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Examples of Nonsingular Irreducible Curves
Which Give Reducible Singular Points of red (Hs,,)

by

Mutsumi AMASAKI*

Introduction

The open subscheme H,, of Hilb(P® which consists of points
corresponding to nonsingular irreducible curves of degree d and genus
g has more than one irreducible components in many cases. If one
proceeds further to care about its connected components, he will
necessarily encounter the problem whether red(H,,) 1is irreducible
at the point corresponding to a given curve or not. But even the
examples of such reducible singular points of red(H;, do not seem
to be known well, except that J. Harris in [6; p.93] mentioned the
existence of nondegenerate nonsingular irreducible curves in P* (n=4)
whose Hilbert points lie on more than one irreducible components
of Hilb(P"). These curves are on the cone over a nonsingular rational

curve of degree n-1 in P!

and the projection of them to P? provides
the examples of curves in P3 which have the same character, if the
degree is sufficiently small as compared with the genus. For instance,
when n=4 and C is a nonsingular irreducible curve belonging to
the linear system |mhA--r|(h: a hyperplane section, r: a line of ruling)
on the blowing up of the cone over a twisted cubic curve in P? with
center its vertex, the curve X obtained by projecting C (the isomorphic
image of C under the blowing up) to P? from a general point
corresponds to a point of the intersection of two nonreduced irre-
ducible components of Hilb(P? for m>»0 (see [4; Theorem 3.1] and
[5; Proposition B.2]). The basic sequence (cf. [2; Definition 1.4])
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of X is (8; m+1, (m+2)% 2m+1), and under the deformation given
in this way, X is deformed on the one hand into curves having the
same basic sequence and on the other hand into curves with basic
sequence (3; (m+2)% m+2, 2m) (see Example A.5 in the appendix
of this paper together with Notation and Terminology 6). One of
the features of this example is that the minimal degree of the surfaces
containing the curve does not change in the deformation.

We will give other kinds of examples with completely different
methods. In Section 3 we show the existence of a nonsingular irre-
ducible arithmetically Buchsbaum curve X; with basic sequence (a;
(a+2)*, a+3; a+2) (a=4) which can be deformed flatly into
projectively Cohen-Macaulay curves in two different ways: one by
deforming the homogeneous ideal I chR::k[xl, X5, X3, X,] which defines

X, and the other by deforming the graded R-module HS (0 x) flatly.

The basic sequences of the projectively Cohen-Macaulay curves
obtained through these deformations are (a;(a+2)%) and (a+1;(a+1)3
(@+2)°73, a+3) respectively. In Section 2 it is proved that there is
a nonsingular irreducible curve X, with H; (#x) = R[—al/ (%1, %2, 4, B)
(where 4, B are relatively prime homogeneous polynomials of degree
2 of k[xs x,]) and having the basic sequence (a; a+2, (a+3)*7}; a+4)
or (a; (a+2)*3 (a+3)% a+4) which can be deformed flatly at least
in two different directions, namely one into a projectively Cohen-
Macaulay curve and the other into an arithmetically Buchsbaum
curve X, with HL (J’X;) =k’[—(a+1)]. The latter cannot be induced

either by the deformation of the ideal I x, nor by that of HS (0 Xz)'

In the proof of the existence of the curves X; and X, we have used
the technique of liaison to construct the desired curve from a simple
and familiar one. It should be noted that in all the cases treated
here the surface of degree ¢ which contains the curve in question
is smooth, and in the deformation, the minimal degree of the surfaces
containing the curve varies in one direction and does not in the other.
The interested reader will be able to find many other examples by
our method, if he wishes.

Notation and Terminnology

1. £ denotes an algebraically closed field of characteristic zero
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throughout this paper and we set R:=k[x1, x2, x3, x4], Mi=(X1, X, X3, %4) R,
where xi, x5, x3, x, are indeterminates over k.

2. P" denotes the projective space of dimension n over £.

3. We use the word ‘curve’ to mean an equidimensional complete
scheme over k£ of dimension one without any embedded points.

4. The notation of [2] will be used freely.

5. The ideal sheaf of a curve X in P® is denoted by #x and
Ix=@Ix, denotes the homogeneous ideal H (P x) in H (P, 0.3

v=0
=R, where I;,=H'(P3 Fx()).
6. The sequence of integers n, ---,n (m times) will often be deno-

ted simply by n™

§1. Some Remarks on the Basic Sequence
of an Integral Curve

Let X be a curve in P2 We will denote by B(X) the basic
sequence (a; My, eee, Mys Marty oo« 5 M) Of X (see Definition 1. 4 of [2],
where the Greek letter v is used instead of n). Sometimes the symbol
7' (resp. #%) is used to mean the sequence (ny,...,n,) (resp. (Masty e«
fN.4s)) for convenience sake. In this paper we say that an increasing
sequence of integers (z;) :=1 is connected if the difference z;.1—2z;
is zero or one for all i=1.

Lemma 1.1. Let f be an irreducible polynomial of R and let s1, s,

ty, by be algebraically independent elements over R. Then f=f(x1, %35 s1%1+
SoXgy brxy+10%x,) is trreducible as a polynomial of Q:=k[sy, sa, t1, bay X1, X2].

Proof. Tt is enough to show that the scheme Spec(Q/fQ) is integral.
In fact the open subscheme Spec (Q/fQ) \Spec(Q/ (x1, x2) Q) is the union

of two irreducible subschemes which are isomorphic respectively to
{Spec(R/fR) \Spec(R/x:R)} X Spec k[s;, £;] ((1,7) =(1,2) or (2,1)) and
k

they have a Zariski open set in common, therefore the one codi-
mensional scheme Spec(Q/fQ) is integral. Q. E.D.

Corollary 1.2. Let (a; ny, ...y 045 Nayty e e, Nays) be the basic sequence
of an integral curve X in P:. Then ny...,n, is a connected sequence of
integers.
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Proof. First of all we may and do assume that the variables
X1, X2, X3, ¥, of R are chosen sufficiently generally so that the argument
in [2;§1] may go well and we set I:'=[x. Recall that (a; ny,...,n,)
is defined as the sequence of the degrees of homogeneous polynomials
JorJ1s « + o s faE k21, x;] satisfying I=1 (mod (x3,%,)) =Ffok[x1, x,] C_Be@fik [%.].
This definition can be restated as follows. Let s, s5, £1, £, be algebraically
independent elements over R, K the field k(s s5 81, ¢4;) and put I’
=IK[x1, %2 %3, x,]. Then (a;my,...,n,) is the sequence of the degrees
of the homogeneous polynomials f, fi, ..., f,€K[xy, x,] such that

(1.2.1) F=I" (mod (x5 — 51, — Sp%z, Xy — brX1 — b%5) )
= {f=f(x1, Xay S1%17F SoXg, bixy %) | fET')
= foK[ %, xz](-B_@ fiK[x5] CK[x1, x5].

Now let [gﬂ be the matrix of relations among fo, /i, - - - ,.f computed
by [1; Theorem 1.6] and suppose n;=... =1y, <Myr1=. .. =n,,1+,,2<
Mg b1 = o <nu1+,,2+...,,r_1+1=. oo = Myrugbents, = N Since X is integral by

hypothesis, all elements of I, are irreducible, so [, contains an irreducible
polynomial by Lemma 1.1, which implies, together with the formula

fi= (=D deq O]() oi=a)

and the form of A([ qm]) that
Uh

rankK[ %’1] (mod (x4, x5)) =r—1

(cf. [4; Proposition 2.1]). Thus the sequence ni,...,7n, must be
connected. Q. E.D.

One finds the following fact as a corollary to this proof.
Corollary 1.3. Let the notation be as in the preceeding corollary and

UO]. U02 0
let ,=\U, U, U,| be the matrix of relations among the generators of
Un Us Us

I=H, (Fx) described in[2; Proposition 1.3]. Then mnkk[g"{l (mod m)
1

=r—1, where r=*4#{ny,ny...,n.
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Proof. In the formula (1.2.1), we may replace K by the ring
ks, 525 b1, 82]x and I’ by Ik[s1, s, by, 8215, where h is a polynomial of
k[sy, 53, 11, t,] such that Af;Ek[sy, sy, b, by, %1, x,] for all 0=i<a. Then
the entries of Uy, Ui are in k[sy, sy, ty, by %1, X21, and the matrix of

relations [g‘”] (mod (xs, x,)) among fo, fi,...,f. is induced from [UM]
1 1

by substituting (0, 0,0,0) for (s, ss£1,24,). Since x; x, were chosen
sufficiently generally, the assertion follows from the last part of the
proof of the preceding corollary. Q.E.D.

The next results are all derived from the condition lengthg
(Coker (*23))<{oo (cf. [1;(3.5.5)] and [2; (2. 1. 1)]). They are useful
in certain restricted cases to compute the basic sequence of a given
nonsingular irreducible curve. We will continue to use the notation
X, I and (a; myyeeey My Magty« ooy Naes) with the assumption that X is
integral.

Lemma 1.4. With the notation above, suppose ny=ny and n;,=nm+1—2
Jor 3=i=a. Put jy=max{j|n,;<m+a—2}. Then the sequence n,1,. .
Matj, 1S connected and

°

ranky((U U (075 8) ) (mod m) 2, where g =4 {0 -+ muvs)-

Proof. Since the degrees of the entries of 2, are determined as
stated in [1; Corollary 3.5], if the assertion were not true, one would
have for some p (1=p=j,)

U3:|:-([)]3*], USZI:(()JS*]

with pXp matrices Us U;s such that the entries of Us;—x;1, and
Us;—x,1, are in £(2). But this leads to a contradiction in the following
2{

. C1 Cy *
way. Notice first that U; is of the form Cs , where
0 .

Ca1
c.€k (1=i=a—1) satisfy cie3...6,.1%0 or cx3...¢,.1#0 by Corollary
1.3, and recall the direct sum

(1.4.1) R='Uk(0)*P'UKk(1)?PE(2)? (cf. [1; Remark 4.1]).
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Let h; (resp. [;) denote the i-th row of

Ulyr1, .. p)res U, 01 4))

for 1=i<a. Then it follows from [2; Lemma 1.6] that A,=0, for
the degrees of the components of 4, must be nonpositive by the choice
of j,. Starting from this fact we can prove the following:

Claim. hi:li:O for 3§l§a and €1h1+62h2=0.

Proof of Claim. Put 1;=23<p . b): ~U; .

Suppose h,=...=h;=0 for 3<i=a, then one finds by the equation
2A=0 that —c¢;_1h;y—1L;U;=0, namely ‘Us(—‘l;) —c¢;—y 'h;-y=0, which
implies by (1.4.1) that [;=h;_;=0. Thus h;=[;;,;=0 for 3=i=a by
induction and finally we obtain A+ ch,=[;=0 analogously.

Now we go back to the proof of Lemma 1.4. The Claim and the
formulae (2.3.5), (2.3.6) of [2] imply that

() (P 0)) oo @um)eN,

where N'=Y, (‘Us)'h with h=h or h, and 'Us=x,1,—'U;, hence
i=0

Coker((tla) <P+ Lo b))sk(Q)P/N'.

This %(2)-module, however, has infinite length, because it follows
from the equation 7(‘Us;) =0 for the monic polynomial 7(z) =det
(21,—'Us) of degree p in a variable z that N’ is generated over £(2)
at most by p elements. This contradicts the condition lengthz(Coker
('23))<co and our assertion is proved. Q.E.D.

Take a polynomial f&/,, then ny=min{v|(I/fR),+# {0}} and there
exists a polynomial g€/, which is not contained in fR. Put n=n,.

Since X is integral, f and g are relatively prime, so one can use the
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results of [1; §3] with J=(f, g)R to obtain the generators g, g,...,
Zoy 8at1s « « « » Sarr Of I allowing the expression as in [1; Proposition 3. 1],
where we may assume a=<n=deg g,=...=deg g,, deg g,1=. .. =deg g,.s.

Un Up 0 ]
By abuse of notation we write here 4,=| U; U, U,
0 U Us |

to denote the

matrix of relations among these generators. In this case [g‘l’l] is the

matrix of relations among the generators g,g,...,g, of the ideal

(f, 9 R, so that rankk[g‘n](mod m) =a—1 and one sees deg g;=n-+i—1
1

for 1=i=a.

Lemma 1.5. In this situation, put (Ver1y ..y Vorsr) = (d€G oty v v oy
deg g1s) and jo=max {jlyv,;<n+a—1}. Then v, ..y Voujy 15 a

connected sequence of integers and
rank,['Uy Uy HI(*T1+ ) (mod my 24,
where h, is the last row of U, and q=4#{v,s1,..., Varig) -

Proof. 1If the assertion were not true, then, by taking the degrees
of the entries into account, one would find for some p (1=p=j,) that

4
Us:[éjs*:l’ U5:[gs*] and A,=(0,...,0,%) with pXp matrices

Ui, U such that the entries of U;—x;1, and Us—x,], are in £(2). The
situation is almost the same as in the proof of the previous lemma
and the argument used there can be applied to this case without

any change, consequently U4<I’ 11 b'>=0' This implies

coker(<*13) (1’+ Lioess ”'))zk(z) ’,

in contradiction with the condition lengthg(Coker (‘2;)) <{co, and our
assertion is proved. Q. E.D.

Lemma 1.6. With the notation above, let d and p, be the degree and
the arithmetic genus of X respectively. Then

B’
(1.6. 1) b'=an—d, Z; va+,~=1+%an(a+n—2) —d—p,.
=
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Progf. Put (v,...,v,) =(degg,...,degg) =(n,n+1,...,n+a—1).
Then the formula of [2; Remark 1.9] holds true for (a; vi,..., v,
Veily -« + 5 Yatsr) 1N the notation here, since it is derived only from the
direct sum decomposition stated in [2; Proposition 1.3]. The formula

(1.6.1) is a consequence of straightforward computations.
Q.E.D.

Example 1.7. (cf. [4;84]). Let X be a nonsingular irreducible

on a smooth cubic

5
curve belonging to the linear system ‘GZ—_ZIZe,-

surface in P% where as usual [ e,...,¢ denote the Z-basis of the
Picard group of the cubic surface such that [*=1,¢!=—1 and le;=0
for ISi<6. X is a canonical curve with (d, g) = (8,5), and A°(Fx(2))
=0, A°(Fx(3))=1 and
hO _ 4+3 1
(Fx(4)) = 3 —(1-5+32) +h(Fx4)) =7.
4
It follows that a=3, n=4, b’=4 and } v;,;=18, by which one finds
=
(@3 Y1y vvvy Vo3 Vartyeeo, Yorw) =(3; 4,5,6; 4,4,5, 5) combined with
Lemma 1.5. This, then, implies

(I.7.1) B(Ix(1)) =1, (Fx(2) =2, I*'(Fx(3)) =1
and A(Fx()) =0 for v=4,

so that all elements of Hi(.#x) are annihilated at least by two line-
arly independent linear forms of R. The minimal generators of
HL(# %) over R are therefore those of HL(.£;) over £(2) as well,
so one sees again by Lemma 1. 5 that B(X) =(3;4,4,4;5) or (3;4,4,5;
4,5) (cf. [2;Proposition 2.4]). But the latter is impossible by
Lemma 1.4, hence B(X)=(3;4,4,4;5). Let 4, be the matrix of
relations among the generators of Iy as in Corollary 1.3, and put
U= (hy, hyy h3) with h;€k(2). Then we see Hom,(HL(Sx)), k)
=k(2)[3]1/ (A, by, h)E(2) ([2; (2.3.7)]), and this ‘means by (l.7.1)

that the ideal (A, ks, £3) £(2) coincides with (A4, B)k£(2), where A, B are
relatively prime homogeneous polynomials of degree 2 of £(2). We
have thus Hi (£ ) =k(2)[—1]1/(4, B)k(2). This curve will be used
in the next section to construct the examples we are interested in.
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§2. Nonsingular Irreducible Curves with Basic Sequence
(a; a+2, (a+3)* Y a+4) or (a@; (@+2)*3 (@+3)% a+4)
Such That Hj ()= B[ —a]/(x), x2 4, B)R(A, B€k(2),)

We will make free use of the technique of liaison developped in
[8] and [9]. Let’s begin with the following lemma.

Lemma 2.1. Let S be a noetherian affine scheme, p: & (SPE——S
a flat family of curves over S and g4 the ideal sheaf of % on PL
Suppose two homogeneous polynomials f, § of PH' (P F4(v)) Ck[S]
[x1, %3, X3, x,1 define the complete intersection Proj kzs) [x1, %3, X3, %41/ ( fs, 85
Jor all points s€S, where k(s) is the residue field of the local ring (0 s,
W, s) and fs:=f (mod M), &:=¢ (mod M,s). Then there exists another
flat family of curves q: @ (GPY——8 such that @ ,=q7'(s) is the curve
linked to %,=p~'(s) by the two surfaces defined by f,=0 and g =0
respectively.

Proof. Put c¢;=degf, c,=degd. Since 04 is flat over O the
0 -module 04 has a locally free resolution
S

- N
(2. 1. 1) 0 '_>éa—_>@1 @Pg(—mt) 0 3 @&v O,

Ps
& being a vector bundle of rank N-1 on Pi The sequence
B
=
(2.1.2) 0 —>@P3(—€1—€2)——>@P3(—€1)@@P3(~02)
S S S

'&g‘)"@?s——’@?a/(ﬂg)_“’ 0
S s

is exact by hypotheses and one can take the mapping cone of the
dual of a morphism of complexes from (2.1.2) to (2.1.1), obtaining
the complex

N
2.1.3) 0 —@ 0 3(mi—c1—cy)
i=1 S

— 8V (=) DO () DO y(—c) 0 s
S S S

Since f,& is a regular sequence at each point of P} this complex
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proves to be exact (see the proof of [8; Propositions 2.5 and 2.6]).
Let # denote the image of ¢, # CP? the subscheme defined by 4
and ¢: # —S the projection. This is the desired family. In fact
the ideal sheaf of the curve Y; linked to Z; by the two surfaces

ﬂzO and g,=0 coincides with Im (¢ (mod m;)) G @P3 for each s&S§
k()

and the complex (2.1.3) (mod ni,s) is exact (loc. cit.), therefore the
structure sheaf O /. of @ is flat over 0sand Y=, which proves
S

our assertion. Q.E.D.

From now on M will denote the R-module R/ (xy, x;, A, B) R defined
by relatively prime homogeneous polynomials 4, BEk(2) of degree 2.

Lemma 2.2. Let a, ny, ..., n, ng4 be integers satisfying the condition
S, . S0y =Ne 1=y Ny =n,+1. Then the curves X with B(X)
= (@; Naye o o 5 Mg Ngy1) Such that HY (I x) EM[ — (n,e1—4)] form an irredu-
cible subset of Hilb(P?) and the ideal Ix is generated over R by elements of
degrees at most n, for every X corresponding to a general point of this
subset.

Proof. Let fo, f1,0« -5 [0 far1 be the generators of [y that give the
sequence B(X) and let 4, 4, be the matrices as described in [2;
Proposition 1.3]. The condition Hj (S %) = M[— (n,.1—4)] implies
Im*® (*U,) = (4, B)R, so that we may assume ‘U,=(0,...,0, 4, B) by
changing (f3,...,f.) for (fi,...,f)=41,...,f)G with a suitable
GeGL(a,k(2)). Since the relations among A4, B are generated b:=
*(—B, 4), the space T which parameterizes 4, satisfying the equation
24;=0 1is irreducible (cf. [1; Remark 4.1]), and U, takes the form
(%*,¢0,0) for 2, corresponding to a general point of 7, where ¢ is a
nonzero element of k. Let @: T——Hilb(P®) be the natural morphism
which induces the family of curves over 7 defined by the ideals
arising from these 4, Then it is enough to regard @(7) as the
irreducible subset in the statement. Q.E.D.

Proposition 2.3. Let a be an integer larger than or equal to 4, and
suppose a nonsingular irreducible curve X satisfying B(X)=(a—1; a*%;
a+1), Hy(Fx) =M[— (a—3)] exists. We assume furthermore thai Ix
is generated over R by elements of degrees at most a.
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1) Let Y, be the curve linked to X by the two surfaces defined respecti-
vely by a general element of Ix, and of Ix .. Then Y1 is nonsingular
irreducible with B(Y)) = (a; a®™%, (a+1)3%; a+2), Hi(fyl) =Z=M[—(a—2)].

2) Let Z, be the curve linked to Y, by the two surfaces both defined
by a general element of Iy, ot Then Z, is nonsingular irreducible with
B(Zy) =(a;(a+1)% a+2), Hi(Fz)=M[—(a—2)].

3) For an integer n (n=a+2), let Y, be the curve linked to X by the
two surfaces defined respectively by a general element of Ix, and of Ix,.
Then Y, is nonsingular irreducible with B(Y;) = (a; (n—1)*3 n® n+1),
HL (Sy) = M[— (1—3)].

4) Let Z, be the curve linked to Y, by the two surfaces defined respec-
tively by a general element of Iyz,a and of Iyzlg,,_a. Then Z, is nonsingu-
lar irreducible with B(Z;) = (a;n—1,n*"" n+1), Hy (S ) =M[— (n—3)].
Furthermore, in all these four cases we may assume that the ideals Iy, and
Iy, (resp. Iy, and Iz, are generated over R by elements of degrees at most
a+1 (resp. n).

Proof. Since the argument is common to all cases, we only give
the proof of 4) assuming the results of 3). Notice first that a general
element of Ix, defines a smooth surface. It then follows from the
definition of Y, that a general element of Iyz,a also defines a smooth

surface, and since Iy, is generated over R by elements of degrees at

most n, the curve Z, is nonsingular (see the proof of [8; Proposition
4.1] under the condition char. £=0). In addition, one has HL(.ﬁzz)

=Exth(HL(Fy), R) [~20]1=M[— (n—3)], so K(F,) =0, whence Z,

is nonsingular irreducible.

Let
0——8——0,3(—a, (=n+1)7 (=n)° —n—1)——Fy—— 0
be the locally free resolution of Y, where we have set
@Pa(ml, ceey M) = i@=1 0 Ps(mi)
for simplicity. Then ., has a locally free resolution of the form

2.3.1) 0 ——>03(a—2n, (=n—D°3 (—n)3 —n+1)
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— O,s(a—2n, —a)@@@v(—Qn)——>Jzz—-> 0.

Notice the free resolution of Iy, yields the exact sequence

(2.8.2) 0— &V (—2n) — @Pg((—n)"‘3, (—n+13 (—n+2)?

i
—5 05(—n+3)—0

with ‘43=1(0,...,0, 4, B, —x,, x1). Since Hj (F2,) =M[—(n—3)], one
sees 7% of B(Z,) is n+1 (cf. [2; Proposition 2.4]). On the other
hand, it follows from the sequences (2.3.1) and (2.3.2) that h°(F,,

) =0 for v=a—1, hO(U@'ZZ(u))=<U_%+3> for aSv=n—2, (I, (n

_1)):<n—§+2>+1 and ho(fzz(n)):<n_§+3>+a+2, consequently

B(Z) =(a; n—1, n° Y n+1).

It remains to show that we may assume I, is generated over R
by elements of degrees at most n. For this purpose we use Lemma
2.2 to construct the family p: ——>S over an integral affine scheme
§ arising from the flat deformation of the ideal I, such that Ig
is generated over R by elements of degrees at most n for every general
point sES and &', =Z, for a point 5;ES. Next take two homogeneous
polynomials f€1, ,, §E14 1., such that the curve linked to Z, by the
surfaces defined respectively by ﬁle and g =0 coincides with Y.
Using these polynomials, construct then a flat family ¢: # —§
which has the properties stated in Lemma 2.1. The general fibers
@, are nonsingular irreducible, and since Hj (F4 ) =H, (Fy) for all
points s€S, we have B(#,) =B(Y;), therefore we may replace Y,
with s, and Z, with Zs, for a suitable point s5,&S, from which our

assertion follows. Q.E.D.

In the same manner one obtains the following.

Proposition 2.4. Let a and b be integers such that a=2b, b=1.
Suppose a nonsingular a. B. curve (see [2;§3]) X with B(X) = (a; a°; a°)
exists.

1) Let Yy be the curve linked to X by the two surfaces defined respectively
by a general element of Ix , and of Ix 1. Then Y, is a nonsingular irreducible
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a. B. curve with B(Y?) =(a; a® %, (a+1)%; (a+1)?).

2) Let Z, be the curve linked to Yy by the two surfaces both defined by
a general element of Iy av1. Then Zy is a nonsingular irreducible a. B.
curve with B(Z) =(a+1; (a+ 1) (a+1)0).

3) Let n be an integer bigger than a, and let Y, be the curve linked to
X by the two surfaces defined respectively by a general element of Ix,, and
of Ix,. Then Y, is a nonsingular irreducible a. B. curve with B(Y;) = (a;
(n—1)""2 n®; ).

4) Let Z, be the curve linked to Y, by the two surfaces defined respec-
tively by a general element of Iy,,. and of Iyz,g,,_a. Then Z, is a nonsingular

irreducible a. B. curve with B(Z,) = (a; n®; n®).

Remark 2.5. The basic sequences of Z, and Z, appeared in the
propositions above may be computed generally as follows. Let X be
a curve in P? with B(X) = (a; #'; #%), Y the curve obtained by applying
linkage to X with two surfaces of degrees si,s, respectively and Z
the curve obtained by applying linkage to Y with two surfaces of
degrees fi, ¢, respectively. Then we deduce from the locally free
resolution for £y

0—8——0,(—a, 7!, — ) —— I —0
the locally free resolution for £, of the following form

0—6 WD Ops(ss—t, 51—1)

——O0p(u—a, u—7u—) DO 3(—t;, —t) —>F ,— 0

(see the proof of [9; (1.7) Theorem]), and we have H (£, ZExt;
(Extz(Hi (S0, B), [—s], R)[—t1=Hi (S [ul, where s=si+5, t=h
+¢, and u=s—¢. Suppose s;=a, s;=f=f,=a-+1. Then the resolution
becomes

0—&(-1DDPO(—a—1, —a—2)

—0p3(—a—1, =1, = - 1)P O s(—a—1, —a—1)>F ;>0

and HL (S5, =ZHLY(F ) [—1], from which follows B(Z)=(a+1;a+1,
nt+1; a2+ 1). Suppose next s,=t,=a, s;=n, t,=2n—a (n>a). Then the
resolution becomes

0——¢& (a—n) @@Pg(——n, a—2n)

— O(—n,a—n—#',a—n—")D 0 3(a—2n, —a) —>F ;— 0
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and HL (S ) =HL (L) [~ (n—a)], from which follows B(Z)=(a;
Al+n—a; B2+n—a).

Corollary 2.6. (cf. [2; Theorem 4.4]). The following basic sequences
are realized by nonsingular irreducible a.B. curves: (a; n®;n®) and (a;
(n—1)"2 n®; n*) for a,b,n satisfying n>a=2b,b2=1, (a; a*; a°) for a, b
satisfying a=2b, b=2 or a=3, b=1.

Proof. In view of Proposition 2.4 it suffices to show the existence
of nonsingular a.B. curves with basic sequence (2;2%2) and the
existence of nonsingular irreducible a.B. curves with basic sequence
(2b; (2b)®; (2b)%) for b=2. The proof can be found in [3; Section 5],
but we write it here for the sake of completeness. First define the
vector bundle & of rank 3641 as the cokernel of the map

2! O(—1)®—0 (YD O,

where =1 and ‘v=1(0, %114, %515, x3ls, x415). Then FV(1) is generated
by its global sections and general 3 linearly independent elements
of H(#V(1)) define an ideal sheaf £y of a curve X in P® that fits
in with the exact sequence

b
00— 0,3(—20)%*——FV(1-2b) 5/3\3«‘®@P3(—3b)—~>fx-——>0

by the standard method (cf. [2;§2]). Since A°(Fx(¥)) =0 for v<2b,
R (F4(20)) =3b+1 and Hi (S x) =HL (FV (1 —2b)) =k[2—2b]", we find
B(X) =(2b; (2b)®; (2b)*). This curve is in fact nonsingular if the
3b sections are chosen sufficiently generally, for the Kleiman’s version
of Bertini’s theorem [7; Theorem (3.3)] is valid for the sections of
the vector bundle ZV (1) itself in characteristic 0. Q. E.D.

Starting from the nonsingular irreducible curve described in
Example 1.7, one obtains, by applying Proposition 2.4 successively
with n=a+3, nonsingular irreducible curves X,Y, and Z, satisfying
B(X)=(a—1;a"5a+1),Hi () EM[—(a—3)], B(Y;) =(a; (a+2)*73,
(a+3)%a+4), B(Z) = (a;a+2,(a+3)";a+4) and Hy (Fy) EHL (S 2)
=M[—a] for all a=4. It will be shown that the points of Hilb (P?3)
corresponding to the curves Y, or Z, are contained at least in two
irreducible components of Hilb(P?). We first prove that they are
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deformed flatly into a.B. curves.

Proposition 2.7. Let a be an integer larger than or equal to 4. Suppose
every nonsingular irreducible curve X with B(X)=(a—1; a®'; a+1), H}
(L) =M[—(a—3)] can be deformed flatly into an a. B. curve with basic
sequence (a; a®; a®). Then we have the following.

1) Every nonsingular irreducible curve Y, with B(Yy) = (a; a°73 (a+1)%;
a+2), Hy(Fy) EM[— (a—2)] can be deformed flaily into an a. B. curve
with basic sequence (a; a®™*, (a+1)*; (a+1)?).

2) It follows from 1) that every nonsingular irreducible curve Z, with
B(Zy) = (a; (a+1)%a+2), H5 (S 2) EM[— (a—2)] can be deformed flatly
into an a. B. curve with basic sequence (a+1; (a+1)°*; (a+1)?).

3) Every nonsingular irreducible curve Y, with B(Y;) = (a; (a+2)*%
(a+3)% a+4), Hy(Fy) EM[—al can be deformed flatly into an a. B.
curve with basic sequence (a; (a+2)°% (a+3)*; (a+3)?.

4) It follows from 3) that every nonsingular irreducible curve Z, with
B(Z) =(a;a+2, (a+3)* ' a+4), H},‘(fzz) ZM[—a] can be deformed
flatly into an a. B. curve with basic sequence (a; (a+3)%; (a+3)%.

Proof. Since the argument is common to all cases, we only give
the proof for 4) assuming the results of 3). Let S’ (resp. S’’) be the
irreducible subspace of Hilb (P?) whose points correspond to nonsingular
irreducible curves Z (resp.Y) with B(Z)=(a; a+2, (a+3)*7"; a+4)
(resp. B(Y) =(a; (a+2)"% (a+3)% a+4)) such that H (S ;) = M[ —a]
(resp. Hy (Sy) EM[—a]) (see Lemma 2.2). And let H’ (resp. H"')
be the irreducible component of Hilb(P3%) whose general points cor-
respond to a.B. curves with basic sequence (a; (a+3)°; (a+3)?) (resp.
(a; (@a+2)" (a+3)* (a+3)? (see [2; Theorem 5. 11]). Then the results
of 3) implies that §’' is contained in H’’. Now let Z, be a curve
corresponding to a general point of §’. We may assume, arguing as
in the last part of the proof of Proposition 2.3, that Z, is linked to
a nonsingular irreducible curve Y, which corresponds to a point of
S’ by the two surfaces defined respectively by a general element f
of Iyz_a and g of Iyz,,,+6. Let § be a sufficiently small affine subset

of H’' which contains the point s, corresponding to the curve Y,, and
let p; £——>S be the family of curves over § induced by the universal
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family over Hilb(P?). Since A°(# v,(@)) =h°(F ¢ (a)) =1 for all general
s&S and since hl(fyz (a+6)) =0, there exist homogeneous polynomials
4EH (S 4(a)) and FEH(F 4 (a+6)) such that f, =f and g,=g, which
allows us to construct another flat family ¢: # ——S§ having the
properties stated in Lemma 2. 1. In this family, #,is an a.B. curve
with basic sequence (a; (a+3)% (a+3)% for every general s&§ by
Proposition 2.4 and @52=ZZ, therefore Z, is deformed into an a.B.
curve. Since Z, corresponds to a general point of §’ by assumption,
we have §’CH’, which proves the assertion. Q. E.D.

When the a. B. curves with basic sequence (a; 7'; #%) form a Zariski
open set of an irreducible component of Hilb(P%, we will denote
this component by H, g (a; #i*; #%).

Corollary 2.8. Let a be an integer larger than or equal to 4. Then
the subset of Hilb(P3) corresponding to nonsingular irreducible curves X
with basic sequence (a; a+2,(@+3)* " a+4) (resp. (a; (@+2)°73 (a+3)%
a+4)) and such that HL (£ x) =M[ —a] is contained in H, 5 (a; (a+3)°%;
(a+3)? (resp. H, 5 (a; (a+2)°7% (a+3)% (a+3)%). (See[2; Theorem
5. 117)

Proof. It is enough to show that every nonsingular irreducible
curve C with B(C) =(3;4%5), HL(Fo) =M[—1] can be deformed
flatly into an a.B. curve with basic sequence (4;4% 4%, because one
can prove the assertion with the use of Proposition 2.7 starting from
this fact. For this purpose we have only to borrow the results of [4;
§4]. One knows that nonsingular irreducible a.B. curves with basic
sequence (4;4% 4% exist (Corollary 2.6) and that they form a Zariski
open set of the irreducible component H, p (4;4%4%. Besides, this
irreducible component coincides with the closure of Hj; (see Introduc-
tion) in Hilb(P?) by [4; §4] (see [6; p.75] also), and contains the
point corresponding to C. This proves our assertion. Q.E.D.

The following result, combined with the corollary above, gives what
we wanted.

Proposition 2.9. Let X be a curve with B(X) = (a;(a+2)%, (a+3)*;



REDUCIBLE SINGULAR POINTS OF red(Hg,,) 777

a+4), HY(Fx) ZM[—al, where a’, a’’ are integers satisfying a’+a’’
=a, a’=1, a’’=2. Then X can be deformed [flatly into a projectively
Cohen-Macaulay curve with basic sequence (a+1;a+1, (a+2)**%(a+3) 3.

Proof. Compute the free resolution for the R-module Hj (03x)
following the method of [2; §2]. It is of the form
0 —R[ —M,]——R[—m]——ROR[ —a]——H% (0x) —0
where
m=(a,a+1, (a+2)%, (a+3)* % a+1, (a+2)?

and
M= ((a+3)”, (a+4)"%a+2, (a+3)?

(see Propositions 2.8 and 2.9 of [2]).
Let fo, fi,-++5 fa far1 be the generators of [y associated with B(X)
as usual. Then we may assume that ¢ is of the form

[,_f@ St J15 e e esSad S2 53 54]
0 x 0 %A BT

s0
4(0) =[@ a+la+2,...,a+2 a+3,...,a+3 a+1 a+2 a-i—2']
o 1 2 ..., 2 3 ,..., 3 1 2 2
a’ a’’—2
and

3.3 &4 2 3 3
9.2 3..3 1 2 2

11 242 0 1 1

af 2o

jeel 242 0 1 1

A() = 00 11 —1 0 0
a”—2l ¢ i

0--0 11 —1 0 0

2.2 3.3 1 2 2

11 242 0 1 1

(11 22 0 1 1J

Write the (a’+a’’—1)-th column of ¢ as follows: *(x;A{ +x,h® +A®,
hs hsy...), where AP €k(2) and h;k. Let ¢ be a parameter. Put
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a—3

G= ((t+h3) ta X1, _thia): 0: cecy 09 X2y Aa B)a
a=0(1>(0, 21,0, ...,0, %, 4, B)

and we define 7; to be the matrix whose i-th column is that of = for
each i#a’+a’’—1 and whose (a’+a’’—1)-th column is {(xh" + x,A{
+ A, by t+hs...). In this setting, since M,=0 for v=3, we find
there exists a matrix 7, with entries in {R[¢] which satisfies the equation
oty=6dt, and such that the degree of its (i,) -component with respect
to Xy, X3, X3, X4 is the same as that of 7. We may assume here that
the i-th row of 7, is zero for i=1 and 3=i<a. Put #=7,—1, then
we have ¢#=0, # (mod (R[¢]) =7, ¢ (mod (R[¢]) =6 and Z:=Projy
(R[t]/I(®) gives a flat family of curves p: & (CPjy) —— Spec £[£]
such that Z,=X by [2; Proposition 2.11], where I(¥) is the ideal
in R[#] generated by the maximal minors of # and o denotes the
point defined by ¢=0. It follows from the isomorphism H(.# z) =

R[—a]/Im® (&) (loc. cit.) that Hy (£ ) becomes zero for general points

seSpec k[t], which implies that X can be deformed flatly into a
projectively Cohen-Macaulay curve. In order to find the basic se-
quence of Z'; for a general point s, it is enough to notice that Iy
has a free resolution of the form
(1
0 —*R[—mz]i)*R[—a—l, (=a—2)%, (—a—3)"",

—a—1, (—a—2)]—Iz — 0.

Q.E.D.

Let H(a;nyy...,n,) denote the irreducible component of Hilb (P%)
whose general points correspond to projectively Cohen-Macaulay
curves with basic sequence (a; ny,...,n,) where a=m=...=n, (cf. [4;
Proposition 2.10]). All that we have done can be summarized as
follows.

Proposition 2.10. Let a be an integer larger than or equal to 4.

1) H@a+1:a+1,(a+2)*% a+3) NH.s (a5 (a+2) % (@a+3)% (a+3)?)
contains a nonempty irreducible subset which consists of all the poinis
corresponding to nonsingular irreducible curves X with B(X) = (a; (a+2)°73
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(a+3)% a+4), HL(Fx) EM[—ad].

2) Ha+15a+1, @+2)3 (a+3) NHas (a5 (@+3)% (a+3)?%
contains a nonempty irreducible subset which consists of all the points
corresponding to nonsingular irreducible curves X with B(X) = (a; a+2,
(a+3)*1 a+4), HL (S x) =M[ —al.

§3. Nonsingular Irreducible Arithmetically Buchsbaum
Curves with Basic Sequence (a;(a+2)*%a+3;a+2)

Let 4 be a null correlation bundle, i.e. the vector bundle of
rank two obtained as the cohomology of the monad

(xl, Xy, Xge Xy

) )
(08— 0 5(1)—>0.

t(—x VX1, —X 4, X
O 0P3(_1) 2271 473
For every integer a=2, A (a—1) is generated by its global sections
and the subscheme of P? defined as the zero locus of a general section
of #(a—1) is nonsingular by [7; Theorem (3.3)], if a=3. Let C
be the curve thus obtained. One sees by the exact sequence

0—0 37— N (a—1)—SF(2a—2)—>0

that HL (S ) =HL (N (—a+ 1)) =ZEk[— (@—2)] and that A°(F;(»)) =0
for v<a,

e =475 -5 -5 )

for a=<v<2n—2, from which follows B(C) = (a; a®,a+1,a+2,...,2a—3;
a). When a=4, we get in this way a nonsingular irreducible a. B.
curve C with B(C) = (4;4%5;4). The following fact can be proved
without difficulty as in Proposition 2. 3.

Proposition 3.1. Let a be an integer larger than or equal to 4, and
suppose a nonsingular irreducible a. B. curve X with B(X) =(a; a® Y, a+1; a)
exists.

1) Let Yy be the curve linked to X by the two surfaces defined respec-
tively by a general element of Ix, and of Ix ,.1. Then Yy is a nonsingular
irreducible a.B. curve with B(Y)) =(a—1; a*7% (a+1)% a+1).

2) Let Zy be the curve linked to Y, by the two surfaces both defined by
a general element of Iy oo Then Z, is a nonsingular irreducible a.B.

curve with B(Z)) =(a+1; (a+1)%a+2; a+1).
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3) Let Y, be the curve linked to X by the two surfaces defined respectively
by a general element of Ix, and of Ix,i2c Then Y, is a nonsingular
irreducible a.B. curve with B(Y,) =(a; a, (a+1)°73 (a+2)%; a+2).

4) Let Z, be the curve linked to Y, by the two surfaces defined respec-
tively by a general element of Iy,. and of Iy, .ve Then Z; is a nonsingular

irreducible a. B. curve with B(Z,) =(a; (a+2)*7, a+3; a+2).

Note on the progf. It follows from Corollary 1. 3 that Iy is generated
over R by elements of degree a.

Starting from the curve C mentioned just before the above pro-
position, we can therefore get successively a nonsingular irreducible
a.B. curve X with B(X)=(a; (a+2)*Ya+3;a+2) for every a=4.
These curves also give reducible singular points of red (Hilb(P?)).

Prorosition 3.2. Let a be an integer larger than or equal to 4. Then
H(a; (@a+2)9) NH(a+1;(@+1)? (a+2)*% a+3) is not empty and contains
the irreducible subset which consists of the points corresponding to nonsingular
irreducible a.B. curves with basic sequence (a; (a+2)*',a+3;a+2).

Proof. Let X be a nonsingular irreducible a.B. curve with B(X)
=(a; (@+2)*La+3;a+2). X can be deformed in two directions as
follows. First of all, since B(X) satisfies the condition of [2; Lemma
5.6], the graded ring R/Ix can be flatly deformed into a Cohen-
Macaulay graded ring R/I, where I is a homogeneous ideal such
that dim, I,=dim, Ix, for v=0 (see the proof of the lemma cited).
The basic sequence of I turns out to be (a; (¢+2)%) and this gives
one direction of the deformation. On the other hand, the condition
of [2; Lemma 5.5] is satisfied as well, so that one obtains a flat
deformation of X into a projectively Cohen-Macaulay curve whose
basic sequence proves to be (a+1; (a+1)3% (a+2)*%a+3) (see the
proof of the lemma cited), which gives another direction. One sees
in fact that X can be deformed in these two ways only.

Q.E.D.
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Appendix : Connection between Multisecants
and Basic Sequences

Let X be a curve in P® and let Z be another curve the support
of which is a line L=Proj R/(x1—Il, x,—1;), where [,[,€k(2), for a
general choice of coordinates, and suppose supp(XNL) consists of
finite points. Suppose further that @ has a filtration as an 0 5

module of the following form (trivial, if Z=L):

a 8y
0_'9014(51) @ZO 021 0
ay By
0—0.(sy) @zl @22 0
%1 Bp—1
0——0.(s,-D) 0, 2 0 z,_, 0
a B
0——0.(s,) 0 z,_4 0 z, 0,

where Zy=Z7, Z,=L and 5,=5,=...=5,20. Put Y=XUZ, t=8(0 xn1)
and ¢=c(Y):=max{v|H(P? Ly()) #0}. Let (a; gy« e, Mal Mgty e v e
n.+5) be the basic sequence of Y and fo, fi, .-« 0 atts »««sfars the
generators of [y associated with it such that

I =fk () @ OSFD D D fursk (2),R=IDN,

in the notation of [2; Proposition 1.3].

Proposition A.1. In ithis situation, if h°( 0 xnz) =@ +1)t and
IZ2t—s,2... 2t—s1>c, then there exist homogeneous polynomials foip41y -« -,
Satvirr Of degrees t—si,t—sy ..., t—s,, ¢ respectively such that

Ii=fk© @ DFkDD B fursk(@).

Proof. Put Y;=XUZ,. The ideal sheaf of Y; is FxN Iy, by
definition and we have a natural injection
N fX/jYi——)@Z‘J

for each 0=i=r. Let =0 ;(—t) denote the ideal sheaf of XNL
on L. One finds from the third row of the following commutative
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diagrams

0 0 0
\ \ \
0——I%xN fzi/fyi_l’—>jx/fyi_l——"jx/fyi—" 0

| L,

(A LD, 0—> 0,()=Ker(8) —> 0, —> 0, —0

-1 i

L,

0 — Ker(8)/Im(y;) — O xnz,_ -

i1 @X”Zi 0

J y J
0 0 0

(1=i=7r) with exact rows and columns that
(0 xnz) = 21 B (Ker (8,) /Im(7;)) +h°( 0 xn1).

On the other hand, since L®o, 0 1(s) =L Ker (8:) CIm(y:), we have

Im(y;) 20 1 (s;—t;) with £;=t, so that h°(Ker(8;)/Im(3;)) =hr"(0 . (s;)

/O (s;—t))=t; and K0 xnz) = Zr_} t;+t.  This implies ¢;=t for all
Foss

1=i=r by hypotheses and we obtain a series of exact sequences from
the first rows of (A.1.1);:

dl ﬂ,
0—— 0 (s,—1) —> Ix/ Iy —>Ix/Iy—0

7

a B
0——0(s,—t) —> Ix/Iy—>Fx/Iy,—0

....................................

7

0 —0(s5,-1—1) 'E)fX/fY,_Z i?—1>v"'.3:/v”"1f,_1 —0
00, (5—8) oI 3/ Iy | —o Bz Iy =0, (—)— 0.
Consider 0 (0=i=r) as O -modules through the natural injection
k(2) GR. All these sequences then split as @ ;~modules, namely there
exist @ ;-module homomorphisms
& Op(si—t)—>Ix/ Iy (I=i=r+1)
which give rise to an isomorphism

r+l1

r+1
£ 1= .lesil ._@lgL(si—t)—_)jX/jY’
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where e =a; and we have put s,,;=0 for convenience sake. In the
diagram
0 —Iy(W)—Ix()—>I %/ Iy(»)—>0

e T(isomo phism as @ ;-modules),

r+1

(J_al O L (s;—t+v)

let fosi€HY(Fx/ Fy(t—s)) be the image of 1€H°(0 ;) under
g(1=i=r+1). Since H(SFy(¥)) =0 for v=¢—s by hypotheses, there
exists 2 homogeneous polynomial f,,;,€H(Fx(¢t—s;)) contained in

N;, such that f,is: (mod Iy) =f,is4: for every i. Besides, we have

r+1
H(Fy/ Fy(5)) =0 for vSi—s—1, therefore Iy=Iy/® éal Forss b (),

which proves our assertion. Q.E.D.

Corollary A.2. With the notation above, we have

(x;—1)Im(e;) CIm (Sjle,‘) (i=2)

and
(x;—I)Im(g) =0 Sor j=1,2.

Proof. Each ¢; satisfies f;j_jo---ofjog;=a; for 2<i=r and B,c---of;
og,41=1id. Therefore

(Bgo+++oB) ((x;—1)e:(9)) = (x;—1;) {(Bgo---0B1) ce; ()}
=pg0-oBioa;((x;—1;) 8 =0
for g€ O 1 (s;—1t), gq=i—1, j=1,2. Suppose AcIm(e) and (x;—I)h
r+1
=1‘Z=}le,,(h,,,-) (j=1,2). One sees first 0= (B,0---081) ((x;—1;) h) = (Bro---0B1)
r+1
(21 €,(hyj)) =h,41j, in the second place 0= (B,_j0---08) ((x;—1;)h)
= (B,_10+"0B1) (Z:}ls“(h,,j)) =a,(h,;), that is h,;=0, and by induction finally
finds h,‘j :/'li+1_j: :hr+1.j:0° Q: E.D.

Corollary A.3. The notation being as in Proposition A. 1, let

Un Uy 0  [Up Up O
22= U1 Ug U4 (resp. 12: U]; Ug U‘}J)
Un Us Us Un U U

be the matrix of relations among fo, « o« fars (€SP foy o o oy farsirr1) computed
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by [1; Theorem 1.6]. Then

Us=Us, U=, Un=[ Y2 ]

0
U, * ]
U’ xl——ll
3= .
0
xl—ll
Us *
X,—1
and Ui= 0 t, *
0
xz—lg
If the condition t—s;=zn, (1=i<r+1) is fulfilled additionaly, then the basic
sequence of X is (@3 Miyeuey My Maply ooy Naupy E—S1, 8 =520 v ey E—S8,,1) up

to a permutation Of Na41ye .y Maypy E—S18—Ss9eee,t—S8,t.

Proof. The first part is clear. To prove the second part, notice
first of all that the entries of U, are in (3, x)k(2), if t —s;=n,. One
sees then by the formula

Ji=(=1)'det W5<Z>/detU§ (W;:2;<a+l,...,a+b+r+l>)

that f,,;=0 (mod (x5, x) R) for 1=j=<b+r+1 and Iy=1Ix (mod (xs, x,) R).
Since the coordinates were chosen sufficiently generally from the first,
we find B(X)=(a; m,...,n,; #'%) for some increasing sequence of
integers n'? and this must be equal to (g4, e« ey Matss E—S1, E—Sz .« 00,

t—s,t) up to a permutation by the definition of the basic sequence.
Q.E.D.

Example A.4. Let X be an integral curve belonging to the linear
system |14]/—D5e;—4 (¢,+¢3) —3(es+es+e;) | on a smooth cubic surface
S and let G;€|2]— ) ¢;| be the line for 1=i<6. Set X;=X+2G,

i

X;=X,+G; and X;=X,+G;. Then (2G) -X=22, G- X=11, G, X;=10,
G5+ X,=10 and @ZGI has the filtration

0 >@GI(I)E@S(_GI)[G1 @zcl O¢ 0.

1

One can check without difficulty that X;~22[—7 GZ e; 1s projectively
i=1
Cohen-Macaulay, namely hl(fxs(v)) =h'(0s(—X;+vh)) =0 (k deno-
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ting a hyperplane section) for all integers v, and finds B(X;) = (3;9%).
Now, apply Corollary A.3 successively starting with the curve X,
Then we get B(X;) =(3;9%10), B(X) =(3;9%10° and finally B(X)
=(3;9% 103 11).

Example A.5. Let S,CP* be the cone over a nonsingular rational
curve of degree 3, n: S,——S, the blowing up of §, with center its
vertex and let 4, r be the pullback of a hyperplane section and the
line of ruling respectively. We consider a nonsingular irreducible
curve X in P? obtained by projecting a smooth curve C on $, whose
strict transform C belongs to the linear system |mh+r| from a general
point not on S, where m is an integer larger than 2. X lies on a
cubic surface S, with a double line L which is in fact a cone over
a singular rational curve of degree 3 in P? with a node. Denote the
projection by p: S——, and put pj=por. We see (L) is the union
of two different lines of ruling 7,7, and of the exceptional divisor
E of S,, and we may assume CNEN {r, 7} =¢. The curve X and
L therefore intersect quasi-transversally at so= f(E) and A°(0 x.)
=(n+r)C+1=2m+1. Set Y=XUL and fyzfy,/fso. Since Y
contains L, the sheaf f, (f*(Fy)) |spi, 18 isomorphic to Sy sp\tsy» and

since {so} is of codimension 3 in P3 it follows from the sequence
0 —0,(—3) Ly Ly 0 that this isomorphism can be ex-
tended to the whole of S, i.e. p. (f*(Fy))=Fy. In addition, we
have p*(Sfy) = @go(—C—E—rl—rz) =0s5,(—(m+1h), so we find by
the spectral sequence that Hi (#y) ZHL(Fy) =0. Y is thus projec-
tively Cohen-Macaulay and after a simple computation we get B(Y)
=(3; m+1, (m+2)?), whence B(X)=(3;m+1, (m+2)% 2m+1).

Let § be a nonsingular rational scroll of degree 3 in P4 p: §—
SCP? a projection from a general point not on § and let 4, rc§

again denote the hyperplane section and the line of ruling respectively.
Then we find analogously B(p(C))=(3;m+1, (m+2)%2m+1) (the
same as above) for a nonsingular irreducible curve C; belonging to
the linear system |mhA+r| and B(p(GC,)) =(8; (m+2)*; m+2, 2m) for
G, belonging to |(m+1)h—2r].
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