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On a Sufficient Condition for Well-posedness
in Gevrey Classes of Some Weakly
Hyperbolic Cauchy Problems

By

Shigeharu ITOH*

Introduction

In this paper we shall study well-posedness of the Cauchy problem for some
weakly hyperbolic operators in Gevrey classes. That is to say, we consider
whether we can determine a function space in which the Cauchy problem for
given weakly hyperbolic operator is well-posed or not.

This question has been studied by several mathematicians.

The results independent of the lower order terms were obtained by Ohya
[8], Leray-Ohya [67, Steinberg [9], Ivrii [3], Trepreau [10], Bronstein [1],
Kajitani [5] and Nishitani [7], which show that the multiplicity of the charac-
teristic roots determines the well-posed class.

On the other hand, in [4] Ivrii presented two interesting examples.

(1) Let P=a?—t*#32-+at*d,, where p, v are non-negative integers and a is
a non-zero constant. When 0=<y<pu—1, the Cauchy problem for P is y{5.-well-
posed, if and only if 1=£<@u—y)/(p—y—1).

(1) Let P=0}—=x*'02+ax"0,, where p, v are non-negative integers and a
is a non-zero constant. When 0=y <, the Cauchy problem for P is y{5-well-
posed, if and only if 1=£<(2p—v)/(p—v). These two cases show that the lower
order terms have a great effect on the well-posed class.

Igari [2] and Uryu [12] extended ( I) for more general operators respectively
and Uryu-Itoh [13] extended (1) for second order weakly hyperbolic operators.

In this article we shall consider the most general case of (II).

§1. Statement of the Result and Remarks

Let (x,)e R"x[0, T] and (D, D)=(Dq,, =+, Dz, Do) =(—+—10z,, -
—+/—16,,, —v/—13,). Let us denote by (&, z) the dual variable of (x, ?).

>
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Next we shall define the Gevrey classes.

Definition 1.1. (7{8, r; £>1) f(x)eris implies that f(x)eC=(R"™) and
for any compact set KCR™ there exist constants ¢, R>0 such that

(1.1) IDsf(x) =cR'"*'|al ", x€K, for any «a.
f(x)er™ implies that f(x)=C=(R™) and (1.1) holds for any x<R™

Let L:L<x) t; Dz: Dt):LO(xy t} sz D£)+L1(xy t; D.z; Dt): Where

(1.2) Lo(x, t, Dy, D)=Di"+ 33 o(x)'«'*a, (x, )D2D;,
e
and
(1.3) Lix,t, D, D)= X ax)*7a,,(x, )DiD’.
lal+7sm-1

We assume the following conditions on L.

(1.4) rt-roots of
Lz, t, & ©)y=tm+ Qu,(x, DETI=0

la1dj=m

jEm—-1
are real and distinct.

(1.5) Ao, (x, e B0, T1, 7).

(1.6) o(x)ey™ and is a real-valued function.

(1.7) p is a positive integer and v, ; are non-negative integers.
Now we shall define p as follows.

(1.8) o= max {(m—j—vq, /m)/(m—j—|al), 1}.

0slal+jsm-1

Then we have

Theorem 1.1. Under (1.4)~(1.7), if 1=£<p/(p—1), the Cauchy problem for L :

Lu(x, )=f(x, t m R*x(, T
1.9) { u(x, )=f(x, t) n X( ]

Diu(x, t)| jmo=u*(x), i=0, ---, m—1 on R™

is yig-well-posed, i.e. for any u(x)eyr®(@=0, -, m—1) and any f(x,t)e
B([0, TJ, r{&), there exists a unique solution u(x, )€ B0, T], 7{&) of (1.9).

Remark 1.1. When p=1, (1.9) is C~-well-posed.
Remark 1.2. In the case of the finite degeneracy our sufficient condition

is best.
Remark 1.3. From Remark 1.1, we may only consider the case that 0=y, ;

=lalp.
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§2. Proof of Theorem 1.1
In this section we shall reduce Theorem 1.1 to Theorem 2.1.
Definition 2.1. We say that f(x)=H* belongs to I" if there exist con-
stants ¢, R>0 such that
2.1) |DSf(x)|<cR'®'|a|!*  for any a,

where || denotes L*norm with respect to x.
Let P=P(x, t, Dz, D)=PFy(x, t, Dz, D))+ Pi(x, t, Dg, D).
(2.2) Pyx, t, & )= Jf:II(T—G(X)“ZJ(x, t, &),

where 2,(x, t, &) B([0, T, S'(x)) are real-valued and |(4,—24,)(x, t, §)| =d<&)> for
some constant 6>0 if 7+7. Further

2.3) Pt 6 0="8 T oG Ianix, 1, 0,

where a, ,(x, t, £ € B([0, T], S'*'(r)). Here S’(x) are symbol classes defined in
Appendix.
Then we get the following theorem.

Theorem 2.1. Under (1.4)-(1.7), if 1=£<p/(p—1), the Cauchy problem for
P is I'™®-well-posed.

In order to prove Theorem 1.1, it is sufficient to show Theorem 2.1. For
since an operator L is changed into above operator P by spacelike transforma-
tion, we can see that a domain of dependence is finite. Hence using a partition
of unity Theorem 1.1 follows from Theorem 2.1.

We shall prove Theorem 2.1 by the method of successive approximations.
Therefore we decompose P as follows and consider the following scheme.

P(x,t, Dy, D)=Q(x, t, Dz, D)+ Q:(x, t, Dy, Dy),
where as v, ,=lalpy
(2.4) Qox,t, Dy, D)=Pyx,t, Dy, D)+ T;Lz;):la%:ka(x)”“’faa,,(x, t, DYDY,
and as 0=y, ;<l|alpg

@2.5) Qu(x, t, Dy, D)= '3 e(x)’*Ta, (x, t, D)Di.
k=lialtish

Qouo(x, 1)=f(x, 1) in R*x(©, T]
(2.6), {

Diuy(x, 1)]mo=u%(x), 0=Z:=m—1 on R"
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and for j=1

Qouy(x, )=—Quu,(x, 1)  in R"x(0, T]
|

Diuy(x, t)];=0=0, 0=i<m—1 on R"

Here we refer to Uryu [11].
Proposition 2.1. The Cauchy problem for Q, is H*-well-posed.

Since I C H*, uy(x, t) which is a solution of (2.6), belongs to ([0, T,
H>(R™)) by Proposition 2.1. If we note that @, is a pseudo-differential operator
in x, then we obtain that Q,u,= ®8([0, T], H*(R™)). Hence it follows from (2.6),
and Proposition 2.1 that u,(x, ) 8([0, T], H*(R")). Repeating these steps we
get that for any j=0, u,(x, t)e 8([0, T], H*(R™)). Therefore it is sufficient to
show that the formal solution

2.7 u(x, t)= i u,(x, t)
71=0

converges in ([0, T1, I'®).
Our plan is as follows. In §3 we shall get an energy inequality for Q, in
L2 In §4 we shall estimate derivatives of a solution of (2.8):

{ Quv(x, t)=g(x, t)

x, B==0, 0=i=m—1

2.8)

where g(x, £)e 8([0, T], I'*®) such that for any fixed integer s=1 Dig(x, t)|;=o
=0, 0=7/=<s—1. And in §5 we shall obtain estimates of Qv(x, t). Using the
consequence in §4 and §5, we shall prove Theorem 2.1 in §6.

§3. Energy Inequality for Q,
The aim of this section is to show the following lemma.
m—1
Lemma 3.1. Let Q@)= kZ)Oa'”"“k“’_Ek{[a(x)“‘/liD%ull, where A is the
— 5%

pseudo-differential operator with symbol <E>=(1+|£|%)V2 and a=1. Then there
exists a constant ¢’>0 such that

(3.1 ow=c| (I Qoul+a0() dr
for u(x, t)e 8([0, T], H*(R"™), Diul,-,=0, 0=/=m—1.

In order to prove Lemma 3.1 we prepare several lemmas.
Let 0,=D,—a(x)*A,(x, t, D), 1<7<m. We note that i, 8([0, T], S") and
there exists a constant 0>0 such that |(2,—2,)(x, ¢, )| =0<&> if 1+7.

Lemma 3.2. For 7, j with 1=i, j<m, there exist pseudo-differential operators
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Ay, By, and C,e B([0, T, S° such that
(3.2) (0., 0,]=A,,0,+B,,0,+C,,,
where [ -, -] is the commutator.

Proof. Let ¢4[0,, 0,]) be the principal symbol of [d,, d,]. Then by the
product formula of pseudo-differential operators, we get

0u([0h, 3,1)= 33 {9,(E—0(x)"2) D o (x)"R)

—8ek<50— O‘(JC)"/?.])DI k(Eo_ O‘(X)/lll)}
=0a(x)"D,,(x, t, &),

where D, #([0, T], S*). Here we use the notation x,=t, §,=r.
If we set A;,=D,,/(4,—4;) and B,,=D,;,/(2;—4,), then A,,, B,,= 8([0, T], S
and A,,(§o—0a(x)"4,)+B;,(§o—0a(x)*A,)=0a(x)"D,,. Q. E.D.

Now we consider the modules W,(0<k<m—1) over the ring of pseudo-
differential operators in x of order zero.
Let I1,=0,05 - 0. Let W, _, be the module generated by the monomial

v

operators [[,/0;=0,---0; -0, of order m—1 and let W,-, be the module
generated by the operators I7,,/0,0,(i+7) of order m—2 and so on.

Lemma 3.3. For any monomial wfeW ,0Zk<m—1), there exist 0, and
@81 €W pir such that

k+1
3.3) alwlg:wée-#l_*— ng ; C)‘sz-'}-l—J ,
where C,;e 3([0, T], S).

Proof. For any w§=0,,---0,,(j1<---<j,), there exists some je& {/;, -, 7.}
with 1=j=m. Hence if we use Lemma 3.2, we easily obtain (3.3). Q.E.D.

Lemma 3.4. Let T{t) be

(3.4) V)

Il

m-—1
S Sam ey

for u(x, )e B([0, T], H*) and a=1. Then we have the following energy in-
equality

(3.5) LV OSeal O+ Tl
Proof. By Lemma 3.3

k+1
0wiu=ab ut 21 2 C, WU
J=117
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E+1
If we set v=wfu and g=wi,;u+ 2 2 C;@h:-;u4, then
=
d . d
4 W1r=2Re( 0. 0)

=2Re(v—1g++—1a(x)*2, v)

=2 glllvl+eclvl®.
Hence we get

d kE+1
—”Uuénfl’%ﬂu”“i‘cs logul+ 2 ZIIw’m-JuH .
dt =17
For any % with 0<k<m—2, we have

am—(k+1)

llogul

k+1
éam—-(k+1)”a)f%__lu“+ca{am—(k+1)“wgun+ 212 am—(k+l)||a)7k+l_ju”}
=17

k+1 :

§aa""(k+2’||a)@e+1u1[—!—ca{a""(k“’”wfu”'f‘ 212 am-(k—.7+2)“a,7k+l_ju|[}
=17

=a¥(t)+c @)

<c;a¥(1).

Similarly when k=m—1, we obtain
d
0t | STl 4 Q). QE.D.

Lemma 3.5. Let II,=0; - 0;(1=i,<--<i;=m). Then o(Il,), the symbol of
I, is expressed in the form

(3.6) oUL)= 11 (c—0(x)"21)+ Romst -+ +Ro,

where Ro-j=_ 3 a(x)?bys(x, 1, € for some by, B([0, T1, S7), j=1, -, s.
J

p+a=s-

Proof. We carry out the proof by induction on s. When s=1, (3.6) is
trivial. Suppose (3.6) holds for s. Since I1,,,=1II,0

ts+12

ol sr)=0a (T )(&—a(x) Ay, )+ ;‘,oaé‘tf(ﬂs)Dﬁ(Eo—G(X)”lim) .

Substituting the right hand side of (3.6) for ¢(Il,), we have (3.6) with s+1.
Q.E.D.

Corollary 3.1. There exist pseudo-differential operators Ci)(x,t, Dy)E
B([0, T1, SY such that

1

3.7) Q—ITn="8 % o(x)**Cy(x, t, D,)Di.

0i+ )=
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Proof. From Lemma 3.5 with s=m and the form of Q,, (3.7) is verified.
Q.E.D.
Lemma 3.6. There exists a constant ¢;>0 such that

3.8) T OO=V W=, 0().

Proof. In order to see that @(1)=c,¥'(t), it is sufficient to show the follow-
ing. There exist A,(x, t, §) e 8([0, T], S° such that for '+ =m—k, 1=k=m,

1,
i;Jk

3.9 o i@ =3 Alx, 1, § IT e—o(x)2,).
Substituting o(x)#4, for 7, then we obtain
a,(x, t, E)XEO™*=A,x, t, §) II (4,—4,), where a,e 3([0, T], SY.
1#)

12k

Therefore we set
Ayx, t, §)=a,E™ *{ T (4,— )} .

1#)
izk

On the other hand, it is trivial to see that () =<c,D(t). Q.E.D.

Proof of Lemma 3.1. By Corollary 3.1 and Lemma 3.6, we have
1T e S Qo=+ | Qo Sso®(8)+ | Qo]
<crel )+ Quul
And from Lemma 3.4,
O Zen| {1Quul+a¥ )} dr.

Using Lemma 3.6 again, we can obtain

oW=c'| {1Quul+ad(@) de.

This completes the proof. Q. E.D.

§4. Estimate of A™v
We assume the existence of solutions of the following Cauchy problem:
Qov(x, t)y=g(x, 1)
{ Div(x, )],120=0, 0=i=m—1

where g(x, t)e 8([0, T, I'*®) such that for any fixed integer s=1 Dig(x, 1)},
=0, 0=/<s—1.

Therefore we may assume that for any r=0 there exist constants ¢, R,
M>0 such that

4.1) | Ag(x, )| <cR™r ! tse™rt,
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For simplicity we use the notation
wr(s, t, R):Rrr ! ’Cl‘Se“vIn .

We shall prove the basic lemma of this section.
Lemma 4.1. Let @) be
O.(0="S (r-+1)"- 4+ % [g(x)# A Din] .
=0 it =k

Then for any r=0 there exists a constant A>0 such that for sufficiently large
R, M, s

4.2) O.)<cAsw.(s, t, R).

Proof. We carry out the proof by induction on 7.
When =0, it follows from Lemma 3.1 and (4.1) that

@O(t\éc’gzcwo(s, T, R)dz'—!-c’S:(Do(r)dr.
By Gronwall’s inequality, we get
D ()ScAs 'wy(s, t, R)

if we choose A such that A=¢'Te"7.

We assume that (4.2) is valid for any » such that 0=r=n.

Let us show that (4.2) is valid for r=n-41. For >0, operating the pseudo-
differential operator A" on both sides of Q.w=g, we get

Qo A™v= Arg‘H:Qo; Av.
We shall estimate the commutator [Q,, 47Jv. We note that

Qo(x, t, & T)=1"+ _+2 a(x)*a,(x, t, )77,
i+js=m

JSm—1
where a,€ B([0, T], S¥x)). Therefore we have
LQ., AT]:‘ Es La(x)**a;, AT]1DY.
RN
By the fomula of pseudo-differential operator, we obtain

olo(oira, AD="3" % L or@ Drlo(xiral iz 1,8).
It follows from Lemma A.3 in Appendix and p=1 that
ICo(x)**a,, A71D%v|
sérfo(x) AT D) - A-rtlo(x) Tt AT D)

N apr-irn s T ek
+ 3 eR* z)!<k>|]/1* Di|
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THi=1 .
+ 3 ER ki) 1| AT Do
k=r+1

+ R ¥\ D)
Scur{lo(x) A D]+ o [ ATD}

~

* k:zri:ﬂ(%)k_i( 2 )(k r_i)w(””'—kH)“”‘f‘”cAs“zw(s, t, R)

+T§1(§>k_i<kr )_EcAs"wT(s, t, R)

r5T1 —1

+(§—)TcAs"wr(s, t, R).

Hence we make R=2R, and get
10Qo, A™Iv|=Zcis{r @, ()+rcAsw,(s, t, R)+cAsw.(s, t, R)}
Scu{r®.()+rcAsw. (s, t, R)}.

We note that c¢,, is independent of r.
From Lemma 3.1,

0,0=c'| 14781 +10Q0, AT0l+(r+1)0 ()} de

t
0
= {ew(s, 7, R+eur+D0,0)+erreds w s, 7, R))de.

Let f(t):c’S:{ch(s, 7, R)+curcAs tw.(s, t, R)}dr, then

OO=fO)+ewr| 0.
Therefore we obtain
OO L) Fewr| fersore-ndr,
Now we calculate f(f).
f(t):c’cS:RTr ! "rse”’T’df+i’c’cl4c.43’lsZR’r Vepserdr

=c’cTsw.s, t, R)+c'crucAs M w,(s, t, R)

<(cA/2)s*w.(s, t, R), if we make A=4¢'T and M=4c'c,,.
Hence we get

D.()=cA2 s w, (s, 1, R)—{—cmrS:cAZ‘ls‘lw,(s, 7, R)etw -9 dr
<cA27'stw,.(s, t, R)+cA27 s ey s(M—cig)*wis, t, R)

=cAs'w.s, t, R),
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where M is a sufficiently large number such that c¢,(M—cy) *<1. Q. E.D.

Lemma 4.2. For any r=0 there exists a constant A>0 such that for i+j=*k
with k=0, -, m—1

lo(x)#* A Diw|| <cAs~ ™ Pw(s+m—k—1,t, R).
Proof. 1t follows from Lemma 4.1 that
lo(x)i# AT Dy 1y < cAs w.(s, t, R).
Hence we get that
ooy A<Dl <[ (Mot A+ Dyt -iv] dey - depeses
=cAs'R'r !"eM”Sz---S:zz'idfl e dTmo g1

<cAs~™PBy (s+m—k—1,t R). Q.E.D.

§5. Estimate of A7Q.v

We begin with the following lemma.

Lemma 5.1. If o(x)€ 3(R") and 0=v<p, then
(5.1 o) ull S ull*~>"#la(e)#ul>*.
Proof. By Holder’s inequality,

loteruls={1oterultdz={lu1= | oCx)u| > rdx

g(gi ul de)l_"’”(g |oCx)yultdx) "

=[ulP* @ o) ™", QE.D.

Lemma 5.2. Let p(a, j)=m—j—v,., ;/y, then

(52 T 3 loyesartaDi|

lai+7=

—R

al#0

ST B cAs @D {(r+al) - (D}
0

pr+[a|(3‘|‘,0(a; ])'—1; Z R)

Proof. From Lemma 4.2 and Lemma 5.1, we obtain that for |a|+j=*Fk
and |a|#0
lla(x) iA1= D]

g“Ar+\a;D]’[vnl—»a']/m\,u”a.(x)[a!,ltAr+mrD];:vHun_j/|aly
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={cAs™ ™ Pw a0 (s+m—j—1, t, R)} >ajl1ele
X {cAs~ ™ By (s+m—k—1, t, R)}*a s/'«#

=cAs=0@ DRI Aa 1B (| @)1 {(r+ | @]) - (7D} s
30 D=1 HiT+Ial (-vg, j/1a1 ]t

ScAs @ P{r+lal) - D} e Ewy o (stee, )=, 8, R).

Q.E.D.
We note that
(5.3) wva,;=0 or there exists a non-negative integer p, , such that
Pa,itt<Va,;=(Pa,+Dp.

Lemma 5.3. For any r=0, the following estimate holds.

G4 AQuISEAE, B K3, Nwea(s+ola, D=1, 4, R),

alrj=
lal#0
where

Kf(s’ r):s'/’(a'j){(r_i_{a\) (r_\_l)}—fwa,]llalﬂ
Dy, j+1
+ ‘é s‘(m—J—pa,]“f—U{(r—l—.laD aes (7'._|_|a! __i_}__]_)}l—x

X{r+la|—i) - +lal—pa, )"
Proof.

14 QuI="S 3 [ 470(x)le a4, (x, t, Do)Dw)]|

k=

_

5

:
I
I

a0

=< > A{lo(xyaia,, , A" Dw|+|[A7, o(x)«a,, ,]1Dw|}

Since

LZew 2 % {lo(eraid Dipl+| A= Diall},
al#0

e

I

[
-
T

the first term has been estimated by Lemma 5.2 and the second term will be
estimated within I,.
The estimate of I, is similar to the proof of Lemma 4.1. In fact since
1
8!

if we note that v, ;—|B8|=(pa,,+1—18Np+®a, ,—Da. ,x—D+( Bl —1)(z—1) and
use Lemma A.3 and Lemma 4.2, then we have

lal-1
Z

1

o[ A, a(x)”a:iaa,,])zﬁl oKE™DE{o(x)eia, )} +r(x, t, &),

N

2
1B1=i
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m- a,jtl .
g 2 E E CAS—(m-j—pa,J+L—1)
k=1llal i=1

la l

X {<r+zai> - (@ =i+ DV @) =) - (|l —pa, )}
XWrt1ai(S+m—]—pa,;+i—2, 1, R).

And if we note that m—j—p,. ,+i—1=p(e, j), then we can get (5.4).
Q.E.D.

§6. Proof of Theorem 2.1

In order to prove Theorem 2.1, we prepare several lemmas.

Lemma 6.1. For any u'(x)el'®(0=<i=<m—1) and any g(x,t)e B([0, T1, ['*®),
there exists a unique solution u(x, t)€ B([0, T, I'®) of the equation:

{ Qo(x; t; D.l': Dt)u(xr t):g(x’ t)

6.1) . )
tu(x, )] mo=u*(x), 0=i<m—1.

And especially, if u'(x)=00=:/=m—1) and Dig(x, t)|,=o=00=/=s—1), then we
obtain that Diu(x, t)],-e=00=i=<s-+m—1), where s is a positive integer.

Proof. 1t follows from Proposition 2.1 that there exists a unique solution
u(x, )e B([0, T], H*) of (6.1). Therefore let us show that u(x, t)e 8([0, T],
),

For any fixed integer s=1, let us(x, t) be

s+tm-1 fJ
us(x, h=u(x, )— 2 —50ux, t)] 1=,
=0 J:
then uy(x, t) satisfies the equation

Quus(x, =g(x, D—Q("3, L Fulx, )]1mn)

t_
j=o J!
:gs(x: t) .

Therefore we get that g,(x, 1) ([0, T], I'*®) such that Digy(x, t)];—,=0, 0=
<s—1. From the consequence of §4, it is easily seen that u(x, 1) 8([0, T],
I'®). Hence we obtain that u(x, t)e 8([0, T1, I'*®).

As to the latter, since D*u=(Dfu—Q,u)+g, we can get that Du|,_,=0.
And since DP*Hu=D,(Dr"u—Q.u)+D,g, we get that D*'u|,.,=0. Hence if
we repeat these steps, we have that Diu|,.,=0, 0=i=<s+m—1. Q.E.D.

Lemma 6.2. Let u,(x, t) be the solution of (2.6);, then u;(x,t)eB([0, T],
™) for 7=0. Moreover for j=1, Diuj(x, t)|,=0=0, 0=1<m-+42;—3.

Proof. It follows from the first assersion of Lemma 6.1 that u.(x, t)e
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®([0, T], I'™). Since Q.u,= ®([0, T], ['), if we use Lemma 6.1 once more,
we can get that u,(x, )e 8([0, T], I'®). Therefore repeating these steps we
have u,(x, t)e 8([0, T], I'*®) for j=0.

Next from the second assersion of Lemma 6.1 and the form of (2.6),,
Diugl—o=0, 0=/<m—1. Since D!Q,u,|;—o=0 for /=0, 1, we obtain that D{u,|;—,
=0 for 0=7/<m+1. Similarly, we conclude the second assersion of Lemma 6.2.

Q.E.D.

From Lemma 6.2, for any fixed integer s=1, there exists N=N(s)eN such
that for any j=N—1, Diu,(x, t)],20=0, 0=i<s—1. Therefore we may assume
that for any =0
(6.2) [A7Quuy—1| Scwi(s, t, R),

where ¢ and R are positive constants.

Lemma 6.3. Under (6.2), if 1=£<p/(p—1), there exist constants /Nl, B, r>0
which are independent of r such that

(6.3) I A7 ysn| ScAB™nTmw (s, t, 2R)
for n=0,1, 2, ---.

Proof. From (6.2) and Lemma 4.2, we get that
lo(x) o1t Ar+1a0 Djsay | S As=(m-i=iad Tty (s, 1, ).

It follows from Lemma 5.3 that

m-1

”ATQﬂlN”éECA E KCH(S, 7’)wr+ml|(3+0(a1, j—L1t R).
I PP

If we use Lemma 4.2, we have that

. m=1
lo(x) et A e Dsu g | SercA® S
k1=1lay1+71=Fk;
layl#0

(s+po(ay, ]'1)_1)_(7”—]-2_'nzl)K‘;{(S, 7’)wr+m11(5+.0(a'1, =Lt R),

where cp=CT™"1,
Applying Lemma 5.3 again, we obtain, that

m-1
(A" Quyi|SCcrcA? 2
k1, ko=1laj'\+y1=k1 lagl+io=ky

layl=0 lagl#0

Kgi(s: 7’)K3§(5+P(a1, ].1)_1; 1’+ Ia1[>
XWrtiag+iag(S+plas, j1)—1+p(as, j)—1, t, R)

From Lemma 4.2, we get that
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lla(x)'«ste A% Dsu y o Sc Aler A 2 2 X K5i(s, nK5Lia(s, r)
X (s+plas, 7)1+ play, jo—1)=m=ds=iasD
pr+|a1|+|a2;(s+P(Ul1; ].1)—‘14“0(“2, Jo—Lt R),

where Kgvfe(s, r)=Kg(s+play, j)—1, r+|ail).
We set

Kgpioaus, r)
=K§is+plas, ji)—1+ - +plai-1, ji-0)—1, r+las|+ - +lai-]).
Inductively we obtain that for any n=0
[Auyinl ScAlcr A" 2 ZKGE - K fin
X Wriiayitetiag (S ol@s, J1)—1+ - +olaq, j)—1, ¢, R).
By the way,
Kt K§pifn
=3 B D) (ot [ )0
X(s+p(ety, J)—1) %+ || +1) - (r+ | @y | + | aa )4
X oo X(s+play, j)—1+ - +pl@n-y, Jo-)—1)7%n
X(rlanl+ -+l dnor| FD 0w ]+ -+ @n ),

where a, € {p(as, ji), m—Jr—Da,. 5, +ix—1} and biE {kva, ;,/larlp, £—1, &, O}.
We note the following.

(6'4) If ak:P<ak: jk); then b}n T b}zaklzﬁyak,jk/gakhu-
6.5) If @y=m—ji—DPa,s,-+is—L, then b, -, blek=Pays,~1=0,
btk Payay, o, bjeri k=g and  bjk "R, e blaki=g—1,

Let szmax{p(a, j)—1}, w=min{p(a, j)—1} and a=min{a,} and if we use
Lemma A.4, then we have

$7 e (stplay, J)—14+ - +plan-1, Ja-1)—1)7%
=(p(az, ja)—1)7% - (play, j)—1+ - +p(@q, j)—1)7%»

<@-(@rtran]-er ... p-an
<@-m A Ry ertren)
Let »=0, them by Lemma A.4 again,
D (ot [ )
X oo X lanl 4 o F @ | F D78 a4 o 4 e )™
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éAqu(lalt 4 | an l )'(bi+"'+blna"|)

|
)

éAerlzn—(bh---fb}f'n )
Further we estimate
Wrtlagi+etiag (STolay, J1)—14 - +olam, ju)—1, ¢, R).
R7'+Iﬂll+"'+\lln\éRTR(m—l)n,
grretar ju-leplan o) -1 TOR - where @=max{p(a, j)—1},
eM(r+m1;+---+|an|)t§eMrLeM(m—1)Tn.
Using Lemma A.5,
(rFlag|+ - +lag]) r=20rtaditrlan ey Le(| g | 4 - -ag ) 1F
ézr"z(m‘l)""r!"AzRgn("‘l'*"'““””".
Therefore we obtain that
”ATuN-i-n”
ScAA2A(cr AR R, *R™12(M-DET@H(m-DT\ny, (g | 2FR)

X3 n(\alu+-~~+mn\):c—(a1+---+an)—(b{+---+b‘n"‘n‘)

Let ¢ be the number of p(a, 7&)’s in {az}icesn and if we remember (6.4),
(6.5) and (5.3), then we obtain that

(a1+ - Fa)+0iH - +bFr)—(len|+ - +laz e
=play, jO)+ - +plag jo)
+Mm—Jer1— PagerigrTlarr— D+ = +n—ja—pay, s, +ia—1)
FrVay /Pt TR,/
+E(Dagsyigetl—lge)t o FE(pay. s, T 1—12)
+E—Digeit - +E—Dip—(leul + - +]aa e
=(o(ay, j0+rvay,/p—lal0)+ - +(o(@q j)t+kvay;,/p—agle
+M—Jge1—Pagursqrr— 1 Pagey jgsiith—|@ges|£)
+ ot m—Ja—Day iy 1t Pay. s tE—az k)
Z(m—J1—Va,. 5,/ pteva, ;,/p— oK)
+ o n—ja—va, ./ ttEva, i,/ = an k)

=(m—Jji— e ){m—j1—va, ,,/p)/(m—j—la;]
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—(m—J1—Yay,, 5,/ )/ (m—j1—a; )=} + -+

Fm—Jn—lan ) {m—jn—va, ;,/ 0/ (m—Jn—laxsl)

—(n—Jn—Yay, i/ )/ (M—jn—an)— 1)k}

Zn{p—(p—Dx}.
This completes the proof. Q.E.D.
Corollary 6.1. If 1=£<p/(p—1), the formal solution
u(x, t)= gou](x, 1)
converges in B([0, T], ['®).
Proof. 1f we devide u(x, t) as
u(x, z):’jz;:u](x, O+ 3 ulx 0,

then this Corollary immidiately follows from Lemma 6.2 and Lemma 6.3.

Q.E.D.
Hence we obtain the existence of solutions.
Next we shall show the uniqueness of solutions.

Lemma 6.4. If u(x, t)e B([0, T, I'®) is a solution of the Cauchy problem :
{ P(x; t) Dz; Dt)u(x: t):O
D%u(x, t>lt=0:0; 0§l-§7n~l,

where 1=£<p/(p—1), then u(x, t)=0.

Proof. We may assume that for sufficiently large s there exist constants
¢, R>0 such that

A u|<cw. s, t, R)  for any r=0.
Therefore similar to the proof of Lemma 6.3, we can obtain that
| ATu| <cAB™n-"w, (s, t, R).

Let n be infinity, then we have that u(x, {)=0. Q.E.D.

Acknowledgement: The author would like to thank Prof. Shoji Irie and
Prof. Hitoshi Uryu for their useful advices.

Appendix

Following Igari [2] and Uryu [12], we introduce a certain class of pseudo-
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differential operators.

Definition A.1. 1) For any meR and £>1, we denote by S™(x) the set
of functions h(x, &) C=(R" X R™) satisfying the property that for any a, 8, there
exist constants ¢, and R such that

|08D8h(x, E)| Zc R Bl 1%g™-1er for (x, ) eR"XR".

2) For any h(x, £)eS™(k), we shall define a semi-norm of A(x, &) such that

for any integer /=0

|h(x, = max  sup 19gDEh(x, §)1<E

a+fisl (z,6)ERTXR
Now we can define a pseudo-differential operator with a symbol A(x, &)=
S™(k) as follows.

Hx, Dx>u<x>=<2n>-"§e”-fh<x, sa@)ds

Lemma A.1 (see Igari [2]). Let h(x, £§)eS™k) and r be non-negative ir-
tegers. Then

1
)=, 3 —-08@ Dih(x, E)+rax, §),

where N=r+m. And for any integer (=0, there exist constants ¢;, R>0 suck
that

|D¢h(x, EXE ™ =R "™(la|—m)1*
and
lr(x, )i SR 1",

The following lemma is well-known.

Lemma A.2. For any h(x, £)€S°, there exist a constant ¢ and non-negative
integer [ dependent only on dimension n such that

[H(x, Dull=clh(x, &)l lul.

Lemma A.3 (see Uryu [12]). Under the assumptions of Lemma A.l, if we
denote h,x, &) by

B, &= B -G8, 8),

lai=j
then there exist ¢, R>0 such that

|H(x, D)ul| SERI-™(j—m)! ( Ams=ru) - for 1=,

|H,(x, Dp)ul| SERT-™(j—m) ¥ A™*=Tu| for r+1=<j=<N-—1,
|Ra(x, Dul=¢R™ ' *|ull.
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Lemma A.4. Let {i,, -+, 1.} be a subset of {a,, ---, an}, then there exist
constants A,, R,>0 such that

nitttin< A, R7142% .- pin,
Proof. Set S=ni1t+in/li1... pin, Then
S=(n/1)"(n/2)% - (n/n)»
=(n/1*n/2)* - (n/n)*
=(n"/n!)%, where a=max{a,, -, an}.

Using Stirling’s formula, we can get the desired inequality. Q.E.D.

Lemma A.5. Let {7}, -+, i,} C{l, ---, m—1}, then there exist constants As,,
R,>0 such that

(i - +in) | SARYnA+ o0,
Proof. By Stirling’s formula, we obtain that
(G4 o Fi) VS Ay - i) Grttind
= Az {n(m—1)} Grt-+ind

S A,(m—1)mm-Dpittia, Q.E.D.
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