyperbolically imbedded in M,

(ii) there is a non-constant holomorphic mapping f: C—M—D, or

(iii) there is a non-constant holomorphic mapping f: C—D:;N--ND;—
(DU UDy,) for some choice of indices {i, ..., i.}=1{1, ..., [}.

Applying this Theorem A or more precisely the arguments of the proof, Green
[7] claims the following :

(5.1) Let y:W—D32 be a local universal deformation of stable curves of genus
g=2 and S(W) denote the set of singular fibres in W. Then (W —S(W),
(W —=S(W)), D¥*¥3—»(S(W))) is hyperbolically imbedded in (W, 7,
D?*2) along y(S(W)).

Then he [7] suggested a proof of Mordell’s conjecture for curves over function fields
(cf. [18,4]).

In general, W may have singularities, while the fact that D; are locally principal
hypersurfaces was crucial in the proof of Theorem A. It seems to be unknown if the
claim (5.1) holds in its form. Here we show it in the case where the base space (the
parameter space) is 1-dimensional. Mordell’s conjecture for curves over function
fields is easily reduced to the case where function fields have transcendental degree
1 (see [18, 27]). Therefore, to get a proof of that conjecture, it is sufficient to consider
this case.

Let R be a smooth irreducible curve and R a non-empty Zariski open subset
of R. Then 9R is a finite set of points of R. Let (X, ¢, R) be a fibre space such
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that X is smooth, X, are smooth irreducible curves of genus g=2 for all tER.

Theorem (5.2). Let the notation be as above. Then there is a compactifica-
tion (X, 1, R) of (X, u, R) such that (X, p, R) is hyperbolically imbedded in
(X, %, R) along R.

Localizing the problem around the points of 9R, we let (Z, ¢, D*) be a fibre
space such that Z is a 2-dimensional complex manifold, g is everywhere of rank 1
and Z; are smooth irreducible curves of genus g =2 for all t€ D*. For the proof of
Theorem (5.2) it suffices to show the following lemma.

Lemma (5.3). Let (Z, p, D¥) be as above. Then there is a fibre space (z,
w, D) such that Z|D*=Z, u|Z=p and (Z, 11, D*) is hyperbolically imbedded in
(Z, #, D) along 3D°=1{0}.

Proof. We put §,: D2z—z'eD for a positive integer /EN. By [20,
Sections 1 and 3] there are some /€ N and fibre spaces (Z, 2, D) and (Z z’, D)
such that

i) Z=Z|D* and p=p | Z,

i) (Z’, ", D) is the lifting of (Z, %, D) by 8.,

iii) Z’ is normal,

iv) the order of any irreducible component of Zhis 1,

v ) the singularities of 74 are only ordinary double points,

vi) the singularities of 7' are isomorphic to the normalizations of the singulari-
ties at the origin defined by the equations of the form

gr=x""

in C?, where £ and g are coprime positive integers and %> g ; moreover, the local
irreducible components of Z, at the singularit’es are defined by x =0, y=0 or xy=
0 (cf. [1, Section 2] and [21, Section 4]),

vii) there is no smooth rational curve in 7% which intersect the other irreducible
components of 78 at 1 or 2 points. Let 6;: "Z'— 7 be the natural holomorphic
mapping such that 8,0 #'= gz°6,. Then 6, is a finite holomorphic mapping, Zo=
6:*(Z,) and

(5.4) 0.|Z’: Z'—Z is an unramified covering,
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where Z’=7’|D*. Let U be a neighborhood of the origin 0, 2:E€ Zo, i=1,2, and
V: neighborhoods of x; such that V;C Z|U. Put U'=87"(U). Let z} be an
arbitrary point of 8;'(x;) and V’(x:) the connected component of 8;'(V;)
containing x;. It follows from (5.4) and [10, p. 48, Proposition 1.6] that

i;},f‘dz'|(u*—{o))( VDONZ, V(xs)NZ ) =dzw-o( VAN Z, V.N Z).

Therefore it suffices to show that (Z’, ¢/, D*) with ¢'= p’| Z’ is hyperbolically
imbedded in (Z’, z’, D) along {0}. Assume that this is false. By vi) any local
irreducible component of Zyat any point is principal. Hence, as in Howard’s proof
of Theorem A, we can use Hurwitz’s theorem to show that the locally uniform limit
of a sequence of non-vanishing holomorphic functions is either non-vanishing or
identically 0. By the assumption, the same arguments as in the proof of Lemma
(1.6) yield a non-constant holomorphic mapping f: C— Zs which is a locally
uniform limit of holomorphic mappings £, : D(7,)—Z’, v=1,2, ..., where 7, T o
as y—oo. We see by vi), vii)) and Hurwitz’s theorem that f maps € into an
irreducible curve of genus =2, into an elliptic curve minus one point or into P*(C')
minus three points; here it may be only the non-trivial case where f(C) is
contained in a singular rational curve C which intersects at least one of the other
irreducible components of Z5 at a point P and has a node P’. In this case, assume
that P’ f(C). Applying vi) at P’, one sees that xof=0 and yof=(0. Hence f
must be constant. This is absurd. Thus we have P’& f(C). Because of the same
reason, we have P¢ f(C). Taking the normalization of C, we deduce that f maps
C into P'(C) minus three points. In any case, we have a contradiction. Q.E.D.
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