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A Remark on the Micro-local Resolvent Estimates
for Two Body Schrodinger Operators

By

Hiroshi Isozaki* and Hitoshi KiTADA**

Introduction

In this paper, we shall deal with the estimates for the resolvent of a
Schridinger operator multiplied by some pseudo-differential operators.

We consider the Schrédinger operator H=—4+V(x) in L¥R™) (n=2), where
4 denotes the Laplacian in R*. We assume that V(x) is a real-valted C*-func-
tion on R™ and for a constant 0<e,<1

0.1) 0sV(x)=0(|x|~'*'"%) as |x|—o00,

for all multi-index a, where 02=(0/0x,)% - (0/0x,)%» and |a|=a;+ - +an,.
One can also allow certain local singularities for V, which, however, is omitted
here for the sake of simplicity. Let R(z)=(H—z)"' for Imz+#0 and {(x)>=
(I4+1]x1]%)?% for x€ R". Let ||-|| denote the operator norm in L2%(R"). Then, as
is well-known,

(0.2) I[<x>=*R(A=£i0){x>~* | =C/V 7,

for any s>1/2 and A>a,, a, being an arbitrarily fixed positive constant (see
e.g. [1], Theorem 1.2). Our goal is to improve the estimate (0.2) by multiply-
ing some pseudo-differential operators (Ps.D.Op.’s).

Let us consider the Ps.D.Op.’s P. with symbols p.(x, & having the follow-
ing properties :

0.3) 10205p.(x, £)1 SCaplxd™ 2,
(0.4) for a constant ¢>0, p.(x,&)=0 if |x|<e or |&|<e,
(0.5) there exist constants —1< p.<1 such that

pilx, §)=0 if 2-E<p,,
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p(x,©)=0 if £->p_, (B=x/|x|, E=¢&/|E]).

Our results of this paper are summarized in the following theorems.

Theorem 1. Let P. be as above. Then for any s=0 and d>1
I<x>* P-RQA+0)< )™+ | <C// X,

where the constant C is independent of 1>a,>0, a, being an arbitrarily fixed con-
stant.

Theorem 2. Let P. be as above. If p.>p_, we have for any s>0
[<x>* P R(A+i0)P.Lx)°|<C/~/ R,

where the constant C is independent of 21>a,>0.

Choose a C=-function X(x) such that X(x)=1 for |x|<1, X(x)=0 for [x|>2
and set V,(x)=X(x/7)V(x). Let H=—44V,and R,(z)=(H,—z)"'. Then we have

Theorem 3. Let P. be as above. If p.>p_, we have for any s>0
[<x>* P(RG-+i0)— R (A+i0) P> =Ci~*0/2,

where C is a constant independent of j and A1>a,>0.

These theorems have not only their own interests but also important ap-
plications to the study of S-matrices for Schrédinger operators.

We have already discussed similar theorems in [1] by the stationary method.
We localized the Schriodinger equation in the momentum space and reduced it to
a Hilbert space valued ordinary differential equation with Ps.D.Op. coefficients,
which we learned from Agmon’s lecture at Kyoto University in 1977. In this
paper, we propose to discuss the same problem by the time-dependent method.
That is, we construct a parametrix for the unitary group e **¥ and reduce the
estimates for the resolvent to those of the parametrix. For the unperturbed
operator H,—=—4, this method clarifies the close connection between the resolvent
estimates and the propagation properties of the scattering states.

In Section 1, we explain the idea of the proof for H)=—4. We prepare in
Section 2 a parametrix for ¢ *# and obtain its estimates. Theorems 1, 2, 3 will
be proved in Sections 3, 4 and 5, respectively. In Sections 6, 7, some technical
results for pseudo-differential operators (Ps. D.Op.’s) and Fourier integral operators
(F.1.Op.’s) are proved.

The notations we used here are almost standard. B(R™) denotes the space
of smooth functions on R™ with bounded derivatives. C%(R") is the totality of
smooth functions with compact support. For x€R”?, <{x>=(1+|x|?"? and £=
x/lx|. D2=(—:)'*'9%. f(&) is the Fourier transform of f:
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fo={, =,

dt=Q2rn) "d&, d& being the Lebesgue measure on R".
Finally, the authors would like to express their deep gratitude to Professor
J. Uchiyama for his kind advices and various instructions for this paper.

§1. Free Time Evolutions and Resolvent Estimates

As has been stated in the introduction, our micro-local resclvent estimates
are closely related with the propagation properties of scattering states. Let us
explain it in this section taking H,=—4 as an example, although it is not logic-
ally necessary.

Let R, (2)=(H,—z)"*. Let P. be the Ps.D.Op.’s with symbels p.(x, &) satisfy-
ing (0.3)—(0.5). We assume for the sake of simplicity that

(1.1) sgpppi(x,é)c{é;a<[5|<b} (0<a<b< o).

Then we have for feCH(R") and », s=0
ey e APy ()= et Dy B G By () d e

For the moment, we assume that » and s are non-negative integers such that
r=s. On the support of p.(y, &), we have 5’~§2y+>—1. Therefore for {=0,
|y+26t1=C(|y|+21&]), for a constant C>0. Let S, y;t)=y&+t|&|% Then

I7eSE, v; ) =C(ly|+tI€]).
Making use of the relation
e'is:i‘VESi‘ZVgs-Vge”S
we have by integrating by parts » times
finite
(xy T HHOPE xS f(x)= Zt sgémx_we'”":’Zjdm(x)bm(y, £:0)f(y)dyde
where a,(x)€ B(R™), bn(y, &;1) is a C>-function such that

(1.2) | D§DEbn(y, &) =Cap(1+ 1y +21EN T (:20).

Let A, and B,(t) be the Ps.D.Op.’s with symbols a,{(x) and b,(x, &;1), respec-
tively. Then one can rewrite the above equality as follows:

(1.3) Cx) e HHOPI k) =3 A e B (1),

From (1.2), one can easily see that |B,@)|<C1+¢)"7"® for 1=0. Thus we
have for t=0

(1.4) I<x>Te HHoPXC xS | < C(1+8)" 9 .
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By an interpolation, the above estimates easily extends to any r=s=0. To prove
(1.4) for t=<0, we have only to replace P, by P.. We have thus shown the
following
Lemma 1.1. For any 0, s=0, there exists a constant C>0 such that
[{x>-+DeitHoP s <C(1+1)°  (¢=0),
[{x>-E+DeitHoPX x| <C(1—1)°  (t=0).
We now make use of the following formulae
Ro(z):ire‘“‘”o‘”dt (Im 2>0),
0

0

Ro(z):—z'g et HD gt (Im 2<0),

—co

to see
Theorem 1.2. For s=0 and 6>1,
[{x>~+D R(2+:0)PE( x> =C,
[<x>*PeRo(A10) x)~ ¢+ <C,

where the constant C is independent of 2>0.

Next let us consider
<x>SP_e-“HoPt<x>sf(x)=SSeW‘y>5"’5'23<x>31)_(x, E)p+(y, EXy> f(y)dydE,

(s>0).
For £+0, define two cones [I'. by

Fo={y;9-fzp.}, TI-={x;%-b<p}.

On the support of p_(x, &)p(y, &), xI'- and y+2t£<’, for t=0. Therefore
if p.>p., a simple trigonometry shows that

| x—(y+2t8)| =C(| x|+ | y+2t€1)
2C(|x[+iyl+t1ED)  ¢=0),

with a constant C>0. Let S(x, &, y;t)=(x—y)é—t|€|2. Then on the support of
p-(x, E)p+(y, &)

IFeS(x, & y; 0 =C(U x|+ 1y | +2]€]).

We now integrate by parts N times using the relation eS=—i|F S| 7 S-V 'S
to obtain

<x>SP_e‘“H"Pf<X>Sf(X)=Sge”‘”'5'y“’az\r(x, & y;0f(Ndyds,
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where
|D$DAD ay(x, &, y; )| =CA+ | x|+ |y | +1]&])~ V=22 (t=0).

{xY*P_e Mo P¥{x)® can be regarded as a Ps.D.Op. with symbol e~i¢'$%q y(x, &, y ; 1).
Thus taking N large enough, we have

Lemma 1.3. If p.>p_, we have for any N, s=0,
[<x>sPe #HoPE x| =CA+1)"Y  (1=0).

Passing to the Laplace transform, we obtain

Theorem 1.4. If p.>p_, we have for any s>0
[<x>*P_Ry(A+i0) PE x> =C,
for a constant C>0 independent of 2>0.

The above Theorems 1.2 and 1.4 are particular cases of our results and
suggest how the propagation properties of e **#o affect to the resolvent estimates.
In order to generalize the above results to the perturbed operator H, we have
to introduce a parametrix at infinity for e ¥,

§2. A Parametrix at Infinity for e ¥

First we take note of the fact that one can obtain the same estimates as in
Section 1 using suitable F.I.Op.’s instead of Ps. D.Op.’s. More precisely, we con-
sider F.1.Op.’s A, B.(A) defined by

2.1) Af ()= Xew'f’au, £)/(€)dt,

(2.2) Bi(l)f(X)ZSei‘””'E’bi(x, g; 0fe)ae.

Assume that the phase function ¢(x, §) is real-valued and smooth on R"XR"™
and that

@3 | DEDAG(x, £)—x-8)| SCapCxyi=s'

for some ¢>0 and all @, B8, and
a‘l
(2.4) sup (mqi(x, &)—1]<1/2,

where [ is the nXxn identity matrix.
As for the amplitude functions a(x, &), b.(x, &; 1), we assume that

(2.5) a(x, §)€ B(R™),
(2.6) | DgD3b.(x, &; D =Cagxd™'"",
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for any 4>a,>0, where a, is an arbitrarily fixed constant,
2.7) b.(x, &; 1)=0 if |61<v/2/2, 2>a,,
(2.8) a(x, £)=b.(x, &; A)=0 if |x|<1,

(2.9)  there exist constants —1<p.<1 such that

>

bo(x,&;0=0 if Z-6<p,,
b(x,&; =0 if Z%-

e

>po.

Lemma 2.1. A, B.(), defined above, are L*-bounded. Moreover we have:
(1) For any s, 6=0,

K>~ Ae=iHo B (¥ x> | C(1+1v 1)

for any 2>a, and +t=0.
(2) Suppose there exists a constant p such that —1<p<p.<l and a(x, £)=0
if :T:-§>;z. Then for any s, N>0

[<x>sAe o B (A)*(x)* | <C(L+t+/ 1) N
for 2>a, and t=0.

The above lemma is proved by integration by parts in essentially the same
methods as given in Section 1. See [2], Lemma 3.3 for details.

In [2], we introduced a parametrix for ¢ **¥ in the form of a F.1. Op. which
gives an approximate behavior of ¢ *¥# in an appropriate region of the phase
space and proved the asymptotic completeness of modified wave operators for H.
In the following, we show that its Laplace transform is a nice parametrix for
the resolvent R(z)=(H—z)"!. Our method relies on that of geometrical optics.
We begin with the choice of a phase function.

Theorem 2.2. Let €>0 be a sufficiently small constant. Choose d>0 arbi-
trarily. Then there exists a real function ¢(x, §)€ C=(R™ X R™) having the follow-
ing properties:

(1) There exists a constant R>0 such that for |x| >R, |E|>d/2 and .‘E-é>
—1+€/2, ¢(x, ) solves the etkonal equation

IV 2¢p(x, &) 1P +V (x)=1&|*.
(2) For any multi-indices a, B
| DEDEp(x, &)—x-E)| SCqaplaxdt 0714 1(ET,
for any x, §€ R™, where g, is the constant given in (0.1).

3) sxgg](%;&qxx, $)>—Il <1/2.
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For the proof, see [2], Theorem 2.5.
Next we turn to the transport equation. Let us take note of the following
identity

(2.10) e (—A4+V—EDePa=(IVg|*+V—£[%a
—2iF ¢-Va—i(d¢)a—4da.
We set a= iv) a,, where a,=1. Then the right-hand side of (2.10) takes the
m=0

following form
(IFe|*+V—1&1Ma—i(dp)a,

_2ZV¢'V01'—Z(A¢)a1’_Aa1

_22.V¢'VGN—i(A¢)aN—AaN.

Define a region 2={(x, &); |&|>d/2, |x| >R, £-E>—1+¢/2}, where ¢, d, R are
the constants specified in Theorem 2.2 (1). We construct a,(x, &) in such a
way that

(2.11) 20 ¢-Vantidg)amn +A4anm-,=0, m=1, 2, -,
for (x,&eLQ. Then for (x, &) e
2.12) e gV 18190 3 an=—ildg)ax—Aay.

The equation (2.11) is a first order partial differential equation and can be
solved by the method of characteristics. From Theorem 2.2, it follows that

Pp(x, H=E+00x179,  dg(x, H=0(x| )

as |x|—oo, (x, £)eQ. Thus one can integrate (2.11) from the infinity of &-
direction. Furthermore one can show inductively that

@13 | D2DAan(x, §)| SCapni ' Cxy7101 ™

for (x, &)eQ, m=1. We omit the proof of these facts in order not to make
this paper bulky, partly because it is almost routine. It would be worthwhile,
however, to note the short range case:

DsV{x)=0(lx|"'*'717%)  (8>0),

since in this case everything can be written down explicitly. In the case of the
short-range potential, we should take x-& as ¢(x, &. Then (2.10) can be writ-
ten as follows:

e = (— A4V —|E|De**a=V a—2i&-Va—Aa.

We set as above a= §N) @, a,=1. Then the right-hand side takes the follow-
m=0
ing form
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—2i&-Vay—Ada,+Va,
—ZZ'E-VCLI——Aal—‘—Val

—2i6-Vay—day+Vay.
Thus we have only to solve
2€6Van=Van,—4dan_,
which can be easily integrated from infinity :
anz, =g |- V(x+E0am -+t O—(dan- )+, ).
It is now easy to show by induction that a,(x, §) satisfies
[D3DEan(x, &) =Copn& ™ B {xy~10m ™0 if 0<6<1,
1 D2DRan(x, &) SCapn<&> ™ 1 Fi(xyteimm 070 if 9>1,

for m=1, |&|>d/2, #-E>—1+¢/2.

We now use the well-known technique of constructing a C=-function with
given asymptotic expansions (see, e.g. Kumanogo [4], p. 77). Choose X(x)& C*(R™)
such that X(x)=1 for |x|>2, X(x)=0 for |x|<1. For a suitable choice of a
sequence R,<R;< -+ —o0o (Ry=R, R being the constant specified in Theorem 2.2

(1)), the function a(x, &) defined by
a(x, )= 3 Ux/Ru)an(x, €)

is convergent and smooth on £, and for M=1,

| D2DY( T 1/ Ru)antx, ©)|SCapuiryei-4e0ey
for (x, £) Q2. Moreover, if we let

Gz, =@ O(— A4V (x)— £ D alx, §)),
it satisfles for any N and (x, §)€ @,
(2.14) | D2DAG(x, )] =Cagn (x> V.

Finally we choose po(t), p.(t)€C=(R") such that p{t)=1 for t>d, p,¢)=0 for
t<d/2 and p,(t)=1 for t>—1+¢, p,(t)=0 for t<—1+¢/2, and let

(2.15) a(x, &)=a(x, £)po(1£1)p(%-8).
Then one can easily show the following
Theorem 2.3. a(x, §), constructed above, has the following properties:

1) | DEDAa(x, )= SC,agd)7xp1e 750
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if 1&l>d, #-£>—1+¢, |x|>2R, R being the constant specified in Theorem 2.2
(1. alx, &=0if |&]<d/2 or £-E<—1+¢/2 or |x|<R.

2) Let G(x, &)=e W@ (—A+V(x)— |€|)(ew=Pa(x, §). Then for #-&>
—1-4¢, we have for any N>0

R | DSDEG(x, &) SC,an<Er<x>~Y
If #:6<—1+e,
| D3DEG(x, &) SCos¢Ey{xy1 101,
—itH.

We are now in a position to construct a parametrix for e

Definition 2.4. Let 9(x, &), a(x, &) and G(x, €) be as in Theorems 2.2 and
2.3, respectively. Let b.(x, &;2) satisfy (2.6)-(2.9). We define:

Af(0=[e =0 a(x, 7@
A—f(X)ZSe‘"ﬂr. R ERET
B (x)=e 9= 29.(x, & DI,
G+f<x>=g B G x, EJENE,

G. f(x)zSe‘“/’“”' -9G(x, —DfE)dE,
U.(t; )=A.e "B (1)*,

G.(t; )=G.e *HoB (A)*.

One should take notice of the following fact. Let S(x, &, y;t)=¢(x, §)—
o(y, §)—t1&[% Then

ULt D)= [e5 =5 v0 a(x, 055, € DS G)dyd,

G.t; Z)f(x):SSeiS‘”'f' ViOG(x, 85.(3, &; Af(y)dyde.
We also have
U5 07 = | |erses vz, @by, —&; DFGIdydE,
G AFm=| e e n0Gx, 8b.(y, &5 DTGV yde.
Thus the estimates for U,(t; 1), Gi(t; 2) for t=0 are easily translated into those

for U_(t; ), G_(t; A) for t=0.
A straightforward calculation shows that
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l'—ng:(t;leUi(t ;=G5 2).

Therefore, since U.(0; A)=A.B.(A)*,

(2.16) e A B (D)*=U.(t; z>—z'S:e—m—s>HGt(s :Dds.

Lemma 2.5. (1) For any s, 0=0, we have
[Kx>= DU, ; K| SCL+t4/2)7°

for 2>a,>0 and t=0.
(2) Let py and € be as in (2.9) and Theorem 2.3 (2). If p.>—1+e, we
have for any s, N=0

[<x> <D 2> Gt ; D= CA+-1v/ 2)7Y,
for 2>a,>0, t=0, where <D >"* is a Ps.D.Op. with symbol <&>~'.
Proof. (1) is a direct consequence of Lemma 2.1 (1). We prove (2). By

Theorem 6.2 in Section 6, for large IN>0, <D,>'G,=A+ Py, where Py is a
Ps.D.Op. with symbol py(x, &) such that

I D2DEpw(x, )| =Capxd™™  (lal+IBI=h),

where k can be chosen large enough, and A is a F.I1.Op.

Afw=[etr=oc(x, O F@)dE.
Here c(x, &) satisfies
| D2DRe(x, &) SCapm<x>™™, (for any m>0, if £-6>—1+e),
| DzD4c(x, )| =Cap (if #-E<—1+e)

Choose a constant # such that —1+e<g<p, and C>-functions pi(¢), p.(t) such
that p,(t)+p.(t)=1 for any t, p,(t)=1 if t>g+3(p.—p)/4, p.)=1 for t<j—
(f+1—e)/4. Split A into two parts: A=A;+ A, where

A,f<x>=Sve>c<x, S, &-bfOdE,  j=1,2.

Since the symbols of A; and Py are rapidly decreasing in x, we can apply
Lemma 2.1 (1) to see that

<" Ase™ 0B (A)*C x| 4[| x> P 0B, (%t | £Cy (L+14/ T)
t=0,

where m(lN)—oo as N—oo, Applying Lemma 2.1 (2), we see that {x)*A,e *Ho
B.(A)*{x)>* also has the desired decay rate. O
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Passing to the Laplace transform in Lemma 2.5, we can show

Lemma 2.6. (1) For any s=0 and 6>1, we have for any 2>a,>0
x>+ AL Ry(2+10) B (D x) | =C// Z.
(2) If po>—1+4¢, we have for any s=0
[{x>*¢D 2> G+ Ry(A+10) BL () x> =C/+/ Z,
for any 2>a,>0.

§3. One Sided Localizations

Let A. and G, be as in Definition 2.4. Since (H—|&|%e**9a(x, £)=
e 8 C(x, &), one can easily show that

3.1) HA,—A.Hy=0G..
Multiplying both sides of (3.1) by R(z)=(H—z)"* and R,(z)=(H,—=z)"!, we have
(3.2) R(2)A+=A+R\{z)—R(2)G+R((2),

which is the fundamental formula we use to derive the micro-local resolvent
estimates.
We also prepare an estimate for the resolvent.

Lemma 3.1. Let a,>0 be arbitrarily fixed. Then we have for any s>1/2
[<x>7 Dy RAEI0Kx> P <C, 2> aq,

where {D;> is a Ps.D.Op. with symbol <€) and C is a constant independent of
A>a,.

Indeed, this easily follows from (0.2) and the a-priori estimate given in [1],
Theorem 1.4.

Lemma 3.2. Let P.() be the Ps.D.Op. with symbol p.(x,&;2) satisfying
(2.6)-(2.9). Then for any s=0 and 0>1, we have

3.3) [<x>~ ¢+ R(A=0) Po(<x>* | =C/V Z,
3.4) [<x>~ ¢+ R(A£10) Po(A)*x>* | =C/V 2,

where the constant C is independent of 2>a,>0, a, being an arbitrarily fixed
constant.

Proof. First we show that (3.4) follows from (3.3). In fact, by [1], Theorem
2.4, for any N=1, there exist Ps.D.Op.’s P%(2) and Py(2) such that P.(A)*=
P () Py(2), the symbol of P& () satisfies (2.6)-(2.9) and the symbol of Px(4)
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satisfies
(3.5) | DEDEpy(x, &5 )| SCoplaxy~N1at,

Since R(A+:i0)P.(A)*=R(A+i0)PL(A)+ R(A+i0)Px(2), (3.4) immediately follows
from (3.3) and (0.2).

Now, we prove (3.3) for R(A1+:0)P.(2). For p.(x, &;A), we choose ¢, d>0
small enough so that —1+e<p; and p.(x, §;)=0 if |§]>d. For these ¢ and
d, we construct ¢(x, £) and a(x, &) as in Theorems 2.2 and 2.3. Then by
Theorem 7.4, for any N=1, there exist a F.1.Op. B,(1) with symbol b.(x, &; )
satisfying (2.6)-(2.9) and a Ps.D.Op. Py(4) with symbol satisfying (3.5) such that

(3.6) P.()=A+B+()*+Py(2).

Using (3.2) and (3.6), we have

3.7 R(A+i0)P ()= R(A+i0)Py(A)+ A, Ro(A+i0) B (A)*
—R(24-10)G R(A+10) B ()*.

The first term of the right-hand side of (3.7) is easily seen to satisfy (3.3) by
virtue of (0.2). To the second term, we apply Lemma 2.6, (1). To the third
term, we have only to apply Lemma 2.6, (2) and Lemma 3.1. O

In order to treat the low frequency term, we introduce the following class
of Ps.D.Op.’s.

Definition 3.3. Let 1>a,>0. A Ps.D.Op. Q(2) belongs to S,{4) if its symbol
q(x, &; 2) satisfies

|D2Déq(x, &; 2)| =Caplxd7'e",

where the constant C,3 is independent of 2> a,>0,

g(x, &; 2)=0 if IEI>%\/7.

Lemma 3.4. Let QQ)ESy(A). Then for any s>1/2
[<x>* QA R(A+i0)<x>~*|=C/A,

where the constant C is independent of A2>ay,>0.

Proof. Let PQA)=Q{A)R,(A+i0), which is the Ps.D.Op. with symbol
g(x, &; D(|€12—A)"'. Then we have by the resolvent equation

(3.8) QAR(A+:0)=P(A)— P(A)V R(A+40).
Since Q(A)ES,(4), one can easily show that the symbol p(x, &; 2) of P(4) satisfles
3.9 |DEDEp(x, &; A =Cpod x>,
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C.p being a constant independent of A>a,>0. By the asymptotic expansion
({17, Theorem 2.3), for any N=1, there exist Ps.D.Op.’s Py(Q)ES,(4) and Qx(4)
such that PQA)V =<Kx> 0Py(A)+Qxy(2), where the symbol of Py(1) has the same
estimates as in (3.9) and the symbol of gy(x, &; 2) of Qx(4) satisfies

[ DsDgn(x, £; )] SCopd ™ xd~V1ar, A>a,>0.
In view of (3.8), we have
(3.10) QA R(A+10)=P(A)—< x> 0 Py(A) R(A+70)— Q y (A R(A£:0).

Therefore, if »>1/2, r=s, choosing N large enough, we have noting (0.2) and
(3.9)

<Y QO RAE0) x> S CL/A+||< x>~ Py(R) R(A-i0){x>7]).

Since Py(A)ES,(4), one can use the above inequality to estimate the term
Py(A)R(A+10) to obtain

IKx>* QA R0 x> T SCL/ A+ [[<xy 720 P y (D) R(A£10)Cx) 7))

for some Py(A)eS,(4). Repeating this procedure, we obtain the lemma. C

Theorem 1 in the introduction now easily follows from Lemmas 3.2 and 3.4,
if we split the symbol of P. suitably. More precisely, we split p.(x, &)=

p(x, 8)6/V A1)+ pu(x, £)¢=(E/V ), where ¢(§), $=(E)E C=(R™), $o(E)+¢~(6)=1,
(§)=11f [§]<1/2, ¢=(§)=1 if |£]>3/4

§4. Two Sided Localizations

We shall prove Theorem 2. As the first step, we show the following

Lemma 4.1. Let P_ be the Ps.D.Op. with symbol satisfying (0.3)-(0.5).
Let P.(R) be the Ps.D.Op. with symbol p.(x, &;2) satisfying (2.6)-(2.9). Assume
that p.>p_. Then we have for any s>0

[<x>* P_R(A4i0) P.(D{x>*| £C// 2, 2>a,>0.

Proof. As has been discussed in the proof of Lemma 3.2, for any N=1, there
exista F.1.Op. B,(2) with symbol b,(x, &; 2) satisfying (2.6)-(2.9) and a Ps.D. Op.
Py(2) with symbol satisfying (3.5) such that P.()=A,B.(A)*+ Py(2). In view
of (3.7), we have

“4.1) P_R(2+1i0)P.(2)=P_R(A+10)Py(2)+ P- A+ Ro(2+10) B..(A)*
—P_R(A+10)G+ Ro(A+10) B (A)*.

Taking N large enough, we see that the first term of the right-hand side of
(4.1) has the desired property by virtue of Theorem 1. Using Lemma 2.6 (2),
we see that the third term has the desired property if we note that
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[<x>° P-RQA+i0){D)<x>" P <C,  2>a,>0,

for s=0, 0>1, which follows from Theorem 1 and [1], Theorem 1.4.

We consider the second term. By Theorem 6.2 in Section 6, for large N>0,
P_A4, is split into two parts: P.A.=A,+Qy, where Qy is a Ps.D.Op. with
symbol gy(x, & such that

IDgDign(x, ©)| SCoplx>™  (lal+IBI=h),
where % can be chosen large enough, and A, is an F.I.Op.
Afa=ee=vcix, Of@)de,
| DEDEc(x, £)] =Cqs<xd7'e",
olx, £)=0 if Z-E>p_.

Therefore, A,e **#oB,(A)* has the same decay property as in Lemma 2.1 (2).
Passing to the Laplace transform, we can show that A;R,(4+:0)B.(4)* has the
desired property. Using Lemma 2.1 (1), one can treat QyR,(A-+:i0)B.(A)*
similarly. O

Lemma 4.2. Let P_ be the Ps.D.Op. with symbol satisfying (0.3)-(0.5). Let
Q-(2) be the Ps.D.Op. with symbol q.(x, &; 2) satisfying (2.6), (2.8). (2.9) and

4.2) 00 6 D=0 if E1>9NT,  2>a.>0.
Assume that p.>p_. Then we have for any s>0

4.3) I<x>*P-RQA+-10)Q+()*(x>*|=C/V X,  2>a,>0,
(4.4) [<x>* P_R(A+i0)Q. (x> I=C/vV' A,  2>a>0.

Proof. First we derive (4.4) from (4.3). By [1], Theorem 2.4, for any N=1,
there exist Ps.D.Op.’s Qx(4) and Py(2) such that Q.(A)*=Qy(2)+Py(2), the
symbol of Qx(4) satisfies (2.6), (2.8), (2.9), (4.2) and the symbol of Py(R) satisfies
(3.5). Since P_-R(A+i0)Q.+(A)=P_-R(A+10)Q y()*+ P_R(A+10)Py(2)*, (4.4) follows
from (4.3) and Theorem 1, if we choose N large enough.

We turn to the proof of (4.3). Let P.(2) be the Ps.D.Op. with symbol
g+(x, &; )(|&12—A)Y. Then, as is easily seen, R (1+:0)Q.(A)*=P.(A)*. The
resolvent equation implies that

4.5) P_R(A+10)Q.()*=P_P_(2)*— P_R(A+i0)V P.(2)*.

Again using [1], Theorem 2.3, for any N=1, there exist Ps.D.Op.’s P‘*(1) and
Py(2) such that P,V =<,x) °P™®()+ Py(A), where the symbol of P‘*(1) satisfies
(2.6), (2.8), (2.9), (4.2) and the symbol of Py(A) satisfies (3.5). Then, (4.5) can
be written as
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(4.6) P_R(A4+i0)Q+(A)*=P_P.(2)*— P_R(A+10)Py(2)— P-R(A+10) P (2) x> %0,

Using [1], Theorems 2.3 and 2.4 and the condition p,>p_, one can show that
for any s>0

4.7 [<x>*P_Po(A)*¥ x> | =C/2,  2>a,>0.

In view of Theorem 1, we have for any s>0, taking N large enough,
(4.8) [<x>*P_R(A+i0)Py(D* x> | =C/V X, 2> a,>0.
Therefore, from (4.6)~(4.8), we have for any s>0 and re R,

(4.9)  [Kx>*P_R(A+10)Q +(A)*(x>| = C(A2+[[<x>* P_R(A+10) P () ¥ x>7 %)) .

Since P‘"(2) satisfies (2.6), (2.8), (2.9) and (4.2), one can use (4.9) itself to
estimate the right-hand side of (4.9). Thus we can replace r—e, in (4.9) by
r—2¢,. Repeating this procedure, we finally obtain

[<x>*P_R(A+10)Q+(A)*<x>| S C(A71 >+ [[{x>* P-R(A+i0)<x>~**[N=C/+/ %,
where we have used Theorem 1. O
Remark 4.3. Let P, be Ps.D.Op.’s with symbols satisfying (0.3)~(0.5). Let
B be the Ps.D. Op. with symbol ¢(x, &) such that | D$D&p(x, &)1 =Caplx>~'*" and

¢(x, §)=0 if |&|>2¢/3, where ¢ is the constant specified in (0.4). Assume that
a,>¢% Then by the same arguments as above, one can show that for any s>0

I<x>* Ps R(A=£10) B x| < C/V/ A, A>a,>0,
[<x>*P¥R(A£i0)B*(x>*|=C/~v 2,  2>a,>0.
These estimates will be used in §5.

Now, in order to prove Theorem 2 in the introduction, we have only to
split the symbol of P. suitably and apply Lemmas 4.1 and 4.2.

§5. Micre-local Approximation of Resolvents

In this section, we shall prove Theorem 3. Choose C*-functions (&), ¢(&)
such that ¢(6)+¢&)=1, ¢&)=1 for [£]>2¢/3, Pp()=1 for |£]<e/3. Let A, B
be Ps.D.Op.’s with symbols ¢(§), ¢(€), respectively. Then, letting VJ:V—VJ,

(5.1) P_(R,(2+i0)— R(2+10)) P,
=P_R(A+i0)V, AR ,(A+i0)Po+P_R(A+i0)V ,BR,(A+i0) P, .
The second term of the right-hand side is estimated as follows:
1< P-R(2+10) 7, BR,(A+10) P (x>
S|KxY P-R(A-+i0)ay =2 - | V|- [<x>*** BR(A+i0) P (x>
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The first factor is bounded by C/+/2 by Theorem 1. The second factor is
bounded by Cj=0. The third factor is bounded by C/+/A by virtue of Remark
4.3, where the constant C is independent of 7. Therefore, we have

5.2) I<x>* P-R(A+10)7, BR (A-+i0) P, x| < Cjc0a-".

Next we consider the first term of the right-hand side of (5.1). Choose C>-
functions p.(¢) such that p,(1)+p-)=1, p.(t)=1 for t>p_+2(pu,—p-)/3, p-@)=1
for t<p_+-(u+—p-)/3. Let A,. be Ps.D.Op.’s with symbols V,(x)pt(x-§)¢(§).
Then

(5.3) P_R(A+i0)V,AR,(A+i0)P,
=P_R(A+10)A ;4 R (A+i0) Ps+ P_R(A-+i0)A,_ R ,(A+10) P, .
The first term of the right-hand side of (5.3) is estimated as follows:
[[<x>* P_R(A+i0)A,+ R,(A+10) P x|
=[[<x>*P-R(A+10) A, x> - [[<x>7* P R, (A+10) P ()7 -

The second factor is bounded by C/+/ A1 by Theorem 1, the constant C being
independent of j. Theorem 2 implies that the first factor is bounded by Cj~%¢/+/ 1,
where we have used an estimate for the commutator of V; and the Ps.D.Op.

with symbol ¢(x)o4(%-8)¢(&).
The second term of the right-hand side of (5.3) is estimates as follows:

[[<x>°P_R(2+10)A;- R ;(A+10) P {x)°||
=[Kx>*P-R(A+10)<x> 272 - [[Kx>°*2 A, R j(A4-10) P {x)°|
=Cjoa,

where we have used Theorems 1 and 2. Thus we have
(5.4) I<x>* P-R(A+i0)V;AR,(A+i0)Py<x)* | SCj %027t
Theorem 3 directly follows from (5.1), (5.2) and (5.4).

§6. Products of Fourier Integral Operators
and Pseudo-differential Operators

In this section, we derive a formula for the product of F.I.Op.’s and
Ps.D.Op.’s. Our treatment is slightly different from the standard one (see e.g.
[5D.

First we introduce a class of symbols.

Definition 6.1. Let ¢, m=R. S(o, m) is the set of C*(R"™x R")-functions
p(x, &) such that
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(6.1) | DzDEp(x, £)| SCapla>?™2KE™.

Let ¢(x, &) be a real C*(R™x R™)-function such that

{¢(x, §=x£+Y(x, 8,

(6.2)
I DEDEY (x, §)| SCppcxd?™'e7%0,  (0<e,<1).

For a(x, &§)S(g;, m;) and p(x, £)eS(a,, m,), we define a F.1.Op. A and a
Ps.D.Op. P by

6.3) Af<x>=§ei¢(ryf)a<x, &)/€)ds,

6.4) Prw=[etpix, 7).
Note that A is L2-bounded if ¢,<0 and m,=<0 ([2], Lemma 3.3).

Theorem 6.2. Let a(x, £)€S(a,, my) and p(x, £)=S(a,, my). Then for any
integers N, k=1, there exist a F.1.Op. A, and a Ps.D.Op. Py such that

(6.5) PA=A,+Py,
where

(6.6) A1f<x>=5et¢<z~f>al<x, £)f@)de,
(6.7 Pyf()=e=p iz, 7€),

and a,(x, &) consists of a finite sum of the following terms:
(6.8) 0gp(x, &)-(D8Y (x, &) --- DY (x, &) Dia(x, £),

l,81|+ +[,B¢l+|,8]:|a'[ ,
pw(x, &) satisfies

(6.9) lﬁék | DEDAp w(x, E)I SCop )y VLEY™M1F ™2,

Proof. Let b(x, §)=e*¥=q(x, ). Then A can be regarded as a Ps.D.Op.
with symbol b(x, §). Applying the well-known formula of the asymptotic expan-
sion of the symbol of the product of Ps.D.Op.’s (see Kumanogo [4], p. 75). we
see that the symbol of PA (regarded as a Ps.D.Op.) is given by

au(x, §)+ru(x, &),

i, )= 3 L

1 <Ma|a?p(x’ S)ng(x: 5):

l ! - AP ! 7 1 g
rM<x,s>=Mmz=:M7!—0s—§§§od0<1—0>ﬂ 107 TgLp(x, £+ O Dib(x . )d vdy.
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Define a,(x, §)=e ¥ =9qy(x, £). Then the Ps.D.Op. with symbol gu(x, §) can
be written as (6.6). One can also see that a,(x, &) consists of the sum of the
terms like (6.8). 7u(x, &) is estimated as follows. Choose M large enough.
Then if |y|=M, we have by our assumptions

3 | DEDEp(x, )| SCarn{xd727'*KEX™,

18k

3 | D2DEb(x, &) SCapn{x>or~ V)™,

1815k

With this in mind, one can argue as in [4], pp. 69~72 to see that ry(x, §)
satisfies (6.9). O

§7. Reduction of Fourier Integral Operators
to Pseudo-differential Operators

In this section, we shall derive a formula for transforming the product of
F.1.Op.’s into a Ps.D.Op. We begin with the following lemma.

Lemma 7.1 (Left simplified symbol). Let P be a Ps.D.Op. such that
Pfy={{e=va(x, &, )1 (dyee,
| D2DEDYa(x, &, y)| SCap x> 11 (y>7'T",
Define p(x, &) by
plx, E)=OS—SS6‘””0(X, §+9, x+y)dydy.

Then P is a Ps.D.Op. with symbol p(x, &). Furthermore, for any N=1

1
])(x: E):[ ZNma?DZG(xy E: y)|y=z+rN(x: E):

al<

|D2Dfr y(x, &)| SCopy<xd~N-tal,

The proof is routine, hence is omitted (see Kumanogo [4], pp. 73, 76).
Let us rewrite A.B.(A)* into a Ps.D.Op., where A, and B.(2)* have been
introduced in Definition 2.4. By definition

. ALB*f )= [es= ¢ vatx, 052G, & Df(9)dyde,

(72) S(-xr E; y):¢(-x! E)_QS(% E)-

Let %(x)eC5(R™) be such that X,(x)=1 for | x| <1, Xo(x)=0for {x|>2. We
set Xo(x)=1—Xo(x). Choose X.(t)C=(R') such that X.(?)+X_(t)=1, X.(£)=0 if
t<—1/2, 2_t)=0 if t>1/2. We split A,B.(A)* into three parts: A,B.(A)*=
Q1)+ Qx()+Q5(A), where
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Ql(l)f(x)=55e”‘”'*"”’a(x, E)b.(y, &; A (Z- 9 ) f(3)d ydE,
QS )=([ers=s v ax, BT BT L2+ IMaly) () 3.

QR f =[5 v atx, 9B, 5 DLOIF () yde.
By the mean value theorem,
SCr, & =Ca—y, Z0x, 890, Z(x, & 3= Cup)ex+ U1y, dt.
Let us consider the map: §é—Z(x, &, y). In view of Theorem 2.2 (3), we have
0
(7.3) PR »—1|<1/2.

On the support of a(x, §)b.+(y, &; DA(%- (),
(7.4) | DEDADY(Z(x, &, y)—&)| SCupKE)~Hapms0/2m a1 yy20/2= 111

In fact, in this case #£-$>—1/2. Therefore [tx+(1—1)y|=C{t|x|+1A—8)]y])
for 0=<t¢=1, with a constant C>0. Thus we have using Theorem 2.2 (2),

| D$DADY(Z(x, &, y)—8)!

<Cap @] 10— Wt x| (A=) y oot
1/2

<Capr®| [t zpyronerar] x| [t s yiyroeras]

S Cp 8> aDmo0RT IR yhmF0/2 T

which proves (7.4). (7.3) and (7.4) imply that the map §—Z(x, &, y) defines a
differcmorphism on R™ and that its inverse ¥ satisfies

(7.5) | DEDEDY (W (x, &, y)—E) =Cap<E)~Kad 20210 yy 2021,

on the support of a{x, ¥ (x, &, y)bi(y, T(x, &, ); AX.(£-9)X(y). Letting J(x,&, »)
=det(0:¥(x, &, y)), we have

Q;(Z)f(X)=SS€“”'”“’6(x, & ;D f()dydE,

c(x, & y; A=alx, U(x, & y)b(y, U(x, & y); Xu(Z- IU(3)](x, &, y).
We now make use of Lemma 7.1 to see that Q,(4) is a Ps.D.Op. with symbol
q(x, &; ) having the following asymptotic expansion

1 -~
(7.6) g(x, &; 2)=\ E<N;!~8? 2c(x, & 93 Dl y=ztagx(x, §;4),

al

| DEDAgn(x, &5 )| SCoplxd™V7101,
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In particular, the first term of the asymptotic expansion is ¢(x, &, x;4). In view
of (7.5), we have by the Taylor expansion

«x, &, x; 1)=éocm(x, £;4,
where c¢y(x, &; )=a(x, £)b.(x, &; A) and each cn(x, £;A) consists of derivatives
of a(x, &), b+(x, £;4). One can also see that
| D2Dicn(x, &; )| SCoplxy me07'e!,
Let d, e>0 be the constants specified in Theorem 2.3 (1). Assume that
(7.7 bi(x, ;=0 if |£]<d or £-E<p, p>—1+e¢.
Then, since a(x, &)=1+0(|x| %) on the support of b.(x, &; 4), we have
colx, &5 D=b(x, &; D+ <>~ b (x, §; 2),

where b.(x, £; 2) has the properties (2.6)-(2.9) and (7.7) with the same constant
¢+ as for bi(x, §;2).

We have thus shown that Q,(1) can be written as a sum of Ps.D.Op.’s:
P (A)+<x>"%0Pl(A)+Px(2), where the symbol of P.(2) is b.(x, &; 4), the symbol
of P/(2) fulfills (2.6)-(2.9) and (7.7) with the same constant g, as for b.(x, §; 4),
and the symbol py(x, &;4) of Py() satisfies

| DEDEp w(x, &; D) SCoplxy™'a 7V,
Next we consider Q,(4). In this case
ngD%DZ(Z(x: 5: ,’)’)—E)] écaﬂr.v

for a constant C,p,. We rewrite Q,(1) as

szf(x):Sgem-wc2<x, £ y; Df(»dyde,

co(x, &, y; A=alx, U(x, & yDbi(y, T(x, &, 3); DA(Z- 9)Xly).

On the support of c,(x, &, y;4), |x—y|=C(|x|+|y|), since £-$<1/2. Taking
into account of (14 |x—y|2) " Y1—4de)e®-¥¢=¢*@=-¥¢ we have by integration by
parts

Qz(l)f(x):Sgei(z_y)edzv(x» & y; Df(y)dyds,
ID2DADd (%, & 35 ) ZCaprn{x>"¥{y>¥, for any N=1.

Hence by Lemma 7.1, Q,(4) turns out to be a Ps.D.Op. with symbol rapidly
decreasing in x. Q.(4) can be treated similarly, because its symbol is compactly
supported for y.

In summary, we have proved the following
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Theorem 7.2. Let A., B.(2) be as in Definition 2.4. Suppose that b.(x, &; A)
satisfies (7.7). Let P.(2) be the Ps.D.Op. with symbol b,(x, &;2). Then for any
Nz=1, there exist Ps.D.Op.’s P{(2), Py(2) having the following properties:

(1) A Bi(D)*=P(A)+<x>"*0P{(A)+ Py(A).

(2) The symbol of PlA) fulfills (2.6)-(2.9) and (7.7) with the same constant
e as for Py(R).

(3) The symbol of Py(Q)=pn(x, &; ) satisfies

| DgDEpw(x, &5 DI =Copad™ V714,

Here we note that
() 0P = P (A)<xy~ 0+ P y(2),

with 13+(2), ﬁN(R) having the same properties as P/(1), Py(A), respectively,
which follows from the asymptotic expansion of the symbol of the commutator
[<x>7%0, P[(A)] (see [1], Theorem 2.3). Thus the above theorem is reformulated
as follows.

Theorem 7.3. Let A,, B.(A) and P.(2) be as in Theorem 7.2. Then for any
N=1, there exist Ps.D.Op.’s }34,(2), Py(2) having the following properties:

(1) AsBo@*=Po(2)+Po(D)<x>™00+ Py(R).

(2) The symbol of P.(R) satisfies (2.6)~(2.9) and (7.7) with the same constant
s+ as for Py(A).

(3) The symbol of Py(A)=py(x, &; A) satisfies

| DSDEp y(x, £; )| SCopladV 101,

Theorem 7.3Jcan be rephrased as follows: For a given Ps.D.Op. P.(2),
one can find a F.LOp. B4(4) and Ps.D.Op.’s ﬁ+(2) and Py(4) such that P.(4)
= A, B,()*— P, (D)<x>~0—Py(2). Let b.(x, &; ) be the symbol of P,(2). If we
take b.(x, &; 2) instead of b.(x, £; 4) in the above procedure, we can obtain the
same type of asymptotic expansion for the F.I Op.

Sgeisw.s. Va(x, E)bu(y, &; D f(y)dydE.

Thus 13+(2) can be written again as a sum of a F.1.Op. and Ps.D.Pp.’s. Re-
peating this procedure, we obtain

Theorem 7.4. Let A, be as in Definition 2.4. Let P,(2) be the Ps.D.Op.
with symbol p.(x, &; A) satisfying (2.6)-(2.9) and (7.7). Then for any N=1 there
exist a F.1.Op. B.(2) with symbol by(x, &; ) satisfying (2.6)~(2.9) and (7.7), and
a Ps.D.Op. Py(R) having the following properties:

(1) Pi(Q=A;B(A)*+Py(A).

(2) The symbol of Py(Q)=py(x, &; A) satisfies

[DgD@pN(x, E; DS Crplxd=N-tar,



910

(1]
[2]

£3]
[4]

£5]

HirosHI Isozakr aAnD HitosHi KiTapa

References

Isozaki, H. and Kitada, H., Micro-local resolvent estimates for two-body Schroinger
operators, J. Functional Anal. 57 (1984), 270-300.

-, Modified wave operators with time-independent modifiers, J. Fac. Sci.
Tokyo Univ. Section IA, 1985, to appear.

, Scattering matrices for two-body Schrodinger operators, preprint.
Kumanogo, H., Pseudo Differential Operators, The MIT Press, Cambridge, Mas-
sachusets and London, England (1983).

, A calculus of Fourier integral operators on R" and the fundamental
solution for an operator of hyperbolic type, Comm in P.D.E., 1 (1976), 1-44.




